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1 Introduction

Let w be a random parameter defined on a probability space (W, P), which corresponds to
an environment. Suppose that for each w we have a sequence of families of random variables
{X}(w), 1 <k <n},n=1,2-- defined on a probability space (€2, P"). We are interested in
the limiting behavior of ), ; X (w) under suitable centering. The usual problem is to find
a limit distribution of y ;_; X% (w), after suitable centering, under the joint probability law
P(dwdw) = P(dw)PY¥ (dw).

On the other hand, for each w let Z¥¥ denote the distribution of )7, | X% (w) under the prob-
ability law P*. Then =Y is a random variable with values in the space P(R) of probability
distributions on R (shortly, random probability distributions and abbreviated as RPD). The
problem is now to investigate the law convergence of =% as n — oo, after suitable shift of loca-
tion, with respect to P. Obtaining this latter result requires a finer structure of the model and
more delicate analysis than the former. If X (w), n > 1, are independent for each fixed w and
n, and if we denote by ¢, 1 < k < n the probability distribution of X} (w) under P", then
E = qpy % -+ * . Suppose that g7, 1 < k < n are also independent. In this case, if the law
convergence of = to some =" holds, after suitable shift of location, then the limit Z* in law is
expected to be an infinitely divisible RPD in the sense described later provided that a certain
infinitesimal condition for {g".}, 1 < k < n is satisfied. Such an example appears in the study
of limiting behavior of a simple model of a particle motion in a random environment, which was
considered probably as the simplest model that exhibits many of limiting behaviors similar to
those of Solomon ({7), Kesten-Kozlov-Spitzer (), Tanaka (9) and Hu-Shi-Yor (1l). The analysis
of this simple model was one of the motivation of the present investigation,

We thus formulate several notions concerning the infinite divisibility of RPDs and then find
fundamental results related to them. Next we investigate limiting behavior of the simple model
of a particle motion in a random environment in the framework of our general theory.

A P(R)-valued random variable = is called infinitely divisible if for any n > 2 there exist i.i.d.
RPDs =4,--- ,Z, such that

=2 Ep ke k Ey, (1.1)

(d) . e
where = means equivalence in distribution.

Let P(P(R)) denote the space of probability distributions on P(R). For @ and R in P(P(R))
we define Q@ ® R € P(P(R)) by

Q@ R(E) = / QU R (u+v) (E € B(P(R)).
PR) JP(R)

An element Q of P(P(R)) is called infinitely divisible if for any n > 2 there exists a @, € P(P(R))
such that

Q=Q%" =Qn® - ®Qn. (1.2)
For Q € P(P(R)) we define a moment measure Mg € P(RY) by

Mo = [ uGn), (13)
P(R)
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where N is the set of positive integers and
RN:RxRx...’ M®N:N®N®"'~

Then Mg, is an exchangeable probability measure on RY (shortly, Mg € P<*(RY)).
Conversely any M € P (RY) can be represented as

M = pENQ(dp)
P(R)
with a unique @ € P(P(R)). Thus there is a 1 — 1 correspondence between P(P(R)) and
Per(RY). Clearly Mger = Mg * Mg, and @ is infinitely divisible if and only if Mg is infinitely
divisible (in the sense that any finite dimensional projection of Mg has the property). The
characteristic function ®¢g of Mg is defined by

Do(z) = /P o ITacoean, (1.4)

JjeN

where [ is the characteristic function of p and z = {z;} € RN with zj = 0 except for finitely
many j € N.

One of the main theorems is to represent ®p as the ’Lévy-Khintchin formula’; naturally it
resembles the ’classical Lévy-Khintchin formula’. There are three parts, a deterministic part, a
Gaussian part and a Poisson-type part; those are connected by convolution.

Another main interest is to obtain a representation of Lévy-Ito type for an infinitely divisible
RPDs. To do this we need to define two types of integrals by means of a Poisson random
measure II on P,(R) = P(R) \ {dp}. The first one is defined simply by g1 * pg * --- for a
realization y 0y, of II, which is convergent almost surely under a certain condition for II (see
B1)), and denoted by [ II(du). The second one called a renormalized Poisson integral and
denoted by [ p*II""°(dp), is defined for a wider class of II than the first one (see the condition
B32)). In a case where [ II(du) is defined, the renormalized Poisson integral is defined as

{ [ *H(du)} *0_o where o = fp*(R) f[\x\Sl} xp(dx)m(du), m being the intensity measure of II.

For the definition in a general case we have to take a limit procedure starting from those already
defined. This definition is a highlight in our arguments. It corresponds to a compensated Poisson
integrals in an ordinary case and also corresponds exactly to the third part of the Lévy-Khintchin
formula. By virtue of renormalized Poisson integrals and the Lévy-Khinchin formula our tasks go
somewhat in a smooth way. In fact, the representation of Lévy-It6 type of an infinitely divisible
RPD is obtained. It consists of the deterministic part, the Gaussian part and the renormalized
Poisson integral part, all being connected by convolution.

The definition of a stable RPD and its general structure are given. Examples of (not necessarily
stable) RPDs are also given, some of which are useful in the section 7.

We now go to Lévy processes on P(R). First we define a P(R)-valued Lévy process (Z(t))¢>0 in
law and then give its representation of Lévy-Ito type. But at this moment the representation
is realized on some probability space which, in general, differs from the one on which (Z(t)):>0
is defined. The represented process is continuous in probability but lacks the right continuity
with left limits (cadlag) of the paths. So we have to make a cadlag modification of the process
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represented as Lévy-Ito type. We can do this by partly imitating [(f): Lemma 20.2, Lemma
20.4]. Thus we arrive at what is appropriate to be called a Lévy process on P(R). It is a P(R)-
valued cadlag process with a sort of 'stationary independent increments’ in the sense described
in the section 6.

Finally we apply the above general method to the study of limiting behavior, as * — oo, of
the hitting time o%(z) to x > 0 for a particle performing a simple movement in a random
environment. Let w = {w,}n>0 be an increasing sequence with wy = 0 and set N(z,w) =
max{n > 0 : w, < x}. We consider a Markov process (X (t),P}) on R, with generator
AV f(x) = f'(x) + f(WN(zw)) — f(x). A visual description of the movement of the particle will
be explained in the section 7. Now suppose that w = {wy, }n>0 is a random sequence with the
property that w!, = w, — w,_1,n > 1 are i.i.d. random variables with P(w!, > t) = e~ t > 0,
for some parameter A > 0. Then w is called a random environment under which the particle
moves randomly. Thus randomeness is two-fold, one is for the random environment and the other
is for the random movement of the particle under a frozen environment. T! he limiting behavior
of o¥(x) as z — oo is usually studied under the probability law P(dwdw) = P(dw)P¥ (dw) (see
(7) and (5) for more complicated models). When A > 2 it can be proved that for almost all
frozen environment w the distribution of {z=/2 (6% (z) — E¥ (¢%(z)))} under P¥ converges to
a normal distribution N (0,¢y) as * — oo with some constant ¢y > 0 in Theorem [Tl (iv) of
the section 7 (see [(9), p.374] for a similar model). But this type of result does not hold for
0 < A < 2. So we pose the following problem:

Denote by Z7(®) the probability distribution of o% (x) under the probability law Pj’ and regard
it as an RPD. The problem is to find, depending on A, various scaling limits in law of 27 (*) ag
x — oo. In the special case A > 2 in the above = = N(0,¢y) a.s., i.e., non-random. In general
case, scaling limits in law are stable RPD taking values of infinitely divisible distributions on R.
In the method and stating the results we mainly use Poisson integrals and renormalized Poisson
integrals. Owing to the simplicity of our model some explicit computations are possible and so
we can obtain finer limiting results in the case of hitting times. The detailed results depend on
A, and will be stated in several cases.

2 Infinitely divisible RPDs

We begin by stating some fundamental notions concerning infinitely divisible RPD, some of
which may overlope with those already given in the introduction.

Let P(R) be the set of all probability distributions on R, which is equipped with the topology
of weak convergence. We note that the topology is compatible with the following metric

d(p,pa) = 3027 sup |in(2) - in(2)| (1, pz € P(R)), (2.1)

m=1 ‘Z‘Sm

which makes (P(R), d) a complete separable metric space. On the other hand P(R) is a com-
mutative semigroup with convolution x, i.e. for u, v € P(R)

o v(A4) = /R () Ta(e +9) = /R WA - 2)(dr) (A € B(R)).
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We define a shift operator 6, (b € R) and a scaling operator 7. (¢ > 0) on P(R) by
Opp(A) = n(A+b) (A€ BR)),

and

Te(A) = p(cT'A) (A € B(R)).

Let = be a random probability distribution (shortly, RPD), namely, Z is a P(R)-valued random
variable. = is called infinitely divisible if for any n > 2 there exist i.i.d. RPDs =Zy,--- , =, such
that () holds.

The operations *, 6, (b € R) and 7. (¢ > 0) are extended to operators ®, ©, and T}, on P(P(R))
by

Q@Rw»:/ QU R s(u+v) (E € B(P(R)),
PR) JP(R)

OQ(E) = Q(0,E) (E € B(P(R)),
and

T.Q(E) = Q(rcE) (E € B(P(R)).
Let Q € P(P(R)). We say that Q is infinitely divisible if for any n > 2 there exists a @, €
P(P(R)) such that (TZ) holds.
Let E be an RPD with the distribution @ € P(P(R)). It is clear that E is infinitely divisible if
and only if @ is infinitely divisible.

Let denote by £o(N) the totality of z = {z;} € RN with z; = 0 except for finitely many j € N.
We use the following notations:

(z,2) =) zz; (xeRY, zeh(N)),
jEN

and for u € P(R) and bounded measureble functions F(z) and G(z) defined on R and RN
respectively, we use the same notation

) = [ wp@. 1.6 = [ pde)Ge)
R R®N
which will make no confusion with (z, x).

For Q € P(P(R)) we define the moment measure Mg € P(RY) by (I3), and the characteristic
function ®g(z) of Mg by (4 for z € {y(N).

When ®g(z) can be expressed as exp ¥(z) with a unique function ¥(z) with ¥(0) = 0 and
such that ¥(z) is continuous in z of length n for each n = 1,2,---, we call U(z) the moment
characteristics of @ or of an RPD = with distribution @ and write ¥(z) = log®g(z). For
example if @ is infinitely divisible, its moment characteristics log ®g(z) exists.

Example(Gaussian distributions).

To know what distribution @ € P(P(R)) is to be called a Gaussian distribution, we start from
the corresponding moment measure Mg. We call Mg is Gaussian if any finite dimensional
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projection of Mg is Gaussian. We call ) a Gaussian distribution if the corresponding Mg is
Gaussian. If a P(R)-valued random variable = has a Gaussian distribution @, then = is also
called Gaussian. A general form of a Gaussian RPD Z will be shown to be identical in law to
N (c'/2€+b,a), where N'(m, a) stands for the normal distribution with mean m € R and variance
a > 0, and ¢ is a Gaussian random variable with mean 0 and variance 1. The corresponding
moment characteristics is
2
a 9 . c
log@q(z) = —5 2P +ib [ >z | =5 (D%
JEN JEN

These will be clarified soon.

We first establish the Lévy-Khintchin representation for the moment characteristics of arbitrary
infinitely divisible RPDs.

Theorem 2.1. @ € P(P(R)) is infinitely divisible if and only if its moment characteristics of
Q has the following representation: for z € £y(N)

log Bq(2) 22)
o . 125 -

— Z (5232' + 17z +/ (€% =1 —izjzljy<1) P(d$)>

= R\{0}

2
B
>
jeN

+/ <M®N,6i<z’x> —1—3 szx]‘lﬂzj\ﬁl} >m(du)
P« (R) jEN

where a > 0, >0 and v € R are constants, p is a o-finite measure on R\ {0} satisfying
/ (22 A1) p(dz) < o0, (2.3)
R\{0}
and m is a o-finite measure on P.(R) = P(R) \ {do} satisfying

/ {(p, x> A 1ym(dp) < oo. (2.4)
P.(R)

We remark that in the Lévy-Khintchin representation ([ZZ), the first term corresponds to a
deterministic part, the second term to a Gaussian random part and the third term to a non-
Gaussian random part, which will be seen in Theorem

The proof of Theorem X1l is divided into several steps. Suppose that @ € P(P(R)) is infinitely
divisible.

Step 1. For each n > 1 let

M, = ErO(du).
/P(R)u Q(dp)
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Since M, is an infinitely divisible distribution on R", its characteristic function

—

By (z) = M, () = / M, (d) (2 € RY)

has the following Lévy-Khintchin representation:

log ®, () — —%(A(")z,z>n+i(b("),z>n (2.5)

+ / (e“z’x)" -1- i<zaw>nf[|z|n§1}) V") (dar)
R™\{0}

1
= Az, iy, 2),

+ / etmhn 1 iy iy, v (da
o) ; 3@y <) | v (d)

where A is an n x n symmetric nonnegative definite matrix, b € R" and ~() e R™ satisfy
7 =y +/R o (Inxj\su - f[|z|nsﬂ) V() (1< j<n),

(T, 2)n = D01 7525, |2 = > i1 3 and v(™) is a Radom measure on R™ \ {0} satisfying

/ (lz)2 A 1) ™ (de) < .
R™\{0}

From the exchangeability of M,, and the uniqueness of the Lévy-Khintchin representation it
follows that A ~( and v have the following properties;

AW = a4, 1<j<n), AW =b, Q1<jtk<n),
ij(n) = Tn (1 S] < n)v
o-v™ = ™ for any permutation o of {1,--- ,n}.

The consistency condition among {M,,} implies that a,, b,, ¥, are constants in n, i.e.

ap=a, b,=>b, v, =1.

Moreover by the non-negative definiteness of A, a and b satisfy
2

(AM 2z 2) =D 2| +(a—b)zl2 >0.
j=1

From this it is obvious that a — b > 0. Setting z = (1/n,---,1/n) with n — oo we see that
b > 0. So, setting a = a — b, f = b we obtain
log @,,(2) (2.6)
2
n n
« . J6]
= Z (—Ezjz + z’yf@) — 5 Zj
j=1 j=1
) n
+ / €Z<Z’x>" —1—1 Z ijjI[|a:]-|§1] Z/(n)(d:l})
R\ {0} j=1
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Step 2. For n >m > 1 denote by 7, the projection from R" to R™, i.e.
Tom® = (X1, ,&y) for x=(z1,---,2z,) € R,
and by 7o, the projection from RN to R™, i.e.
Toom®@ = (T1,+ ,Tym) for = (1, ,2pn, ) e RN,

Then the consistency condition among {M,} and the uniqueness of the representation (ZH)
imply that for n >m > 1

v (0 (B)) = "™(B) (B € B(R™\ {0})).

n,m

By modifying the Kolmogorov extension theorem, one can show that there exists a unique
exchangeable o-finite measure v(>) on RN\ {0} satisfying that

Vo) (e (B)) = ) (B) (B € BR™\ {0})),

and
/ (z2 A1) v (dz) <00 (j €N). (2.7)
R\ {0}

Step 3.

Lemma 2.2. Suppose that v(>) is an exchangeable o-finite measure on RN\ {0} satisfying (Z7).

Then there exists a Radon measure p on R\ {0} satisfying (Z23) and a o-finite measure m on
P.(R) satisfying [2-4) such that

®
s / se [ o | o)+ / um(dp), (2.8)
R P«(R)

jeN /R0 keN\{j}

where 6k stands for the point mass at x for the k-coordinate, and the integrand of the first integral
of @A) is an infinite product of 6% and {&)}jen (k) -

(Proof.) Let

n

6@ == 3 (gl A1) (e,

j=1
By @7), ¢, € L*(v(>)). Note that for n > m > 1
1 1\ & 1
e Gt D IS FE I SN
j=1 m<j<n

Setting
a:/ (lz12 A 1) v (de), b:/ (23] A 1) (o] A 1) 1) (),
RN RN
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by the exchangeability of v(>) we have

60— &n agemy =
2
n

— (m,n — 00).

Hence there exists an exchangeable function ¢ € L?(v(*)) such that
im [ 60 = €l 20000y = 0.

For each integer p > 1, define a finite measure v, on RY \ {0} by

w(A) = (AN << 1)) (4eBE" o)),

and define a o-finite measure vy on RN\ {0} by
wo(4) = V™) (AN e =0]) (4 € BE" (o))

Note that v, is an exchangeable finite measure on RN \ {0}. Hence by De Finetti’s theorem (cf.
(Ch)) there exists a finite measure m, on P,(R) such that

v= [ i) (2 )
P.(R)

On the other hand, noting that v is an exchangeable o-finite measure on RN and ¢ = 0 (vp—a.e.),
we have

lim || € 2200)= / (o] A 1)(j2] A Dvo(dee),
n—oo RN

and
lim H f H21 lim H f f H2l < lim H 5 5 H2 0o 0
n—oo " ?(vo) n—oo " *(vo) n—00 " L2(w( )) ’

Thus we obtain

[ (21l A D) a2l A )wod) = o
RN
from which and the exchangeability of 1 it follows
vo(zj #0) =wvo(x; #0, z, =0) (k # ). (2.9)

This means that 1 is concentrated on the union of the z;-axis over all j € N excluding 0. Now
we set
P = Too,1 0,
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then p satisfies (Z3). Z3) and 1) imply that
. &
w=3" [ |se I[ &) ).
jen TR0} kKEN\{j}

Finally, setting
o0
m=)_my,
p=1

we see that m satisfies (24]), hence

e}
Z/(OO) = + Z Vp
p=1

®
= > / oo [[ o | r(de)+ / pENm(dp),
R P.(R)

jen TR0} KN\ {j}
completeing the proof of Lemma

Step 4. Applying Lemma to the last term of ([Z) we have

n

Wzx)n _ 1 _ 5 E . (n)
e 1—14 zixily,. v\ (dx
/R”\{O} gyt lz5<1] ( )

J=1

-2 /]R\{O} (%% =1 —izjaljm<y) plde)
7j=1

n

+/ [aG) —1—=i [ >z | (o alje<n) | mdp).
Pu®) \ o1

j=1

Thus [ZZ) with [Z3) and E3) follows from ZH) and ).

3 Poisson integrals on P(R)

In order to construct an infinitely divisible RPD we introduce a Poisson integral on P(R).

We consider a Poisson random measure. For its definition see (), p.119. A basic formula for a

Poisson random measure II is

E (e%H,f)) — exp (/(ef(u) _ 1)m(du)>

for any non-negative measurable function f on the state space of II where m is the intensity
measure of II. It determines the law of II and characterizes a Poisson random measure in the
sense that if II is a counting random measure satisfying the above equation, then II is a Poisson
random measure. Our use of a Poisson random measure is mainly to represent various quantities

in terms of II.
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Let m be a o-finite measure on P,(R), and let II,,, be a Poisson random measure on P,(R) with
intensity measure m, which is defined on a complete probability space (2, F, P).

We now introduce the following two conditions;
[ tuslal A tymian) < . (3.1)
P« (R)

and
/ {p, 2% A 1ym(dp) < oo. (3.2)
P«(R)

3.1 Poisson integral [, g p* Il (dp)

Let us first define a stochastic integral as a P(R)-valued random variable under the condition
ETD) by
== / g T (dpp) = wjp15 for Ty =) 6y, (3.3)
P.(R) 7

where #;jt; = f11 % fig % - - - % i, % - - - stands for the convolution of {y;}. In particular, if IT,,, = 0
(the zero-meazure), we define = = .

Since (BJ) implies that

Z<:U’j’ lz| A1) < oo for II, = Zéﬂj P —a.s.,
J J

and

le (< @V I Y (el A1) < oo,

Com(=) = [T is(2)

is convergent uniformly in z on each compact interval. Hence *;u; is convergent in the metric

space (P(R),d). Thus Z of ([B3]) is well-defined as a P(R)-valued random variable.

Lemma 3.1. Under the condition [E1) let
HE= / o Iy, (dp).
P« (R)
Then its moment characteristics is given by

log (=) = /P o mid) (2 € 00) (3.4)

(Proof.) Assuming that m is a finite measure, we show (B4)), since the extension to a general
m satisfying ([BJ]) is straightforward. If m is the zero measure, [B4) is trivial, so we assume
m(P«(R)) > 0. Let {¢;} be ani.i.d. sequence of P(R)-valued random variables with the common
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distribution m/m(P«(R)), and let N be a Poisson random variable with parameter m(P.(R)),
which is independent of {{;}. Then

i Z 5£J’

1<j<N

and

[t = g
«(R)
Recall that if N =0, the r.h.s. is §g. For z € ¢y(N),

N
®(z) = E(HH@-(%))

keNj=1

_ PR (1+Zm (/ [Tt )))>p)

=7 - (H i) — 1) m(dp),

which yields ([B2]). O

3.2 Renormalized Poisson integral [, ) 1o I (dp)

Next, we define a stochastic integral on P(R) under the condition B2). Let A € B(P.(R)). If

/Aw, || A 1)m(dp) < oo, (3.5)

then m| 4, the restriction of m on A, satisfies ([BI), so we set

/ ok Iy (dp) = / p* Iy, (dpa),
A P.(R)
and
[ s ) = O [ ),
A A

where

GA:/A<M71'I[:E§1}>m(d:U)'

This integral also defines a P(R)-valued random variable. Noting that for ¢ > 0, Ac = [(u, |z| A
1) > €] satisfies (B3) because of

(xl A1) < e Hp, el A1)? <eHua® AT) on A,

we set

=, / o5 T (dps). (3.6)

£
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Lemma 3.2. Under the condition [Z3), there exists an RPD = defined on (2, F, P) such that
Z: converges to an RDP = in probability as € — 0+. The limit is denoted by

== [ ).
P« (R)
Then the moment characteristics of Z is given by

log ®(z) = /79 ® (e — 1= 2 <o)y m(dp). (3.7)
* JjEN

(Proof.) Recall that P(R) is a complete separable metric space with the metric d of (Z1I). For

0 <e<eg, set
ey = / o I (dp).
[e<(p,|z[A1)<e0]
Since, by Lemma Bl
EZcq0(2) = FE <56760(2)>

= exp/ <:U’a e —1— szl[\x\§1}>m(dﬂ)
[e<{p,|z|Al)<eo]
— 1 (0<e<eg—0),

it holds that

EEe, M5 (0<e<ey—0). (3.8)
Noting that
Ez—: = Eso * Ez—:,soa
we see for any 1 > 0
sup |E¢(z) — E¢o(2)] (3.9)
lz|]<m
< sup [Eegy(2) — 1
lz|<m
= s | [ @Dz [ (@ DR ()
lz|[<m " J[|y|<n] [ly|>n]
< mn 4 28 (R \ [-7,7]).

Thus, by BX)

S0t | Jzl<m

lim F ( sup |2.(2) — EEO(Z)\> =0 (Ym=>1),

which yields
lim FE(d(Z:,Z)) =0.

e,e0—0+

Hence there exists an RPD = defined on (2, F, P) such that

51—1%14— E (d(Z.,=)) =0, (3.10)
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which proves the first part of Lemma B2 (B) can be easily verified using (B4)) for =.. O

Remark 3.1 Althought Lemma B2 asserts that = converges to the limit in probability, using
the arguments of the section 6 we can show that the convergence holds P-almost surely.

Using this Poisson integral we obtain Ito-type representation for arbitrary infinitely divisible
RPDs.

Theorem 3.3. Let = be an infinitely divisible RPD of which moment characteristics is given by

(Z3). Then
=94 Og1/2¢ * </ 1 * H’"me""(du)> , (3.11)
P(R)

where & is a normal random variable with mean 0 and variance 1, independent of Il,,,, and v is
an infinitely divisible distribution on R with characteristic function

v(z) = exp <—gz2 +ivz + / (emﬁ — 1 —izaly <)) p(dm)) .
2 ®\{0} )
(Proof.) It is immediate from Lemma O

We remark that the It6-type representation (BIT]) consists of three terms, and each term corre-
sponds to that of the moment characteristics (22) in Theorem 1

Let P(R) denote the totality of infinitely divisible probability distributions on R. It should be
noted that an arbitrary RPD is not a P¥(R)-valued RPD in general. However, it is true if the
measure m of () is supported in P(R).

Theorem 3.4. Let = be an infinitely dibisible RPD. Suppose that the correponding m of (Z2)
is supported in P (R). Then Z is an infinitely divisible RPD, taking values in P (R).

(Proof.) Tt is obvious that for any ¢ > 0, Z. of (8] is P™¥(R)-valued since Z, is defined by
convolutions of finite number of elements of P*(R) or §y. Moreover Z is a limit of such =, P-a.s.
by (BI0), which implies the conclusion of Theorem B4 O

Let (U,By,«) be a o-finite measure space, and let U > u — p, € Py(R) be a measurable
mapping. Suppose that

/(uu, |z| A 1)a(du) < co. (3.12)
U

Then for a Poisson random measure I, with intensity measure «, one can define a Poisson
integral [;; pu, * a(du) on P(R) analogously to (B3)). Moreover, under the condition

/ {ptu; 2° A Da(du) < oo. (3.13)
U

the renormalized Poisson integral [, pi, * I (du) is defined by

/ pu ¥ 157 (du) = Tim, o, - / i * 1o (du),
U - Ae

where

Ac={ueU: (x| A1) >}, ac= /A (fs 1 g <1)) e(dur).
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4 Stable RPDs

Let Z be an RPD on R. = is called stable if for any n > 2 and n independent copies Z1,--- , 2,
of = there exists constants b,, € R and ¢,, > 0 such that

ErxeoxE, = 0,7, 2. (4.1)

In particular, if b, = 0 in II) for any n > 1, = is called strictly stable.

Let @ be the distribution of Z. E is a stable RPD if and only if @ € P(P(R)) is stable, i.e. for
any n > 2 there exists b, € R and ¢, > 0 such that

Q" =Q® - ®Q =06,T,Q.

Since @) implies that F(Z) is a stable distribution on R, it holds that ¢, = n'/* with an
0 <a<2 (cf. (Ed)) In this case = and @ are called «a-stable.

Theorem 4.1. (1) Let = be a 2-stable RPD. Then its moment characteristics is of the following
form:

2
log ®(z) = Z (i’yzj — %ZJQ) — g Z 2j (z € {H(N)), (4.2)
jEN jEN

where o >0, >0 and v € R are constants. Moreover it holds that

—
=

E= 6ﬂ1/2§ *N(’Ya a) = N(ﬁl/Qg + ’Y’a)a (43)

where N (m,a) denotes the normal distribution with mean m and variance a > 0, and & is a
random variable with a standard normal distribution N (0, 1).

(2) Let = be an a-stable RPD with 0 < a < 2. Then the moment characteristics is of the
following form.:

log ®(z) (4.4)

— Z (i’yzj +/ (eizﬂ —1- izjxf[‘x‘gl}) p(dx))
R\{0}

jEN

+ / (N, e — 1 — i | Y 2w I <) | Ymidp),
P.(R) =

where v € R is a constant, p and m are o-finite measures on R\ {0} and P.(R) satisfying (Z3),

(Z-4) respectively, and
T p=1%, T, -m=r"m (Vr>0). (4.5)

= Ux (/ 1 * H:ﬁ””(dm) , (4.6)
P (R)
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where v € P(R) has the characteristic function

v(z) = exp (/ (e —1— izx Iy <1)) p(dx) + i’yz> ,
R\{0}

and I, is a Poisson random measure on Py(R) with the intensity measure m.

(Proof.) 1If = is 2-stable, the n-moment measure E(=%") is a 2-stable distribution, so that
v(") in ([ZH) vanishes, proving @2). @) immediately. Next, suppose that Z is a-stable with
0 < a < 2. Then by the same reason « and [ in (Z6) vanish, and (") enjoys the scaling
invariance for any n > 1. Furthermore, it is easy to see that the scaling invariance inherits to

ED) for p and m. O

5 Examples

Throughout this section we always take z € {y(N).

Example 1 (non-random case) Let up be an infinitely divisible distribution on R with char-
acteristic exponent

~ « . 12T ;
log jip(2) = —522 +izy + /]R\{O} (e — 1 — izalyy<q)) p(de), (5.1)

and set

(1]

= Ho-

Then = is an infinitely divisible RPD with the moment characteristics

10g‘1>(z)22(——z +Z’yz]+/R

m (eizjx —1- izjxl[zgl})p(d:c)),
JEN

which is the first term of the Lévy-Khintchin representation ().

Example 2 Let X a random variable with the distribution o of (EJI), and set

[1]

=0x.

Then = is an infinitely divisible RPD with the moment characteristics

2

log®(z) = —% sz +1 sz

jEN jeN

+ / (deNzi —1—3 2 " p(dx).
R0} Z J \ |<1] )

jeN

The last term corresponds to the third term of the Lévy-Khintchin representation (2 with

m = s, p(dx).
R\{0}
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Example 3. Let e; be the exponential distribution with mean ¢ > 0, and for A > 0 set
pa(dt) = s N2ttt (5.2)

Let IT,, be a Poisson random measure on (0, 00) with intensity measure py. If 0 < XA < 1, (BI2)
is satisfied and

(1]

- / e+ L, (dt), (5.3)
(0.00)

defines an infinitely divisible RPD which takes values in P*(R) by Theorem B4, having the
characteristic function

(1)

(z) = exp /(0700) —log(1 —izt)II,, (dt). (5.4)

Noting that
o
—log(1 —izt) = / (e"* — 1)x_1e_t_lxd:c, (5.5)
0

we have the Lévy-Khintchin representation for =

2 =exp [ (€= (),
(0,00)

where vz is given by

ve(dx) = I[a&>0]x_1 (/(0 ) etileP)\ (dt)> dz, (5.6)

which satisfies that if 0 < A < 1

/ zv=(dr) = / tIl,, (dt) < oo.
(0,00) (0,00)

Note that by (B4 the moment characteristics
l0g@(z) = [ (e py(a) (2 € fo(t)) (5.7)
(0,00)

and the measure m in (Z2) is given by

m = Je, PA(dt),
(0,00)

so by Theorem EET1 = is a A-stable RPD.
Let us denote by F) the distribution function of the first moment E(Z) € P(R). Then using

(B1) and
/ ey(dz)px(dt) = NT(A + 1) gz da, (5.8)
(0,00)

we obtain the Laplace transform of F)

Ooefgx r) = ex e e 8 —
/O dF(x) p (/(0700)( 7 1>PA(dt)>

= e (£>0), (5.9)
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with ¢y = A\I'(A + 1)I'(1 — A). Thus F) is a A-stable distribution on (0,00). The stable RPD
(B3 and the distribution function Fy will appear in Theorem [[J] and Corollary [Z3

In Example 3, if 1 < A < 2, the condition BIZ) fails, but EI3) holds. Let

== / 0 # TIE0(dt). (5.10)
(0,00)
Then by Lemma and Theorem BTl = is a A-stable RPD with the moment characteristics is
log ®(z) = / (BN ei=m) 1 — ZZ 2211, <17) pa(dt). (5.11)
(0,00) jeN

The characteristic function of ([EI0) is

[

(2) = exp /(0 )—log(l —izt)T1,, (dt)
_ /(0 ) (log(1 —izt) + Z'Zt—r[tgl}) px(dt), (5.12)

where II,, is the compensated Poisson random measure of II,,, i.e. 1I,, =1II,, — py. Since vz

of (B0 satisfies
/ 22v=(dr) = / %11, (dt) < oo,
(0,00) (0,00)

it follows from (B2I2) that
2(z) = exp/ (e —1 — izxl,<q))va(dr) + izb”, (5.13)
(0,00)

with

b = ( / 11, (dt) + / t(Tysy —e—t‘l)nm(dt)) (5.14)
(0,1) (0,00)

Let G denote the distribution function of the first moment measure E(Z). Then by making
use of (BI1)) and (E8) we obtain the characteristic function of G as follows.

C/}\(z) _ | exp—F|z| —izlog |z| 4+ in 2 A=1)
AT exp —aa|2) M1 — i tan Brsign(2)) +ivaz (1< A < 2)

where
o) 1
v = / sin wu ™ 2du + / (sinu — u)u"2du,
1 0

A NT(A+1
ey = —NT (A + 1DI'(—A) cos %, T = %

The stable RPD of (BI0) and the stable distribution function G, will appear in Theorem
and Corollary [[3]

Example 4. For ¢t > 0 let 6; - e; be the shifted exponential distribution of e; with mean 0, i.e.

0y - ei(dx) = I[z+t>0]tfleft_1(x+t)d:c.
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Let py be of (). Then it satisfies the condition [BI2) if and only if 0 < A\ < 1, which is easily
verified using

Op - er, |z A1) = (e, |z —1t| A1)
= tley, |z =1 AtTh
~ tley, |z —1]) (t—0).

However, even in the case 1 < A < 2, it is possible to define the Poisson integral
(0,00)

Namely, for € > 0, we set
e = / (0 - er) * 11,5, (dt).
(g,00)

Then the characteristic function is

1
= 1 —1 H .
<(2) = exp /(5700) ( 08T zzt) o (dt)

[11)

Since for any 1 < A < 2

1
/ sup <‘ log — — izt
(0,00) [z <m L —izt

it holds that P-a.s.

A 1) pa(dt) < oo (Ym > 0),

il_{% :E(z) = exp /('0’00) <10g 1 ’th — 22t> HPA (dt)

uniformly in each bounded interval. Thus there exists an RPD =, taking values in P*(R), such
that

lim d(=¢,2) = P —a.s.

z—:ir(l]lJr ( E’ ) 0 -5

and the characteristic function of = is given by

1
(2) =exp /(0 ) <log T izt) I1,, (dt). (5.16)

We identify the Poisson integral (IH)) with this limit =.
Note that = is a A-stable RPD, taking values in P(R), with the moment characteristics

(1)

log B(z) = /(O (e =)

/ 11 ) (5.17)
= . - P ) .
(0700) jen 1-— Zth
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and the corresponding m of ([Z2) is given by

m = 00,-¢, P (dt).
(0,00)

Since by (B3), (BT4) turns to

—iz (/ te—t‘lnm(dt)> , (5.18)
(0,00)

with vz of (BH), by (&13), (BI4) and (BIX) we obtain the following relation between Example
3 and Example 4,

[11)

/ ey * IS0 (dt) (5.19)
(0,00)

— (/(0700)(915 cey) * Hm(dt)> * 5{&0’1] L, @), (dt)}

Let H) denote the distribution function of the first moment E(Z). Then H) is a A-stable
distribution on R, and after tedious computations we have the characteristic function

f/I\( )= exp —ci|z| +ivyz A=1)
AE = exp —cy|z[A (1 —iftan Zsgn(z)) (1< A< 2)

where ¢; = me™!, v < 0, ¢y >0 and 3 € (—1,1) are given by

1 00
- :/ (e~(1-1) _ =40 gy _/ e~ (+04—1gs 1,
0 1

A cy —cC_
77 /8 = 3
Ct +c_

ex = (cy +c)I'(—=A) cos
with .
cy =e N T(AN+1), ¢ = el)\2/ e“udu.
0
It may be of interest that the Lévy measure v of H) is supported fully by R\ {0} as follows,

el e (x>0
v(dr) = {cj;x{’\ldx Ex < O;,

although the Lévy measure vz of = is supported in (0, 00) by (&0).

The stable RPD of (BIH) with 1 < A < 2 and the stable distribution function H) will appear in
Theorem [T and Corollary [C3

Example 5. For a positive infinitely divisible random variable ¢, we set

E=N(0,0).



Then it is obvious that the RPD Z is infinitely divisible. Note that if { satisfies

C = th(dy) 9
(0,00)

where II, is a Poisson random measure on (0,00) with an intensity measure p satisfying

/ (tA1)p(dt) < oco.
(0,00)

Then it holds that

== N(0,t) % TL,(dt).
(0,00)

In particular, ¢ is a positive a-stable random variable such that for some 0 < a <1 and ¢ > 0
E(e) =" (2>0),

the RPD Z is a 2a-stable RPD, taking valued in P (R), with the moment characteristics

«
log®(z) = =27 || z ||**= —c27° (Z z]2> .

J€EN
6 Lévy processes on P(R)

Let (Z(t))t>0 be a P(R)-valued stochastic process. (Z(t)):>o is called a Lévy process on P(R)
in law, if

(i) E(0) = do,

(ii) There exists a family of P(R)-valued random variables {Z;+}o<s<: satisfying that for any
n>2and 0 =1ty <t} <--- <typ, {E 1 t1<i<n are independent, and

(1]

(tn) = Doty ¥ K Sty gt P —a.s.

(ii) For0<s<t

(iv)  (E(t))e=0 is stochastically continuous.

It is obvious that for each ¢t > 0, Z(¢) is an infinitely devisible RPD, and any finite dimensional
distributions of (£(t)) are uniquely determined by the moment characteristics of Z(1).

In addition to the conditions (i), (ii), (iii) and (iv), if ¢ € [0,00) — Z(t) € P(R) is right
continuous with left limit in ¢ > 0 P-a.s., namely (£(¢)) is a P(R)-valued cadlag process, (E(t))
is called a Lévy process on P(R).

The basic results for classical Lévy processes are

(i) for a given Lévy process in law, there exists a modification of a Lévy process,
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(ii) for a given Lévy process, the Lévy-It6 representation for the sample path is valid, that is,

(a) a collection of jump times and jump sizes forms a Poisson point process, and the jump part
of the process is recovered from the Poisson point process.

(b) the continuous part is nothing but a Gaussian Lévy process independent of the the jump
part.

For Lévy processes on P(R) in law, the first one holds essentially in the same way as for the
classical case. However for Lévy processes on P(R), the second one seems difficult. The reason
is that for the sample path Z(¢) the jump size p should be defined as

S(t) = (=) *

but existence of such p does not follow automatically, and the uniqueness of p does not hold in
general.

In this section for a given infinitely divisible probability distribution @ on P(P(R)), we will
obtain a Lévy process (Z(¢)) on P(R) such that Z(1) has the distribution @, by constructing a
Lévy-It6-type representation.

To do this the main task is to define a Poisson integral as a P(R)-valued cadlag process.
For T > 0 let D([0,T],P(R)) be the totality of P(R)-valued cadlag paths on [0,7], and for
U= (U),V=(V,)eD(0,T],P(R)) we set

dr(U,V) = sup d(U, Vi).
0<t<T

Then (D([0,T],P(R)),dr) is a complete metric space. Recalling the definition of d in ETI), we
see easily that for U = (U;),V = (V) € D([0,T], P(R))

dr(U + V,V) < dr (U, 8), (6.1)

where dg is the path identically equal to dy. The inequality (EI]) will be used frequently.

Let m be a o-finite measure on P,(R) = P(R)\ {dp} satisfying the condition ([BZ), and let Iy,
be a Poisson random measure on [0,00) x Py (R) with intensity measure A X m defined on a
probability space (2, F, P), where \ stands for the Lebesgue measure on [0,00). For ¢ > 0 and
0<e<ée let

A€ = {pe Pu(R) : (]2l A1) >},

and
A(a,e) — {,u c P*(R) e < <IU,,|IE| A\ 1> S 5/}.

Noting that m(A®)) < co and m(A)) < oo, we set

=) =0 [ s n(dsdn),
[0,¢] x A(e)

and
ES”:%ﬁr/ 1% Masenn (dsdp),
’ [0,£] x Ale:€")
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where
an/ (1, oI <1y)m(dp),
Ale)

and
Qe el 2/ A 2Lz <apym(dp).
Aee’)

It is clear that =) = (El(f)) and 2¢) = (El(f’sl)) are P(R)-valued cadlag processes.

Theorem 6.1. There exists a P(R)-valued cadlag process E = (2(t)) defined on (2, F, P) such
that

lim dp(2€),2)=0 (VI >0) P —a.s.
e—0+

We denote the limit = in Theorem 11 by
/ o IS (dsdp),
[0,]x P« (R)

which is a P(R)-valued cadlag process.
For the proof of Theorem we start with the following lemma, which is a P(R)-version of
Theorem 20.2 of ().

Lemma 6.2. Let {U;(t),t € [0,T)}i<j<n be an independent P(R)-valued cadlag processes on
[0,T], and for 1 <m <n let

Emn(t) = Un(t) x -« Up(t).
Then for anyn >0 andn > 1

P(max dr(Z1,;,00) > 3n) <3 max P(dr(Z1,00) = n). (6.2)

(Proof.) Note that
Ein =B *Zkr1n (1<k<n),

and by (&)

dr(Z1k, 21k * Ekt1n) < d7(00, Ept1,n),

dr(E1k, 60) dr(

dr(

1n:00) +dr(E1k, Z1n)
1,n500) + d7(00, Ept1,n)-

IN N

(11 [1]

Since dr(Z1k, 60) > 3n implies either dr(Z1,,,00) > 1 or dr(dg, Egt1,) > 21 (1 < k < n) with
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convention that =, 11, = do,

21 >
P(lIél]aSXndT( 1,j,60) > 31)

— = = >
Z:P 1<rjn<aé( 1dT( 1,j,00) < 3n,dr(Z1k,60) > 31)

(dT(El ny00) > 1)

<
+ZP x| dr(Z1,5,00) < 3n,dr(E1k, 60) > 3n,dr (80, Egy1,0) = 21)
< P(dT(~1n,5o) > )

+ le | Joax dr(Z1,5,00) < 3n,dr(E1k,60) > 31)P(dr (80, Ekt1,0) > 27)

< P(dr(Ei1pn,00) > 1) + | Jpax P(dr(60,Ek+1,0n) = 2n).

Then (@2) follows from

dr (00, Zk+1,n) 7(00,Z1,0) + dr(E1m, Ektin)

d
dr(00,Z1,n) + dr(E1k, 00)-

IN N

Lemma 6.3. Foreyg >0 andn >0

P( sup dp(2),260) >3n) <3 sup P(dp(EE0) 80) > n). (6.3)
0<e<eo 0<e<eo

(Proof.) Note that Z(¢) is right continuous in € € (0,&). For QN (0,£0) = {&n }n>1

sup dT( = () D—((EO)) = sup dT( =() '_‘(50))
0<e<eg e€QN(0,e0)

= lim max dp(2E) ZE0)),
n—oo 1<j<n

so we see that

P( sup dp(E®),260)) > 3p)
0<e<eo

= lim P(max dp(E®) 2E0)) > 3p)

n—o0 1<5<n
< lim P( max dr (2 (51’50),50) > 3n).
n— oo 1<5<n
Rearranging {e1,--- ,£,} we may assume 0 < &, < --- < g1 < g9 and Z(&550) = Z(E55-1) ...«
=(e1:20) 50 applying Lemma we have

=(g5,€0)
P(lrgjagndT(u €00 §g) > 3n)

=(€5:¢0) >
31I£ja§XnP(dT(H 700 80) > 1)

3 sup P(dr(2E0) §y) > 1),

0<e<eo

IN

IN

completing the proof of (E3). O
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Lemma 6.4. (i) For f € CZ(R),

<E£E’EO)7f>_f(0) - /[Ot} Al o><Eg€*’EO)’ﬁ*f_f>ﬁ/\Xm(d8dM)
A x Alee

+ (EE=0, L, f)dsm(dp), (6.4)
[0,¢] x A(=:€0)

where i(B) = y(~B) (B € B(R)),
Lf(x) = /R (F@+ 1) — F(&) -yl en f@)u(dy),

and Ty, stands for the compensated Poisson random measure of Ilyxm, i.e.
H>\><m = H>\><m — A X m.

(ii) LetT > 0. If f € CZ(R) satisfies f(0) =0,

lim  sup E | sup [(E5 )] =0. (6.5)
200+ 0<e<eo 0<t<T
(Proof.) The proof of (i) is straightforward, since Eie’go) has finite jump times in each finite

interval. For (ii), using (64]), the maximal enequality for martingales,
|k f(z) = f(2)* < Olu, [y* A1),

and
tim swp [y A Dm(du) =0,
Aleeg)

€0—0 0<e<eg

we obtain (E1]). |

Lemma 6.5.
lim sup E (dT(E(E’eO),do)) ~ 0. (6.6)

€0—00<e<eg

(Proof.) By a similar argument to ([B3) we see that for every n > 0

sup sup ]ége’ao)(z) — 1 <mn+2 sup Ege’ao)(R\ [—n,1])-
0<t<T |2|<m 0<t<T

By Lemma 4],

lim sup FE ( sup Ef’ao)(R\ [—77777])> =0,

c0—00<e<eq 0<t<T

hence we have

0,

€0—00<e<eg 0<t<T |z|<m

lim  sup E( sup sup |§§E’€°)(z) - 1|>
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which leads to (E0). O
(Proof of Theorem [G.)
By Lemma and Lemma it holds that for every n > 0

lim P( sup dp(E,2E)) > 3p) =0,
e0—0+ 0<e<eo

so that
P( lim  sup dT(E(E),E(E/)) > 3n)
go—0+ 0<e,e’<eg
= lim P( sup dr(E®,2€)) >3 =0.

go—0+ 0<e,e’<eg

Thus it holds that P-a.s.
(6)’5(6/)) —0.

[11

lim  sup dp(
e0—0+ 0<e,e’'<ep

Hence there exists a P(R)-valued cadlag process E = (£;) such that

lim dp(E2®),2)=0 (VI' >0) P—a.s.,
e—0+

completing the proof of Theorem O

Let @ be the distribution of an infinitely divisible RPD, of which moment characteristics ®¢
is represented by Theorem Xl in terms of the characteristic quantities (a7, p, 3,m). Now we
construct a Lévy process Z = (Z(¢)) on P(R) such that =(1) has the distribution Q.

Let (B(t)) be a standard Brownian motion defined on a complete probability space (£, F, P),
and ITyy,, be a Poisson random measure on [0, c0) x P, (R) with intensity measure A x m defined
on (2,F, P). We assume (B(t)) and Iy, are independent. For ¢t > 0 we set

S(t) = u(t) * 1/ * ( / s &?&(dsdm) , (6.7)
[0,t]x P (R)
where v(t) is an infinitely divisible distribution on R with chatacteristic function
— azQ . . .
v(t)(z) =expt | ——— +izy + / (e =1 —izxljy<q)p(dr) | .
2 R\ {0} -

Theorem 6.6. Let = = (2(t)) be defined by ([0-1). Then (=(t)) is a Lévy process on P(R) such
that the moment characteristics of Z(1) coincides with (Z2).

The proof is immediate from Theorem and Lemma
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7 A simple particle motion in a random environment

Given a strictly increasing sequence w = {wy, }»>0 wWith wy = 0, we introduce a Markov process
(X(t) = X(t,w), PY)) on Ry, generated by

Awf(.%') = f/((L') + f(wN(:v,w)) - f((L‘), (71)

where
N(z,w) =max{n >0: w, <z},

and { P} };>0 is a Markov family of probability measures on (€2, F). The sequence w = {w, }>0
is called an environment and each w,, a ladder point.

A visual description of the path of the Markov process is as follows. A particle moves to the
right with constant speed 1 and at an exponential random time 77 with mean 1 it jumps back
to the left adjacent ladder point wy(x(r,—)w)- Here X(t) denotes the position of the particle
at t. After jumping back to wy(x(r—)w) the particle starts afresh and continues the same
uniform motion with speed 1 until the next exponential random time, at which the particle
again continues similar movements.

We now consider the environment to be random. Specifically we consider the case where the
randomness is introduced by the assumption that w], = w, — w,—1, n > 1 are i.i.d. random
variables with exponential distribution of parameter A > 0 defined on a probability space (W, P).
In other words, {wy, }»>1 forms a Poisson point process on (0, 00) with intensity A > 0.

Let o®(z) be the hitting time to = > 0 for (X(t), P¥). For z > 0, let ") be the distribution
of the hitting time ¢ (z) under the probability law Py, so 27 is an RPD. Our problem is
to investigate a scaling limit of 27° @) as 2 — co.

In order to describe scaling limit results of the RPD 2 (®)_ we first introduce a Poisson random
measure. For A > 0, let II,, be a Poisson random measure on (0, 00) with intensity measure

pa(dt) = Iy A2t Lt (7.2)
and we denote by 1:[,)A the compensated Poisson random measure of II,, , i.e.
ﬁPA =11, — pa-

For a sequence of RPDs {=,,} and an RPD Z, let denote the distributions of =, and =, by
Q=, and Q= respectively. If )=, converges weakly to Q=_ as n — oo, we write

= @ -
5, D=

Recall that for ¢ > 0, e; is the exponential distribution with mean ¢ > 0, and 6, - ¢; is the shifted
exponential distribution with mean 0, which appears in Example 4 of the section 5.

Denote by m"(z) the expectation of 0" () with respect to Pj’. Then we obtain the following
results.
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Theorem 7.1. (i) Let0 < A < 1. Then
=0 (@) (9)
Tp-1/x - 2 == er x 1, (dt) (z — o0).
(0,00)
(i) Let1<X<2. Then
w d
To1/n - Oy - 27" 14 o O 0 () (o= o)
0,00

(i1i) Let A =2. Then

m d(7(5510g2)-1/2 * Ome(z) - 27°@ A(0,1)) =0 in probability.

r—00

(iv) Let X\ > 2. Then

lim d(Tx_l/z : Hmw(z) : an(z), N(O,C,\)) =0 P-— a.s.,

T—00

where

B 22
AT -

Let A > 1. Then by (B3) in Lemma Bl below it holds that

AT

m(z) = Bm® (@) ~ 3

(x — o0).

(7.3)

So we next discuss another scaling limit for the RPD =°(*) replacing the random centering

Az
A—1"

=0 ()

m¥(x) in T—1/x - Oy () - by a constant centering m(z) ~

Theorem 7.2. (i) Let1l <\ <2. Then as x — o0,
T -0 L=o?(z) () 0 . TIremo(d
w1/ 02 - E = Ox2(r—1)-1 e+ IS0 (dt).
At (0,00)
(i) Let A =2. Then as v — oo,
=ov(z) (d)
T(Za:logac)_l/2 ’ 0% -8 @) = N(f, 1)7
where & is a normal random variable with mean 0 and variance 1.

(i1i) Let A > 2. Then as x — o0,

T,—1/2 -9% zot@) 4 N (&, en),

where ¢y s of [7_4) and &y is a normal random variable with mean 0 and variance

2\
A2~ 1F

ay) —
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We remark that the limiting RPDs in Theorems [l and Theorem are stable RPDs taking
values in P¥(R) as seen in Examples 3 and 4 of the section 5.

Recall the probability measure P on W x Q, which is defined by
P(dwdw) = P(dw)Py (dw).

We regard o¥(r) = 0% (z,w) as a random variable on the probability space (W x , P). From
Theorem [] and it follows immediately that
Corollary 7.3. (i) Let 0 < X< 1. Then for any a >0

lim Pz~ Yo% (z,w) < a) = F\(a),

r—00
where Fy is a A-stable distribution function with the Laplace transform [23).
(i) Let1 <X <2. Then for any a € R
lim Pz~ Y 0" (z,w) — m*(z)) < a) = Hy(a).
r—00

In particular, if 1 <A <2, for any a € R

lim Pz /0" (2,w) — Az ) < a) = Gxy(a),

T—00 A—1" 7

where Hy and G are the A-stable distribution functions which appear in Example 4 and Example
3 of the section 5.

(iii) Let A =2. Then for a € R

lim P <2_1(:clog:c)_1/2(aw(x,w) _ A ) < a> :/ 1 e Y24y,

T—00 A—1 —00 2w

(iv) Let A > 2. Then fora € R

xl;rgo?(«awcnx)1/2<a%,w>— 2 ga> - / \/12_7Tey2/2dy.

where ¢y and ay are given by (7.§) and (74).
(Proof.) Let 0 < A < 1. By Theorem [Tl (i) it holds that

lim E (Tx_m -EUW)) = E(=)),

T—00

where

[1]

N = / er x I, (dt).
(0,00)

Hence by Theorem [Z1] we see that

Pz 0% (z,w) < a

~—

E (Pow(x_l/’\aw(x,w) < a))

= F (Tm—l/)\ .an(x)) ([0, a])
— E(E))([0,4d]),
and by Example 3 of the section 5, the distribution of E (Z)) coincides with F, completing the

proof of (i). The remaining cases can be proved in the same way, so we omit them. O
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8 Proof of Theorem [T.1]

In order to prove Theorem [[1] we prepare several lemmas.

Lemma 8.1. Let x > 0. (i)

N(z,w) iz (e(l—iz)w;c _ 1)
w ( jizo¥(x) — —
B (e ) IT (2 — (8.1)
k=1
iz (e(lfiz)(szzv(z,w)) — 1) -
x|1-— -
11—z
(i)
N(z,w) ,
m¥(z) = Ey (¥ (x)) = Z (ewk - 1) + T UN@w) — 1. (8.2)
k=1
(1)) m(z) = E(m™(z)) <oo (x >0) if and only if X\ > 1. Moreover, if A > 1,
i(z) = AA_xl +O01) (z— o0). (8.3)

(Proof.) By () it is easy to show that if w, < z < wy41,

EY (eiztfw(x)) _ (1 iz (=i a—wn) _ 1)>1

1—1iz
which and the strong Markov property yield ®&I]). (ii) is trivial, and (iii) is easily verified by

E2). ]

Before proceeding to discuss convergence results we review the topology of P(R) and P(P(R)).
Recall that the metric d of P(R) is defined by (1), which is compatible with the topology of
weak convergence and makes P(R) a complete separable metric space.

Let R = RU {oo} be the one point compactification of R. Then 73(@) is compact with respect
to the weak topology. Since P(R) is regarded as a subset of P(R) and the topology of P(R)
coincides with the relative topology induced by P(R), it holds that

{ANP(R))| A € B(P(R))} = B(P(R)).
Then each @ € P(R) is identified with @ € P(R) defined by
Q(A)=Q(ANP(R)) (A€B(PR)).

Lemma 8.2. Let Qp, Qs € P(P(R)), and denote their moment characteristic functions by
®q, and ®g respectively. Then Q, converges to Qo weakly as n — oo if and only if

lim ®g,(2) = Bo.(2) (2 € lo(N)). (8.4)

n—oo
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(Proof.) The "only if” part is trivial, since [[j"; fi(2;) is a bounded continuous function on
P(R). Conversely, (B4]) means

pﬁﬁwﬂmm@mmzﬁwﬂmw%wm

so that by Perseval’s identity, for every f1, fa, -, fm € S(R) (the totality of rapidly decreasing
C*°-functions)

lim s Jj nd = s Jj ood 8.9
nmﬁ@gwfw<m A@EWfW(u) (85)

For f € S(R), denote by f the extension of f on R with f(co) = 0. By the Stone-Weierstrass
theorem, the linear hull of the family consisting of functions of y of the form 7L, (x, fiyim>
1, fj € S(R) where f; (1 < j < m) are real and € S(R), m > 1, and of constant functions
is dense in C(P(R)). Hence (BH) implies that @, converges weakly to @ in P(P(R)) and
Q,(P(R)) = Q.. (P(R)) = 1. Finally since the topology of P(R) coincides with the relative
topology induced by P(R),we obtain

Q0 Qe (n— o).

For two sequences of random variables {X,,} and {Y,} if
X, =YoZy (n>1),

and Z, converges to 1 in probability, as n — oo, we use the notation

For x > 0 let
M(z,w) =min{n > 1:w, >n} = N(z,w)+ 1.

In the sequel we use M (z,w) instead of N(x,w), since M (z,w) is an F,’-stopping time, where
FY is the o-algebra generated by {wy}i<k<n. The following lemma makes this replacement
clear. For example, the lemma justifies to write

z,w)

M(
e VP () = 27/ Z (ew;c — 1) +o(1).
k=1

Lemma 8.3. For every A >0

lim 2~ YA Mew) =0 n probability. (8.6)
Tr— 00
In particular, if A > 2,
lim 272" M@w) =0 P —a.s. (8.7)
r—00
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(Proof.) It is well-known in the renewal theory (eg. see (E€), p.386, problem 10) that the
distribution of wg\/[(mv) converges as © — 00 to a gamma distribution, which yields ([&H). If
A > 2, by the Borel-Cantelli lemma we have

. _ ’
lim n~Y2¢%n =0 P —a.s.,
n—oo

which, combined with the fact lim, o, 2 1M (z,w) = )\, P-a.s., yields (&1). O

For each z > 0 we introduce a random counting measure I® on (0,00) and its compensated
one II®) by
M (z,w)

(e, f Z fla™ M (e — 1)),

and
M(z,w)

@)= Y (fem ek - 1) - B(f@ et~ 1) -

k=1

Since M (x,w) is an FY-stopping time, it holds that
B (), f)) = B(M(z,w)E (f(z"N e - 1)), (8.8)
E (9, 1)2) = B(M(z,w))Var (=7 = 1)), (8.9)

which will be used later.

Lemma 8.4. Let 0 < A< 2. (i) ForUY =1, 1 -Z7"@),

~ —1/Agw (g
Up(z) = By (e= @)
®) exp — (/ log(1 — izt)H(x)(dt)> . (8.10)
(0,00)

(i)  For V' =7 —1/x - Opp (o) .20 (@)

() 1 , (z)
~ 1 — 11 . A1
exp </(07OO) (og — 22t> (dt)) (8.11)

1175



(Proof.) Using Lemma K1l and Lemma B33 we see that

1
. N(z,w) izp— /A (e(lfz'zz_l/’\)w;C _ 1)
Uw — 1—
#(2) k;l—Il 1 —dzz—1/A

izz~ YA (e(lfi”—l“)(x*wf\’(sz)) - 1) -

o 1 —izz—1/A
) M (z,w) Z‘Z.’L'il/)‘ (e(lfz'zzfl/)‘)w;€ - 1) -1
- Pl L= 1 —izz—t/A
M(z,2w) M (z,w
e )
k=1 .

= exp </(0700) —log(1 — izt)II®) ) H (1+ H(x,w;))fl

where
—1/x

0(z, wy,) = iz A (1 — e ) — (izx_/l//\)Q(ew;c -1
(1 —izz= Y2 (1 — iza= /2 (¥ — 1))
Notice that
O uf)| < (222 (el + 7 — 1),
and .
fim &Y p (5.12)

T—00 T

Furthermore, it holds that for any 0 < A < 2,

n
lim n~2/* Z:(ew;cw;€ +e% —1)=0 P—a.s.

n—o0o
k=1

/ ! @ . .
Because, note that for A\/2 < a < AA 1, (ewkw; + %k — 1) has finite expectation, and

3

«
(n_Z/)‘ Z(ew;cwfg + ek — 1))
k=1

n
< 20/ Z (e“fkw; 4ok 1)>a7

k=1
which vanishes as z — oo by the strong law of large numbers. Thus we have

M (z,w)
xh_}rglo Z O(z,w)|=0 P—a.s.,
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which implies
M(z,w)

lim H (1+0(z,uwy)) =1 P—a.s.

Hence we obtain ([I0), and &I follows from (&I0). O

Lemma 8.5. Let 0 < A < 2, and let f be a measurable function defined on (0,00).

(i) If f satisfies that for some n > 0

/77 IFO))t A tdt < oo, (8.13)
0
then
W), 1) L2 (1, 1) (@ o). (8.14)
(i) If f satisfies that for some n >0
/77 [f(®)PtA 1t < o, (8.15)
0
then
@, ) L, f) (@ - o). (8.16)

(Proof.) (i) For the proof we may assume that f is nonnegative. For any £ > 0 and £ > 0,

E (e%(H(z),f))

IN

[(1—e)Ax] )
P(M(sc,w><<1sm>+E< 11 esf@wewp’)

k=1
0o C1/apn [(1—e)Ax]
= P(M(z,w) <(1—¢)X\x)+ (/ eS8 Ne 1)))\6)‘“du> .
0
The first term vanishes as x — oo, and by ([BI3]) the second term turns to

1 0.]
_ _ o —Ef() —1/A A1
(1 w/o (1 e ))\(t+x ) dt)

(z—00)

= exp—(1—¢) /Ooo(l—egf(t))p)\(dt).

[(1—e)Ax]

On the other hand
E <675<H(”>7f>>

[(142)Az] ,
> F H e &l (e -1)) M(z,w) < (14¢e)\x
k=1
[(14e)Az] !
> B [ ¥ P (M(z,w) > (1+6)A)
k=1
(= 2g0) exp —(1+ 5)/ (1 — =S5 p,(dt).
0
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Thus we obtain

lim E <e*5<ﬂ“”’vf>) — exp— / (1 — e SO py(dt)

r—00 0

— E (6*£<HP)\ 7f>) R
which yields (BT4]). Next suppose that f satisfies (B10). From (i) it follows that for e > 0,
<ﬁ(x)7 I(s,oo)f>

. M(z,w
- <H( )71(5,oo)f> - g

/ FOXNaYA 40 Lt
r (,00)
(d)
= <HP,\7[(5,oo)f> - ( )f(t)p)\(dt)
£,00
= <ﬁp,\ ) I(s,oo)f>
Moreover using (89) and (BIH) one can easily verify

3 N(x) 2 =
g s (1 T af?) =0

so that we obtain

lim E (eiz<ﬁ<’“%f>) — lim lim E (eizm(x)’l(s,oo)f))
T—00 e—0+ z—00
e llm E (eiz<ﬂﬂ)\7l(a,oo)f>>
e—0+
= E (eiz<ﬁp)\7f>> s
completing the proof of (ii). O

We use the following facts, which are verified by elementary calculations.

Lemma 8.6.  Let {w)} be i.i.d. random variables with exponential distribution of patameter

A=2.

()
n
lim (nlogn)~! Z ek =1 in probability.
n—oo
k=1
(ii)
n
lim (nlogn)3/? Z ek =0 in probability.
n—oo
k=1
(iii)

(nlogn)~1/? Z (ew;c —-1- 2w§€) SR N(0,1).
k=1
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(Proof of Theorem [71})

(i) Let z1,---, 2z, € R. Noting that log(1 — izt) satisfies (813]), apply Lemma B and Lemma
Then for UY = 7,-1/x - 27(@)

(T hejen 2 {exp—</
(0,00)

(d) )
— log(1 — i2:¢)I1,, (dt
- {QXP (/(0,00) og( 125 ) P)\( )) }1§j§n7

which coincides with (B4 of Example 3. Thus we obtain (Z3) by Lemma
(i) Let 1 < X < 2. Noting that log 1%~ — izt satisfies (BI3)), by Lemma (ii) we see

Voo e, @ L)@
(Vo (z) h<j<n {exp </(0,oo) <10g izt zzt) II (dt)) }1§j§n
(d) 1 .
— {eXp (/(O’OO) <10g 1_ ’LZ]t ZZt) Hp)\ (dt)> }1§j§n’

which coincides with (BI6]) of Example 4. Thus we obtain ([Z4)).

(iii) Let A =2. For VY = 7.(3) - Oppw(a) - E 7“(*) with e(z) = (22 log #)~/? one can use the same
argument as Lemma R4 to get

log(1 — iz;t)TI®) (dt)) }

1<j<n

- ®) M (z,w) ) 1 M(z,w) A y
Vmw(z) ~ H (1 — izs(:c) (ewk — 1)> e—zze(m)(e k—1)
=1 k=1

M(z,w)

— exp Z (log (1 — ize(@)(e"* — 1)) + ize(x) (e — 1))
M(x w) 5 M (z,w)
’LZ / ’
= exp Z (e"r — 1)2 +0 Z 5(m)3(ewk _ 1)3
Hence, using Lemma B (i), (ii) and (BIZ) we obtain
nh_)n;o @(z) — e /2 in probability,
which completes the proof of (iii).
(iv) Let A > 2. Using &), we see that for V;* = 7,_1/2 - Opu(y) B0 (@)
M (z,w) izp—1/2 (6(171‘2:1:’1/2)111;C _ 1) -1

Vi) ~ T (1 .

k=1

, -1
- H {(1 — iz~ V2 (e — 1)) eim_l/Q(ewk_l)}

_iam—1/2 w
e 7 m"¥ (z)

_ izx_1/2



where ‘
i1 22wk (1 — 6_1”71/2“}2) — (izz=Y2)2(ewr — 1)

(1 —iz=1/22)(1 — iza=1/2(e% — 1))
Applying the law of large numbers together with (1) we obtain

77(95’ w;c) =

M(z,w)
lim Z n(z,w),) = 2°AE (w1e® + ¥t —1). (8.17)
k=1

Furthermore, it is easily verified that P-a.s.

1 /
lim max  |n(z,w))| < lim = max (1 +wy)es =0,

2—00 1<k<M (z,w) 2—00 T 1<k<M (z,w)
so that by (&I1)
M(a,w)
Jim kl:Il (14 n(z,w},)) = exp (22AE (w1e™* +e“* — 1)).

The same argument is applied to get

M (z,w)

, -1
: =120 wh iza1/2(ek —1)
th k”l {(1 izx ek 1)) e

:a@<—§AE«&“—U%) P —a.s.

Thus we obtain that for each z € R, P-a.s.

- 2
lim V¥(z) = exp —%)\E (62w1 — 14 2we™)
o A2
= X —_
PO
which completes the proof of (iv). O

9 Proof of Theorem

Theorem will be reduced to Theorem [[T] and the following Lemma.
Lemma 9.1. (i) If1<A<2,
YA m® (z) — m(x)) 9, / t,, (dt) (z — 00).
(0,00)

(i) IfA=2
(iii) IfX>2,

where ay is of (7.8).

1180



(Proof.) (i) Using Lemma Bl and Lemma BX we obtain

M (z,w)
xfl/)\(mw(x) _ m(.%')) ~ U Z wk _ 1 ﬁx*l//\E(M(x,w))

- / ¢TI (dt) — L (M (z,w) = E(M(z,w)))
000 N_1

d ~
G [ @ o),
(0,00)
completing the proof of (i).
For the proof of (ii) and (iii) let e(x) = (2zlog z)~'/? for A = 2 and e(z) = 2~ /2 for A > 2. Use
E(M(z,w)) = E(N(z,w)) + 1= Az + 1,

and Lemma B33, then

e(z)(m*(z) —m(x)) (9-1)
M(z,w) ) 1
~ () (€% —1) = = e(@) E(M(z, w))
k=1
M(z,w)
ce@) Y (e~ 1 ) 4 o) o (e~ )
k=1
M(z,w) )
~ e(z) (e“r —1— o 1w;§)
k=1

Let ¢(z) be the characteristic function of %k — 1 — ﬁwz If X =2, by Lemma[§@lit holds that

2

lim @(e(x)z) = exp —ZZ, (9.2)
and if A > 2, by the classical CLT,
lim o(e(z)z)" = exp —g—;‘\zQ. (9.3)

For n > 1 we set

3

Y, = ¢(e(x)z) " exp <225(m) (eWk —1 — B i 1w§€)> .
k=1

Then Y, is an F,’-martingale with mean 1. Since M (x,w) is an F,’-stopping time for each z > 0
and the optional sampling theorem is applicable, we have

M(z,w A
E | p(e(z)z) M@ oxp [ ize(x Z (e —1 — ;
k=1

el | =1 (9.4)




By [@2), (@3)) and the law of large number,

i M(zw) _ _M 2 _
zlLrgo o(e(x)z) exp ——2 P —a.s., (9.5)
where ag = 1 and ay, is of () for A > 2. Since N(x,w) = M(z,w) — 1 has the Poisson distri-
bution of parameter Az, using ([@2) and [@3) we can verify that ¢(e(z)z)~ @) is uniformly
integrable as © — oco. Hence by (@2]) and (@H) we obtain

M (z,w)
. w' )\ ay
E | exp | ize(x) ; (e —1— ﬁw;) = exp—EzQ. (9.6)
Thus (1) and (&6 conclude (ii) and (iii). O
(Proof of Therem[7.3)
(i) Setting Uy = 7,-1/x * Oma) 2@ and V¥ =61 O (@) 27" we have

Uz =0_o1/3gmv(@)—m(e)) " Vo = V' * Og 12 (mv (2)—m(a)) -

By a careful observation of the proofs of Theorem [1l and Lemma we obtain

1’71/)\ mw ) — iz w (d) -t
(=Y (x) — (), V) < (/(Om)mm(dt),/

(0,00)

(0 - er) * Hm(dt)> .

Hence it holds that as x — oo

(d)
Uy = 0; - e;) * 11, (dt 5 ) .
T <~/(O,oo)( t Ct) * p)\( )> * {f(oyoo) iy, (dt)}

Moreover, by (I9) the limit is identified with
/ et * H;ino(dt) * 5{_>\2()\_1)71},
(0,00)

which completes the proof of (i). (ii) and (iii) follows immediately from Theorem [[Tland Lemma
O, 1 ]

References

[BR] T. Brox, A one-dimensional diffusion process in a Wiener medium. Ann. Probab. 14,
1206-1218 (1986). MR0866:343

[Ch] Y.S. Chow and H. Teicher, Probability Theory: Independence, Interchangeability, Martin-
gales, Springer-Verlag, 1978. IMR0513230

[Fe] W. Feller, Probability theory and its applications Vol.2, John Wiley & Sons, Inc., New
York-London-Sydney 1966. MR0210154

1182


http://www.ams.org/mathscinet-getitem?mr=0866343
http://www.ams.org/mathscinet-getitem?mr=0513230
http://www.ams.org/mathscinet-getitem?mr=0210154

1]

2]

8]

[9]

[10]

Y. Hu, Z. Shi and M. Yor, Rate of convergence of diffusions with drifted Brownian potentials,
Trans. Amer. Math. Soc. 351 (1999), 3915-3934.

K. It6, Stochastic processes, Lectures given at Aarhus University. Reprint of the 1969 orig-
inal. Edited and with a foreword by Ole E. Barndorff-Nielsen and Ken-iti Sato. Springer-
Verlag (2004). MRI637078

K. Kawazu and H. Tanaka, A diffusion process in a Brownian environment with drift, J.
Math. Soc. Japan, 49 (1997), 1807-1816. IMR1477261

Y. Kasahara and S. Watanabe, Limit theorems for point processes and their functionals, J.
Math. Soc. Japan 38 (1986), 543-574. MR0O845720

H. Kesten, M.V. Kozlov and F. Spitzer, A limit law for random walk in a random environ-
ment. Composito Math. 30 (1975), 145-168. IMR0O380998

K. Sato, Lévy Processes and Infinitely Divisible Distributions, Cambridge University Press
(1999).

F. Solomon, Random walks in a random environment, Ann. Probab. 3 (1975), 1-31.
MR0362503

Ya. G. Sinai, The limiting behavior of a one-dimensional random walk in a random medium.
Theor. Probab. Appl. 27, 256-268 (1982). MR0657919

H. Tanaka, Environment-wise central limit theorem for a diffusion in a Brownian environ-
ment with large drift, Itd’s Stochastic Calculus and Probability Theory, Springer-Verlag
(1996), 373-384. IMR1439537

H. Tanaka, Limit theorems for a Brownian motion with drift in a white noise environment.
Chaos, Soliton & Fractals 8 (1997), 1265-1280. MR1477261

1183


http://www.ams.org/mathscinet-getitem?mr=1637078
http://www.ams.org/mathscinet-getitem?mr=1477261
http://www.ams.org/mathscinet-getitem?mr=0845720
http://www.ams.org/mathscinet-getitem?mr=0380998
http://www.ams.org/mathscinet-getitem?mr=0362503
http://www.ams.org/mathscinet-getitem?mr=0657919
http://www.ams.org/mathscinet-getitem?mr=1439537
http://www.ams.org/mathscinet-getitem?mr=1477261

