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Abstract

We introduce a simple tree growth process that gives rise to a new two-parameter family of
discrete fragmentation trees that extends Ford’s alpha model to multifurcating trees and includes
the trees obtained by uniform sampling from Duquesne and Le Gall’s stable continuum random
tree. We call these new trees the alpha-gamma trees. In this paper, we obtain their splitting
rules, dislocation measures both in ranked order and in sized-biased order, and we study their

limiting behaviour.
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1 Introduction

Markov branching trees were introduced by Aldous [3] as a class of random binary phylogenetic
models and extended to the multifurcating case in [16]. Consider the space T, of combinatorial
trees without degree-2 vertices, one degree-1 vertex called the rRooT and exactly n further degree-1
vertices labelled by [n] = {1,...,n} and called the leaves; we call the other vertices branch points.
Distributions on T, of random trees T, are determined by distributions of the delabelled tree T
on the space T, of unlabelled trees and conditional label distributions, e.g. exchangeable labels.
A sequence (T;,n > 1) of unlabelled trees has the Markov branching property if for all n > 2
conditionally given that the branching adjacent to the rROOT is into tree components whose numbers
of leaves are nj,...,ny, these tree components are independent copies of T, , 1 < i < k. The
distributions of the sizes in the first branching of T, n > 2, are denoted by l

q(nqg,...,ng), n>...2mn>1, k=>2: m+...+n.=n,

and referred to as the splitting rule of (T, n > 1).

Aldous [3] studied in particular a one-parameter family (8 > —2) that interpolates between several
models known in various biology and computer science contexts (e.g. § = —2 comb, f = —3/2
uniform, 8 = 0 Yule) and that he called the beta-splitting model, he sets for f > —2:

1 /n
qgldous(n_m,m)zz—( )B(m+1+ﬁ,n—m+1+ﬁ); f0r1§m<n/2,
m
n
n
qudOUS(n/Z’n/z) — B(n/2—|— 1 —I—[)’,Tl/2+ 1 +/3), if n even,
p 27, \n/2

where B(a, b) =T'(a)I’(b)/T'(a+ b) is the Beta function and Z,,, n > 2, are normalisation constants;

this extends to 3 = —2 by continuity, i.e. q’jlgous(n -1,1)=1,n>2.

For exchangeably labelled Markov branching models (T,,n > 1) it is convenient to set

m1! Tl!

p(nli"')nk)::(T)q((nla""nk)l)z nJZL]G[k],kZZ n:nl+"'+nka (1)
n

150001k

where (ny,...,n;)" is the decreasing rearrangement and m, the number of rs of the sequence
(nq,...,n;). The function p is called exchangeable partition probability function (EPPF) and gives
the probability that the branching adjacent to the rRooT splits into tree components with label sets
{A1,..., A} partitioning [n], with block sizes n; = #A;. Note that p is invariant under permutations
of its arguments. It was shown in [20] that Aldous’s beta-splitting models for § > —2 are the only
binary Markov branching models for which the EPPF is of Gibbs type

Wnlwnz F(Tl - a)

Aldous , np>1,n,>1, in particular w,, = ———,
r'1—oa)

P14 (ny,ny) =

an +T12

and that the multifurcating Gibbs models are an extended Ewens-Pitman two-parameter family of

random partitions, 0 < a <1, 8 > —2a, or —o00 < a < 0, 6 = —ma for some integer m > 2,
k
PD* a I'h—a) roL(k+6/a)
Nqi,...,N =—| |w,, where w, = ——— and q; = _ 2
o, nig Tra-o o F rero/w
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boundary cases by continuity (cf. p./404), including Aldous’s binary models for 6 = —2a. Ford [12]
introduced a different one-parameter binary model, the alpha model for 0 < a < 1, using simple
sequential growth rules starting from the unique elements T; € T, and T, € T,:

(DY given T, for n > 2, assign a weight 1—a to each of the n edges adjacent to a leaf, and a weight
a to each of the n — 1 other edges;

(ii)f select at random with probabilities proportional to the weights assigned by step (i), an edge
of T,, say a,, — ¢, directed away from the ROOT;

(iii)¥ to create T, from T,, replace a, — c, by three edges a,, — b,, b, — ¢, and b, = n+1 so
that two new edges connect the two vertices a,, and ¢, to a new branch point b, and a further
edge connects b, to a new leaf labelled n + 1.

It was shown in [12] that these trees are Markov branching trees but that the labelling is not
exchangeable. The splitting rule was calculated and shown to coincide with Aldous’s beta-splitting
rules if and only if @ = 0, « = 1/2 or a = 1, interpolating differently between Aldous’s corresponding
models for f =0, f = —3/2 and § = —2. This study was taken further in [16; 24].

In this paper, we introduce a new model by extending the simple sequential growth rules to allow
multifurcation. Specifically, we also assign weights to vertices depending on two parameters 0 < a <
1 and 0 <y < a as follows, cf. Figure (1}

(i) given T, for n > 2, assign a weight 1 — a to each of the n edges adjacent to a leaf, a weight y
to each of the other edges, and a weight (k — 1)a — y to each vertex of degree k + 1 > 3; this
distributes a total weight of n — a;

(ii) select at random with probabilities proportional to the weights assigned by step (i),

e an edge of T,, say a, — c, directed away from the roOT,

e or, as the case may be, a vertex of T,,, say v,;
(iii) to create T, from T,, do the following:

e if an edge a, — c, was selected, replace it by three edges a, — b,, b, — ¢, and b, —
n+ 1 so that two new edges connect the two vertices a, and ¢, to a new branch point b,,
and a further edge connects b, to a new leaf labelled n + 1;

o if a vertex v, was selected, add an edge v, — n+ 1 to a new leaf labelled n + 1.

We call this model the alpha-gamma model. It contains the binary alpha model for y = a. We show
here that the cases y =1—a, 1/2 < a <1, and a = y = 0 form the intersection with the extended
Ewens-Pitman-type two-parameter family of models (2). The growth rules for y = 1 — a, when all
edges have the same weight, was studied recently by Marchal [19]. It is related to the stable tree of
Duquesne and Le Gall [7], see also [21] and Section 3.4 here.
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Figure 1: Sequential growth rule: displayed is one branch point of T, with degree k + 1, hence
vertex weight (k — 1)a — y, with k — r leaves L,,4,...,L; € [n] and r bigger subtrees S;,...,S,
attached to it; all edges also carry weights, weight 1 — a and y are displayed here for one leaf edge
and one inner edge only; the three associated possibilities for T, are displayed.

Proposition 1. Let (T,,n > 1) be alpha-gamma trees with distributions as implied by the sequential
growth rules (i)-(iii) for some 0 <a <1and 0 <y < a. Then

(@) the delabelled trees T, n > 1, have the Markov branching property. The splitting rules are

gdng, .. m) (y +(1-a- y) Z )qi’?_*a_y(nl, Lom), (3
175]

in the case 0 < a < 1, where ¢°° o, a_y is the splitting rule associated via (1) with pa ey the
Ewens-Pitman-type EPPF given in (2), and LHS «x RHS means equality up to a multlpllcatlve
constant depending on n and (a,y) that makes the LHS a probability function;

(b) the labelling of T, is exchangeable for alln > 1 ifandonly ify =1—a, 1/2<a < 1.

The normalisation constants in (2) and (3) can be expressed in terms of Gamma functions, see
Section/2.4. The case a = 1 is discussed in Section [3.2]

For any function (n,,...,n;) — q(ny,...,n;) that is a probability function for all fixed n =n; +...+
ng, n > 2, we can construct a Markov branching model (T,;,n > 1). A condition called sampling
consistency [3] is to require that the tree T, constructed from T, by removal of a uniformly
chosen leaf (and the adjacent branch point if its degree is reduced to 2) has the same distribution as

T._,, for all n > 2. This is appealing for applications with incomplete observations. It was shown in
[16] that all sampling consistent splitting rules admit an integral representation (c,v) for an erosion
coefficient ¢ > 0 and a dislocation measure v on ¥ = {s = (5;);51 : 51 =55 > ... > 0,5, +s5+... < 1}
with v({(1,0,0,...)}) =0 and yl(1 —s7)v(ds) < oo as in Bertoin’s continuous-time fragmentation
theory [4; 5; 6]. In the most relevant case for us when c =0 and v({s € ' :s;+s,+...<1}) =0
this representation is

p(ny,...,n) == J Z l_[s v(ds), njz1l,jek;k=2: n=n;+...+m, (4
5’111

Si=1 ]
distinct
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where Z, = f o (1 _Zizl s )v(ds), n = 2, are the normalisation constants. The measure v is unique
up to a multiplicative constant. In particular, it can be shown [21; 17] that for the Ewens-Pitman
EPPFs pg]?e* we obtain v = PDZ’G(ds) of Poisson-Dirichlet type (hence our superscript PD* for the
Ewens-Pitman type EPPF), where for 0 < a <1 and 6 > —2a we can express

Ll F(s)PD; o(ds) =E (07°f (Aopo1/01)),

for an a-stable subordinator ¢ with Laplace exponent —log(E(e *91)) = A% and with ranked se-
quence of jumps Ao g1 = (Ao, t € [0, 1)} For a < 1 and 6 = —2a, we have

1
F(SIPDy, _q(ds) = f f(x,1-x,0,0,...)x % 1(1 —x)"* dx.
st ’ 1/2

Note that v = PDZ,Q is infinite but o-finite with fyl(l —s)v(ds) < oo for —2a < 6 < —a. This is
the relevant range for this paper. For 8 > —a, the measure PDZ,@ just defined is a multiple of the
usual Poisson-Dirichlet probability measure PD, g on !, so for the integral representation of pzl?(;
we could also take v = PD,, ¢ in this case, and this is also an appropriate choice for the two cases

a =0 and m > 3; the case a = 1 is degenerate qg%*(l, 1,...,1)=1 (for all 8) and can be associated
with v =PD] , =g ,..), see [20].

Theorem 2. The alpha-gamma-splitting rules qf,f;} are sampling consistent. For 0 < a <1 and 0 <
y < a we have no erosion (c = 0) and the measure in the integral representation (4) can be chosen as

Vay(d)=|r+(1—-a-y) Zsisj PD’;’_a_Y(ds). (5)
i#j

The case a = 1 is discussed in Section We refer to Griffiths [14] who used discounting of
Poisson-Dirichlet measures by quantities involving Z# j5iSj tO model genic selection.

In [16], Haas and Miermont’s self-similar continuum random trees (CRTs) [15] are shown to be
scaling limits for a wide class of Markov branching models. See Sections and for details.
This theory applies here to yield:

Corollary 3. Let (T;,n > 1) be delabelled alpha-gamma trees, represented as discrete R-trees with unit
edge lengths, for some 0 < a <1and 0 <y < a. Then

—r; - T in distribution for the Gromov-Hausdorff topology,

n

where the scaling n" is applied to all edge lengths, and T *7 is a y-self-similar CRT whose dislocation
measure is a multiple of v, .

We observe that every dislocation measure v on %' gives rise to a measure v** on the space of
summable sequences under which fragment sizes are in a size-biased random order, just as the
GEM, ¢ distribution can be defined as the distribution of a PD,, ¢ sequence re-arranged in size-biased
random order [23]. We similarly define GEM], , from PD} ,. One of the advantages of size-biased

versions is that, as for GEM,, », we can calculate marginal distributions explicitly.
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Proposition 4. For 0 < a < 1 and 0 < vy < a, distributions vib of the first k > 1 marginals of the
size-biased form vi}y of v,y are given, for x = (xq,...,xi), by

k k 2
l1—a
sb 2 *
+-—a-p)[1-D - —————[1-D EM .
v (dx) r+(1—a-y) 2L x; 1+ (k—Da—7 ( xl) G a,_a_y(dx)

i=1

The other boundary values of parameters are trivial here — there are at most two non-zero parts.

We can investigate the convergence of Corollary 3| when labels are retained. Since labels are non-
exchangeable, in general, it is not clear how to nicely represent a continuum tree with infinitely
many labels other than by a consistent sequence % of trees with k leaves labelled [k], k > 1. See
however [24] for developments in the binary case y = a on how to embed %, k > 1, in a CRT
T %%, The following theorem extends Proposition 18 of [16] to the multifurcating case.

Theorem 5. Let (T,,n > 1) be a sequence of trees resulting from the alpha-gamma-tree growth rules
for some 0 < a < 1and 0 < y < a. Denote by R(T,, [k]) the subtree of T, spanned by the RooT and
leaves [k], reduced by removing degree-2 vertices, represented as discrete R-tree with graph distances in
T, as edge lengths. Then

R(T,, [k]) .
— R a.s. in the sense that all edge lengths converge,
n

for some discrete tree &) with shape T, and edge lengths specified in terms of three random variables,
conditionally independent given that T; has k + { edges, as Lkay D, with

o Wy ~ beta(k(1 —a)+Ly,(k—1)a — Ly), where beta(a, b) is the beta distribution with density
B(a,b)1x* 11 — x)P 711 1)(x);

Fr(A+k(1—a)+Ly) SEHk-a)/y
FrI+£2+k(1—a)/y)
the density of O'l_y for a subordinator o with Laplace exponent A';

o [, with density

g,(s), where g, is the Mittag-Leffler density,

e D; ~ Dirichlet((1 — a)/y,...,(1 —a)/v,1,...,1), where Dirichlet(ay,...,a,,) is the Dirichlet
distribution on A,, = {(x1,...,x,) € [0,1]™ : x; + ...+ x,;, = 1} with density of the first
m — 1 marginals proportional to x‘lll_1 .. .x;rfll_l(l —X{ — ... = Xp_1)%"1; here D contains

edge length proportions, first with parameter (1 —a)/y for edges adjacent to leaves and then with
parameter 1 for the other edges, each enumerated e.g. by depth first search [18] (see Section

4.2).

In fact, 1—W; captures the total limiting leaf proportions of subtrees that are attached on the vertices
of Ty, and we can study further how this is distributed between the branch points, see Section 4.2|

We conclude this introduction by giving an alternative description of the alpha-gamma model ob-
tained by adding colouring rules to the alpha model growth rules (i)F-(iii)¥, so that in T;Ol each edge
except those adjacent to leaves has either a blue or a red colour mark.

(i) Toturn T .41 into a colour-marked tree Trffrll, keep the colours of T;Ol and do the following:

e if an edge a,, — c,, adjacent to a leaf was selected, mark a,, — b,, blue;
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e if a red edge a,, — c,, was selected, mark both a,, — b,, and b,, — ¢, red;

o if a blue edge a,, — c, was selected, mark a, — b, blue; mark b,, — c, red with proba-
bility ¢ and blue with probability 1 —c;

When (Trf"l, n > 1) has been grown according to (i)F-(iii)" and (iv)<!, crush all red edges, i.e.

(cr) identify all vertices connected via red edges, remove all red edges and remove the remaining
colour marks; denote the resulting sequence of trees by (T,,,n > 1);

Proposition 6. Let (Tn, n > 1) be a sequence of trees according to growth rules (i)¥-(iii)¥, (iv)¢! and
crushing rule (cr). Then (T,,n > 1) is a sequence of alpha-gamma trees with y = a(1 —c).

The structure of this paper is as follows. In Section 2 we study the discrete trees grown according to
the growth rules (i)-(iii) and establish Proposition |6/ and Proposition|1/as well as the sampling con-
sistency claimed in Theorem [2. Section 3 is devoted to the limiting CRTs, we obtain the dislocation
measure stated in Theorem [2/and deduce Corollary[3 and Proposition 4. In Section 4 we study the
convergence of labelled trees and prove Theorem|5.

2 Sampling consistent splitting rules for the alpha-gamma trees

2.1 Notation and terminology of partitions and discrete fragmentation trees

For B C N, let #; be the set of partitions of B into disjoint non-empty subsets called blocks. Consider a
probability space (92, Z,P), which supports a #z-valued random partition I1; for some finite B C N.
If the probability function of IT; only depends on its block sizes, we call it exchangeable. Then

P(Ilg = {Aq,..., A} = p(#A,, ..., #AL) for each partition © = {A;,..., A} € @3,

where #A; denotes the block size, i.e. the number of elements of A;. This function p is called
the exchangeable partition probability function (EPPF) of IIz. Alternatively, a random partition I1g
is exchangeable if its distribution is invariant under the natural action on partitions of B by the
symmetric group of permutations of B.

Let B C N, we say that a partition 7 € ; is finer than 7’ € %y, and write m < 7, if any block of
7 is included in some block of 7’. This defines a partial order =< on ;. A process or a sequence
with values in & is called refining if it is decreasing for this partial order. Refining partition-valued
processes are naturally related to trees. Suppose that B is a finite subset of N and t is a collection of
subsets of B with an additional member called the rooT such that

e we have B € t; we call B the common ancestor of t;
e we have {i} e tfor all i € B; we call {i} a leaf of t;

e forallActand C €t, we have either ANC =g, orAC CorC CA.

If AC C, then A is called a descendant of C, or C an ancestor of A. If forall D etwithAC D C C
either A= D or D = C, we call A a child of C, or C the parent of A and denote C — A. If we equip
t with the parent-child relation and also RooT — B, then t is a rooted connected acyclic graph, i.e.
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a combinatorial tree. We denote the space of such trees t by Ty and also T, = Tr,,;. For t € Ty and
A € t, the rooted subtree s, of t with common ancestor A is given by s, = {RooT}U{C €t: C CA} €
T,. In particular, we consider the subtrees s; = S4; of the common ancestor B of t, i.e. the subtrees
whose common ancestors A, j € [k], are the children of B. In other words, s, ..., S are the rooted
connected components of t\ {B}.

Let (7(t), t > 0) be a #;-valued refining process for some finite B € N with 7(0) = 15 and 7(t) = 0p
for some t > 0, where 15 is the trivial partition into a single block B and 0p is the partition of B
into singletons. We define t,, = {rRooT} U{A C B : A€ 7t(t) for some t > 0} as the associated labelled
fragmentation tree.

Definition 1. Let B C N with #B = n and t € Tz. We associate the relabelled tree
9 ={root}U{c(A):Act}leT,,
for any bijection ¢ : B — [n], and the combinatorial tree shape of t as the equivalence class
t° = {t%|o : B — [n] bijection} C T,,.

We denote by T, = {t°: t€ T, } = {t° : t € T} the collection of all tree shapes with n leaves, which
we will also refer to in their own right as unlabelled fragmentation trees.

Note that the number of subtrees of the common ancestor of t € T,, and the numbers of leaves in

these subtrees are invariants of the equivalence class t* C T,. If t° € T, has subtrees s7,...,s;
with n; > ... > m; = 1 leaves, we say that t° is formed by joining together s7,...,s;, denoted by
t° =s] x...xs;. We call the composition (ny,...,n;) of n the first split of t).

With this notation and terminology, a sequence of random trees T, € T;, n > 1, has the Markov
branching property if, for all n > 2, the tree T, has the same dlstr1but10r1 as S) *...* Sy , where
Ny = ... =2 Ng, = 1 form a random composition of n with K,, > 2 parts, and cond1t10nally given
K,=k and N; = nj, the trees S° j € [k], are independent and distributed as T > je[k].

2.2 Colour-marked trees and the proof of Proposition 6|
The growth rules ()F-(iii)¥ construct binary combinatorial trees T,'fi“ with vertex set

V ={roo1}U [n]U{bq,...,b,_1}

and an edge set E C V x V. We write v — w if (v,w) € E. In Section 2.1, we identify leaf i with
the set {i} and vertex b; with {j € [n] : b; — ... — j}, the edge set E then being identified by the
parent-child relation. In this framework, a colour mark for an edge v — b; can be assigned to the
vertex b;, so that a coloured binary tree as constructed in (iv)®! can be represented by

Vcol = {rooT} U [n] U {(bb Xn(bl))’ e (bn—l; Xn(bn—l))}

for some y,(b;) €{0,1}, i € [n — 1], where O represents red and 1 represents blue.

Proof of Proposition 6. We only need to check that the growth rules M)F-i)F and (iv)“’l for
(T,f"l, n > 1) imply that the uncoloured multifurcating trees (T,,,n > 1) obtained from (T,f"l, n>1)
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via crushing (cr) satisfy the growth rules (i)-(iii). Let therefore tﬂl be a tree with ]P’(Trfj’rl1 = tffil) >
0. It is easily seen that there is a unique tree t,cl"l, a unique insertion edge afl"l — cflOl in t°! and, if
any, a unique colour y,; (cfl"l) to create tﬁl from tg‘)l. Denote the trees obtained from tg‘)l and tfl‘il
via crushing (cr) by t, and t, ;. If Xn+1(C,C101) = 0, denote by k + 1 > 3 the degree of the branch

point of t, with which ¢! is identified in the first step of the crushing (cr).

n

e If the insertion edge is a leaf edge (c,‘iOl =1 for some i € [n]), we obtain

P(Tn-i-l = tn+1|Tn =t T,(;OI = tff’l) =(1-a)/(n—a).
o If the insertion edge has colour blue ( Xn(cfl"l) =1) and also )(,IH(C,CIOI) =1, we obtain
P(Trp1 =t | Ty = £, T = €9) = a(1 = ¢)/(n — ).

o If the insertion edge has colour blue ( xn(cff’l) =1), but )(,IH(CZOI) = 0, or if the insertion edge
has colour red ( xn(cfl‘)l) =0, and then necessarily xnﬂ(cfl‘)l) = 0 also), we obtain

P(Try1 = typr| Ty = to, T =) = (ca+ (k — 2)a)/(n — @),

1 col

., where insertion and

because in addition to a;> — cg"l, there are k — 2 other edges in t

crushing also create t,, 1.

Because these conditional probabilities do not depend on th°1 and have the form required, we con-
clude that (T,,n > 1) obeys the growth rules (i)-(iii) with y = a(1 — c). O

2.3 The Chinese Restaurant Process

An important tool in this paper is the Chinese Restaurant Process (CRP), a partition-valued process
(IT,,n > 1) due to Dubins and Pitman, see [23], which generates the Ewens-Pitman two-parameter
family of exchangeable random partitions I1,, of N. In the restaurant framework, each block of
a partition is represented by a table and each element of a block by a customer at a table. The
construction rules are the following. The first customer sits at the first table and the following
customers will be seated at an occupied table or a new one. Given n customers at k tables with
n; > 1 customers at the jth table, customer n + 1 will be placed at the jth table with probability
(nj—a)/(n+0), and at a new table with probability (6 + ka)/(n+ 6). The parameters a and 6 can
be chosen as either a < 0 and 6 = —ma forsome me€Nor 0 < a <1 and 6 > —a. We refer to this
process as the CRP with (a, 8)-seating plan.

In the CRP (II,,n > 1) with IT,, € &,,;, we can study the block sizes, which leads us to consider the
proportion of each table relative to the total number of customers. These proportions converge to
limiting frequencies as follows.

Lemma 7 (Theorem 3.2 in [23]). For each pair of parameters (a, 0) subject to the constraints above,
the Chinese restaurant with the (a, 8)-seating plan generates an exchangeable random partition I, of
N. The corresponding EPPF is

af T (k+60/a)T(1+6) ﬁ T'(n; — a)

r1+6/a)f(n+06) ri-a)’ n>1lielkl;k>1: Y,n;=n,

PD
paﬂ(nl, e, Ny) =
i=1
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boundary cases by continuity. The corresponding limiting frequencies of block sizes, in size-biased order
of least elements, are GEM,, 9 and can be represented as

(P1,Py,...) = (W, W Wy, W W, W3,...)

where the W; are independent, W; has beta(1 — a, 8 + ia) distribution, and W; := 1 — W;. The distri-
bution of the associated ranked sequence of limiting frequencies is Poisson-Dirichlet PD,, g.

We also associate with the EPPF p}h, the distribution g}, of block sizes in decreasing order via
and, because the Chinese restaurant EPPF is not the EPPF of a splitting rule leading to k > 2 block
(we use notation qglig for the splitting rules induced by conditioning on k > 2 blocks), but can lead
to a single block, we also set qgl?e(n) = pil?e(n).

The asymptotic properties of the number K,, of blocks of IT, under the (a, 8)-seating plan depend
on a: if a < 0 and 6 = —ma for some m € N, then K,, = m for all sufficiently large n a.s.; if a =0
and 0 > 0, then lim,,_,,, K,/ logn = 6 a.s. The most relevant case for us is a > 0.

Lemma 8 (Theorem 3.8 in [23]). ForO<a<1, 6 > —aq,,

K

n
— — S a.s. as n — oo,

n(X
where S has a continuous density on (0, c0) given by

r6+1)

—6/a
r@/arn)’ | Sl

d]P’(Sed )=
ds )=

and g, is the density of the Mittag-Leffler distribution with pth moment I'(p + 1)/T'(pa + 1).

As an extension of the CRE Pitman and Winkel in [24] introduced the ordered CRP Its seating plan is
as follows. The tables are ordered from left to right. Put the second table to the right of the first with
probability 6/(a + 6) and to the left with probability a/(a + 6). Given k tables, put the (k + 1)st
table to the right of the right-most table with probability 6 /(ka + 6) and to the left of the left-most
or between two adjacent tables with probability a/(ka + 0) each.

A composition of n is a sequence (ny, ..., n;) of positive numbers with sum n. A sequence of random
compositions %, of n is called regenerative if conditionally given that the first part of %, is n;, the
remaining parts of 6, form a composition of n — n; with the same distribution as %,_, . Given

any decrement matrix (q9¢°(n,m),1 < m < n), there is an associated sequence €, of regenerative
random compositions of n defined by specifying that q4(n, -) is the distribution of the first part of
6,. Thus for each composition (n,,...,n;) of n,

]P((gn = (nl, ey nk)) = qdeC(n, nl)qdec(n —ny, le) s qdec(nk—l + ny, nk—l)qdec(nk$ le).

Lemma 9 (Proposition 6 (i) in [24]). For each (a,8) with 0 < a < 1 and 6 > 0, denote by €, the
composition of block sizes in the ordered Chinese restaurant partition with parameters (a,0). Then
(6,,n > 1) is regenerative, with decrement matrix

dec _(n (n—-m)a+méTr(m—a)l[(n—m+06)
qa,@(n,m)—( ) n T Tt )

(1<m<n). (6)
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2.4 The splitting rule of alpha-gamma trees and the proof of Proposition 1

Proposition |1 claims that the unlabelled alpha-gamma trees (T, n > 1) have the Markov branching
property, identifies the splitting rule and studies the exchangeability of labels. In preparation of the
proof of the Markov branching property, we use CRPs to compute the probability function of the first
split of T, in Proposition [10. We will then establish the Markov branching property from a spinal
decomposition result (Lemma/(11) for T g

Proposition 10. Let T, be an unlabelled alpha-gamma tree for some 0 < a <1 and 0 <y < a, then

the probability function of the first split of T, is

Z,I'(1—a)
I'n—a)

seq

1 «
g, m) = P+ -a—p) > ny | @7, (n,em),
) n(n—1) P ’

n,>...2n>1, k>2: ny+...+n, =n, where Z, is the normalisation constant in (2).

In fact, we can express explicitly Z,, in (2) as follows (see formula (22) in [17])

_T(1+6/a) I'n—a)(1+406)
"TT(1+6) ( _F(l—a)l“(n—l-e))

in the first instance for 0 < a < 1 and 6 > —a, and then by analytic continuation and by continuity
to the full parameter range.

Proof. In the binary case y = a, the expression simplifies and the result follows from Ford [12],
see also [16, Section 5.2]. For the remainder of the proof, let us consider the multifurcating case
y < a. We start from the growth rules of the labelled alpha-gamma trees T,,. Consider the spine
ROOT — v; — ... = v, — 1 of T;,, and the spinal subtrees Sl.S]P, 1<i<L,;, 1=<j<K,; not
containing 1 of the spinal vertices v;, i € [L,,_;]. By joining together the subtrees of the spinal vertex

v; we form the ith spinal bush SiSp = Sl.sf ..k Sl.s}z . Suppose a bush SiSp consists of k subtrees with
n,i

m leaves in total, then its weight will be m — ka — Y + ka = m — y according to growth rule (i) -
recall that the total weight of the tree T, is n — a.

Now we consider each bush as a table, each leaf n = 2,3, ... as a customer, 2 being the first customer.
Adding a new leaf to a bush or to an edge on the spine corresponds to adding a new customer to an
existing or to a new table. The weights are such that we construct an ordered Chinese restaurant
partition of N'\ {1} with parameters (y,1 — a).

Suppose that the first split of T,, is into tree components with numbers of leaves n; > ... > n; > 1.
Now suppose further that leaf 1 is in a subtree with n; leaves in the first split, then the first spinal
bush Sip will have n — n; leaves. Notice that this event is equivalent to that of n — n; customers
sitting at the first table with a total of n — 1 customers present, in the terminology of the ordered
CRP According to Lemma 9, the probability of this is

¢ (n—1n-n) = (n_l)(ni_1)Y+(n_ni)(1_a)r(ni_(X)F(Tl—ni_Y)
rl-a ’ ' n—n; n—1 r'(n—a)T(1—7y)

n n; n;(n—n;) I'(n; —a)l'(n—n; —v)
(n—ni) (F” n(n—1) “‘“‘”) fi-ar(-p)
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Next consider the probability that the first bush Sip joins together subtrees with ny > ... > n;_; >
nj41 = ...n; > 1 leaves conditional on the event that leaf 1 is in a subtree with n; leaves. The
first bush has a weight of n — n; — y and each subtree in it has a weight of n; — a, j # i. Consider
these k — 1 subtrees as tables and the leaves in the first bush as customers. According to the growth
procedure, they form a second (unordered, this time) Chinese restaurant partition with parameters
(a, —y), whose EPPF is

ak2r(k—1—y/a)T(1—-7) I'(nj—a)
F(1-y/a)r(n—n;—7) r(l-a)

pa Y(nl, e TG, Mgy e, ) =
jelkI\ i}

Let m; be the number of js in the sequence of (ny,...,n;). Based on the exchangeability of the
second Chinese restaurant partition, the probability that the first bush consists of subtrees with
ny=...2n;_q 2Ny =... 20 =1 leaves conditional on the event that leaf 1 is in one of the m,,
subtrees with n; leaves will be

m, n—n.

i 1

| ,( )Pa Y(”l: M1, Mg, 5 T
myt...Mpd \MNq,..0, N1, M1,

Thus the joint probability that the first split is (n,...,n;) and that leaf 1 is in a subtree with n;
leaves is,

—mni n=n dec PD
_1: — I eyl _1,MNj41 15000,
ml'm '(nlﬁ ni_1,Njyq,.- nk)q)’l a(n n nl)pa’_y(nl n;_1,Nj4q nk)
n; n(n n;) Z,I(1—a) pp
- _ 1 - =~ .o .
mp, (n Y+ — nn—1) (1-a Y)) rn—a) qa,_a_y(nl, , M) (7)

Hence the splitting rule will be the sum of (7) for all different n; (not i) in (ny,...,n;), but they
contain factors m,,, SO We can write it as sum over i € [k]:

Sy Z,r(1 .
i) = (Z(%Hngn 1)>( R =

i=1

Z,I'(1 «
= |y+Q-a- Zl] (—a‘;)gDM( n1,.. o).

O

We can use the nested Chinese restaurants described in the proof to study the subtrees of the spine
of T,. We have decomposed T, into the subtrees Sf}P of the spine from the root to 1 and can,

conversely, build T,, from Sl.SJP, for which we now introduce notation
— sp
T, = ]_[ S,
i,j

We will also write ]_L i Sij . when we join together unlabelled trees S;; along a spine. The following
unlabelled version of a spinal decomposition theorem will entail the Markov branching property.
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Lemma 11 (Spinal decomposition). Let (T;l,n > 1) be alpha-gamma trees, delabelled apart from
label 1. For all n > 2, the tree T, ! has the same distribution as ]_[l.’j Slf’j, where

dec

® 6,1 =(Ny,...,N; ) is aregenerative composition with decrement matrix Qyi—q

e conditionally given L,y ={ and N; = n;, i € [{], the sizes Nj; > ... = Ny . = 1 form random
compositions of n; with distribution qu_ » independently for i € [£],

e conditionally given also K, ; = k; and N;; = n;j, the trees S7;, j € [k;], i € [£], are independent
and distributed as T, .
ij

Proof. For an induction on n, note that the claim is true for n = 2, since T, 1 and ]_[l. jSlf’j are

deterministic for n = 2. Suppose then that the claim is true for some n > 2 and consider T, ;.

The growth rules (i)-(iii) of the labelled alpha-gamma tree T, are such that, for0 <y <a <1

o leaf n + 1 is inserted into a new bush or any of the bushes Sf P selected according to the rules
of the ordered CRP with (y,1 — a)-seating plan,

o further into a new subtree or any of the subtrees Sl.SJI.’ of the selected bush Sisp according to the
rules of a CRP with (a, —y)-seating plan,

e and further within the subtree SZP according to the weights assigned by (i) and growth rules

(i) - (i) .

These selections do not depend on T, except via T:l. In fact, since labels do not feature in the
growth rules (i)-(iii), they are easily seen to induce growth rules for partially labelled alpha-gamma
trees T’ 1 and also for unlabelled alpha-gamma trees such as Sfj

From these observations and the induction hypothesis, we deduce the claim for T ,. In the multi-
furcating case y < a, the conditional independence of compositions (Njq, ... ’NiKn+l,i)’ i e[{], given
L,_1 ={ and N; = n; can be checked by explicit calculation of the conditional probability function.
Similarly, the conditional independence of the trees S;. follows, because conditional probabilities
such as the following factorise and do not depend on (i, j):

o o +1
F (SET-H) = tET:+1) Ly=1Lp 1= K,N.(n) = n-:No(:l) = n"’Ni(or,:'o )= Migjo 1) ’
where n, = (n;,1 <i <{)and n,, = (n;;,1 <i<{,1 <j <k;) etc.; superscripts () and ("+1) refer
to the respective stage of the growth process. In the binary case y = a, the argument is simpler,
because each spinal bush consists of a single tree. O

Proof of Proposition|1. (a) Firstly, the distributions of the first splits of the unlabelled alpha-gamma
trees T, were calculated in Proposition[10, for0<a<land0<y <a.

Secondly, let 0 < a <1 and 0 < y < a. By the regenerative property of the spinal composition %,_;
and the conditional distribution of T;l given %,_; identified in Lemma (11, we obtain that given
N; =m, K, ; =k and Ny =nyj, j € [kq], the subtrees SIS [k,], are independent alpha-gamma
trees distributed as Tr‘l’lj, also independent of the remaining tree S; o := Uizz, ; Slf’j, which, by Lemma
11} has the same distribution as T7_ .
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This is equivalent to saying that conditionally given that the first split is into subtrees with n; >
...>n; >...>n; > 1 leaves and that leaf 1 is in a subtree with n; leaves, the delabelled subtrees
S7,...,S; of the common ancestor are independent and distributed as T;j respectively, j € [k].
Since this conditional distribution does not depend on i, we have established the Markov branching
property of T.

(b) Notice that if y = 1—a, the alpha-gamma model is the model related to stable trees, the labelling
of which is known to be exchangeable, see Section(3.4.

On the other hand, if y # 1 — a, let us turn to look at the distribution of Tj.

1 2 1 3
3 2
Probability: 5 Probability: ;:—z
We can see the probabilities of the two labelled trees in the above picture are different although
they have the same unlabelled tree. So if y # 1 — a, T, is not exchangeable. O

2.5 Sampling consistency and strong sampling consistency

Recall that an unlabelled Markov branching tree T, n > 2 has the property of sampling consistency,
if when we select a leaf uniformly and delete it (together with the adjacent branch point if its
degree is reduced to 2), then the new tree, denoted by T:,—v is distributed as T;_,. Denote by
d : D, — D,_; the induced deletion operator on the space D, of probability measures on T}, so that
for the distribution P, of T, we define d(P,) as the distribution of T;,—r Sampling consistency is

equivalent to d(P,) = P,_;. This property is also called deletion stability in [12].

Proposition 12. The unlabelled alpha-gamma trees for 0 < a < 1 and 0 < v < a are sampling
consistent.

Proof. The sampling consistency formula (14) in [16] states that d(P,,) = P,,_; is equivalent to

k (n; +1)(m +1)
1 n;+1
q(ny,...,m) = Z :
p— (n+1)m,
m1+1
+
n+1

foralln; >...>n, > 1withn; +...+n, =n > 2, where m; is the number of n;, i € [k], that equal
j, and where q is the splitting rule of T; ~ P,. In terms of EPPFs (1), formula (8) is equivalent to

q((nla"-)ni+1)”-1nk)l)

1
q(ng,...,n, 1)+ ——q(n,1)q(ny,...,ny) (8)
n+1

k
(1 _p(n: 1)) P(nl,---’nk) :Zp(nly'--’ni +1,...,le)+P(Tl1,...,nk,1). (9)
i=1
Now according to Proposition /10, the EPPF of the alpha-gamma model with a < 1 is
sed(n n) = Zn +(1—-a-— )#Zn n PD"  (n n.) (10)
pa’)/ IERREENLY'S _Fa(n) Y Y n(n_l)uyév u'tv pa’—a—y IERERRFRL) P2)
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where I'y(n) =T'(n — a)/T'(1 — a). Therefore, we can write pich(nl, ...,n;+1,...,n) using (2)

Znt1 1 ay
_ontl log—y)—— 2(n —n.
CEEY (Y—F( a Y)(n+1)n (E n,n, +2(n nl))) Z | |an W 11

uF#v Jij#l
(n—D(n—n) =Xz, mny, Z .
= | p**4(ny,... 2(1—a— ~_pFP
n—a
n—a

seq
and pg ,(ny,...,ng,1) as

k
Znt1 1 Ar+1
ol i (l—a—p)—— +2 |
T (n+1) (Y A==, 2ty + 21 7ot l._[W"J "

u#v j=1

(DD s Ty, n))
IEERRERLY

= [ p* 21—a-
(pa,y(nly ,le)+ ( a Y) (n+1)n(n_ 1) l—-a(n)pa,—a—y
(k—1a—y
X—.
n—a

Sum over the above formulas, then the right-hand side of (9) is

1 2
— oy — seq
(1 n—a (Y+n+1(1 a Y)))pa’y(nl,...,nk).

Notice that the factor is indeed pffj(n, 1). Hence, the splitting rules of the alpha-gamma model
satisfy (9), which implies sampling consistency for a < 1. The case a = 1 is postponed to Section

O

Moreover, sampling consistency can be enhanced to strong sampling consistency [16] by requiring
that (T,_,, T,;) has the same distribution as (T, _;, T,)).

Proposition 13. The alpha-gamma model is strongly sampling consistent if and only if y =1 — a.

Proof. For y = 1 — a, the model is known to be strongly sampling consistent, cf. Section

t3 t;
If y # 1 — a, consider the abovestwo deterministic unlabelled :rees.
P(T, =t3) =q5 (2,1, 1)q; (1L, D) = (a—y)(5 - 5a+7)/(2 - )3 — ).
Then we delete one of the two leaves at the first branch point of t; to get t3. Therefore
(a—y)(5-5a+7y)
22—a)(3—a)

1
IF>((’114’_1: T4) = (t35t4)) = EP(T4 = t4) =
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On the other hand, if T; = t3, we have to add the new leaf to the first branch point to get t;. Thus

(a—7)(2—2a+7)
(2-a)3—a)

o o] (o} (o] a_‘)/ o o
]P)((Tgn T4) = (t3:t4)) = EP(Tg = tg) =

It is easy to check that P((T, _;,T,) = (t3,t;)) # P((T5, T,;) = (£5,t3)) if y # 1 — a, which means
that the alpha-gamma model is then not strongly sampling consistent. O

3 Dislocation measures and asymptotics of alpha-gamma trees

3.1 Dislocation measures associated with the alpha-gamma-splitting rules

Theorem 2 claims that the alpha-gamma trees are sampling consistent, which we proved in Section
and identifies the integral representation of the splitting rule in terms of a dislocation measure,
which we will now establish.

Proof of Theorem|2! In the binary case y = a, the expression simplifies and the result follows from
Ford [12], see also [16, Section 5.2].

In the multifurcating case y < a, we first make some rearrangement for the coefficient of the sam-
pling consistent splitting rules of alpha-gamma trees identified in Proposition 10:

1
y+(1l—-a—-y)——— ) nn;
n(n—l); v

_(m+l-—a—-y)n—a-—ry)

k
y+(A—a-y)| D A +2> Bi+cC | |,

n(n—1) 7 =
where
A - (n; —a)(n; — a)
Y (n+l-a-y)(n-a-y)
(n; —a)((k —1)a—7y)
Bi = 5
(n+l—a—-y)n—a-—y)
(k= Da-p)ka—7)
(n+l—a—-y)n—a-y)
Notice that BipZPja_Y(nl, ..., 1) simplifies to

(ni—a)(k=1a-y) o ’T(k—1-y/a)
(n+l-a-y)n-a-y) Z,I(1-y/a)

Fo(ny)...To(me)

Zn+2 Tk —y/a)
= r T +1)...T
Z,n+l-a—-y)n—a—y)Z, o, T(1—y/a) alny)- - Taln +1).. Taln)
Zoto o
= piD_a_Y(nl,...,ni—|—1,...,nk,1),
Z, ’
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where I',(n)=T(n—a)/T(1—a)and Z, = Z,al'(1—y/a)/T(n—a—y) is the normalisation constant

n (4) forv = PD:; —_— The latter can be seen from [17, Formula (17)], which yields
k-1 k
~ A I'k—1—-v/a) [(#A; — a)
Zo= 2 [ Yo
rh—a—1) ri-a)

(AL, A ED L\ [n]} =1

whereas Z,, is the normalisation constant in and hence satisfies

Z, =

a*’r(k—1—-v/a) ﬁ C(#A; — a)

{A1, A tePr \{[nl} rl—-y/a) =1 ri—a

According to (4),

pr () = = fl ’”PDZ ey (d5).
SV ek =1 =1
1dIStlflCt
Thus,
ZBlpzDa Y(nl,...,nk) = —J Z’ Z SuSy PDZ}_a_Y(ds)
Fig, i1 1=1 UEfiy,nyix},vELi1, i}
distinct
Similarly,
ko \
. 1
ZAiijP_a_Y(nl,...,nk) = Z_ Z l_[SZZ Z suSy | PDg ., (ds)
i#j nJylll ..... >11=1 \u,vE{il ..... i bu#v j
distinct
ko \
1
eamonmen I U S ) P I SR EE )
nJ b 1 1=1 \ vy, ichuty

distinct

Hence, the EPPF pseq(nl, .., ng) of the sampling consistent splitting rule takes the following form:

n+l—a-y)n—a—-y)z,

n(n—l)F (Tl) Y+(1_a Y) ZA11+ZZB +C pa}/(nl’ ,le)
* i#j
1 k
- n _ _ ..
- Y. Z l_[Siz Y+(1 @ }’)ZSIS] a —a— y(ds) (11)
nJF L= 1=1 2
distinct

where Y,, = n(n — 1)T',(n)al'(1 —y/a)/T(n+ 2 — a — y) is the normalisation constant. Hence, we
have v, ,.(ds) = (y +(1—-a-vy) Zi# sisj)PD*a,_a_Y(ds). O
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3.2 The alpha-gamma model when a = 1, spine with bushes of singleton-trees

Within the discussion of the alpha-gamma model so far, we restricted to 0 < a < 1. In fact, we can
still get some interesting results when a = 1. The weight of each leaf edge is 1 — a in the growth
procedure of the alpha-gamma model. If a = 1, the weight of each leaf edge becomes zero, which
means that the new leaf can only be inserted to internal edges or branch points. Starting from the
two leaf tree, leaf 3 must be inserted into the root edge or the branch point. Similarly, any new
leaf must be inserted into the spine leading from the root to the common ancestor of leaf 1 and leaf
2. Hence, the shape of the tree is just a spine with some bushes of one-leaf subtrees rooted on it.
Moreover, the first split of an n-leaf tree will be into k parts (n —k+1,1,...,1) for some 2 < k <n.
The cases y = 0 and v = 1 lead to degenerate trees with, respectively, all leaves connected to a
single branch point and all leaves connected to a spine of binary branch points (comb).

Proposition 14. Consider the alpha-gamma model with a =1and 0 <y < 1.
(a) The model is sampling consistent with splitting rules

IR

yIy(k—1)/(k—1),, f2<k<n-—1and(ny,...,m)=Mm—-k+1,1,...,1);
=41T,(n=-1)/(n=2)!, ifk=nand(ny,...,m)=(1,...,1); (12)
0, otherwise,

wheren; > ...2n.>1landny+...+n,=n

(b) The dislocation measure associated with the splitting rules can be expressed as follows

1
£(51,59,.. vy, (ds) = f F(s1,0,..) (y(1 = 51)7 7 dsy + 8o(dsy)) - (13)
0

>l

In particular, it does not satisfy v({s € ' : S1+ 89+ ... < 1}) = 0. The erosion coefficient ¢
vanishes.

The presence of the Dirac measure &, in the dislocation measure means that the associated frag-
mentation process exhibits dislocation events that split a fragment of positive mass into infinitesimal
fragments of zero mass, often referred to as dust in the fragmentation literature. Dust is also pro-
duced by the other part of v, ,, where also a fraction s; of the fragment of positive mass is retained.

Proof. (a) We start from the growth procedure of the alpha-gamma model when a = 1. Consider a
first split into k parts (n —k+1,1,...,1) for some labelled n-leaf tree for some 2 < k < n. Suppose
k <n—1 and that the branch point adjacent to the root is created when leaf [ is inserted to the root
edge, where [ > 3. This insertion happens with probability y/(l — 2), as a = 1. At stage [, the first
split is (I — 1,1). In the following insertions, leaves [ + 1,...,n have to be added either to the first
branch point or to the subtree with [ — 1 leaves at stage [. Hence the probability that the first split
of this treeis (n—k+1,1,...,1) is

(n—k—-1)!

(n _ 2)' Yry(k - 1):
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which does not depend on [. Notice that the growth rules imply that if the first split of [n] is
(n—k+1,1,...,1) with k <n—1, then leaves 1 and 2 will be located in the subtree withn —k + 1
leaves. There are (nfil) labelled trees with the above first split. Therefore,

-2 —k—1)!
q?f;}(n_k_{_]-)]-:"':]-):( " )u

n—k-1) (n=2) Ty (k=1)=vT,(k—1)/(k = 1)

On the other hand, for k = n, there is only one n-leaf labelled tree with the corresponding first split
(1,...,1) and in this case, all leaves have to be added to the only branch point. Hence

¢, (L., 1) =Ty (n—1)/(n—2)!.

For sampling consistency, we check criterion (8), which reduces to the two formulas for2 <k < n-—1
and k = n, respectively,

n—k+2 4

1—Ls‘*q(n1) “n—k+1,1 1) = (n—k+2,1 1)
Tl+1q1’7 > ql’y P AR n+1 ql’,r s lyeeey,

seq

k
+n—+1q1’y(n—k—|—1,1,...,1)
1 seq seq _ 2 seq seq
(1_n—qu,y(n’l))ql,y(l""’l) - n—_'_lql,y(zyl,m,1)+quy(1,--~;1),

where the right-hand term on the left-hand side is a split of n (into k parts), all others are splits of
n+1.

(b) According to (12), we have for2<k<n-—1

qj’fj(n—k+1,1,...,1)

_ n FY(n—l-l)B 2 k1
_(n—k+1) n (n=k+2k=1-7)

1
1 n
— n—k+1 k-1 —-1-
—Yn(n_kH)le (1) (1 =) 7dsy)

1
1 n B B L
i (oran) [ e G e, as

where Y, =n!/T, (n+ 1). Similarly, for k = n,
1
1
¢, 1) = ?J (n(1=s))"s1 4+ (1—51)") (b1 —5) 7 7ds; + 5o(dsy)) . (15)
n Jo

Formulas (14) and are of the form of [16, Formula (2)], which generalises (4) to the case
where v does not necessarily satisfy v({s € ! :s; + 55 +... < 1}) = 0, hence vy, is identified. O

3.3 Continuum random trees and self-similar trees

Let B C N finite. A labelled tree with edge lengths is a pair % = (t,n), where t € Ty is a labelled tree,
1n = (ny A€ t\ {rRooT}) is a collection of marks, and every edge C — A of t is associated with mark
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1,4 € (0,00) at vertex A, which we interpret as the edge length of C — A. Let ©p be the set of such
trees (t,n) with t € Tj.

We now introduce continuum trees, following the construction by Evans et al. in [9]. A complete
separable metric space (7,d) is called an R-tree, if it satisfies the following two conditions:

1. for all x,y € 7, there is an isometry ¢, , : [0,d(x,y)] — 7 such that ¢, ,(0) = x and
(Px,y(d(x:y)) =Y,

2. for every injective path ¢ : [0,1] — 7T with ¢(0) = x and ¢(1) = y, one has ¢([0,1]) =
©x,y ([0,d(x, y)]).

We will consider rooted R-trees (7,d, p), where p € 7 is a distinguished element, the root. We think
of the root as the lowest element of the tree.

We denote the range of ¢, , by [[x,y]] and call the quantity d(p, x) the height of x. We say that
x is an ancestor of y whenever x € [[p,y]]. We let x A y be the unique element in 7 such that
[[p,x]1N[[e,y]] =[lp,x Ay]], and call it the highest common ancestor of x and y in 7. Denoted
by (74,d|; ,x) the set of y € T such that x is an ancestor of y, which is an R-tree rooted at x that
we call the fringe subtree of T above x.

Two rooted R-trees (7,d, p),(7’,d’, p’) are called equivalent if there is a bijective isometry between
the two metric spaces that maps the root of one to the root of the other. We also denote by © the set
of equivalence classes of compact rooted R-trees. We define the Gromov-Hausdorff distance between
two rooted R-trees (or their equivalence classes) as

dgy(7,7") = inf{dy(7,7")}

where the infimum is over all metric spaces E and isometric embeddings T C E of T and 7/ C E of 7’
with common root p € E; the Hausdorff distance on compact subsets of E is denoted by dy. Evans
et al. [9] showed that (©, dgy) is a complete separable metric space.

We call an element x € T, x # p, in a rooted R-tree 7, a leaf if its removal does not disconnect T,
and let £ (7) be the set of leaves of 7. On the other hand, we call an element of T a branch point, if
it has the form x A y where x is neither an ancestor of y nor vice-visa. Equivalently, we can define
branch points as points disconnecting 7 into three or more connected components when removed.
We let %(7) be the set of branch points of 7.

A weighted R-tree (7, u) is called a continuum tree [1], if u is a probability measure on 7 and
1. w is supported by the set £ (1),
2. u has no atom,

3. for every x € T\ Z(7), u(t,) > 0.

A continuum random tree (CRT) is a random variable whose values are continuum trees, defined on
some probability space (2, .«/,P). Several methods to formalize this have been developed [2; 10;
13]. For technical simplicity, we use the method of Aldous [2]. Let the space £; = {;(N) be the base
space for defining CRTs. We endow the set of compact subsets of £; with the Hausdorff metric, and
the set of probability measures on £; with any metric inducing the topology of weak convergence, so
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that the set of pairs (T, u) where T is a rooted R-tree embedded as a subset of £; and u is a measure
on T, is endowed with the product o-algebra.

An exchangeable Py-valued fragmentation process (I1(t), t > 0) is called self-similar with index a € R
if given I1(t) = © = {m;,i > 1} with asymptotic frequencies |7;| = lim,_,., n '#[n] N 7j, the
random variable T1(t + s) has the same law as the random partition whose blocks are those of
m; N IO(|7;|%),i > 1, where (ITD,i > 1) is a sequence of i.i.d. copies of (II(t),t > 0). The
process (|TI(t)|,t > 0) is an S'-valued self-similar fragmentation process. Bertoin [5] proved that
the distribution of a #-valued self-similar fragmentation process is determined by a triple (a,c,v),
where a € R, ¢ > 0 and v is a dislocation measure on S'. For this article, we are only interested in
the case ¢ = 0 and when v(s; + s, + ... < 1) = 0. We call (a,v) the characteristic pair. When a = 0,
the process (T1(t), t > 0) is also called homogeneous fragmentation process.

A CRT (7, u) is a self-similar CRT with index a = —y < 0 if for every t > 0, given (,u(ﬂ'ti),i >1))
where 7,1 > 1 is the ranked order of connected components of the open set {x € 7 : d(x, p(7)) >
t}, the continuum random trees

(nZhH u(-NT2)
gy rgrt B gy A
(‘u’( t) t ‘U,(,z]') ) (lu’( t) t ‘U*(‘ZZ) )

are i.i.d copies of (7, u), where u(ﬂti)_”ﬂ[i is the tree that has the same set of points as 9}, but
whose distance function is divided by u(Z,')". Haas and Miermont in [15] have shown that there
exists a self-similar continuum random tree 7, , characterized by such a pair (y,v), which can be
constructed from a self-similar fragmentation process with characteristic pair (y, v).

3.4 The alpha-gamma model when y =1 — a, sampling from the stable CRT

Let (7, p,u) be the stable tree of Duquesne and Le Gall [7]. The distribution on © of any CRT
is determined by its so-called finite-dimensional marginals: the distributions of %, k > 1, the
subtrees #; C 7 defined as the discrete trees with edge lengths spanned by p, Uy, ..., U, where
given (7,u), the sequence U; € 7, i > 1, of leaves is sampled independently from u. See also
[22; 8; 16; 17;/19] for various approaches to stable trees. Let us denote the discrete tree without
edge lengths associated with &, by T; and note the Markov branching structure.

Lemma 15 (Corollary 22 in [16]). Let 1/a € (1,2]. The trees T,, n > 1, sampled from the (1/a)-
stable CRT are Markov branching trees, whose splitting rule has EPPF

bl
pit/aa €(ny,...,my) =

a2 (k —1/a)(2 — a) ﬁ I'(nj—a)
rcc-1/a)r(n—a) =1 I'il—a)
foranyk>2,n,>21,....npx =2, n=ny+...+n.

We recognise pit/aoll’le = pzl?_*l in (2), and by Proposition |1, we have pﬁ?_*l =Dy 1_q- The full distri-
bution of %, n > 1, is displayed in Theorem 5, which in the stable case was first obtained by [7,
Theorem 3.3.3]. Furthermore, it can be shown that the trees (T}, k > 1) obtained by sampling from
the stable CRT follow the alpha-gamma growth rules for y = 1 — a, see e.g. Marchal [19]. This

observation yields the following corollary:
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Corollary 16. The alpha-gamma trees with y = 1 — a are strongly sampling consistent and exchange-
able.

Proof. These properties follow from the representation by sampling from the stable CRT, particularly
the exchangeability of the sequence U;, i > 1. Specifically, since U;, i > 1, are conditionally inde-
pendent and identically distributed given (7, u), they are exchangeable. If we denote by £, _; the
random set of leaves £, = {Uy, ..., U, } with a uniformly chosen member removed, then (%, _;, %)
has the same conditional distribution as (¥,_;,%,). Hence the pairs of (unlabelled) tree shapes
spanned by p and these sets of leaves have the same distribution — this is strong sampling consis-
tency as defined before Proposition|[13. O

3.5 Dislocation measures in size-biased order

In actual calculations, we may find that the splitting rules in Proposition [1 are quite difficult and
the corresponding dislocation measure v is always inexplicit, which leads us to transform v to a
more explicit form. For simplicity, let us assume that v satisfies v({s € & :s; + s, 4+... <1}) = 0.
The method proposed here is to change the space ! into the space [0,1]Y and to rearrange the
elements s € &' under v into the size-biased random order that places s;, first with probability s;,
(its size) and, successively, the remaining ones with probabilities Si; [/(A=s; —... —siH) proportional
to their sizes Si; into the following positions, j > 2.

Definition 2. We call a measure v** on the space [0,1]" the size-biased dislocation measure asso-

ciated with dislocation measure v, if for any subset A; x A, X ... x A x [0,1]" of [0,1]V,

Sl'l...Sl'k
P - v(ds) (16)
- J
01,00l =1 {565”351'1@‘1 ,,,,, Si €Ak} l_[jzl(l_ 1:151'1)

distinct

vP(A; XAy X ... XA x [0,1]V) =

for any k € N, where v is a dislocation measure on & satisfying v(s € ¥} :s; +s5+... <1) = 0.
We also denote by v;b(Al XAy X ... XA) =vP(A; XAy X ... X A % [0,1]1V) the distribution of the
first k marginals.

The sum in (16) is over all possible rank sequences (iy,..., i) to determine the first k entries of the
size-biased vector. The integral in (16) is over the decreasing sequences that have the jth entry of
the re-ordered vector fall into A;, j € [k]. Notice that the support of such a size-biased dislocation
measure v is a subset of ¥ := {s € [0,1]" : Zfil s; = 1}. If we denote by s! the sequence

se P rearranged into ranked order, taking (16) into formula (4), we obtain

Proposition 17. The EPPF associated with a dislocation measure v can be represented as:

k—1 J
1 n;—1 n—1 b
p(n,...,n)=~—j x bk | |(1— E x v (dx),
1 oz [0,1]% ' - j=1 1=1 ok

n

where v is the size-biased dislocation measure associated with v, where ny >

>...2n>21Lk>2,n=
ny+...+nand x = (xq,..., X))

Now turn to see the case of Poisson-Dirichlet measures PD’, , to then study vzby.
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Lemma 18. If we define GEM,, , as the size-biased dislocation measure associated with PD’, , for
0 < a<1and 6 > —2a, then the first k marginals have joint density

al(2+6/a) (1- Zf:l x;)7 ke nf:l X
F(1-a)(0+a+D[1,BU-a0+ja) [0~ x)

gemy o(x1,..., %) =

)

a7
where B(a, b) = fol x4 (1 = x)?"1dx is the beta function.

This is a simple o-finite extension of the GEM distribution and (17) can be derived analogously
to Lemma [7. Applying Proposition (17, we can get an explicit form of the size-biased dislocation
measure associated with the alpha-gamma model.

Proof of Proposition 4. We start our proof from the dislocation measure associated with the alpha-
gamma model. According to (5) and (16), the first k marginals of vaY are given by

vib(Al X ... X Ag)

Siee S
1 k *
= f = ; y+(1- a—y)Zsisj PDa’_a_Y(ds)
i1zl J tse s eayjetkn [ Tio (U= 20 s) 7
distinct
=yD+(1—a—y)(E-F),
where
Siee S
— 1 k *
D = J 1 ; PDa’_a_Y(ds)
i1,enip =1 J {S€EL L 51, €A, sy EALY l_[jzl(]‘ T 4l=1 Siz)
distinct
— X
= GEMa,_a_Y(Al X ... X Ap),
Si ve.S;
_ 2 1 3 *
E = Z f (1 h Zsiu) k—1 i PDa,—a—Y(ds)
i1l =1 J {S€ELL: 51, €A ,sy EALY u=1 nj=1(1 T 4l=1 Siz)
distinct
k
= 1-) x? | GEM* (dx)
- i a,—a—y
A X XA i=1
Si oS
F = f S| = o PD; _,_.(ds)
1],y 21 (SES L 5 €AYy €AY \ ve{iy,oni} l_[jzl(]' - =1 Sil)
distinct
J 2 s: .
Ue+1 1" e *
= D (ds)
k k j a,—a—y
iy 19 {s€7L: Si) €AL,..,5i;, €A} 1- 21:1 S, l_[jzl(l — 2u1=15i
distinct

X
= J LGEMZ,_a_Y(d(M,--~;xk+1))-
Ayx..xAyx[0,1] 1 —

k
Zi:] X;

Applying (17) to F (and setting 8 = —a — y), then integrating out x;,, we get:

2
F f 1-a 1 k GEM* __(dx)
= — X: o X).
A1><...><Ak 1 + (k - 1)a - Y i=1 l oo
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Summing over D, E, F, we obtain the formula stated in Proposition 4| O

As the model related to stable trees is a special case of the alpha-gamma model when y =1 — a, the
sized-biased dislocation measure for it is

vzt’)l_a(ds) = yGEMZ’_l(ds).
For general (a,y), the explicit form of the dislocation measure in size-biased order, specifically the

density g, of the first marginal of v;by, yields immediately the tagged particle [4] Lévy measure
associated with a fragmentation process with alpha-gamma dislocation measure.

Corollary 19. Let (IT*7(t), t > 0) be an exchangeable homogeneous Py-valued fragmentation process
with dislocation measure v, for some 0 < a <1 and 0 <y < a. Then, for the size |H(al.’)y(t)| of the
block containing i > 1, the process £;y(t) = —log |Hg’)’/(t)|, t > 0, is a pure-jump subordinator with
Lévy measure

r(1- . »
Mg (dx) = e¥g, (e )dx = T(?—(a)r)(/{(i)},) (1—e"‘) 1-y (e_x)l

—X —-X a—r —x\2
x|{ly+(A—a—y)|2e ™ (1—e )—Irﬁ(l—e ) dx.
A similar result holds for the binary case y = a, see [24, Equation (10), also Section 4.2].

3.6 Convergence of alpha-gamma trees to self-similar CRTs

In this subsection, we will prove that the delabelled alpha-gamma trees T, represented as R-trees
with unit edge lengths and suitably rescaled converge to fragmentation CRTs %7 as n tends to
infinity, where %7 is a y-selfsimilar fragmentation CRT whose dislocation measure is a multiple of
Vq,y> as in Corollary 3} cf. Section(3.3.

Lemma 20. If (T: )n>1 are strongly sampling consistent discrete fragmentation trees in the sense that
(T;_,,T;) has the same distribution as (T, _,,T;) for all n > 2, cf Section 2.5 associated with
dislocation measure v, ,, for some 0 < a <1and 0 <y < a, then

o
N, gay
nv

in the Gromov-Hausdorff sense, in probability as n — oo.

Proof. Fory = a thisis [16, Corollary 17]. For y < a, we apply Theorem 2 in [16], which says that a
strongly sampling consistent family of discrete fragmentation trees (T, ),>; converges in probability
to a CRT ~
T; 7
-
Rl —y,) 0

for the Gromov-Hausdorff metric if the dislocation measure v satisfies following two conditions:

v(is;<1—¢)=¢"L(1/e); (18)
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J Zsillnsilpv(ds) < 00, (19)
zl

i>2
where p is some positive real number, 7, € (0,1), and x — £(x) is slowly varying as x — oo.
By virtue of (19) in [16], we know that is equivalent to
A([x,00)) =x""L*(1/x), asx]O,

where A is the Lévy measure of the tagged particle subordinator as in Corollary|19. Specifically, the
slowly varying functions ¢ and £* are asymptotically equivalent since

A([x,00)) = (1 —=spv(ds)+v(s;<e ™ )= (I=sv(ds)+ (1 —e ™) "¢ ( ! _x)
2 Pl 1—e

implies that

X

*(1/x) . A([x,00) 1—e X\ " (x+ 1—;1%{)
0(1/x)  x7e(1/x) 18
So, the dislocation measure v, , satisfies (18) with £(x) — al'(1 —y/a)/T'(1 — a)I'(1 — y) and

v, =Y. Notice that
e 00
f D sillns; P, ,(ds) sf XP Ay (dx).
Fl 0

i>2

X

As x — 00, A, decays exponentially, so v, , satisfies condition (19). This completes the proof. [

Proof of Corollary3| The splitting rules of T are the same as those of if , which leads to the identity

in distribution for the whole trees. The preceding lemma yields convergence in distribution for

T:. O
n

4 Limiting results for labelled alpha-gamma trees

In this section we suppose 0 < a < 1 and 0 < y < a. In the boundary case y = 0 trees grow
logarithmically and do not possess non-degenerate scaling limits; for a = 1 the study in Section 3.2]
can be refined to give results analogous to the ones below, but with degenerate tree shapes.

4.1 The scaling limits of reduced alpha-gamma trees

For 7 a rooted R-tree and xq,...,x, € 7, we call R(t,x1,...,X,) = U?:l[[p,xi]] the reduced
subtree associated with 7, x,..., x,, where p is the root of 7.

As a fragmentation CRT, the limiting CRT (F*",u) is naturally equipped with a mass measure u
and contains subtrees %, k > 1 spanned by k leaves chosen independently according to u. Denote
the discrete tree without edge lengths by T, — it has exchangeable leaf labels. Then £, is the almost
sure scaling limit of the reduced trees R(T,, [k]), by Proposition 7 in [16].

On the other hand, if we denote by T, the (non-exchangeably) labelled trees obtained via the alpha-
gamma growth rules, the above result will not apply, but, similarly to the result for the alpha model
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Figure 2: We display an example of S(T;4,[3]), seven skeletal subtrees in five skeletal bushes (within the
dashed lines, white leaves) and further subtrees in the branch points of S(T;¢, [3]) (with black leaves).

shown in Proposition 18 in [16], we can still establish a.s. convergence of the reduced subtrees in
the alpha-gamma model as stated in Theorem|5, and the convergence result can be strengthened as
follows.

Proposition 21. In the setting of Theorem|5
(R(T,, [k, n "Wy ) = (Zg, Wy)  as. asn— oo,

in the sense of Gromov-Hausdorff convergence, where W, i is the total number of leaves in subtrees of
T,,\R(T,, [k]) that are linked to the present branch points of R(T,, [k]).

Proof of Theorem 5/and Proposition |21 Actually, the labelled discrete tree R(T,,[k]) with edge
lengths removed is Tj for all n. Thus, it suffices to prove the convergence of its total length and of
its edge length proportions.

Let us consider a first urn model, cf. [11], where at level n the urn contains a black ball for each leaf
in a subtree that is directly connected to a branch point of R(T,, [k]), and a white ball for each leaf
in one of the remaining subtrees connected to the edges of R(T,, [k]). Suppose that the balls are
labelled like the leaves they represent. If the urn then contains W), ; = m black balls and n — k —m
white balls, the induced partition of {k 4+ 1,...,n} has probability function

n—-m—-—a-w)I'(w+m)I'(k—a) Bn—-m—a—w,w+m)
INk—a—w)I'(w)'(n—a) B B(k—a—w,w)

p(m,n—k—m)=

where w = k(1 — a) + £y is the total weight on the k leaf edges and £ other edges of Tj. As n — oo,
the urn is such that W, , /n — W, a.s., where W;, ~ beta((k — 1)a — Iy, k(1 — a) + 7).

We will partition the white balls further. Extending the notions of spine, spinal subtrees and spinal
bushes from Proposition 10 (k = 1), we call, for k > 2, skeleton the tree S(T,, [k]) of T, spanned by
the rooT and leaves [k] including the degree-2 vertices, for each such degree-2 vertex v € S(T,, [k]),
we consider the skeletal subtrees S‘S}J‘ that we join together into a skeletal bush Sf/k, cf. Figure[2. Note

that the total length L]((") of the skeleton S(T,, [k]) will increase by 1 if leaf n+1 in T,,,; is added to
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any of the edges of S(T,, [k]); also, L](Cn) is equal to the number of skeletal bushes (denoted by K )
plus the original total length k + £ of T}. Hence, as n — oo

(n) = =

L | Ka (Wn’k)y” 1w 20)
Y 7 W

n’ Wn,k n Wn,k

The partition of leaves (associated with white balls), where each skeletal bush gives rise to a block,
follows the dynamics of a Chinese Restaurant Process with (y, w)-seating plan: given that the num-
ber of white balls in the first urn is m and that there are K, := K,, skeletal bushes on the edges of
S(T,, [k]) with n; leaves on the ith bush, the next leaf associated with a white ball will be inserted
into any particular bush with n; leaves with probability proportional to n; — y and will create a new
bush with probability proportional to w + K,,,y. Hence, the EPPF of this partition of the white balls
is

py,w(nl) . ':nKm) =

yKn 10K, +w/P)T(1 +w) 28
I(1 +w/y)T(m +w) er(”i)'

Applying Lemma (8 in connection with (20), we get the probability density of L/ ka as specified.
Finally, we set up another urn model that is updated whenever a new skeletal bush is created.
This model records the edge lengths of R(T,,, [k]). The alpha-gamma growth rules assign weights
1—a+ (n; — 1)y to leaf edges of R(T,, [k]) and weights n;y to other edges of length n;, and each
new skeletal bush makes one of the weights increase by y. Hence, the conditional probability that
the length of each edge is (n;,...,n,y;) at stage n is that

[T, M) T Ty ()
Tkatey(m—k)

Then D](cn) converge a.s. to the Dirichlet limit as specified. Moreover, L]En)

easily seen that this implies convergence in the Gromov-Hausdorff sense.

DI((") — LDy a.s., and it is

The above argument actually gives us the conditional distribution of L;/ ka given T; and W, which
does not depend on W.. Similarly, the conditional distribution of D, given given T;, W;. and L, does
not depend on W, and L;. Hence, the conditional independence of Wy, L;/ W{ and D given T}
follows. O

4.2 Further limiting results

Alpha-gamma trees not only have edge weights but also vertex weights, and the latter are in corre-
spondence with the vertex degrees. We can get a result on the limiting ratio between the degree of
each vertex and the total number of leaves. To be specific, it is useful to enumerate all vertices in a
unique way, e.g. in the order they are visited by depth first search [18], where beginning from the
root each subtree is visited recursively, in the order of least labels.

Proposition 22. Let (¢c; +1,...,¢, + 1) be the degree of each vertex in Ty, listed by depth first search.
The ratio between the degrees in T, of these vertices and n® will converge to

Ck =(Cr1--->Crp) = W:MkD;(, where D’k ~ Dirichlet(¢c; —1—y/a,...,c; — 1 —7y/a),
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M, and Wy are conditionally independent given Ty, where W) = 1 — W,, and M, has density

r(w+1)

w/a
—F(W/a n 1)5 24(8), s €(0,00),

w = (k — 1)a — Ly is total branch point weight in T, and g,(s) is the Mittag-Leffler density.

Proof. Recall the first urn model in the preceding proof which assigns colour black to leaves attached
in subtrees of branch points of T,. We will partition the black balls further. The partition of leaves
(associated with black balls), where each subtree Sjk. of a branch point v € R(T,, [k]) gives rise to
a block, follows the dynamics of a Chinese Restaurant Process with (a, w)-seating plan. Hence, the
total degree Ci"t(n)/WZ’k — M a.s., where C,°'(n) is the sum of degrees in T, of the branch points
of Ty, and Wn,k =n —k — W, is the total number of leaves of T, that are in subtrees directly
connected to the branch points of T.

Similarly to the discussion of edge length proportions, we now see that the sequence of degree
proportions will converge a.s. to the Dirichlet limit as specified. Since 1 — W, is the a.s. limiting
proportion of leaves in subtrees connected to the vertices of T;. O

Given an alpha-gamma tree T,,, if we decompose along the spine that connects the RooT to leaf 1,
we will find the leaf numbers of subtrees connected to the spine is a Chinese restaurant partition of
{2,...,n} with parameters (a,1 — a). Applying Lemma |7, we get following result.

Proposition 23. Let (T,,n > 1) be alpha-gamma trees. Denote by (P, P,,...) the limiting frequencies
of the leaf numbers of each subtree of the spine connecting the ROOT to leaf 1 in the order of appearance.
These can be represented as

(P1,Py,...) = (W, W Wp, W W, W3,...)
where the W; are independent, W; has beta(1 — a, 1+ (i — 1)a) distribution, and W; = 1 — W,

Observe that this result does not depend on y. This observation also follows from Proposition |6}
because colouring (iv)® and crushing (cr) do not affect the partition of leaf labels according to
subtrees of the spine.
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