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The purpose of this note is to prove that the flatness of an invariant manifold for a
semilinear stochastic partial differential equation driven by Lévy processes is at least
equal to the number of driving sources with small jumps. We illustrate our findings by
means of an example.

Keywords: stochastic partial differential equation ; flatness of a submanifold ; stochastic
invariance ; Lévy process with small jumps.

AMS MSC 2010: 60H15 ; 60G51.

Submitted to ECP on November 24, 2014, final version accepted on June 3, 2015.

1 Introduction

The purpose of this note is to show that an invariant manifold for a semilinear
stochastic partial differential equation (SPDE)

dry = (Ary+ a(ry))dt + o(ry)dWy + v(ri—)d X, i
ro = ho .

in the spirit of [14] driven by Lévy processes with small jumps necessarily has a certain
amount of flatness, that is, of linear structure.

A result which is related to the findings of our paper has been provided in [9] for the
particular case of Wiener process driven Heath-Jarrow-Morton (HJM, see [10]) interest
rate term structure models, namely that under suitable conditions an invariant manifold
for the HJM equation necessarily is a foliation, that is, a collection of affine spaces.

In this paper, we deal with general SPDEs of the type (1.1) driven by Lévy processes,
and the intuitive statement of our main results (Theorems 2.6 and 2.7) is that the flatness
of an invariant manifold is at least equal to the number of driving sources with small
jumps.

In order to acquaint the reader with the ideas behind these results, let us present the
key concepts and ideas of the proof in an informal way. Denoting by H the state space of
the SPDE (1.1), which we assume to be a separable Hilbert space, and by M be a finite
dimensional submanifold of H, we have the following concepts, which are explained in
more detail in Section 2 and Appendix A:

¢ We call M invariant for the SPDE (1.1) if for each starting point g € M the mild
solution to (1.1) with ry = hg stays on the manifold.
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Flatness of invariant manifolds for SPDEs driven by Lévy processes

» For a point hy € M the flatness of M at h¢ is the largest integer d such that some
d-dimensional subspace £ C H is contained simultaneously in all tangent spaces of
the manifold M locally around hg.

e Then, the flatness of M is defined as the minimum over all these local quantities.

As already indicated, throughout this paper we will assume that M is an invariant
manifold. The volatility v = (7*)rcx, where K = {1,..., ¢} with ¢ denoting the dimension
of the Lévy process X, consists of mappings v* : H — H, k € K. In order to exemplify
the ideas behind our result, we assume (for the sake of simplicity) that for each k € K
the Lévy process X* makes arbitrary small positive jumps. Then, for each h € M the
flatness of M at h is of the stated size, and the proof is divided into two steps:

+ For an arbitrary k € K the volatility v*(h) belongs to the tangent space to M at h.
Indeed, since the manifold M is invariant, it captures every possible jump of X*.
Since, in addition, the Lévy process X* makes arbitrary small positive jumps, this
means that for some ¢ > 0 we have

h+xy*(h) € M forall z € [0, €].

In other words, the line segment {h + x3v*(h) : x € [0,¢]} is contained in the
manifold M. From an intuitive point of view, it is clear that this implies that v*(h)
belongs to the tangent space to M at h. We refer to Proposition 2.5 for the precise
formulation of this statement and its proof.

+ Due to the previous step, the linear space £ generated by all v*(h), k € K is
contained in the tangent space to M at h, which provides the desired result
concerning the flatness of the manifold.

The remainder of this note is organized as follows. In Section 2 we provide the general
framework and present our main results. In Section 3 we illustrate our main results by
means of an example; namely we apply our results to the Hull-White extension of the
Vasicek model from interest rate theory. For convenience of the reader, in Appendix A
we provide the crucial definitions and results regarding submanifolds in Hilbert spaces.

2 Flatness of invariant manifolds

In this section, we present our main results concerning the flatness of invariant
manifolds for SPDEs driven by Lévy processes.

Let (Q, F, (Fi)ier, , P) be a filtered probability space with right-continuous filtration.
Let W be a p-dimensional Wiener standard process for some p € INy, and let X be an g-
dimensional Lévy process for some ¢ € IN, which we assume to be a purely discontinuous
martingale with canonical representation X = x x (MX — v) in the sense of [11, Cor.
11.2.38]. Here ;X denotes the random measure associated to the jumps of X, which
is a homogeneous Poisson random measure, and v denotes its compensator, which is
given by v(dt, dz) = dt ® F(dx) with F' denoting the Lévy measure of X. We assume that

X1',...,X? are independent, which implies that the Lévy measure F is given by
q
F(B) = Z/ 15(zer)F*(dx), B e B(RY) (2.1)
k=1"R
with ey, ..., e, denoting the unit vectors in R?, and with F* denoting the Lévy measure

of X* for k =1,...,q. We assume that

/ (Jz[* v |z|*") F¥(dz) < 0o forallk=1,...,q. (2.2)
R
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The following definition identifies the set of all indices such that the corresponding Lévy
process makes “small jumps”.

Definition 2.1. We denote by K be the set of all indices k € {1,...,q} such that for
some € > 0 we have [0, €] C supp(F¥) or [—¢, 0] C supp(F*).

Let H be a separable Hilbert space and let A : D(A) C H — H be the infinitesimal
generator of a Cy-semigroup (S;);>o on H. Furthermore, leta: H — H, 0 : H — H? and
v : H — HY be Lipschitz continuous mappings such that ¢/ € C1(H) forall j =1,...,p.
We suppose that the semigroup (S;):>0 is pseudo-contractive, that is

1S <€, t>0

for some constant g € R. Then, for each hy € H there exists a unique mild solution to
the SPDE (1.1), that is, an adapted cadlag process r = r(ho) such that

t p t
re = Siho + / St—seu(rs)ds + Z/ Si—s07 (rs)dW]
0 = o

q ot
#30 [ Seattraoaxt, ter,
k=170

see, for example, [14], [13] or [7]. For what follows, let M be a finite dimensional
C3-submanifold of H, which we assume to be closed as a subset of H. We refer to
Appendix A for details about submanifolds in Hilbert spaces.

Definition 2.2. The submanifold M is called invariant for (1.1) if for all hg € M we
have r € M up to an evanescent set!, where r = r(") denotes the mild solution to (1.1)
with ro = hg.

Remark 2.3. As our first step in order to analyze the flatness of invariant manifolds,
we will write the SPDE (1.1) as the SPDE (2.4) below, and apply [8, Thm. 2.8]. Let us
emphasize those of our previous assumptions, which we have exclusively made for an
application of this result:

*« We assume the integrability condition (2.2), which ensures that condition (2.5)
from [8] holds true.

» We assume that M is a C3-submanifold of H, and that it is closed as a subset of H.
This assumption is also required for the mentioned result from [8].

In the sequel, we also assume that the index set K, which identifies all Lévy processes
with “small jumps”, is nonempty. Otherwise, no statement concerning the flatness of M
is possible, as the following counterexample shows:

Example 2.4. We consider the SPDE
{ d'f't = ’Y(T'tf)dNt

To = h,()

(2.3)

on the state space H = R?, which - after rewriting - is of the form (1.1). Here N is a
Poisson process, and the volatility v : R?> — R? is given by v(h) = (1,0) for all h € R2.
Then the one-dimensional submanifold

M = {(&,sin(27€)) : € € R}

is invariant for (2.3), which follows from [8, Thm. 2.11], but we have fl M (hy) = 0 for all
ho € M, showing that the flatness of M is zero.

1A random set A C Q x R4 is called evanescent if the set {w € Q : (w,t) € Aforsomet € R4} is a
P-nullset, cf. [11, 1.1.10].
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The following result shows that in case of invariance all volatilities associated to Lévy
processes with “small jumps” are tangential to the submanifold.

Proposition 2.5. Suppose that the submanifold M is invariant for (1.1). Then we have
v*¥(h) € TuM forallk € K and allh € M.
Proof. We can write the SPDE (1.1) as

{ dre = (Arg+ a(re))dt + o(re)dWy + [, 0(ri—, x) (X (dt, dx) — F(dz)dt) 2.4

ro = ho,
where § : H x R? — H is given by
q
O(h,x) = kawk(h), (h,z) € H x RY.
k=1

In view of (2.2), all assumptions of [8, Thm. 2.8] are fulfilled, and together with (2.1), for
each k£ =1,...,q we obtain

h+xy*(h) € M forall h € M and all z;, € supp(F*). (2.5)

Now, let k € K and hg € M be arbitrary, and let {ey,...,e,,} be an orthonormal basis of
T}, M. According to [5, Lemma 6.1.2] there exists a parametrization¢ : V. C R™ — UNM
around hg such that

o({e,h))=h foralhe UNM, (2.6)

where we use the notation (e, h) := ({e1,h), ..., (€m, h)). In view of Definition 2.1 we may
assume, without loss of generality, that [0, ¢] C supp(F*) for some ¢ > 0. By (2.5), and
since U is an open neighborhood of hj, we obtain, after reducing € > 0 if necessary, that

ho 4+ ty*(ho) e UNM forallt € [0,€]. (2.7)

Setting yo := (e, ho), by taking into account (2.7) and (2.6) we get

9
V¥ (ho) = g ho+ 27 (o)) a0 = limm
— lim d(yo + tle, 7" (ho))) — d(yo)

t—0 t

ho + t7* (ho) — ho
t

= D¢(y0)<€,’}/k(h0)> € ThoM?

finishing the proof. O

Now, we are ready to present our main results concerning the flatness of invariant
manifolds.

Theorem 2.6. Suppose that the submanifold M is invariant for (1.1). Suppose there
exists d € Ny such that for each hg € M we have

d<dim () (*h):keK) (2.8)
heUnNM

for some open neighborhood U C H of hy.
1. Then, for each hg € M the following statements are true:

(a) We have fl M(hg) > d.
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(b) There exist an open neighborhood Uy C H of hg, a d-dimensional subspace L C
H and a finite dimensional C®-submanifold N of £+ with dim N = dim M — d
such that Uy N M =Uy N (N & L).
(c) If d = dim M, then M is a local affine space generated by L around hg.
(d) Ifd = dim M — 1, then M is a local foliation generated by L around hg.
2. If, furthermore, the submanifold M is connected as a topological subspace of H,
and we have fl M(hy) = d for each hy € M, then the following statements are true:

(a) We have il M =d.
(b) There exist a d-dimensional subspace £ C H and a finite dimensional C?-

submanifold N of £+ with dim N = dim M — d such that M =N @ L.
(c) Ifd = dim M, then M is an affine space generated by L.
(d) If d = dim M — 1, then M is a foliation generated by L.

Proof. Let hy € M be arbitrary. By assumption, there exists a d-dimensional subspace
Ly, such that

L () G50 keK),
heUNM

and hence, by Proposition 2.5 we obtain
Ly, CTpM forallhe UnM.

Therefore, Proposition A.7 proves the first statement, and the second statement follows
from Proposition A.9. O

Theorem 2.6 shows that under condition (2.8) on the volatilities (y*)cx invariance
of the submanifold implies the inequality fl M(hg) > d concerning its flatness. Roughly
speaking, this means that the flatness of the submanifold is at least equal to the number
of driving sources with small jumps. Furthermore, the submanifold admits locally a
direct sum decomposition into another manifold and a d-dimensional linear space. If
the submanifold M is connected and we even have equality in fl M(hy) > d, then the
direct sum decomposition holds globally. The following Theorem 2.7 presents another
condition, namely (2.9), on the volatilities (7*)zcx under which such a global direct sum
decomposition of the manifold holds true.

Theorem 2.7. Suppose that the submanifold M is invariant for (1.1), and let d € INy be
such that
d<dim () (v*(h) : k € K). (2.9)
heM

Then the following statements are true:

1. We have iM > d.

2. There exist a d-dimensional subspace £ C H and a finite dimensional C®-submanifold

N of L+ with dim N = dim M — d such that M =N @ L.

3. If d = dim M, then M is an affine space generated by L.
4. Ifd = dim M — 1, then M is a foliation generated by L.

Proof. By assumption, there exists a d-dimensional subspace £ such that

Lc () (Fn  kek),
heM

and hence, by Proposition 2.5 we obtain
LcCTpyM forallh e M.

Therefore, Proposition A.8 concludes the proof. O
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3 An example: The Lévy driven Hull-White extension of the Vasicek
model

For the sake of illustration of our previous results, we present an example from
mathematical finance, which concerns the modeling of interest rate curves, namely
the Lévy driven Hull-White extension of the Vasicek model, which is an example of the
so-called HJMM (Heath-Jarrow-Morton-Musiela) equation

{drt = (d—dErt—&—aHJM(Tt))dt—&—v(Tt,)dXt

ro = ho .

(3.1)

Here the state space is a suitable Hilbert space H consisting of functions h: Ry - R
(see, for example, [5, Sec. 5]), and d% is the differential operator, which is generated
by the translation semigroup on H. We refer, e.g., to [6, 4, 15, 12] for the Lévy driven
HJMM equation. In this section, we assume that the Lévy process is one-dimensional
and has the canonical representation X = W + = * (u* — v) with a standard Wiener
process W such that for some € > 0 we have [0, €] C supp(F’) or [—¢,0] C supp(F'), where
F denotes the Lévy measure of X. For the Hull-White extension of the Vasicek model
the volatility v : H — H is constant, that is y(h;) = y(hz) for all hy, hy € H. Therefore,
and since H consists of functions mapping R, to R, we agree to write v(£) instead of
(v(h))(&) for £ € R,. With this convention, the volatility v € H is given by

¥(€) = p-exp(—=cf), Ry

with constants p # 0 and ¢ € R. The drift agym € H is constant as well, and it is given by

the HJM drift condition
M = — - ‘1/'< */ V(ﬁ)d§>,
0

where ¥ denotes the cumulant generating function of the Lévy process X. Now, let M be
a two-dimensional submanifold, which is invariant for (3.1). Then, according to Theorem
2.7 the submanifold M is a foliation generated by £ = (£ — exp(—cf)). Consequently,
for the Lévy driven Hull-White extension of the Vasicek model with small jumps, every
invariant manifold must necessarily be a foliation. It is well-known that, conversely, the
Hull-White extension of the Vasicek model admits a two-dimensional realization, that is,
for every hy € D(d/d€) there exists a two-dimensional invariant manifold with hy € M,
where the invariant manifolds are foliations generated by L. For the Lévy driven case,
we refer, for example, to [17].

A Finite dimensional submanifolds in Hilbert spaces
In this appendix, we provide the required results about finite dimensional submani-
folds in Hilbert spaces. Let H be a Hilbert space and let &, m € IN be positive integers.

Definition A.1. A nonempty subset M C H is a m-dimensional C*-submanifold of H, if
for all hy € M there exist an open neighborhood U C H of hy, an open subset V C R™
and a map ¢ € C*(V; H) such that

1. ¢:V — UNM is a homeomorphism;
2. D¢(y) is one to one forally € V.

The map ¢ is called a parametrization of M around hy.

For what follows, let M be a m-dimensional C*-submanifold of H. For the purpose of
this paper, we require the notion of the flatness of M, which is defined as follows.
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Definition A.2. For hy € M we define the flatness of M at hg, denoted by fl M(hg), as
the largest integer d € {0, ..., m} such that for some d-dimensional subspace L C H and
some open neighborhood U of hy we have

LCTyM forallh e UNM.

Definition A.3. We call fl M := minpe fl M(h) the flatness of M.

Remark A.4. A similar notion, which also measures the amount of flatness of a manifold,
is the rank, which is defined for complete Riemannian manifolds. We refer, for example,
to [3], [2] or [16] for the precise definition.

Definition A.5. Let £ C H be a finite dimensional subspace.

1. M is an affine space generated by L if there exists an element gy € L such that
M=gy® L.

2. M is a foliation generated by L if there exists a one-dimensional C*-submanifold
N of L+ such that M =N @ L.

Definition A.6. Let £ C H be a finite dimensional subspace, and let hy € M be arbitrary.

1. M is a local affine space generated by L around h if there exist an open neighbor-
hood U of hg and an element gy € £+ such that U N M = U N (go © L).

2. M is a local foliation generated by L around h if there exist an open neighborhood
U of hy and a one-dimensional C*-submanifold N' of £1 such that UN M =
UnNnNeaL).

Proposition A.7. Let hy € M be arbitrary, let L C H be a subspace and let U C H be
an open neighborhood of hy such that

LCTyM forallheUnM. (A.1)

Then, denoting by hy = h1 + hs the direct sum decomposition of hy according to H =
L+ @ L, there exist open neighborhoods U; C £+ of hy and Us C L of hy such that
Uy := U; ® Us is an open neighborhood of hq satisfying the following conditions:

1. We have Uo nM = UO N ((UO ﬁ./\/l) +£)
2. The subset N := U;NIl;. M is a C*-submanifold of £+ with dim N = dim M —dim £,
and we have UyNM =Uy N (N & L).

Proof. Setting p := dim £, there exists an orthonormal basis {ey, ..., ey} of Ty, M such
that {eq, ..., ep} is an orthonormal basis of £. According to [5, Lemma 6.1.2] there exists
a parametrization ¢ : V/ ¢ R™ — U’ N M around hg with U’ C U such that

#({e,h)) =h forallh e U NM, (A.2)

where we use notation (e, h) := ({e1,h),...,{em,h)) € R™. Since U’ C H is an open
neighborhood of hg, there exist open neighborhoods U] C L of hy and U, C L of hs
such that U; @ U5 C U’. By (A.2) we have

dH U NM)CR™P and ¢ Y(U,NM)CRP (A.3)

with respect to the direct sum decomposition R™ = R™~? ¢ RP. Since V' is open in R™,
there are open subsets V; C R™? and V5 C R? such that Vy C V’/, where Vj := V; @ V5.
Since ¢ is a homeomorphism, there exists an open neighborhood U}, of hy such that
(Vo) = U, N M. By (A.3) there exist open neighborhoods U; C £+ of h; and Us C L of
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ho such that (U; @ 52) AM=UjNnM. Setting N := Uy NI M, Uy := Uy N I, M and
Uy :=U; & U,, we have 11Uy = U; and

d(Vo) =UpNM =N @& Uy,
and it follows that
UyNM=UNNa&Uy) CUNWN®®L). (A.4)
Defining the mappings ¢; := ¢|y, and ¢ := @|y,, we obtain:

s ¢1 € CF(Vy; L£Y) and ¢y € CF(Va; L), because ¢ € CF(Vy; H).
e ¢1: V1 — N and ¢, : Vo — U, are homeomorphisms, because ¢ : Vj — N @ Us is a
homeomorphism.

e For all y; € V; and y» € V» the mappings D¢1(y1) and D¢s(y2) are one to one,
because

Dé(y1 +y2) = Do1(y1) + Dda(y2)

is one to one.

Therefore, \ is a (m — p)-dimensional submanifold of £+ with parametrization ¢;, and
U, is a p-dimensional submanifold of £ with parametrization ¢,. Furthermore, by (A.2)
there is an isomorphism 7" : R? — £ such that ¢» = T'|y,, and hence, we have

gb(yl + yg) = gbl(yl) + Ty2 for all Y1 € Vi and Yo € Vs.
Now, we will show that
UoN(UoN M)+ L) CUy N M. (A.5)

Indeed, let h € Uy " M and g € L be such that h + g € Uy. Then there exist unique
y1 € V1, yo € Vo and 29 € RP such that h = ¢1(y1) + Ty2 and g = T'z5, and we obtain

h+g=0¢1(y1) + T(y2 + 22).

Since h + g € Uy and II;Uy = Uy, we have T(y2 + z2) € Us. Therefore, and since
T :RP — L is an isomorphism, we obtain y, + 2o € V5, and hence

h+g=0¢(y+ (y2+22)) € U N M,

proving (A.5). In order to prove the converse inclusion of (A.4), leth € N and g € L
be such that h + g € Uy. There exists f € £ such that h + f € Uy N M. Thus, we have
h+g=(h+f)+(g—f) € Uyn M+ L. Since h+g € Uy, by (A.5) we obtain h+g € UyNM,
completing the proof. O

Proposition A.8. Suppose that M is closed as a subset of H, and let L C H be a
subspace such that

LcCTyM forallh e M. (A.6)

Then the following statements are true:

1. We have M = M + L.
2. The subset N := Il;. M is a C*-submanifold of £L* with dim N = dim M — dim L,
and we have M =N & L.
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Proof. In order to prove M + L C M, let h € M and g € L be arbitrary, and suppose
that h + g ¢ M. We define ¢ € [0, 1] as

=inf{s € [0,1] : h + sg & M},

and set hg := h + tg. Since M is closed as a subset of H, we have hy € M, which implies
t < 1. Furthermore, there exists a sequence (s, )nen C (0,00) with s, — 0 such that
ho + sng ¢ M for all n € IN. By Proposition A.7 there exists an open neighborhood U of
hg such that

UNnM=Un((UnNM)+L),

which contradicts hg + s,g ¢ M for all n € IN, establishing the first statement.
According to Proposition A.7, the subset A/ := II,. M is a C*-submanifold of £+ with
dim N = dim M — dim £. Furthermore, we have M C A @ L. In order to prove the
converse inclusion N & £ C M, let h € N and g € £ be arbitrary. There exists f € £
such that h + f € M. Thus, we have h+g = (h+ f) + (9 — f) € M + L, and we obtain
N @ L C M+ L =M, establishing the second statement. O

Proposition A.9. Suppose that the submanifold M is connected as a topological sub-
space of H, and let d € Ny be such that fl M(hg) = d for each hy € M. Then there exist
a subspace £ C H with dim £ = d and a finite dimensional C*-submanifold N of £ with
dim N =m — d such that M = N @ L.

Proof. For each hy € M there exist a d-dimensional subspace £;, C H and an open
neighborhood Uy, of hy such that

Lp, CTpM forall h € Uy, N M. (A.7)
We will show that
Ly, = Ly, forall go,hy € M. (A.8)

Let g, ho € M be arbitrary. Since the submanifold M is locally path-connected and
connected, it is even path-connected, see, for example, [1, Prop. 1.6.7]. Thus, there
exists a continuous function f : I — M with f(0) = go and f(1) = hg, where I = [0,1].
Since the graph f(I) C M is compact, there exist an integer n € IN and elements
91, --,9n € f(I) with g, = hg such that

s =sn ( kL_J U,

We define an integer e € {1,...,n}, elements 0 = ¢, < ... < ¢t 1 and
different (0) ..,m(e) € {0,...,n} with 7(0) = 0, w(e) = n and f(tx) € U
f(ty) ¢ U Ug,, for k=0,..., e inductively as follows:

pa1rw1se

gﬂ'(l)’

* We set tg := 0 and 7(0) := 0.
* For the induction step £k — k+ 1 let k € {0,...,n — 1} be arbitrary.

- If f(tx) € Up,, then we set e := k.
- Otherwise, we define ¢y, € [tx, 1] as

k
thgr = inf{t €t f() ¢ U Ugﬂ(i)}. (A.9)
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By the continuity of f we have

k

the1 > tx and  f(tg1) € U Ugniir-
i=0

Thus, there exists an index [ € {1,...,n} with [ ¢ {n(1),...,n(k)} such that
f(tet1) € Uy, Weset m(k+1) :=1.

Now, by induction we prove that

L =L forall k=0,...,e. (A.10)

9 (0) 9 (k)

For the induction step £ — k + 1, by the definition (A.9) of ¢;;; we have

k

f(s) € U Ug,, foralls e [ty,tr1).
i=0

Moreover, by the continuity of f there exists § > 0 with ¢; < tx41 — 0 such that

f(s) el

G (k+1) for all s € (tk-‘rl — 4, tk—i—l]-

Therefore, we obtain

k
f(s) e (Ug,,, N U, forall s € (tpr1 — 0, trs1).

=0

w<k+1>)

Hence, there exist i € {0,...,k} and s € (tg41 — d,tp41) such that U :=U,_, NU, s

9 (i)
an open neighborhood of f(s). By (A.7) we obtain

w(k41) 1

Ly, +L CTyM forallheUNM.

9r(k+1)

Since i M(f(s)) = d, we deduce that £, _, = L4 ., , which completes the induction
step, and establishes (A.10), whence we arrive at (A.8). Therefore, and by (A.7) there
exists a d-dimensional subspace £ such that (A.6) is fulfilled. Consequently, applying
Proposition A.8 finishes the proof. O
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