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Abstract

We develop Stein’s method for exchangeable pairs for a rich class of distributional approxima-
tions including the Gaussian distributions as well as the non-Gaussian limit distributions with
density proportional to exp(—pu|x|?*/(2k)!). As a consequence we obtain convergence rates in
limit theorems of partial sums S, for certain sequences of dependent, identically distributed
random variables which arise naturally in statistical mechanics, in particular in the context of
the Curie-Weiss models. Our results include a Berry-Esseen rate in the Central Limit Theorem
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at the critical temperature 3, = 1, where the Central Limit Theorem fails. Moreover, we ana-
lyze Berry-Esseen bounds as the temperature 1/, converges to one and obtain a threshold for
the speed of this convergence. Single spin distributions satisfying the Griffiths-Hurst-Sherman
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1 Introduction

Stein’s method is a powerful tool to prove distributional approximation. One of its advantages is that
is often automatically provides also a rate of convergence and may be applied rather effectively also
to classes of random variables that are stochastically dependent. Such classes of random variables
are in natural way provided by spin system in statistical mechanics. The easiest of such models are
mean-field models. Among them the Curie-Weiss model is well known for exhibiting a number of
properties of real substances, such as spontaneous magnetization or metastability. The aim of this
paper is to develop Stein’s method for exchangeable pairs (see [20]) for a rich class of distributional
approximations and thereby prove Berry-Esseen bounds for the sums of dependent random variables
occurring in statistical mechanics under the name Curie-Weiss models. For an overview of results on
the Curie-Weiss models and related models, see [9], [11]], [[13].

For a fixed positive integer d and a finite subset A of Z¢, a ferromagnetic crystal is described by
random variables X lA which represent the spins of the atom at sites i € A, where A describes the
macroscopic shape of the crystal. In Curie-Weiss models, the joint distribution at fixed temperature
T > 0 of the spin random variables is given by

1
Pyg((x))):=Ppp (XMien = (x)ier) = Zn(B) exp( P (Z xi)z) l_[ do(x;). (1.1

2|A| ieA [ISN

Here 3 := T~ ! is the inverse temperature and Z,(f3) is a normalizing constant, that turns Prp
into a probability measure, known as the partition function and |A| denotes the cardinality of A.
Moreover p is the distribution of a single spin in the limit § — 0. We define S, = Zie AXiA, the
total magnetization inside A. We take without loss of generality d = 1 and A = {1,...,n}, where
n is a positive integer. We write n, Xi(”), P.g and S, respectively, instead of |A|, Xl.A, Prg> and S,,
respectively. In the case where f3 is fixed we may even sometimes simply write P,,. In the classical
Curie-Weiss model, spins are distributed in {—1,+1} according to p = %(5 _1+61). The measures
P, p is completely determined by the value of the total magnetization. It is therefore called an order
parameter and its behaviour will be studied in this paper.

The following is known about the fluctuation behaviour of S,, under P,. In the classical model (p
is the symmetric Bernoulli measure), for 0 < f < 1, in [[18] and [[11] the Central Limit Theorem is
Z?:] Xi
vn
states with o?(8) = (1 — B)~!. Since for B = 1 the variance o?(3) diverges, the Central Limit
Theorem fails at the critical point. In [[18]] and [11]] it is proved that for 8 = 1 there exists a random

Z?=1Xi

variable X with probability density proportional to exp(—%x‘*) such that s — X asn—ooin
distribution with respect to the finite-volume Gibbs states.

proved: — N(0,02(3)) in distribution with respect to the Curie-Weiss finite volume Gibbs

Stein introduced in [20] the exchangeable pair approach. Given a random variable W, Stein’s
method is based on the construction of another variable W’ (some coupling) such that the pair
(W, W’) is exchangeable, i.e. their joint distribution is symmetric. The approach essentially uses the
elementary fact that if (W, W’) is an exchangeable pair, then Eg(W,W’) = 0 for all antisymmetric
measurable functions g(x, y) such that the expectation exists. A theorem of Stein (20, Theorem
1, Lecture III]) shows that a measure of proximity of W to normality may be provided in terms of
the exchangeable pair, requiring W/ — W to be sufficiently small. He assumed the linear regression
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property
EW W)=(1-1)W

for some 0 < A < 1. Stein proved that for any uniformly Lipschitz function h, |ER(W) — Eh(Z)| <
S||H|| with Z denoting a standard normally distributed random variable and

1 1
5 =4E 1——]E((W —W)Aw) +—IE|W w3, (1.2)

Stein’s approach has been successfully applied in many models, see e.g. [20] or [21]] and references
therein. In [[16], the range of application was extended by replacing the linear regression property
by a weaker condition.

For a motivation of our paper we consider the construction of an exchangeable pair (W, W’) in the
classical Curie-Weiss model for W = (1/+/n) Z?ZlXi, proving an approximate regression property.
We produce a spin collection X’ = (X!);>; via a Gibbs sampling procedure: select a coordinate, say
i, at random and replace X; by Xi’ drawn from the conditional distribution of the i’th coordinate
given (X;);x;, independently form X;. Let I be a random variable taking values 1,2,...,n with equal
probability, and independent of all other random variables. Consider

X, X; X’
wi=w- L4+ L=~ Z ;
Vo Vn J#I
Hence (W, W’) is an exchangeable pair and W — W’ = = \FX’ For # := o(X3,...,X,) we obtain
1 1< 1 1 1<
EW-W|ZF]=—=) EX;-X/|F]=-W - —=> E[X/|Z].
W W)= ol DB X[ Z) =W = 2l ) BIX(12)

The conditional distribution at site i is given by

exp (x; B m;(x)) ' . )
exp(Bm;(x)) + exp(—fm;(x))’ with  m;(x) := ]Z;él:x], i=1,...,n.

Py (xil(x)) i) =

It follows that
E[X{Lﬂ'] = E[X;|(X;);2] = tanh(Bm;(X)).

The Taylor-expansion tanh(x) = x + @(x?3) leads to

A
E[W—W’|W]_—[5W+R_—W+R (1.3)
n O'

with A := %, o2:=(1-pB)"'and ER| = 0(#) With (I.3) we are able to apply Theorem 1.2 in
[16]: for any uniformly Lipschitz function h, |[ER(W) — Eh(Z)| < &’||F’|| with

V ER?

5’ =4E 1—iE((W’—W)2|W) +iIE|W—W’|3+19— (1.4
- 22 22 A '

Using (1.3)) we will be able to prove a Berry-Esseen rate for W, see Section 3.
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In the critical case 8 = 1 of the classical Curie-Weiss model the Taylor expansion tanh(x) = x —
x3/3 + 0(x>), (1.3) would lead to

w3 1

E[W - W/|W]=—— +R
[ W] 3

for some R. The prefactor A := # would give growing bounds. In other words, the criticality of the
temperature value 1/, = 1 can also be recognized by Stein’s method. We already know that at the
critical value, the sum of the spin-variables has to be rescaled. Let us now define W := # ZLIX i
Constructing the exchangeable pair (W, W’) in the same manner as before we will obtain

3

1 W
E[W - W/|W] = % ? +R(W) = —)V(/J(W) +R(W) (15)
n
with A = n'}T and a remainder R(W) presented later. Considering the density p(x) =

C exp(—x*/12), we have % = 1(x). This is the starting point for developing Stein’s method
for limiting distributions with a regular Lebesgue-density p(-) and an exchangeable pair (W, W’)

which satisfies the condition
p’(W)

E[W = W/|W] = =2 (W) +RW) = ~A~ s

+R(W)

with0 < A < 1.

In Section 2 we develop Stein’s method for exchangeable pairs for a rich class of other distributional
approximations than normal approximation. Moreover, we prove certain refinements of Stein’s
method for exchangeable pairs in the case of normal approximation. In Section 3 we apply our
general approach to consider Berry-Esseen bounds for the rescaled total magnatization for general
single spin distributions p in (1.1} satisfying the GHS-inequality. This inequality ensures the appli-
cation of correlation-inequalities due to Lebowitz for bounding the variances and other low order
moments, which appear in Stein’s method. Rates of convergence in limit theorems for partial sums
in the context of the Curie-Weiss model will be proven (Theorems and . Moreover,
we prove a Berry-Essen rate in the Central Limit Theorem for the total magentization in the classi-
cal Curie-Weiss model, for high tempertaures (Theorem as well as at the critical temperature
8 =1 (Theorem [3.8). We analyze Berry-Esseen bounds as the temperature 1/f3, converges to one
and obtain a threshold for the speed of this convergence. Section 4 contains a collection of exam-
ples including the Curie-Weiss model with three states, modeling liquid helium, and a continuous
Curie-Weiss model, where the single spin distribution p is a uniform distribution.

During the preparation of our manusscript we became aware of a preprint of S. Chatterjee ans Q.-M.
Shao about Stein’s method with applications to the Curie-Weiss model [4]. As far as we understand,
there the authors give an alternative proof of Theorem [3.7/and

2 The exchangeable pair approach for distributional approximations

We will begin with modifying Stein’s method by replacing the linear regression property by

E(W'|W)=W + Ay (W) +R(W),
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where ¢(x) depends on a continuous distribution under consideration. Let us mention that this is
not the first paper to study other distributional approximations via Stein’s method. For a rather large
class of continuous distributions, the Stein characterization was introduced in [21]], following [120]
Chapter 6]. In [21]], the method of exchangeable pairs was introduced for this class of distribution
and used in a simulation context. Recently, the exchangeable pair approach was introduced for
exponential approximation in [3, Lemma 2.1].

Given two random variables X and Y defined on a common probability space, we denote the Kol-
mogorov distance of the distributions of X and Y by

dg(X,Y) :=sup|P(X <z)—P(Y <3z)|.

z€R

Motivated by the classical Curie-Weiss model at the critical temperature, we will develop Stein’s
method with the help of exchangeable pairs as follows. Let I = (a,b) be a real interval, where
—o00 < a < b < o0o. A function is called regular if f is finite on I and, at any interior point of I, f
possesses a right-hand limit and a left-hand limit. Further, f possesses a right-hand limit f (a+) at
the point a and a left-hand limit f(b—) at the point b. Let us assume, that the regular density p
satisfies the following condition:

Assumption (D) Let p be a regular, strictly positive density on an interval I = [a, b]. Suppose p has

a derivative p’ that is regular on I, has only countably many sign changes, and is continuous at the

sign changes. Suppose moreover that f[ p()|log(p(x))|dx < oo and that Y (x) := % is regular.

In [21] it is proved, that a random variable Z is distributed according to the density p if and only if
E(f'(Z)+4(2)f(Z)) = f(b—)p(b—) — f(a+) p(a+) for a suitably chosen class F of functions f.
The corresponding Stein identity is

f'O) + () f(x) = h(x) — P(h), (2.6)

where h is a measurable function for which f[ |h(x)| p(x)dx < 00, P(x) := ffoo p(y)dy and P(h) :=
fl h(y)p(y)dy. The solution f := fj, of this differential equation is given by

[ ()~ PR p(y)dy

fl)= )

2.7)

For the function h(x) := 1y,<;;(x) let f, be the corresponding solution of (2.6). We will make the
following assumptions:

Assumption (B1) Let p be a density fulfilling Assumption (D). We assume that for any absolutely
continuous function h, the solution fj, of (2.6) satisfies

Ifall < clll’ll, IIf I < callRll and  Ify" GOl < cslIH]],
where ¢, ¢, and ¢ are constants.

Assumption (B2) Let p be a density fulfilling Assumption (D) We assume that the solution f, of

£00) + () £(30) = i<y (x) — P(2) (2.8)
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satisfies
100l <dy, |f;(0)I<dy and |f/(x)—f/(¥)<d;

and
p’(x)
p(x)

for all real x and y, where d,,d,, d; and d4 are constants.

(P() £ = | (5 £(0)) | < dg (2.9)

Remark 2.1. In the case of the normal approximation, y)(x) = —x. Assumption (B2) includes a
bound for (xf,(x)) for the solution f, of the classical Stein equation. It is easy to observe that
|(x f,(x))| <2 by direct calculation (see [|5, Proof of Lemma 6.5]). However, in the normal approx-
imation case, using this bound leads to a worse Berry-Esseen constant. We will be able to improve
the Berry-Esseen constant applying d, = d; = 1 and d; = v27/4 (see Theorem and Theorem
2.4).

We will see, that all limit laws in our class of Curie-Weiss models satisfy Condition (2.9):

Lemma 2.2. The densities fk,u,/ﬁ in (3.35) and (3.36) and the densities in Theorem and Theorem
B.2] satisfy Assumptions (D), (B1) and (B2).

Proof. We defer the proof to the appendix, since they only involve careful analysis. O

Remark 2.3. We restrict ourselves to solutions of the Stein equation characterizing distributions
with probability densities p of the form b, exp(—a;x2*). Along the lines of the proof of Lemma
one would also be able to derive good bounds (in the sense that Assumption (B1) and (B2) are
fulfilled) even for measures with a probability density of the form

p(x) = brexp(—a,V(x)), (2.10)

where V is even, twice continuously differentiable, unbounded above at infinity, V' # 0 and V’ and
1/V’ are increasing on [0, 00). Moreover one has to assume that I‘\///’/((;rc))l
for x > d with some d € R,. We sketch the proof in the appendix. It is remarkable, that this class
of measures is a subclass of measures which are GHS, see Section 3. A measure with density p in
is usually called a Gibbs measure. Stein’s method for discrete Gibbs measures is developed
in [[7Z]. Our remark might be of use for a potential application of Stein’s method to Gibbs measures

with continuous spins.

can be bounded by a constant

The following result is a refinement of Stein’s result [20] for exchangeable pairs.

Theorem 2.4. Let p be a density fulfilling Assumption (D). Let (W,W’) be an exchangeable pair of
real-valued random variables such that

E[W/|W]=W + Ay(W) —R(W) (2.11)
for some random variable R=R(W), 0 < A <1 and vy = p’/p. Then

E(W — W")? = =2 AE[W(W)] + 2E[W R(W)]. (2.12)
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Moreover it holds for a random variable Z distributed according to p: (1): Under Assumption (B1), for
any uniformly Lipschitz function h, we obtain |Eh(W) — Eh(Z)| < 6||k’|| with

1
i=E|1 = —E((W — W)W
0 :=cE ZAE(( )W)

c c
+ L EW - WP+ VER?).

(2): Under Assumption (B2), we obtain for any A> 0

VE(R?)

A

1 2 3
dy(W,Z) < dz\/E(l—ﬁE[(W’—W)2|W]) +(d1+§A)

1 ,d,A%

a0

3A ds o
) + S E( WD + ﬁE((W — W) lgw_w=ap)- (2.13)

With (2.12) we obtain E(l— iE[(W—W’)ZIW]) = 1+E[Wvp(W)]— 2L Therefore the bounds

in Theorem are only useful, if —E[W(W)] is close to 1 and w is small. Alternatively,
bounds can be obtained by comparing with a modified distribution that involves E[Wy(W)]. Let
pw be a probability density such that a random variable Z is distributed according to py, if and only
if E(E(WY(W)]f'(Z)+¢(Z) f(Z)) = 0 for a suitably chosen class of functions.

Theorem 2.5. Let p be a density fulfilling Assumption (D). Let (W,W’) be an exchangeable pair of
random variables such that (2.11) holds. If Zy, is a random variable distributed according to py,, we
obtain under (B1), for any uniformly Lipschitz function h that |[ER(W) — Eh(Z,,)| < &’||h’|| with

¢+ e/ E(W2)
P v/ E(R?).

. G2 w2 /2, S w3
5._2A(Var(]E[(W W w1)) —I—47L]E|W wW'|° +

Under Assumption (B2) we obtain for any A > 0

2
W Zw) = %(Var(E[(W —WRIWD) Y2+ (dy + dy VEW?) + gA) E)ER :
1, .d,A. 3A d
Uy (—44 ) + S EpWID + ﬁE((W — WP —wza)- (2.14)

Proof of Theorem The proof is an adaption of the results in [20]. For any function f such that
E(yY(W)f (W)) exists we obtain

E((W - W)H([f W)+ f(W))
= E(W-WH([fW)—fW) —22Ep(W) f (W) + 2E(f (W)R(W)),  (2.15)

0

which is equivalent to
1 1
E(p(W) f(W)) = —ﬁ]E((W —WHf W)= f(W)) + 7B (WIR(W)). (2.16)

Proof of (1): Let f = f;, be the solution of the Stein equation (2.6]), and define
R(6) =W = W) (1-w-wh=e<oy — Lio<es-w-wny) 0.
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By (2.16), following the calculations on page 21 in [5]], we obtain
|[ER(W) —Eh(Z)| = [E(f'(W)+ w(W)f(W))I
IE(f’(W)(l - —(W w )Z) + —E J f'W)—f'(w+ t))K(t)dt)

1
+ SEFWRW)).

Using fR |t|K(t)dt = %E|W — W’|3, the bounds in Assumption (B1) give:

IER(W) — BR(Z)| < 1K (cZE

1——IE((W W)2|W)‘+—E|W W|3+A IE(R2)). (2.17)

Proof of (2): Now let f = f, be the solution of the Stein equation (2.8)). Using (2.16)), we obtain

P(W<z)—P(z) = E(f'(W)+p(W)f(W))
1 1
E(f’(W)(l -5 W= W/)z)) + 57 E(2f (WIR)

——E[(W WH(fW) = f(W)— (W —W')f (W))}
= T+ Ty+Ts.

Now the bounds in Assumption (B2) give

2
|T1|Sdz\/E(l—%E[(W’—W)zlw]) and ITZIS%\/IE(Rz).

Bounding T; we apply the concentration technique, see [[17]:

0
(=20)T; = E ((W - W/)1{|W—W’|>A}J

—(W-w")
0

(f'(W+t) —f’(W))dt)

+ E ((W — W’)1{|W_W,|§A}J

-(w-w")

(f'(w + t)—f’(W))dt). (2.18)

The modulus of the first term can be bounded by d; E((W — W')*1gw_w>4;). Using the Stein
identity (2.8)), the second summand can be represented as

0

E((W — W) l{w_wi<a J (—pW+fW+o)+ w(W)f(W))dt)

~(W-W)
0

+E ((W —W)1lgw-wi<a f

(Liwte<ay — 1{W§z})dt) =:U; + U,.
—w-w")

With g(x) := (y(x)f (x)) we obtain — (W +t) f(W +t)+ (W) fF(W) = — fot g(W +s)ds. Since

|g(x)| < d4 we obtain |U;| < A?Bd4_
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The term U, can be bounded by E((W — W) I1o<w_w<a} Liz<w<s+a;) - Under the assumptions of
our Theorem we proceed as in [[17] and obtain the following concentration inequality:

E((W — W' Iio<cw-wnza} Lgew<zta;) < SAAE(p(W)]) +E(R])). (2.19)

To see this, we apply the estimate E((W — W)’ To<w—wr)<a Li<w<z4a) < E((W — W)(F(W) —
f(W"))), hence U, can be bounded by E((W — W')(f(W) — f(W))) = 2E(f(W)R(W)) —
2AE (Y (W) f(W)), where we applied (2:16)), and where f is defined by f (x) := —1.5A for x < z—A,
f(x):=1.5Afor x > z+2Aand f(x) := x—z—A/2 in between. Thus U, < 3A(E(|R])+AE(|yp(W))])).
Similarly we obtain U, > —3A(E(|R]) + AE([Yp(W)])). O

Proof of Theorem The main observation is the following identity:

E[(W —W’)?] —2E[WR]
21

1
D + (E[f(W)R] - E[E(WR)f’(W)]) + 15

E(-E[WyW)]f'(W)+yp(W)f(W)) = E(f’(W)(

E[(W —W')?] —E[(W — W)W
:E(f,(w)( [( )] 21[( )W ]

)) +E(p(W) f(W))

with T; defined as in the proof of Theorem We apply the Cauchy-Schwarz inequality to get

IE|IE[(W — W] —E[(W — W’)ZIW]| < (Var(E[(W — W’)2|W]))1/2. The proof follows the lines of

the proof of Theorem [2.4 O

In the special case of normal approximation, the following Theorem improves Theorem 1.2 in [[16]]:

Theorem 2.6. Let (W, W) be an exchangeable pair of real-valued random variables such that
EW|W)=(1-A)W +R

for some random variable R = R(W) and with 0 < A < 1. Assume that E(W?) < 1. Let Z be a random
variable with standard normal distribution. Then for any A > 0,

2 / 2
d(W,z) < \/E(l - iE[(W’ - W)ZIW]) + (ﬂ + 1.5A) E(R) (2.20)
22 4 A
4143 1
+ 154+ —E((W - W1 —w>a3) - (2.21)

Remark 2.7. When |W — W’| is bounded, our estimate improves (1.10) in [16, Theorem 1.2] with
respect to the Berry-Esseen constants.

Proof. Let f = f, denote the solution of the Stein equation

F1(0) = xf(x) = 1y <3 (x) — ®(2). (2.22)

We obtain
1 1
P(W<z2)—%(z) = E(f’(W)(l — ﬁ(W — W’)Z)) — ﬁ1}3(2f(W)R)

1
—o5E [(W -WH(FW)—f(WH—Ww - W’)f’(W))]
= Tl + TZ + T3. (223)
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Using |f’(x)| < 1 for all real x (see [/5, Lemma 2.2]), we obtain the bound |T;| < (E(1— iE[(W’—
W)ZIW])Z)UZ. Using 0 < f(x) < v2m/4 (see [5, Lemma 2.2]), we have |T,| < %E(IRD <

%VE(RZ). Bounding T; we apply (2.18) for (—2A)T5;. The modulus of the first term can be
bounded by E((W —W')?1gy_w|>a;) using |f'(x)—f’(y)| <1 for all real x and y (see [5, Lemma
2.2]). Using the Stein identity (2.22]), the second summand can be represented as

0

E((W —W)lgw wii<a J ((W+fW+t)- Wf(W))df)

-w-w")
0

i ((W = Wljw-wii<a f

(Liwse<zy — 1{W§z})dt) =: Uy + Us.
-(w-w")

Next observe that |U;| < 0.82A3, see [[17]: By the mean value theorem one gets
1
W+ fWH+t)-WfW)=W( W+t —fF(W))+tf(W+t) = W(J f'(WHut)edu)+ef (W+t).
0

Hence |[(W + t)f (W + t) — Wf(W)| < [W|]|t] + |[t|vV2r/4 = |t|(vV2r/4 + |[W|). Using
EW| < 4/E(W?2) < 1 gives the bound. The term U, can be bounded by E((W —
W' Lo<w-wn<ap Lgeweztay) and E((W — W) Tocow-wry<a} Li<we<ata;) < 3AA + E(R)), see
[17]. Similarly, we obtain Uy, > —3A(A + E(R)). O

Remark 2.8. In Theorem [2.6, we assumed E(W?2) < 1. Alternatively, let us assume that E(W?) is
finite. Then the proof of Theorem [2.6|shows, that the third and the fourth summand of the bound
(2.20) change to A;(% + —”ngz)) + 1.5AE(|W)).

In the following corollary, we discuss the Kolmogorov-distance of the distribution of a random vari-
able W to a random variable distributed according to N(0, o2).

Corollary 2.9. Let 02 > 0 and (W, W’) be an exchangeable pair of real-valued random variables such
that

A
EW' W)= (1- ;)W +R (2.24)

for some random variable R = R(W) and with 0 < A < 1. Assume that E(W?) is finite. Let Z, be a
random variable distributed according to N(0,02). If [W — W’| < A for a constant A, we obtain the
bound

A

3 2 2
N ,4_(\/27'50 N \/Eiw ))+1.5A\/m- (2.25)

2 2
de(W,Z,) < \/E(l—%E[(W’—WﬂW]) +(OF+1.5A) E(R)

A 16

Proof. Let us denote by f, := f, , the solution of the Stein equation
X
fo 00) - —2f05(6) = 1jxzyy (0] = Fo (2) (2.26)
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with F(2) := ZM fz exp(—%) dy. It is easy to see that the identity f,,(x) = 0 f; (), where
f, is the solution of the corresponding Stein equation of the standard normal distribution, holds
true. Usmg [5, Lemma 2.2] we obtain 0 < f,(x) < om If2(x)] <1, and |f2(x) = fo(y)| < 1.
With ( we arrive at P(W <z)—F,(2) =T, + T, + T; with T;’s defined in (2.23). Using the
bounds of fo and f_., the bound of Ty is the same as in the proof of Theorem , whereas the bound

of T, changes to |T,| < o=+ m v/ E(R?). Since we consider the case |W — W’| < A, we have to bound

0
1
Ty = _ﬁE ((W - W/)l{IW—W’ISA}J

(70 -+ )= £ W)t )

—w-w")

Along the lines of the proof of Theorem (2.6} we obtain |T;| < & A3 e E(W UF) +1.5A(VE(W?2)+
Y E(R ¥=—-). Hence the corollary is proved. O

With (2:24) we obtain E(W — W')* = ZE(W?) — 2E(W R). Therefore

E(W?) N E(WR)

1 /_ 2 1 _
]E(l - ﬁE[(W w) |W]) =1 o2 PR (2.27)

so that the bound in Corollary is only useful when E(W?2) is close to o® (and E(W R)/A is small).
An alternative bound can be obtained comparing with a N (0, E(W?))-distribution.

Corollary 2.10. In the situation of Corollary let Zy, denote the N(0,E(W?)) distribution. We
obtain

2 2 2
(W, Zy) < o= (Var (E[(W' = W) |W] N +o (—WE(W) VZTE+1.5A)$
3 2 2 2 2
ZAI(\/E(M;NMJF \/IE:W )) + 02154 /E(W \/E(W \/E(R (2.28)

Proof. With ([2:27) we get E(W?) = 02 (i(E(W —W’)?+ 2E(W R))). With the definition of T, and
T5 as in (2.23)) we obtain

E(EWAf'W)-Wf(W)) =

— w2
oK (E(W w ;; 2E(WR)
(E(W — W2 —E[(W —W")?|W]

f’(W)) —E(W f(W))
,E(WR)
PR

¥ (2.29)

=02E(f’(W) ))+02(T2+T3)—I—0
Remark that now o2 in (2.24) is a parameter of the exchangeable-pair identity and no longer the
parameter of the limiting distribution. We apply (2.26) and exchange every o2 in (2.26) with
E(W?2). Applying Cauchy-Schwarz to the first summand and bounding the other terms as in the

proof of Corollary [2.9]leads to the result. O
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3 Berry-Esseen bounds for Curie-Weiss models

We assume that p in (L.1)) is in the class 9 of non-degenerate symmetric Borel probability measures
on R which satisfy

b 2
f exp(Tx) do(x)<oo forall b>0. (3.30)

For technical reasons we introduce a model with non-negative external magnetic field, where the
strength may even depend on the site:

ﬁ n
Py ghy,..h, (X)= 7 EXP(%S,f + 6 Zhi x;)de®"(x), x=(x;). (3.31)
im1

B0, 0,

In the general case (1.1), we will see (analogously to the results in [T} [13]]) that the asymptotic
behaviour of S, depends crucially on the extremal points of a function G (which is a transform of
the rate function in a corresponding large deviation principle): define ¢, (s) := log f exp(sx)dp(x)

and
Bs®
Gg(ﬁas):: T_¢Q(ﬁs) (332)

We shall drop f in the notation for G whenever there is no danger of confusion, similarly we will
suppress o in the notation for ¢ and G. For any measure p € %, G was proved to have global
minima, which can be only finite in number, see [11], Lemma 3.1]. Define C = C, to be the discrete,
non-empty set of minima (local or global) of G. If a € C, then there exists a positive integer
k := k(a) and a positive real number u := u(a) such that

a)(s — a)
G(s)=G(a)+%+ﬁ((s—a)2k+l) as s—a. (3.33)
The numbers k and u are called the type and strength, respectively, of the extremal
point a. Moreover, we define the maximal type k* of G by the formula k* =
max{k(a); a is a global minimum of G}. Note that the u(a) can be calculated explicitly: one gets

wa)=p—-p%¢p"(Ba) ifk=1 while pla)=—-p* ¢ (La) ifk>2 (3.34)

(see [[13]]). An interesting point is, that the global minima of G of maximal type correspond to stable
states, meaning that multiple minima represent a mixed phase and a unique global minimum a pure
phase. For details see the discussions in [[13]]. In general, given p € %, let a be one of the global
minima of maximal type k and strength u of G,. Then :{l__% — Xy, p in distribution, where X , g
is a random variable with probability density f , g, defined by

frup(x) = - exp(—x?/20?) (3.35)

2o

and for k > 2
exp(—ux2k/(2k)")

[ exp(—px2k/(2K)1) dx

fepup(x) = (3.36)
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Here, 0% = i - % so that for y = u(a) as in 3:34), 02 = ([¢”(Ba)]™! — )~} (see [111, [13]).
Moderate deviation principles have been investigated in [6]].

In [[10] and [[13]], a class of measures p is described with a behaviour similar to that of the classical
Curie-Weiss model. Assume that p is any symmetric measure that satisfies the GHS-inequality,

d3
Eqbg(s) <0 foralls>0, (3.37)

(see also [12; [14]]). One can show that in this case G has the following properties: There exists
a value ., the inverse critical temperature, and G has a unique global minimum at the origin for
0 < B < B. and exactly two global minima, of equal type, for > .. For 3. the unique global
minimum is of type k > 2 whereas for # € (0, 8.) the unique global minimum is of type 1. At
B. the fluctuations of S, live on a larger scale than 4/n. This critical temperature can be explicitly
computed as B, = 1/¢"(0) = 1/ Var,(X;). By rescaling the X; we may thus assume that 8, = 1.

By GHS we denote the set of measures p € 9 such that the GHS-inequality (3.37) is valid. We will
be able to obtain Berry-Esséen-type results for p-a.s. bounded single-spin variables X;:

Theorem 3.1. Given ¢ € % in GHS, let a be the global minimum of type k and strength u of G,.
Assume that the single-spin random variables X; are bounded p-a.s. In the case k = 1 we obtain

S
d¢ (—=,Zy) < Cn71/2, 3.38
k( NG w) < (3.38)
where Zy, denotes a random variable distributed according to he normal distribution with mean zero
and variance E(W?2) and C is an absolute constant depending on 0 < 3 < 1. For k > 2 we obtain

S, —na B
dK(m,ZW,k) < Gen VK, (3.39)

where Zy; . denotes a random variable distributed according to the density fw,k defined by fw,k(x) =

k k —
C exp(—ﬁzwzk)) with C™! = fexp(—ﬁzwz,()) dx and W := % and Cy, is an absolute constant.

Theorem 3.2. Let p € & satisfy the GHS-inequality and assume that 3, = 1. Let a be the global
minimum of type k with k > 2 and strength u; of G, and let the single-spin variable X; be bounded.
Let 0 < 3, < 0o depend on n in such a way that 3,, — 1 monotonically as n — 0o. Then the following
assertions hold: (1): If B, — 1 = —L+ for some y # 0, we have

1
n'"k

sup |P, (Sn——na < z) — Fy iy (2)] < Gk n~1/k (3.40)
2€R nl-1/2k "
with .
1 1 Mk Y
Fyiy(2):= EJ exp(—cw1 ((Zk)'ka — Exz)) dx.
_m *
where Z := fR exp(—c,,' (%x% - %xz)) dx, with W := %, cy = (gé‘)!E(WZk) — yE(W?2) and

Cy is an absolute constant.
(2): If IB, — 1| < n~O~Vk), :;’__1720; converges in distribution to ﬁw,k, defined as in Theorem
Moreover, if |, — 1| = ¢(n™1), (3.39) holds true.

974



(3): If |B, — 1| > n~ =YK, the Kolmogorov distance of the distribution of W := 1=Fu Z?:lXi and

n
the normal distribution N (0, E(W?)) converges to zero. Moreover, if |8, — 1| > n~(1/271/2K) we obtain

sup Pn((l_—ﬁn)sn < z) —dy(2)| < CnV/?
z€R \/ﬁ

with an absolute constant C.

For arbitrary o € GHS we are able to prove good bounds with respect to smooth test functions h.
For technical reasons, we consider a modified model. Let

~ 1 Z
Pusa) = =——exp( 5 37 i+ Y x| a0, x =
i=1

n,B,h 1<i<j<n

Theorem 3.3. Given the Curie-Weiss model }A’n,ﬁ and p € % in GHS, let a be the global minimum of
type k and strength u of G,. In the case k = 1, for any uniformly Lipschitz function h we obtain for
W =S8, /+/n that

max (E[X; 3, E|X/|?)
NG )

Here C is a constant depending on 0 < 3 < 1 and ®,(h) := f]R h(z)®y,(dz). The random variable X!

is drawn from the conditional distribution of the i’th coordinate X; given (X;);x; (this choice will be

explained in Section 3). For k > 2 we obtain for any uniformly Lipschitz function h and for W := %

[E(R(W)) — &y (W)] < IIK'I| C

~ 1 C, max(E[X, [} E|X!]®)
)E(h(W))—FW,k(h)ISllh’ll(Cank+ - n1—11/2k . )

Here C, C, are constants, and Z?W,k(h) = fR h(z)ﬁw,k(dz).

Remark 3.4. Note that for o € GHS, ¢,(s) < %0252 for all real s, where 02 = fR x2 o(dx).
These measures are called sub-Gaussian. Very important for our proofs of Berry-Esseen bounds will
be the following correlation-inequality due to Lebowitz [[15]]: If E denotes the expectation with
respect to the measure P, g5 5 in (3.31), one observes easily that for any o € % and sites
i,j,k,l €{1,...,n} the following identity holds:
3
——FE(X)) (3.41)
0h; 0h; dhy all h;=0
= EXX;XiXp) — E(XGX)EXX;) — B(XGX)EX ;X)) — E(XXGX)EXGX).

Lebowitz [[15] proved that if o € GHS, (3.41) is non-positive (see [[9, V.13.7.(b)]). We will see in
the proofs of Theorem [3.1] and Theorem 3.2 Lebowitz’ inequality helps to bound the variances.

In the situation of Theorem [3.1]and Theorem [3.2] we can bound higher order moments as follows:

Lemma 3.5. Given p € 3, let a be one of the global minima of maximal type k for k > 1 and strength
u of G,. For W := % we obtain that E|W|' < const. (1) forany l €N .
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We prepare for the proof of Lemma It considers a well known transformation — sometimes
called the Hubbard-Stratonovich transformation — of our measure of interest.

Lemma 3.6. Let m € R and 0 < y < 1 be real numbers. Consider the measure Q, g := (P, o
-1
(S”;#) ) * (0, ﬁngﬁ) where (0, #) denotes a Gaussian random variable with mean zero

and variance # Then for all n > 1 the measure Q, g is absolutely continuous with density

exp (—nG( 3 +m))

nl-r

fR exp (—nG(ﬁ + m)) ds’

(3.42)

where G is defined in equation (3.32)).

As shown in [11]], Lemma 3.1, our condition (3.30) ensures that fR exp (—nG (nf—,y + m)) ds is
finite, such that the above density is well defined. The proof of the lemma can be found at many
places, e.g. in [[11]], Lemma 3.3.

Proof of Lemma[3.5] We apply the Hubbard-Stratonovich transformation with y = 1 —1/2k. It is
clear that this does not change the finiteness of any of the moments of W. Using the Taylor ex-
pansion of G, we see that the density of Q, g with respect to Lebesgue measure is given by
Const. exp(—x2k) (up to negligible terms, see e.g. [11]], [6]). A measure with this density, of course,
has moments of any finite order. O

Since the symmetric Bernoulli law is GHS, Theorems and include Berry-Esseen type results
for the classical model. However the limiting laws depend on moments of W. Approximations with
fixed limiting laws can be obtained in the classical case, since we can apply Corollary 2.9 and part
(2) of Theorem [2.4

Theorem 3.7 (classical Curie-Weiss model, Berry-Esseen bounds outside the critical temperature).
Let p = %5_1 + %51 and 0 < 8 < 1. We have

sup <cn?, (3.43)

z€R

Pn (Sn/\/H = Z) - CI)ﬁ(Z)

where ®g denotes the distribution function of the normal distribution with expectation zero and variance
(1—B)7Y, and C is an absolute constant, depending on 3, only.

Theorem 3.8 (classical Curie-Weiss model, Berry-Esseen bounds at the critical temperature). Let
o= %5_1 + %51 and 3 = 1. We have

sup <cn 2, (3.44)

z€R

P, (Sn/ng/4 Sz) —F(z)

where F(z) := %ffoo exp(—x*/12)dx, Z := fR exp(—x*/12)dx and C is an absolute constant.
Berry-Esséen bounds for size-dependent temperatures for p = %5 1+ %5 1 and 0 < B, < oo depend-

ing on n in such a way that §, — 1 monotonically as n — oo can be formulated similarly to the
results in Theorem [3.2]
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Remark 3.9. In [[1[], Barbour obtained distributional limit theorems, together with rates of con-
vergence, for the equilibrium distributions of a variety of one-dimensional Markov population pro-
cesses. In section 3 he mentioned, that his results can be interpreted in the framework of [11]]. As

far as we understand, his result (3.9) can be interpreted as the statement (3.44)), but with the rate
~1/4
n .

Proof of Theorem Given p which satisfies the GHS-inequality and let a be the global minimum

of type k and strength u(a) of G,. In case k = 1 it is known that the random variable j—”ﬁ converges
in distribution to a normal distribution N(0,c?) with 0 = u(a)™' — 7! = (0'52 —B)7L, see for
example [9, V13.15]. Hence in this case we will apply Corollary (to obtain better constants
for our Berry-Esséen bound in comparison to Theorem [2.5). Consider k > 1. We just treat the case
a = 0 and denote u = u(0). The more general case can be done analogously. For k = 1, we consider

YP(x) = —ﬁ with 02 = u~! — B~L. For any k > 2 we consider 1(x) = —ﬁxzk—l. We define

1 n
Wim Wi = ——r s D X
i=1

. . XX )
and W', constructed as in the Introduction, such that W — W’ = m We obtain

, 1 1 1 ,
1=
Lemma 3.10. In the situation of Theorem if X, is p-a.s. bounded, we obtain
/ 1 /
EX|7) = (m;(X) - EG‘—’(ﬁ’ m;(X))) (1+o0(1/n))

. %
with m;(X) := %ZJ.#XJ. =m(x) - L.

Proof. We compute the conditional density gg(x;|(X;);>2) of X = x; given (X;);>, under the Curie-
Weiss measure:

eﬁ/zn(zez XX+ Do XiXj453) eB/2n(Xsy 1 Xi+x7)

8001l )iz) = - .
pLr1 i)i>2 J‘e[j/Zn(ZiZZ xle--‘rZi#jZZXin-‘rx%)Q(dxl) f eﬁ/Zn(ZizleXi-‘rxf)Q(dxl)

Hence we can compute E[X]|Z] as

[T,
f eB/2n(Xiss X1Xi+xf)g(dx1) '

E[X;|F]=

Now, if |X;| < c p-a.s
fxleﬁ/zn(2122xle)Q(dxl)eﬁC2/2n

E[X! <
[ 1|g] = fe[g’/zn(zizzxlXi+x%)Q(dX1)e_[3C2/2n

and
J' xleﬁ/Z”(Zizzxlxi)g(dxl)e_ﬁcz/zn

E[X! > .
|: 1|g] - feﬁ/zn(zl?zXlXi+x%)Q(dx1)eﬁ52/2"
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By computation of the derivative of G, we see that

f xleﬁ/zn(Zez xlXi)Q(dxl)
f eB/2n(Xizs X1Xi+x%)9(dx1)

P = (my(X) — =G (B, my(X))) (1 £ Bc?/n).

/3 e
0

Remark 3.11. If we consider the Curie-Weiss model with respect to ﬁn,ﬁ, the conditional density
P2z x1X)
feﬁ/Zﬂ(Zizlexi)Q(dxl)'

EX!|7) = (m(X) - %G; (B,m;(X))) without the boundedness assumption for the X;.

gp(x1|(X;)i>2) under this measure becomes gg(x1|(X;)i>2) = Thus we obtain
Applying Lemma and the presentation (3.33) of G,,, it follows that

1 1SN [ 2k—1 2k
- (H ; (mi(X) " BEk— 1) m;(X) + 0 (m(X) )) )

With m;(X) =m(X) — and m(X) = 1/(2,() we obtain W LS my(X) = %W — %W and

n i=1

119 H 2%—1 _ 1 [ & (2k-1 2k—1—l(_1)11 al
nl—l/(zk);; B(2k —1)! m;(X) nl-1/20) B(2k — 1)! Z( I )m(X) nl ;in'

i=1

E[W -W'|W]=-W

For any k > 1 the first summand (I = 0) is

1 M w2k-1 —

2—7 B2k — 1) nz—f

—p(W). (3.45)

To see this, let k = 1. Since we set ¢”/(0) = 1, we obtain u(0) = 8—f32 and therefore %M(O)W =(1-
BIW. In the case k > 2 we know that 8 = 1. Hence in both cases, (3.45)) is checked. Summarizing
we obtain for any k > 1

E[W —W/|W] = ———(W)+R(W) =: =Ap(W) +R(W)
n° k
with
1 poo &S 2k-1y 1 L (FDTG, wE
RW) = W+ sai—1 ; ( l )nz—;-;kw nl H;Xi +o=)

With Lemmawe know that E|W|?* < const. Since the spin variables are assumed to be bounded

o-a.s, we have |W — W'| < Ci’let =:A
n_ 2k

Letk=1. Now A = %, A= const./n"'/2 E(W*) < const. The leading term of R is W /n?. Hence the
last four summands in (2.28)) of Corollary are 0(n"Y/2). For k > 2 we obtain 37“‘[&3(|W¢(W)|) =

ﬁ(mk 1) and A(d“A ) = ﬁ(n217_1). The leading term in the second term of R(W) is the first

summand (I = 1), which is of order &(n~ 3+ +2k) With A = nt 2 we obtain

E(IR]) E(IWI) o (/5.

1 IE(|W|)
S 0(nz~") and
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Hence the last four summands in (2.14) of Theorem [2.5/are &(n~'/%).

Finally we have to consider the variance of ﬁE[(W — W)?|W]. Hence we have to bound the
variance of

1 9 2 1 - 72 1 - 1 /
3 250+ g LEIKDIZI+ 00 X, (mi(X) - EGQ(ﬁ,mi(X))) (1+0(1/m).  (3.46)

Since we assume that o € GHS, we can apply the correlation-inequality due to Lebowitz (see Remark
E(X;: XX X)) — E(X X EX X)) — E(X X E(X ;X)) — E(X; X )E(X ;X)) < 0. The choice i = k and
j =l leads to the bound cov(XiZ,X]z) = IE(XI.ZXJ?) — IE(XI.Z)IE(XJ.Z) < 2(E(X; Xj))z. With Lemmawe
know that (E(X;X j))2 < const.n"?/k. This gives

1 & 1 & 1 ~ B
Var(E ZIXIZ) = WZIVHI'(X?) -+ 4? Z COV(XIZ,XJZ) = ﬁ(n 1) + ﬁ(n Z/k).
1= =

1<i<j<n

Using a conditional version of Jensen’s inequality we have

1 & 1 &
1 i=1

i=
Hence the variance of the second term in (3.46) is of the same order as the variance of the first

term. Applying (3.33) for G,, the variance of the third term in (3.46) is of the order of the variance

of W2/nt/k, Summarizing the variance of (3.46)) can be bounded by 9 times the maximum of the
variances of the three terms in (3.46), which is a constant times n~2'%, and therefore for k > 1 we
obtain

1 /N2 12 _ —1/k
(Var(ﬁE[(W -Ww" |W])) =o(n ").

Note that for k > 2 —IE[IVPV(;EW)] = —E’E?;i). Hence we compare the distribution of W with a distribu-
O

tion with Lebesgue-probability density proportional to exp(—

xzk
2kE(W2k) ) )

Proof of Theorem[3.2] Since a = 0 and k = 1 for § # 1 while @ =0 and k > 2 for f =1, G,(-) can
now be expanded as

G(s) = G(0) + 152 + L

5 (2k)!52k +0(s?*1) as s—0.

Hence ﬁi Gé(s) = %s + 5 (;(k_l)!s”‘_l + 0(s%). With Lemma [3.10{and u; = (1 — f3,), we obtain

BIXGIZ] = fumi(X) = 5o m (O™ (14 01 /),
We get
1-p, n 1
BOw - wiw) = —Pow o P g 2 a5 W ROB W),

The remainder R(f3,, W) is the remainder in the proof of Theorem [3.1] with u exchanged by u; and
P exchanged by f3,,.
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Let ﬁn -1= ﬁ and W = nl/(Zk)_l Z?:l X;. We obtain

Br

E[W —-W'|W] = ————y(W) + — W +R(B,, W), (3.47)

n2-1/k

where Y (x) = yx — %xﬂﬁl. As in the proof of Theorem we obtain that R(f3,,W) =
0(n~?). Now we only have to adapt the proof of Theorem step by step, applying Lemma

Lemma [2.2] and Theorem [2.5]

Let |3, — 1| = ¢(1/n) and W = n!/(0-1 Z?ZlXi. Now in (3.47), the term l_nﬁ’lW will be a part of
the remainder:

1 M B —B
—W’ — 2k+1 n n
E[W —W/|W] = n2—1/k/5n(2k—1)!w +R(6, W)+ W+ W
1 N
=: —WU’(WH'R(/D’,W)
with(x) = —ﬁxﬂ_l. Along the lines of the proof of Theorem L we have to bound w

with A := m Since by our assumption for (f3,),, we have lim,,_, /11(1 nﬁ” = B,(1-B)n'" 1/k

0. Thus with Theorem We obtain convergence in distribution for any 3, with |8,—1| < n~ =1/,
Moreover we obtain the Berry-Esséen bound of order (n~/*) for any |8, — 1| = 0(n™1).

Finally we consider |8, — 1| > n~ ("2 and W = a- ﬁ”

Ew-ww] = L Pryy BV i W24 R(B,, W) = —Ap(W)+R(B, W)

n n*  (2k = DInk(1 - B, )1 B,

with ¢Y(x)=—x and A = % Now we apply Corollary[2.10l With A :=

S,. A little calculation gives

const.(1—,)'/2

G we obtain

A_3 - const.(1 — f3,)'/? 4 E|R(B,, W)I - const

N a“ 2 A= pF

Remark that the bound on the right hand side is good for any |, — 1| > n~(~1/®)_ Finally we have
to bound the variance of i E[(W — W’)2|W]. The leading term is the variance of

—Zx (00— 56,8m 000 ).

which is of order @ ( (1 [5 )) Hence with |, — 1| > n~(171/K) we get convergence in distributuion.

Under the additional assumption that |, — 1| > n~(1/271/k) we obtain the Berry-Esséen bound.
O

Proof of Theorem [3.3] We apply Theorem For unbounded spin variables X; we consider ISﬁand

apply Lemma [3.10| to bound %\/ Var(E[(W — W")?|W]) exactly as in the proof of Theorem By
Theorem it remains to bound %EIW — W’|3. With A = n=2+1/k we have

1
- w13 — n3 _ 73
)LE|W WP = - B — X[ = = = Bl X P
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Now E|X; — X!|® < E|X;® + 3E[X2X}| + 3E|X,(X})*| + E|X}|>. Using Holder’s inequality we obtain
EIX2X!| < (EIX;?)*? (B|x]®)"® = E|X,[*. Hence we have TEIW — WP < SBR[ O

Proof of Theorem[3.7] With il Zn tanh(Bm;(X)) = il ., (tanh(Bm;(X)) — tanh(Bm(X))) +
- tanh([a’ m(X))=:R;+R,, where m(x):=1 Zl 1 X5, Taylor expansion tanh(x) = x + 0(x?) leads
tO
R, = —/3m(X)+ i0’( x)®) = EW + 0’( )
Jn Jn

) 1-8 A
(o)

Hence

. _ 3 . X, —X!
with 2 =1, 0% 1= (1= ! and R := 0(%) —Ry. Since [W - W'| = |"o2| < L = 4, we

are able to apply Corollary[2.9] From Lemma [3.5 we know that E(W*) < const.. Hence the fourth
term in can be bounded by 1.5AY ]E(W ) < OB }Com and the third summand in can be

estimated as follows: 4 (m (1-p)+ = ConSt 1-p )) - \/ (1 — B)const.. Moreover we obtain

EIR| < E|R,| + ﬁ(EIZ\Z/ ). Since tanh(x) is 1-Lipschitz we obtain |R;| < ﬁmi(x) —mX)| < =5.

Therefore, with Lemma we get ER| = 0(3%2) and thus, the second summand in (2.25) can

be bounded by const.( Jor_ 4151 =0( f) To bound the first summand in , we

m f f
obtain (W —W')? = X ZX’ 21X, + X1 Hence E[((W-W)ZF]=2- —Zl 1 X; tanh(Bm;(X)), and
therefore
1- %E [(W-W)?Z] = %;Xi (tanh(Bm;(X)) — tanh(fm(X))) + m(X) tanh(fm(X))
= R1 +R2

By Taylor expansion we get R, = ng + ﬁ(‘?{—;) and using Lemma We obtain E|R,| = @(n™1).
Since tanh(x) is 1-Lipschitz we obtain |R;| < % Hence E|R; +R,| = @(n"!) and Theorem is
proved.

Proof of Theorem We obtain

1 w? w w3
n3/4 Ztanh(m(X))— e —0(—5)+0( 5/2)+0(S(W))

with an S(W) such that E(S(W)) = O(1/n?). Using this we get the exchangeable pair identity (1.5)
with R(W) = 0’(n—12) With Lemma we can now3 apply Theorem using [W — W'| < # =:
A. We obtain 1.5AE(|yY(W)]) < const.# and djf—? = Cz;‘ 31/4 Using E|R(W)| < const.ni2 we get
(d, + %A) w < const.%. Moreover we obtain

2 2 <
E[(W - W/)2|<g.:| = m - m E X; tanh(mi(X)).
i=1
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Hence applying Theorem . we have to bound the expectation of T := |l Zn X; tanh(m;(X ))|

Again using Taylor and m;(X) = m(X) — =X and Lemma (3.5} the leading term of T is W”  Hence
E(T) = 0(n"'/?) and Theoremmls proved. O

4 Examples

It is known that the following distributions o are GHS (see [10, Theorem 1.2]). The sym-
metric Bernoulli measure is GHS, as first noted in [8]. The family of measures p,(dx) =
ad, + (1 —a)/2) (6,1 + 6,41) for 0 < a < 2/3 is GHS, whereas the GHS-inequality fails
for 2/3 < a < 1, see [[19, p.153]. GHS contains all measures of the form py(dx) :=
(fR exp(—V(x))dx) ™" exp(=V(x)) dx, where V is even, continuously differentiable, and un-
bounded above at infinity, and V' is convex on [0,00). GHS contains all absolutely continuous
measures p € 9 with support on [—a,a] for some 0 < a < oo provided g(x) = dp/dx is continu-
ously differentiable and strictly postitive on (—a, a) and g’(x)/g(x) is concave on [0, a). Measures
like o(dx) = const.exp(—ax* — bx?) dx or o(dx) = const.exp(—acoshx — bx?) dx with a > 0
and b real are GHS. Both are of physical interest, see [[10] and references therein).

Example 4.1 (A Curie-Weiss model with three states). We will now consider the next simplest
example of the classical Curie-Weiss model: a model with three states. We choose p to be p =
%50 + %5_ Nelas %5 s/3- This model seems to be of physical relevance. It is studied in [22]. In
[2] it was used to analyze the tri-critical point of liquid helium. A little computation shows that
;—;¢Q(s) < 0. for all s > 0. Hence the GHS-inequality is fulfilled (see also [[10, Theorem
1.2]), which implies that there is one critical temperature [3, such that there is one minimum of
G for 3 < B, and two minima above f. Since Var,(X;) = 2% -3 =1 we see that f, = 1. For
B < f3. the minimum of G is located in zero while for f > 1 the two minima are symmetric and

. __ +/3sinh(v/38s) .
satisfy s = Treosh(/36s)" Now Theorem and tell that for f < 1 the rescaled magnetization

S,/ /n satisfies a Central Limit Theorem and the limiting variance is (1 — /3)_1 Indeed, ;22 $,(0)=
Var,(X;) = 1. Hence u; = — 2 and o2 and the Berry-Esseen rate is T For B = f3, =1 the
rescaled magnetization S,/ n>/® converges in d1str1but1on to X which has the density f3¢ ;. Indeed
Uo is computed to be 6. The rate is =73 . If B, converges monotonically to 1 faster than n=2/3 then

Sy
~5js converges in distribution to Fj, whereas if B, converges monotonically to 1 slower than n=%/3

then Y1 FuSs
vn
in distribution to a random variable which probability distribution has the mixed Lebesgue-density

exp(—c;,! (X—6 - %2)) with ¢y = 1201E(W6) yE(W?). The rate is 5

satisfies a Central Limit Theorem. Eventually, if |1 — f3,] = yn=2/3, :;}6 converges

120

Example 4.2 (A continuous Curie-Weiss model). Last but not least we will treat an example of a

continuous Curie-Weiss model. We choose as underlying distribution the uniform distribution on
an interval in R. To keep the critical temperature one we define dg(; ) —]I[ a,a)(x;) with a = /3.
Then from a general result in [[12} Theorem 2.4] (see also [[10] Theorem 1.2]) it follows that p(x;)
obeys the GHS-inequality (3.37). Therefore there exists a critical temperature f3,, such that for

B < f. zero is the unique global minimum of G and is of type 1, while at 8, this minimum is of
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type k > 2. This f3, is easily computed to be one. Indeed, u; = f — 29" (0) = f — B*E(X]) =
B(1 — B), since p is centered and has variance one. Thus u; vanishes at § = 8, = 1. Eventually

v3g 1 .
(/3R = Bx+ - Now again by

Theorems [3.1|and [3.2|for B < 1 the rescaled magnetization S, /+/n obeys a Central Limit Theorem
and the limiting variance is (1 — ). Indeed, since EQ(Xf) =1, =B-p%and 02 = 2

for B > 1 there are again two minima which are solutions of

For B = B. = 1 the rescaled magnetization S,/ n’/® converges in distribution to X which has1 t}/fe
density f4¢/51. Indeed u, is computed to be —EQ(Xf) + SEQ(Xf) = —g +3 = g. The rate is
#. If 8, converges monotonically to 1 faster than n~>/% then ns;';s converges in distribution to
1/54, whereas if f8, converges monotonically to 1 slower than n~3/4 then @ satisfies a Central
Limit Theorem. Eventually, if |1 — 8, = yn~%/4, n5778 converges in distribution to the mixed density

exp (—Cv_vl (gz—f - %2)) with ¢, = ﬁE(Wg) — yE(W?2). Here the Berry-Esseen rate is #

5 Appendix

Proof of Lemma Consider a probability density of the form
p(x) := py(x) := by exp(—a;x*) (5.49)

with by = f R exp(—akak) dx. Clearly p satisfies Assumption (D). First we prove that the solutions
f, of the Stein equation, which characterizes the distribution with respect to the density (5.49),
satisfies Assumption (B2). Let f, be the solution of f(x) 4+ (x)f,(x) = 1g<,3(x) — P(2). Here
P(x) = —2k ap x2*~1. We have

] (@1=P(2))P(x) exp(akxm‘)b]:1 for x <z,
fo(x) = { P(2)(1—P(x)) exp(akXZk)bk_1 forx >z (5-50)
with P(2) := fjoop(x) dx. Note that f,(x) = f_,(—x), so we need only to consider the case z > 0.
For x > 0 we obtain

by
1- P(X) < m exp(—akXZk), (551)
k
whereas for x < 0 we have
by 2k
P(X) < W exp(—akx ) (552)
By partial integration we have
o0 o0 [e¢]
(2k —1) 2k 2k 2k 2k
——t M exp(—qpt™) = ————5—exp(—aqrt™)| — | exp(—apt™)dt.
x 2k ag 2k a; t2k 1 x x
Hence for any x > 0
X 2k
by (Zka 1ok 1) exp(—ax*) <1—P(x). (5.53)
B _

983



With (5.51) we get for x > 0

d

(0.0] (0.0]
e (exp(akXZk) f exp (—a,t%) dt) = —1+ 2k ax L exp (apx?F) J. exp(—a,t?) dt < 0.
X X

[0.9] . . .
So exp(ax?) [ . exp(—a t2k) dt attains its maximum at x = 0 and therefore

o0

exp (apx?*) by f exp(—at?*) dt <

X

N[~

Summarizing we obtain for x > 0
1 by
1—P(x)<min| -, ——— | exp(—a x%K). 5.54
(x) (2 2kakx2k_1) p(-ax™) (>4
With (5.52) we get for x <0

d X X
e (exp(akak) f exp(—a,t?) dt) =1+ 2k qxx L exp (a;x %) J exp(—a,t?) dt > 0.
—0 -0

X . . .
So exp(ax?F) | _exp(—ax t2%) dt attains its maximum at x = 0 and therefore

X

exp (axx?*) by f exp(—a,t?) dt <

—0o0

N| —

Summarizing we obtain for x < 0

1 by
P(x)<min| -, ————— | exp(—a x%K). 5.55
()= (2 2kak|x|2k‘1) p(ax™) (5:55)

Applying (5.54) and (5.55) gives 0 < f,(x) < 2+ak for all x. Note that for x < O we only have to

consider the first case of (5.50)), since z > 0. The constant szk is not optimal. Following the proof of

Lemma 2.2 in [|5]] or alternatively of Lemma 2 in [20, Lecture II] would lead to optimal constants.
We omit this. It follows from (5.50) that

(1-P(2)) [1 +x271 2k qy P(x) exp(ax®)bt | forx <z,

fl(x)= (5.56)

P(2) [(1 — P(x)) 2k aj x21 exp(akXZk)b]:1 —1| forx=>gz.
With we obtain for 0 < x < z that
f/(x)<(1-P>)) |:22k_1 2k ay, P(z)exp(akZZk)blzl} +1<2.

The same argument for x > z leads to |f;(x)| < 2. For x < 0 we use the first half of (5.50) and
apply (5.52) to obtain |f,(x)| < 2. Actually this bound will be improved later. Next we calculate the
derivative of —y(x) f,(x):

% |:P(x)eakx2k (2k(2k — Dagx? 2+ (2k)2a£x4k_2) + 2ka,x <1 bk} ,

(= ()f(x)) =
% [(1 — P(x))eakXZk (2k(2k — Dagx?2 4+ (2k)2alfx4k_2) — 2ka; x2k1 bk} ,

(5.57)
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With (5.53)) we obtain (—y)(x)f,(x))’ > 0, so —y(x)f,(x) is an increasing function of x (remark
that for x < 0 we only have to consider the first half of (5.50)). Moreover with (5.51)), (5.52) and
(5.53)) we obtain that

lim 2ka,x*71f,(x)=P(z)—1 and xhrrolo 2k a; x2k_1fz(x) = P(2). (5.58)
X——00 =

Hence we have |2k a; x271f,(x)| < 1 and |2k ai (x**71£,(x) — u®71f,(u))| < 1 for any x and u.
From it follows that f,(x) > 0 for all x < z and f,/(x) < 0 for x > z. With Stein’s identity
£ () = = (x)f,(x) + 1{y<y} — P(2) and we have 0 < f/(x) < —(2)f,(2) +1 - P(z) <
1 for x <zand —1< —Y(2)f,(2) —P(z) < f/(x) <0 for x >z. Hence, for any x and y, we
obtain

f,CII<1 and |f/(x) - f;(¥) <max(1, -y (2)f;(z) + 1 - P(z) — (—¢(2)f:(z) — P(z))) = 1.

Next we bound (—(x)f,(x))’. We already know that (—(x)f,(x)) > 0. Again we apply
and to see that (—y(x)f,(x)) < 2]|<X—_|1 for x >z > 0 and all x < 0. For 0 < x < g this latter
b
g
for x > z) with —x for x to the formula for (y(x)f,(x)) in x < z. For some constant c we
can bound (v (x)f,(x)) by c for all |x| > ch—_l Moreover, on [—ch—_l, %] the continuous function
(= (x)f,(x)) is bounded by some constant d, hence we have proved | — (Y (x)f,(x))’| < max(c,d).
The problem of finding the optimal constant, depending on k, is omitted. Summarizing, Assumption

(B2) is fulfilled for p with dy = d; = 1 and some constants d; and d,.

bound holds, as can be seen by applying this bound (more precisely the bound for (—(x)f,(x))’

Next we consider an absolutely continuous function h : R — R. Let f, be the solution of the Stein
equation (2.6), that is

fh(x)=ij (h(r)—Ph)p(r)dt=—iJ (h(t) — PR)p(0) dt.
p(x) )_o p(x) J,

We adapt the proof of [[5, Lemma 2.3]:Without loss of generality we assume that h(0) = 0 and put
eg := sup, |h(x)—Ph| and e; := sup,. |h’(x)|. From the definition of f;, it follows that | f;,(x)| < eoz—ik.
An alternative bound is ¢, e; with some constant ¢; depending on E|Z|, where Z denotes a random
variable distributed according to p. With and (5.53), for x >0,

F0O1 < 1h(x) = PRI = (x)e" J Ih(t) — Phle™" dt < 2.

X

An alternative bound is ¢, e; with some constant ¢, depending on the (2k — 2)’th moment of p. This
would mean to Stein’s identity to obtain f;/(x) = —earx* f::o(h’(t) - w’(t)f(t))e_aktZk dt. The
details are omitted. To bound the second derivative f,”, we differentiate and have

y () = () = ")) frloe) = () (h(x) = Ph) + 1 (x).

Similarly to [5, (8.8), (8.9)] we obtain h(x) — Ph = [ _W(t)P(t)dt — [ R'(6)(1 — P(t))dt. It
follows that

fh(x):—ieaﬂ”u—p(x))J h'(t)P(t)dt—bieak"ZkP(x)f K (6)(1 - P(1))dt.

bk k
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Now we apply the fact that the quantity in (5.57) is non-negative to obtain

F/COl < IR GOI+ | (%200) — () fi(x) — () (h(x) — Ph)|

A

1 2t x
< Ih’(x)|+'(—w(x)—b—k(wz(x)—w’(x))eakx (1—P(x)))f W (t)P(t)dt
+ (Tl)(x)—bik(wz(x)—TP'(X))eak"sz(x)) J R (£)(1 - P(t))dt
1 2k *
< Ih’(X)I+el(¢(X)+b—k(wz(X)—w’(X))e“k" (1—P(X)))J P(t)dt

—00

1 2% ®
+e (—w(x) + b—k(¢2(X) —'(x)) e P(X)) J (1—P(t))dt.

Moreover we know, that the quantity in (5.57)) can be bounded by %, hence

, 2b,(2k—-1) ([ *©
|fh(x)|§e1+e1—(f P(t)dt+f (1—P(t))dt).

|x| oo

Now we bound

o0

|f P(t)dt—l—f (1—p(t))dt|=\xp(x)—x(1—p(x))+2f tp(t)dt| < 2|x| +2E|Z|,

where Z is distributed according to p. Summarizing we have | fh” (x)| < cgsup, |h’'(x)| for some con-
stant cg, using the fact that f;, and therefore fh’ and fh” are continuous. Hence f;, satisfies Assumption
(B1). O

Sketch of the proof of Remark Now let p(x) = by exp(—a,V(x)) and V satisfies the assumptions
listed in Remark[2.3] To proof that f, (with respect to p) satisfies Assumption (B2), we adapt (5.53)
as well as (5.54) and (5.55)), using the assumptions on V. We obtain for x > 0

b ( V'(x) ) exp(—a; V(x)) <1—P(x)
KNV () + a,V'(x)>? PL—k - )

and for x >0

1— P(x) < min( £, —2k v
—P(x) < mm(i, o V’(x)) exp(—a; V(x))

and for x <0

1
P(x) < min(i, ) exp(—a; V(x)).

Kk
ar [V/(x)|

Estimating (—y(x)f,(x)) gives (—y(x)f,(x)) < const. I‘\///’/((;cc))l' By our assumptions on V, the right
hand side can be bounded for x > d with d € R, and since {(x)f,(x) is continuous, it is bounded

everywhere. O
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