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Abstract

We prove the continuity of the shape governing the asymptotic growth of the super-
critical contact process in Z¢, with respect to the infection parameter. The proof is
valid in any dimension d > 1.
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1 Introduction

The contact process is a famous interacting particle system modelling the spread
of an infection on the sites of Z%. The evolution in time depends on a fixed parameter
A € (0,+00) and is as follows: at each moment, an infected site becomes healthy at rate 1
while a healthy site becomes infected at a rate equal to ) times the number of its infected
neighbors. There exists a critical value \.(Z?) € (0, +oc0) such that the infection, starting
from the origin, infinitely expands with positive probability if and only if A > \.(Z%). See
for instance Liggett’s book [15] for a review on the contact process.

Durrett and Griffeath [5] proved that when the contact process on Z? starting from
the origin survives, the set of sites occupied before time ¢ satisfies an asymptotic shape
theorem, as in first-passage percolation. In [8], two of us extended this result to the case
of the contact process in a random environment. The shape theorem can be stated as
follows: provided that A > \.(Z%), there exists a norm 1) on R? such that the set H; of
points already infected before time ¢ satisfies:

P, (EIT S0: t>T = (1—e)tS(\) C B, C (1+ s-:)tS()\)) ~ 1,

where H; = {z +u: (z,u) € H; x [0,1]4}, S()\) is the unit ball for s and P, is the law
of the contact process with parameter )\, starting from the origin and conditioned to
survive. The growth of the contact process is thus asymptotically linear in time, and
governed by the shape S(\).

The aim of this note is to prove the continuity of the map A — S(\). More precisely,
we prove the following result: denote by $¢~! is the unit sphere for ||.|; on R¢, then
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Continuity of the asymptotic shape

Theorem 1.1. For every A > \.(Z%), Alfiin)\ sup |pa(x) — pa(x)| = 0.
zegd-1

It is then easy to deduce the following continuity for the asymptotic shape. Denote by
dg the Hausdorff distance between non-empty compact sets in R?. For every A > \.(Z%),

lim di(S(V), () =0.

Continuity properties for asymptotic shapes in random growth models have already
been investigated. In first passage percolation, perhaps the most famous random growth
model, Cox and Kesten [2, 3, 13] proved that the time constant is continuous with
respect to the distribution of the passage-time of an edge. In a forthcoming paper, Garet,
Marchand, Procaccia and Théret [10] extend their result to the case of possibly infinite
passage times by renormalization techniques. In these two cases, thanks to a good
subadditivity property, the quantity whose continuity is studied appears as an infimum
of a decreasing sequence of continuous functions, which gives quite easily one half of
the continuity.

Because of the possibility of extinction of the contact process, the subadditivity
properties are not so obvious and we thus use the essential hitting time presented in
Garet-Marchand [8]. Note that the one-dimensional case is simpler because the growth
of the supercritical contact process in dimension 1 is characterized by the right-edge
velocity: its continuity is proved in Liggett [14], Theorem 3.36. See also Durrett [4] for
an analogous result about 2D oriented percolation.

In Section 2, we introduce the notation, build contact processes with distinct infection
parameters on the same space thanks to the Harris construction and recall the definition
and properties of the essential hitting time introduced in [8]. Section 3 is devoted to the
proof of the left-continuity, while in Section 4 we prove the right-continuity.

2 Notation and known results

We work on the grid Z¢, with d > 1, and we put an edge between any pair of sites
at distance 1 for || - ||;. We denote by E? the set of these edges. To define the contact
process, we use the Harris construction [12]. It allows to couple contact processes
starting from distinct initial configurations and distinct parameters A € (0, Apax|, Where
Amax > 0 is fixed and finite, by building them from a single collection of Poisson measures
on R,.

2.1 Construction of the Poisson measures

As the continuity is a local property, it will be sufficient in the sequel to build a
coupling for contact processes with parameters in (0, Ayax], for a fixed and well chosen
Amax > 0. Roughly speaking, to couple contact processes of parameter X and )\ in
(0, Amax],

- we associate to each vertex of Z¢ an independent Poisson point process of parame-
ter 1, that corresponds to the recovery process for both contact processes;

- we associate to each edge of E? an independent Poisson point process of parameter
)\max;

- we associate to each atom of these Poisson point process of parameter Ay.x a
variable U that is uniform on [0, A\j,ax] : this atom is part of the infection process
for the contact process of parameter A (respectively )\') if and only if U < A/ A\ ax
(respectively U < N/Amax)-

Let us do this more formally. We endow R with the Borel o-algebra B(R; ), and we
denote by M the set of locally finite counting measures m = Z;fg dt,. We endow this set
with the o-algebra M generated by the maps m — m(B), where B is a Borel set in R.

ECP 20 (2015), paper 92. ecp.ejpecp.org
Page 2/11


http://dx.doi.org/10.1214/ECP.v20-4103
http://ecp.ejpecp.org/

Continuity of the asymptotic shape

We define the measurable space (2, F) by setting
Q= M 5 M x ([0, A ™)®* and F = M © MEZ" @ ([0, Aa] M) 5"
On this space, we consider the probability measure defined by

P = PE @ PE @ (U(0, Mmax) ™) ¥,

max

where, for every A € R, P, is the law of a Poisson point process on R, with intensity A
and U (]a, b]) is the uniform law on the compact set [a, b].

Fix an edge e and consider w. € M. Denoting by (S5¢);>1 the atoms of w., we build
the classical coupling between the Poisson measures of the infection processes with
different parameters A € (0, A\ax]- Define

+oo
m§, = ma(we, (Uf)iz1) = Y Lige< 2 y0s:.
i=1

Under P, the random variable m) is a Poisson point process with parameter A. We then
define, for A < A\,.x, the application

Ty Q — MEx M7
(We)eert, (W2)zezd, (Ud)eekd,iz1) +  ((ma(we, (UF)iz1))ecrd, (Ws)zezd)-

The law of ¥, under P is then
Py = PEE o PEZ",

We thus recover infection processes, indexed by IE?, with parameter \ and recovering
processes, indexed by Z¢, with parameter 1. Note that the Poisson measures for
recoverings, (w;),cz«, do not depend on A. The following lemma will be useful to
compare the evolution of two contact processes with different parameters.

Lemma 2.1. Lett > 0 and let S be a finite subset of E¢. Assume 0 < X < A < Apax and
define

Idem(S,t,\, )= N {mf\\[o,t] =ms$, ‘[O,t]}'

eeS
For each ¢ > 0, there exists § = §(S,t,¢) > 0 such that
VAN € (0, Amax] [N — A <6 = P(Idem(S,t,\,N)) > 1—ec.

Proof. Let A\, N € (0, Amax], @and assume without loss of generality that A < \'.
For each e € E? and ¢t > 0, set

Amax i = Amax

+oo
DEZZR{ U }l{sfit}7
i=1

N =X AN =
then B(Df) = 5—E(w.([0.1]) = 5—"Amaxt = (N = Nt
Now,
P(Idem(S, £, A, X)) < > P(m§j0. # M5 |0.0)
ecS
<Y P(Df > 1) <> E(DF) < |S[EHN - V),

eeS eeS
so we can take 6 = 1/(¢|S|e). O
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2.2 Graphical construction of the contact process

This construction is exposed in all details in Harris [12]; we just give here an informal
description. Suppose that A € (0, Amax] is fixed. Letw = ((we)eepd, (W2).czd, (Ud)ecra,is1) €
Q. Above each site z € Z¢, we draw a time line R, and we put a cross at the times given
by w., corresponding to potential recoverings at site z. Above each edge e € E¢, we
draw at the times given by m ((we).cpa, (Uf)ccga,i>1) an horizontal segment between the
extremities of the edge, corresponding to a potential infection through edge e (remember
we fix the infection rate \).

An open path is a connected oriented path which moves along the time line in the
increasing time direction without passing a cross symbol, and along the horizontal
segments corresponding to potential infections. In this description, the evolution of the
contact process looks like a percolation process, oriented in time but not in space. For
z,y € Z% and t > 0, we say that y € St’\"r if and only if there exists an open path from
(x,0) to (y,t), then we define:

vAePz) &t = (]
€A

For instance, we obtain
(ACB, N<A) = (vt>0 &Ace®)
Harris proved that under PP, or under IP,, the process (5?’A)t20 is the contact process

with infection rate ), starting from initial configuration A.

2.3 Translations

For ¢t > 0, we define the translation operator #; on a locally finite counting measure
+oo 3
m =y &, on R, by setting

+oo
Htm = Z ]].{tizf/}(sti,t.
i=1

The translation 6; induces an operator on (2, still denoted by 6;:
for every w = ((we)eerd: (W2)zezd, (Ul)eera i>1) € 2, we set

0, (w) = ((Owe)eema, (Orw:) eza, (UM ga o).

Since the Poisson point processes are translation invariant and w. ([0, ¢]) is independent
from the (U!)’s, P and P, are invariant under 6;.

There is also a natural action of Z¢ on (2, which preserves P and P, and which
consists in changing the observer’s point of view: for = € Z¢, we define the translation
operator T, by setting:

Vw € Q Tx(w) = ((wm+e)e€Edv (wx+z)zEZd7 (U:i+e)eEEd;i21)v

where x + e the edge e translated by vector x.

2.4 Notation and classical estimates for the contact process

For a set A C Z?, we define the life time T>‘\4 of the process starting from A by
7')‘\4 =inf{t >0: ft)"A =g}

If y € Z?, we write 7 instead of Tiy} and we simply write 7, for 7{. With the graphical

construction in mind, it is clear that {7, = +oo} if and only if there is an infinite path
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starting from (0, 0) in the graph that is built from potential infections that are present at

rate A. Then, it will be often more appealing to write {0 Fay oo} instead of {7\ = +oo}.
The critical parameter for the contact process in Z? is then

A(Z%) =1inf{\ > 0: Py(7\ = +o0) > 0}
—inf{A > 0: P»(0 & o0) > 0} € (0, +00).

The fact that \.(Z?) < +oo is due to Harris [11]. Define, for A > \.(Z%), the following
conditional probability

A
By(-) = Pa(fry = +o0) = DL 1102 00h)
P(0 & o)

For A C Z% and = € Z%, we also define the first infection time ¢{!(z) of site = from set A
by
td(z) =inf{t > 0: z et}

It follows from Bezuidenhout-Grimmett [1] (see also Durrett [6]) that Py (¢{(z) < +00) =

1 as soon as A # @. If y € Z%, we write t§(z) instead of ti\y}(w) and we simply write ¢, (x)
for t9(z). The set of points infected before time ¢ is then

H)={z ez ty(z) <t} and H} = {z+u : (z,u) € H} x [0,1]¢}.

The following estimates are classical for the supercritical contact process; they are mainly
due to Bezuidenhout-Grimmett [1] and Durrett [6]. Here, we need an extra uniformity in
the parameter )\ (this uniformity is mainly obtained by stochastic comparison):

Proposition 2.2 (Proposition 5 in Garet-Marchand [8]).
Let Amin, Amax With Ae(Z?) < Amin < Amax. There exist A, B,C,c,p > 0 such that for
every A € [Amin; Amax), for every x € Z, for every t > 0,

P(ry = +00) > p,
P(H} ¢ [-Ct,Ct]") < Aexp(-Bt),
P(t <7\ <+00) < Aexp(—DBt),
P <t/\($) 2 ll=l +1, ™= —i—oo) < Aexp(—Bt).
&

2.5 Essential hitting times and shape theorem

We now recall the definition of the essential hitting time o (z). It was introduced in
[8] to prove an asymptotic shape result for the supercritical contact process in random
environment. See also Garet-Marchand [9] and Garet-Gouéré-Marchand [7] for further
uses. The essential hitting time o () is a time when the site z is infected from the origin
0 and also has an infinite life time.

We begin by an informal description: first wait until site x is occupied. If the
progeny of the particle that occupies z at that time is infinite, then we have found o (z).
Otherwise, wait until this progeny dies, and then wait until site z is occupied again. If the
progeny of the particle that occupies x at that new time is infinite, then we have found
ox(x), otherwise we repeat the process until the whole population has disappeared or
we have found through this process someone living at # and having an infinite progeny.

Formally, o,(z) is defined through a family of stopping times as follows: we set
uo(z) = vo(x) = 0 and we define recursively two increasing sequences of stopping times
(Un () >0 and (vy(x))n>0 With up(z) = vo(z) < wui(z) <wvi(z) <ug(z)...:

ECP 20 (2015), paper 92. ecp.ejpecp.org
Page 5/11


http://dx.doi.org/10.1214/ECP.v20-4103
http://ecp.ejpecp.org/

Continuity of the asymptotic shape

« Assume that v;(z) is defined. We set uy1(z) = inf{t > v, (z) : z € &},

* Assume that uy(z) is defined, with k£ > 1. We set v (z) = ug(x) + 73 0 0y (2)-

We then set
Ky(z) =min{n > 0: v,(z) = 400 or up41(x) = +o00}.

This quantity represents the number of steps before we stop: either we stop because we
have just found an infinite v, (z), which corresponds to a time u, (z) when « is occupied
and has infinite progeny, or we stop because we have just found an infinite w,11(z),
which says that after v, (), site x is never infected anymore. Since P, (9 (z) < +o0) =1,
it follows from the strong Markov property that «,; is never infinite when the contact
process survives.

In [8], using (2.4) and (2.5), it is proved that K (x) is almost surely finite, which
allows to define the essential hitting time o) (x) by setting

U)\(Z‘) = UK, (z)-

At the same time, we define the operator (:)x, » on Q by:

~ ]1$ o eax(w) if a,\(x) < +o0,
®x,)\ = .
T, otherwise.

The advantage of the essential hitting time o (), compared to ¢x(z), is that 0, ()
preserves PP, (see below). So, 0,(z) can be seen as a regenerating time. It also enjoys
good integrability properties. We now recall the main results of [8] we will need here. In
the following, we fiX Apin, Amax > 0 such that A\.(Z%) < Amin < Amax-

Proposition 2.3 (Garet-Marchand [8], Theorems 1 and 3, Corollary 21, Theorem 22 and
Lemma 29).

e For each A > \.(Z4), for every x € 7,

the probability measure P, is invariant under the map éz)\. (2.6)

e There exist constants (C)),>1 such that for every A € [Amin, Amax), for every x € Z4,
foreveryp > 1,

Ex[oa(@)?] < Cp(1+ l]))”. 2.7
e For each \ > \.(Z4), for every x € 7, there exists a deterministic y(x) such that

i 209 o, aln) o, (2.8)

n—-+oo n n—-+oo n

The convergence holds P, almost surely, and also in L*(P),).

e The function = + ) (z) can be extended to a norm on R¢. Let

SO = fr e RY: up(a) <1).

e Foreverye > 0, Py — a.s., for every t large enough,

(I-¢e)S(\) C HT? C(14+¢e)SWN). (2.9)
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The only drawback of this essential hitting time is that it is only almost subadditive,
but we proved in Theorem 2 in [8] that the lack of subadditivity is well controlled: There
exist A, B > 0 such that for any A € [Amin, Amax), fOr any z,y € Z,

Vi >0 ?)\(O')\(I + y) — (O’)\(SC) + Ux(y) o éx,A > t) < Aexp(—B\ﬁ).

Thus there exists M; > 0 such that, for each A € [Apin, Amax] and each = € Z\{0}, the
sequence (Exoy(nx) + M;),>1 is subadditive, and with (2.8), we can represent u,(z) as
the following infimum:

M, +E
YA € Pmins Ama] V2 € Z¢ pa(z) = inf T *n(‘”(”m)). (2.10)
n>1

As a corollary of (2.8), we obtain the following monotonicity property:

Corollary 2.4. For each x € Z%, X\ — () is non-increasing on (\.(Z4), +c).

Proof. Suppose \.(Z%) < N < A < +00. Cho0s€e Amin, Amax With A\o(Z9) < Apin < N <
A < Amax. Use the construction of Subsection 2.2 to build the two contact processes
with respective parameters A and ). On the event {0 & oo}, which has positive
probability, we have that for each n > 1, @ < t*'glim) Letting n go to infinity, we get
fix (2) < pa(). O

3 Left-Continuity

We prove here the left-continuity of u). More precisely, we prove that for each
Ao > A(Z%), for every e > 0, there exists § > 0 such that

VAE Ao =8, h] Vo eSS |uy(z) - pa(z)] <e

When proving continuity theorems for the time constant in first passage percolation
(see Cox and Kesten [2, 3, 13]), the left-continuity is usually considered as the easy part,
due to the fact that the time constant is an infimum. In the case of the contact process,
there are extra difficulties, because contact processes with different intensities can not
be coupled in such a way that they die simultaneously.

Lemma 3.1. Let A > \.(Z%). Foreachz € Z%, Tim Ey(on(z)) < Ex(oa(z)).
A=A~

Proof. Fix A\ > A.(Z%). Choose Ayi, such that \.(Z9) < A\nin < A and set Apax = A
Fix ¢ € Z%. Use the construction of Subsection 2.2. In this proof, for X € [Amin, A,
we write oy instead of oy (z) to simplify the notation. Fix X' € [Anin, A]. Note that

{0 & +oo} C {0 & +o0}, and thus, for any non negative random variable X,

_ E(X, 08 00) E(X,080) poad o).
Ex(X) = N < N _ B = )EA(X). (3.1)
P(0 & o0) P(0 & ) P(0 & o)
ECP 20 (2015), paper 92. ecp.ejpecp.org
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For any A € [Amin, A, with (3.1) and the control (2.7) on the moments of o)/, we get

Ex(ox) =Ex(ox, ox = 0x) + Ex(oxn, ox # on)

= PO +o0) 2(03) +/Bx (03 )Pr (o # o)
N A
< P(0 <;> +OO)E>\(U,\) +/Ca(1+ ||z?) MFA(@‘/ 7 03)
P(0 & +00) P(0 & o0)
A
< BO© too) (EA(@) +VCo(1+ [[2]2)/Palon # UA)) :
P(0 & +00)

As A — P(0 gy +00) is continuous on [\.(Z?), +00) (see Theorems 1.10.a and 1.6.d in
[15]), if we prove that F)\(O'X = 0,) tends to 1 when )\’ goes to A\, we complete the proof.

We now build a “good” event G(\') such that G(\) N {0 TN oo} C {ox = 0,} and
PA(G(X)) goes to 1 as X goes to A. Since oy is Py-a.s. finite and H? is Py-a.s. a finite
set, we can first choose M > 0 such that

Pa(Ay) > 1 - g where Ay = {H), C [-M, M), o) < M}. (3.2)

The event Aj, says that, apart from the fact that (z, o)) & oo, the time o), is determined
by the configuration of the Poisson processes in the space-time box [—M, M]¢ x [0, M].
Then, with estimates (2.3) and (2.4) we choose L > 0 such that for each X € [Anyin, A]

Pa(BL(V)) >1— g with By (V) = {H) € [-CL,CLI*} n{L < v < o0}.  (3.3)

Set S =[-(M+CL),(M+CL)]*NZ%and t = M + L. With Lemma 2.1, we can choose
0 > 0 such that
YN € [A=8,A] Pa(ldem(S,t, A\ N)) > 1—¢/3. (3.4)

Finally, we consider, for every X € [\ — 4, A], the event
G(N) = Ay N O, (BL(X)) NIdem(S,t, A, X).

The choices (3.2), (3.3) and (3.4) we respectively made for M, L and §, and the invariance
property (2.6) ensure that

YN € A=8,) Pa(GN)) >1-—-e.

It now remains to see that G(A\') N {0 & oo} C {on = or}. On the event G(X\') N {0 &
oo}, the point (z, o)) has a progeny for parameter A that is still alive at time o) + L. But
the event Idem(S, ¢, A\, \) ensures that the infection at rate )\’ in the box S x [0, t] behaves
exactly like the infection at rate )\ in the same box, so the point (z,0,) has a progeny
for parameter )\’ that is also still alive at times o + L. The event (:);,f\(B 1 (\)) says then

that (z,0)) 2 oo, and, with Idem(S, ¢, A, \'), this implies that o), = o). This completes
the proof. O

Lemma 3.2. For each x € Z4, A\ — p,(z) is left-continuous on (\.(Z<), +00).

Proof. Fix x € Z4. Since, from Corollary 2.4, the application A + y, () is non-increasing
on (A\(Z%), +00), we can define

L = hm l,l,)\/ (LE) .
A=A~

ECP 20 (2015), paper 92. ecp.ejpecp.org
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Obviously L > uy(z) and we must prove L < puy(z). Put A\, = A — 1/n. Using the
representation (2.10) of uy(x) as an infimum, we have

L= inf uy (x)= inf inf Ex, (oa, (k2)) + M,

n>1 n>1  k>1 k
ot Bl G e b By (o (k)
k>1 n>1 k k>1 n>1 k
By Lemma 3.1, for each k, inf Ey, (o, (kz)) < Ex(ox(kz)), so
n>1
M, E
L < inf (1 + /\(U)‘(lm))> = px(x),
E>1 k
which completes the proof. O

By homogeneity of jiy, the result of Lemma 3.2 also holds for all z € R¢, thus the
difference between (3) and Lemma 3.2 is the uniformity of the control. For all A > 0,
since s is a norm and by symmetry of the model, we have for all z,y € R?,

lia(@) = pa()] < pa(z —y) < v —yllipaler),
where e; = (1,0,...,0). Fix Ay € (¢, +0) and ¢ > 0. By Lemma 3.2 we know that

lim, - ux(e1) = pix, (e1), thus there exists ¢ > 0 such that for all A € [A\g — J, Ao, for all

z,y € RY, we have |u(x) — pa(y)| < 2|| — y[l1pa, (e1). We obtain the existence of 77 > 0
such that for all z,y € R? satisfying ||z — y||; <7, we have

sup  {lpa(z) — pa(y)l} <e.
AE[Ao—6,)0]

There exists a finite set of points ¥, ..., y,, in R? such that

m
s c | Jlz e R : o —willy < n},

i=1

thus for all A € [A\g — J, \g] we obtain

sup [pa(z) = pag (2)] < 26+ max px(yi) — pa (4i)] -
zegd—1 1=1,....m
By homogeneity of u), the result of Lemma 3.2 also holds for y;,i € {1,...,m}. This
concludes the proof of (3).

We can notice that the previous argument also applies to the study of the right-
continuity of . However, as we will see in the next section, we do not need it since we
perform directly the study of the right-continuity of i, uniformly in all directions.

4 Right-continuity
We prove here the right-continuity of u). More precisely, we prove that for each
Ao > )\C(Zd), for every € > 0, there exists § > 0 such that
YA€ Mo, Ao + 6] Vo eS8 juy, (2) — pa(z)| <e. (4.1)

As we will see, the right-continuity of the asymptotic shape of the contact process
can be obtained by a slight modification of a part of the proof of the large deviations
inequality for the contact process established by Garet and Marchand in [9].
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Let \g > A\.(Z%) be fixed. Fix Anin, Amax With Ae(Z%) < Anin < Ao < Amax-

Let a,e > 0 and L, N be positive integers. Consider A\ > Ay and close to \g. We define
the following event, relative to the space-time box By = By(0,0) = ([-N, N|1 N Z%) x
[0,2N]:

AN = {V(wo,to) € By €550 _4, 001 © w0 + (14 )(@LN — t0)S(ho) }

Q{V(Ioﬂfo) € By U 6:0’)‘09,50 C] LN,LN[d}
0<s<aLN-—tg

Consider first A;“[’)’L/\’f)v . The first part of the event ensures that the descendants, at time
aLN, of any point (zg,to) in the box By are included in o + (1 + ¢)(«LN)S()\): itis a
sharp control, requiring the asymptotic shape Theorem for parameter \y. The second
part ensures that the descendants, at all times in [0, «LN], of the whole box By are
included in | — LN, LN [d: the bound is rough, only based on the (at most) linear growth
of the process with parameter \q. Thus, the "good growth" event Af\“(‘f/\’év’s is typical, and
the following Lemma has been proved, using essentially (2.9) and (2.3) :

Lemma 4.1 ([9]). Fix \g > A\.(Z?). There exists a = a(\) € (0,1) such that for every
e €(0,1), every Ly > 0, there exists an integer L > Ly such that
. a,L,N,e\ __
Ngr-rylooIP(AM”\U )=1.
Garet and Marchand used Lemma 4.1 to prove the upper large deviations for the
contact process: for every A\g € [Amin, Amax), Provided that a = «a()\) is fixed as in

Lemma 4.1, then for L greater than some Ly = Lg(g, \g), they prove that there exists
p1 = p1(Xo, e, L) > 0 such that

PAYEN) > pr = 34,B Wt >0 P(EN ¢ (1+)tS(A)) < Aexp(—Bt).

The idea of the proof is classical and as follows: a too fast infection from (0, 0) to Z< x {n}
uses a too fast path, along which we find a number of order 6n of "bad growth" events,

i.e. translated versions of (Af\“(’)L/\’ON’E/ 3)C. The proof ends with a Peierls argument: the

event (A‘;C’)}L/(év’s/ %)¢ is local, thus its translated events are only locally dependent. If their
probability is small enough, the probability that there exists a path from (0, 0) to Z? x {n}
with at least n "bad growth" events decreases exponentially fast in n.

Let’s come back to the right-continuity. Fix \g > \.(Z%) and ¢ > 0. Take « given by
Lemma 4.1, L > Lo(e, Ao) large enough, and p; (A, e, L) > 0 as before. The very same
Peierl argument ensures that for any A > )y, we have

P(AYY M) > py = 3A,B Wt >0 P ¢ (1+¢)tS(A)) < Aexp(—Bt).

Remember that the event Ai’f{;N’E/ % is local. Thus, applying Lemma 2.1 with the set

S =[~LN,LN]¥NZand t = aLN, we obtain the existence of \; € (g, Amax] Such that
for every A € [\, \1], IP(A?\‘:f()’N’E/g) > p;. Thus,

VAe Mo, M) FAB VE>0 P(E ¢ (1+¢)tS(Ao)) < Aexp(—Bt),
from which we deduce (for a detailed proof, see the passage from (62) to (63) in [9]):
VA€ Mo, M1l FAB VE>0 Pr(HM ¢ (1+)tS(ho)) < Aexp(—Bt).

Fix A € [Ag,A1] and n > 0. With the asymptotic shape result (2.9), choose ¢ large
enough to have Aexp(—Bt) < 1/2 and P,((1 — n)tS(\) ¢ H>) < 1/2. Then the event
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Continuity of the asymptotic shape

{(1=ntS(\) € H c (14 )tS(Xg)} has positive probability; particularly, (1 —7)S()\) C
(14 ¢€)S(No), and, letting n tend to 0, we have

YA€ Ao, M) SO € (142)S(\),

or equivalently VA € [Ag, A\1], Vo € R%, py,(z) < (14 €)ua(z). This completes the proof of
(4.1).

References

[1] Carol Bezuidenhout and Geoffrey Grimmett. The critical contact process dies out. Ann.
Probab., 18(4):1462-1482, 1990. MR-1071804

[2] J. Theodore Cox. The time constant of first-passage percolation on the square lattice. Adv. in
Appl. Probab., 12(4):864-879, 1980. MR-0588407

[3]1 J. Theodore Cox and Harry Kesten. On the continuity of the time constant of first-passage
percolation. J. Appl. Probab., 18(4):809-819, 1981. MR-0633228

[4] Richard Durrett. Oriented percolation in two dimensions. Ann. Probab., 12(4):999-1040,
1984. MR-0757768

[5] Richard Durrett and David Griffeath. Contact processes in several dimensions. Z. Wahrsch.
Verw. Gebiete, 59(4):535-552, 1982. MR-0656515

[6] Rick Durrett. The contact process, 1974-1989. In Mathematics of random media (Blacksburg,
VA, 1989), volume 27 of Lectures in Appl. Math., pages 1-18. Amer. Math. Soc., Providence,
RI, 1991. MR-1117232

[7]1 Olivier Garet, Jean-Baptiste Gouéré, and Régine Marchand. The number of open paths in
oriented percolation. preprint, Arxiv: math.PR/1312.2571 v2, 2015.
[8] Olivier Garet and Régine Marchand. Asymptotic shape for the contact process in random
environment. Ann. Appl. Probab., 22(4):1362-1410, 2012. MR-2985164
[9] Olivier Garet and Régine Marchand. Large deviations for the contact process in random
environment. Ann. Probab., 42(4):1438-1479, 2014. MR-3262483
[10] Olivier Garet, Régine Marchand, Eviatar Procaccia, and Marie Théret. Continuity
of the time and isoperimetric constants in supercritical percolation. preprint, Arxiv:
math.PR/1512.00742, 2015.
[11] T. E. Harris. Contact interactions on a lattice. Ann. Probability, 2:969-988, 1974. MR-0356292

[12] T. E. Harris. Additive set-valued Markov processes and graphical methods. Ann. Probability,
6(3):355-378, 1978. MR-0488377
[13] Harry Kesten. Aspects of first passage percolation. In Ecole d’été de probabilités de Saint-

Flour, XIV—1984, volume 1180 of Lecture Notes in Math., pages 125-264. Springer, Berlin,
1986. MR-0876084

[14] Thomas M. Liggett. Interacting particle systems, volume 276 of Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag,
New York, 1985. MR-0776231

[15] Thomas M. Liggett. Stochastic interacting systems: contact, voter and exclusion processes,

volume 324 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, 1999. MR-1717346

ECP 20 (2015), paper 92. ecp.ejpecp.org
Page 11/11


http://www.ams.org/mathscinet-getitem?mr=1071804
http://www.ams.org/mathscinet-getitem?mr=0588407
http://www.ams.org/mathscinet-getitem?mr=0633228
http://www.ams.org/mathscinet-getitem?mr=0757768
http://www.ams.org/mathscinet-getitem?mr=0656515
http://www.ams.org/mathscinet-getitem?mr=1117232
http://www.ams.org/mathscinet-getitem?mr=2985164
http://www.ams.org/mathscinet-getitem?mr=3262483
http://www.ams.org/mathscinet-getitem?mr=0356292
http://www.ams.org/mathscinet-getitem?mr=0488377
http://www.ams.org/mathscinet-getitem?mr=0876084
http://www.ams.org/mathscinet-getitem?mr=0776231
http://www.ams.org/mathscinet-getitem?mr=1717346
http://dx.doi.org/10.1214/ECP.v20-4103
http://ecp.ejpecp.org/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

Free for authors, free for readers

Quick publication (no backlog)

Low cost, based on free software (OJS?)

Non profit, sponsored by IMS?, BS?, PKP*
Purely electronic and secure (LOCKSS®)

Donate to the IMS open access fund® (click here to donate!)

e Submit your best articles to EJP-ECP

e Choose EJP-ECP over for-profit journals

10JS: Open Journal Systems http://pkp.sfu.ca/ojs/

2IMS: Institute of Mathematical Statistics http://www.imstat.org/

3BS: Bernoulli Society http://www.bernoulli-society.org/

4PK: Public Knowledge Project http://pkp.sfu.ca/

SLOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

SIMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/Open_Journal_Systems
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
http://en.wikipedia.org/wiki/Public_Knowledge_Project
http://en.wikipedia.org/wiki/LOCKSS
https://secure.imstat.org/secure/orders/donations.asp
http://pkp.sfu.ca/ojs/
http://www.imstat.org/
http://www.bernoulli-society.org/
http://pkp.sfu.ca/
http://www.lockss.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Notation and known results
	Left-Continuity
	Right-continuity
	References

