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Abstract

We consider the interlacement Poisson point process on the space of doubly-infinite Z?-valued
trajectories modulo time-shift, tending to infinity at positive and negative infinite times. The set of
vertices and edges visited by at least one of these trajectories is the graph induced by the random
interlacements at level u of Sznitman [9]. We prove that for any u > 0, almost surely, the random
interlacement graph is transient.

1 Introduction

The model of random interlacements was recently introduced by Sznitman in [9]. Among other
results in [9], he proved that the random interlacement graph is almost surely connected. This
result was later refined in [6] and [7] by showing that every two points of the random interlace-
ment graph are connected via at most [d /2] random walk trajectories, and this number is optimal.
In this paper we further exploit the method of [7] in order to show that the graph induced by the
random interlacements is almost surely transient in dimensions d > 3.

1.1 The model

Let W be the space of doubly-infinite nearest-neighbor trajectories in Z¢ (d > 3) which tend to
infinity at positive and negative infinite times, and let W* be the space of equivalence classes of
trajectories in W modulo time-shift. We write # for the canonical o-algebra on W generated by
the coordinates X,,, n € Z, and #* for the largest o-algebra on W* for which the canonical map =*
from (W, #) to (W*, #*) is measurable. Let u be a positive number. We say that a Poisson point
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measure y on W* has distribution Pois(u, W*) if the following properties hold: for a finite subset
Aof Z4, denote by u, the restriction of u to the set of trajectories from W* that intersect A, and by
N, be the number of trajectories in Supp(u,), then u, = levil 0 (x,)» where X; are doubly-infinite
trajectories from W parametrized in such a way that X;(0) € A and X;(t) ¢ A for all t < 0 and for
allie{1,...,N,}, and

(1) The random variable N, has Poisson distribution with parameter ucap(A) (see (2.2) for the
definition of the cap(A)).

(2) Given N,, the points X;(0), i € {1,...,N,}, are independent and distributed according to the
normalized equilibrium measure on A (see (2.8) for the definition).

(3) Given N, and (Xi(O))?[il, the corresponding forward and backward paths are conditionally
independent, (X;(t),t > O)Ii\[A
X;(6),t < O)Il.vz“1 are distributed as independent random walks conditioned on not hitting A.

, are distributed as independent simple random walks, and

Properties (1)-(3) uniquely define Pois(u, W*) as proved in Theorem 1.1 in [9]. In fact, Theo-
rem 1.1 in [9] gives a coupling of the Poisson point measures u(u) with distribution Pois(u, W*)
for all u > 0, but we will not need such a general statement here. We also mention the following
property of the distribution Pois(u, W*), which will be useful in the proofs. It follows from the
above definition of Pois(u, W*).

(4) Let u, and u, be independent Poisson point measures on W* with distributions Pois(u;, W*)
and Pois(u,, W*), respectively. Then u, + u, has distribution Pois(u; + u,, W*).

We refer the reader to [9] for more details. For a Poisson point measure y with distribution
Pois(u, W*), the random interlacement graph ¢ = #(u) (at level u) is defined as the subgraph of
74 induced by p, i.e., its vertices and edges are those that are traversed by at least one of the
random walks from Supp(u). It follows from [9] that .# is a translation invariant ergodic random
subgraph of Z¢.

We consider the simple random walk on the graph .#, with uniform edgeweights, i.e., at each step
the random walker moves to a uniformly chosen neighbor of the current vertex. We say that a
graph is transient if the simple random walk on the graph is transient. Since .# is a translation
invariant ergodic random subgraph of Z¢, it is transient with probability 0 or 1.

1.2 The result

Our main result is the following theorem.

Theorem 1. Letd > 3 and u > 0. Let u be a random point measure on W* distributed as Pois(u, W*),
and P be the law of u. Then, P-a.s., the random interlacement graph % = #(u) is transient.

The main ingredient of the proof of Theorem 1 is Proposition 1. For x,y € Z? and a positive

. . SNB(r) . . . .

integer r, we write x «—" y if there is a nearest-neighbor path in .# that connects x and y and
uses only vertices of .# from the [*°-ball of radius r centered at the origin. (In particular, x and y
must be vertices in .¢ N B(r).)

Proposition 1. Let d > 3 and u > 0. Let .# be the random interlacement graph at level u. There
exist constants ¢ = c(d,u) > 0 and C = C(d, u) < oo such that for allR > 1,

P |{£NnBR)#0, ﬂ xﬂﬂf)y} 21—Cexp(—cR1/6). 1.1

x,y€#NB(R)
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Remark 1. The exponent 1/6 is not optimal, but suffices for the proof of Theorem 1. In fact,
Theorem 1 follows if the probability in (1.1) tends to 1, as R — oo, faster than any polynomial.

Remark 2. Random interlacements were defined on arbitrary transient graphs in [10]. It was
proved in [11] that for any transient transitive graph G, the interlacement graph on G is almost
surely connected for all u > 0 if and only if G is amenable. The following question arises naturally:
does Theorem 1 hold for any transient amenable transitive graph?

2 Notation and facts about Green function and capacity

In this section we collect most of the notation, definitions and facts used in the paper. For a € R,
we write |a| for the absolute value of a, |a] for the integer part of a, and [a] for the smallest
integer not less than a. For x € Z¢, we write |x| for max (Ix1l,..-,]x4l). For a set S, we write |S|
for the cardinality of S. For R > 0 and x € Z9, let B(x,R) = {y € Z¢ : |x — y| <R} be the [®-ball
of radius R centered at x, and B(R) = B(0,R). We denote by 1(A) the indicator of event A, and by
E[X;A] the expected value of random variable X1(A).

Throughout the paper we always assume that d > 3. For x € Z¢, let P, be the law of a simple
random walk X on Z¢ with X(0) = x. We write g(-,-) for the Green function of the walk: for
x,y €74, g(x,y) = Zfio P.[X(t) = y]. We also write g(-) for g(0,-). The Green function is
symmetric and, by translation invariance, g(x,y) = g(y — x). It follows from [2, Theorem 1.5.4]
that for any d > 3 there exist a positive constant ¢, = c,(d) and a finite constant C, = C,(d) such
that for all x and y in Z¢,

cg min (1, |x — ylzfd) < g(x,y) < C,min (1, |x — ylzfd) . (2.1)

Definition 2.1. Let K be a subset of Z?. The energy of a finite Borel measure v on K is
sv) = f f g )AvEAV () = > gl y VeV (y).
kK JK x,yeK
The capacity of K is

-1
cap(K) = [igfé’(v)] , (2.2)

where the infimum is over probability measures v on K. (We use the convention that co™! = 0,
i.e., cap(f) =0.)

The following properties of the capacity immediately follow from (2.2):

Monotonicity: for any K, € K, ¢ Z¢, cap(K;) < cap(K,); 2.3)
Subadditivity: for any K;,K, € Z4, cap(K; UK,) < cap(K;) +cap(K,); (2.4
Capacity of a point: for any x € 74, cap({x})=1/g(0). (2.5)

It will be useful to have an alternative definition of the capacity.

Definition 2.2. Let K be a finite subset of Z<. The equilibrium measure of K is defined by

ex(x) =P, [X(t)¢K forall t >1]1(x €K), x € Z. (2.6)
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The capacity of K is then equal to the total mass of the equilibrium measure of K:

cap(K) = D ex(x), @.7)

P

and the unique minimizer of the variational problem (2.2) is given by the normalized equilibrium
measure
ex(x) = ex(x)/cap(K). (2.8)

(See, e.g., Lemma 2.3 in [1] for a proof of this fact.)

As a simple corollary of the above definition, we get

P, [Hx <oo] = Z g(x, y)ex(y), for x € Z°. (2.9)
Y€K

Here, we write Hy for the first entrance time in K, i.e., Hy = inf{t > 0 : X(t) € K}. We will
repeatedly use the following bound on the capacity of B(0,R) in d > 3 (see (2.16) on page 53 in
[2]): there exist constants ¢;, = ¢,(d) > 0 and C, = C,(d) < oo such that for all positive R,

c,R¥2 < cap(B(0,R)) < C,RY™2. (2.10)

Finally, we will often use in the proofs the following large deviation bounds for the Poisson dis-
tribution, which can be proved using the exponential Chebyshev enequality. Let & be a random
variable which has Poisson distribution with parameter A, then

P[A/2<E<2A]>1—2e 710 (2.11)

Throughout the text, we write ¢ and C for small positive and large finite constants, respectively,
that may depend on d and u. Their values may change from place to place.

3 Proof of Theorem 1

We recall the following result about an equivalent characterization of the transience of simple
random walk on a graph. The statement and proof of a more general theorem about an equivalent
characterisation of the transience of reversible Markov chains can be found on page 398 of [3].

Lemma 1. Let G = (V,E) denote a countable, simple graph in which the degree of each vertex is
finite. The simple random walk on G is transient if and only if there exist real numbers (u(x, y)) yev
with the following properties:

(l) U(J’,X) = —U(X,)’) and U(X;J’) # 0 Only ’:f{xay} € E;
(D) Dev | 2yer u(x,y)‘ <ooand ), ., (Zyev u(x,y)) #0,

(i) Yy Zer u(x,y)? < oo.

We refer to a function (u(x, y)), ey satisfying (i) as a flow on G and u(x, y) as the amount of net
flow from vertex x to vertex y. We say that ZyEV u(x,y) is the net influx at vertex x. Condition
(ii) states that the influxes are absolutely summable (this can be thought of as a relaxation of
Kirchoff’s law) and that there is a nonzero net influx into the network. Condition (iii) says that
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the Thompson energy of the flow is finite. We are going to prove Theorem 1 by constructing such
a flow on the graph .#.

Denote by S¢ the d-dimensional Euclidean unit sphere. Given v € $¢ and ¢ € (0, 1), we define the
graph #(v,¢) by

[0.9)
Lv,e)=92n UB(nv, n). 3.1
n=1
The set U;’il B(nv,n®) is roughly shaped like a paraboloid with an axis parallel to v. We denote

by €6, (v, €) the maximal subgraph of .#(v, ) in which every connected component is infinite. (If
#(v, €) does not contain an infinite connected component, we set 6., (v,&) =0.)

Lemma 2. Forany u> 0and 0 < e < 1, we have

P {U {vvest: B(M)n‘goo(v,s)#(b}} =1. (3.2)

M1
Proof. For any z € Z, define the events

FNB(z,32[°)

1 1
Azz{Vx,yEJHB(z,Z|z|8):x —> y}, Bzz{jﬂB(z,§|z|£)7é(/)}.

It follows from the Borel-Cantelli lemma and Proposition 1 that P(liminf,c,¢A, N B,) = 1, i.e.,
almost surely the number of z € Z¢ for which A, N B, does not occur is finite.

Note that there exists an integer m such that for every v € ¢, there exists a Z?-valued sequence
(2;)72, with z; € B(m) and |z;| — oo, such that for all i, (a) B(z;, %Izilg) C U;“;IB(nv, nf) and
(b) B(z;, %lzils) and B(z;41, %Iziﬂle) are subsets of B(z;,1, ilzi+1|€). Indeed, one can take, for
example, a discrete approximation of the R?-valued sequence ((i + iy)v), for large enough i.
(Note that i, can be chosen independent of v.)

Let M be an almost surely finite random variable such that, for all v € S and i > M, the events
A, and B, hold. Then, for alli > M, .# N B(z;, %Izilg) # 0, and every vertex in .# N B(z;, %lzilg) is
connected to every vertex in £ N B(2;41, §|zi+1 |?) by a path in .#(v, ¢). This implies (3.2). O

Definition 3.1. It follows from Lemma 2 that we can almost surely assign (in a measurable way)
to every v € S a (random) simple nearest-neighbor path w, = (w,(n)), in the graph .#(v, ¢).
In particular, for all n #m € N, w,(n) # w,(m), and lim,,_,, |w, (n)| = co.

Our construction of the flow u with finite energy is analogous to the proof of Pélya’s theorem in
[4]. For every v € S? define (t,(x,¥))x,yes to be the unit flow that goes from w, (0) to oo along
the simple path w,,, more precisely let u,(x,y) = —u,(y,x) =1ifw,(n)=x and w,(n+1) =y
for some n € IN and, otherwise, let u,(x, y) = 0. With this definition we have

D (6, y) =[x =w,(0)]. (3.3)

YES

Note that for any v € S¢ the flow u, satisfies (i) and (ii) of Lemma 1, but fails to satisfy (iii).
We define the flow u as the average of the flows u, with respect to v, more precisely let

u(x,y) 1=J. u,(x, y)dA(v)
sd



384 Electronic Communications in Probability

where A is the Haar measure on $¢ normalized to be a probability measure.
Now we check that u is a flow with finite energy on .#, i.e., the conditions of Lemma 1 hold.
The function u inherits property (i) from the flows u,. From (3.3) it readily follows that we have

Zyey u(x,y)>0forallx € #and that), _, (Zy@, u(x, y)) = 1 holds, from which (ii) follows.

It only remains to show that the energy of u is finite, i.e., (iii) holds. Note that u(x, y) # 0 only if
|x — y| =1. We have

3 3 _(xy?
lu(x, y)| < . lu, (x, y)|dA(v) < [x e UB(nv n®)1dA(v) < CMT. (3.4)

n=1

Now choose 0 < ¢ < i in Definition 3.1. The corresponding flow u has finite energy:

Z z:u(x,y)2 < i Z Z u(x, y)z < CZ Z 2(e-1)(d-1)

xeZ4 yezd n=1 |x|=n |x-y|=1 n=1 |x|=n
> (o)
BN
n=1
Therefore, the flow u satisfies the conditions of Lemma 1, which proves Theorem 1. O

4 Proof of Proposition 1

4.1 Bounds on the capacity of certain collections of random walk trajecto-
ries

The aim of this subsection is to prove Lemma 6 (with <I>()_( ~»> T) defined in (4.2)), which will be
used in the proof of Lemma 7.

The following lemma is proved in [7] for d > 5, see Lemma 3 there. The cases d = 3,4 can be
proved similarly. Therefore, we state this lemma without proof.

Lemma 3. Let (x;);>; be a sequence in 74, and let X; be a sequence of independent simple random
walks on Z¢ with X;(0) = x;. Let

n'/2  ifd=3,
F(n,d)={logn ifd=4, and
1 ifd > 5.

Then for all positive integers N and n, we have

N 2n
Z Z g (X,().X,(0)) | <C (NnF(n,d)+N2n*4/2). 4.1)
i,j=1s,t=n+1

O

Let (X;(t) : t = 0);»; be a sequence of nearest-neighbor trajectories on 74, and Xy = (X1, ...,Xy)-
For positive integers N and T, we define the subset (X, T) of Z¢ as
N
oXy, T)=|J{X:(t) : 1<e<T}. (4.2)
i=1



On the transience of random interlacements 385

Lemma 4. Let X; be a sequence of independent simple random walks on Z< with X,;(0) = x,. There
exists a positive constant c such that for any sequence (x;);>, C 74 and for all positive integers N and
T}

— — NT d-2
cap (<I>(XN, T)) < and Ecap (@(XN, T)) > c¢min ( ) , (4.3)

NT .
g(0)’ F(T,d)’

where the function F is defined in Lemma 3.

Remark 3. Heuristically, Ecap (4)()_( N> T)) is at least chz) when the random walks in X are
.10)

2
well separated, and at least cap(B(cT'/?)) >

> ¢T2* when the set ®(X y, T) saturates the ball
B(cTY?).

Proof. The proof of this lemma is similar to the proof of Lemma 4 in [7], so we give only a sketch
here. (Note that the definition of ®(Xy,R) in [7] is different from the one in (4.2).)

The upper bound on the capacity of ®(Xy, T) follows from (2.4) and (2.5). Let n = | T/2]. By the
definition of the capacity (2.2) and the Jensen inequality,

N  2n -1
Ecap (8(Xy,T)) > N2n? (E [Z > g(Xi(s),Xj(t)):|) .

i,j=1s,t=n+1
The lower bound in (4.3) now follows from Lemma 3. O

As a corollary of Lemma 4 we obtain the following lemma.

Lemma 5. Let X; be a sequence of independent simple random walks on Z® with X,(0) = x;. There
exists a positive constant c such that for any sequence (x;);s; C Z* and for all positive integers N and

T,
P 8%y, T)) > cmin [ 7% ) | > ¢ 4.4
oo (o8 0) 2 emin 7577 | 2 g @0

Proof. Remember the Paley-Zygmund inequality [5]: Let & be a non-negative random variable
with finite second moment. For any 6 € (0,1), P[£ > OEE] > (1 — 0)? [EE]? /E[&2].
We first consider the case d = 3. Note that in this case, min(%,T%) = T2, Since

®Xy,T) 2 ®(X,, T), by (2.3), it suffices to show that

P [cap (d)()_(l, T)) > ch/zJ >c.

It follows from (4.3) that Ecap (<I>()_(1, T)) > ¢T"2. On the other hand, the set ®(X,, T) is con-
tained in B(X,(0), M), where M = max{|X;(t) — X;(0)| : 1 <t < T}. Therefore, by (2.3) and
(2.10), cap (<I>()_(1, T)) < CM. In particular, since EM? < CT, we have E [cap (@()_(1, T))z] <
CT. The result now follows from the Paley-Zygmund inequality.

Let d > 4. An application of the Paley-Zygmund inequality and (4.3) gives

. NT =22
NT “)} - cmm(—F(T’d),T 2 )

P |cap (®(Xy,T)) > cmin , T 4.5
|: p ( ( N )) (F(T,d) 2 N2T2 ( )
We distinguish two cases. If min (%, T%z) = %, the result immediately follows from

(4.5) and the definition of F. Otherwise, if min(%,T%) = T%z, we take N’ < N in
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[T%"F(T,d),ZTd%F(T,d)] Such a choice is possible, since 1 < TL?F(T,d) < N. The result
then follows from (4.5) by observing that cap (cb()_(N, T)) > cap (fb()_(N,, T)) by (2.3). O

In the next lemma we show that the capacity of ®(X, T) is large with high probability.

Lemma 6. Let ¢ € (0,1). Let X; be a sequence of independent simple random walks on Z% with
X;(0) = x;. There exists a positive constant ¢ such that for any sequence (x;);>, € Z* and for all
positive integers N and T,

P [cap (@()_(N, T)) > cmin (NT%, 75 )] >1—exp (—ch/z) . (4.6)

Proof. For positive integers N, T and k, we define the subset (X, T) of Z¢ by

N
& Xy, D)= J{xi(t) : k=DT+1<¢<kT}.
i=1

It follows from the Markov property, (4.4), and the definition of the function F, that

- =~ . ~1/g md=2 . ~ c
P [cap (#:Xy,T)) = cmin (NTl/z,sz ) | X,(t), ie{l,....N}, t < (k— 1)T] > e

Therefore, for any 6 > 0,

L7°] |7°]
- o de c ~
P | cap U&Pk(XN,T) > cmin (NTl/Z,TdTZ) > 1—|:1— _ 2} > 1—exp (—cT5/2).
k=1 (logT)

The result follows by observing that U,L(ZJ &, (Xy, T) S ®(Xy, | T'*?]), and by taking £ = 6 /(1 +
6). O

4.2 Bounds on the capacity of certain subsets of random interlacement

The aim of this subsection is to prove Lemma 10, which states that with high probability for
x € ¢, the connected component of .# N B(x,R) that contains x has large capacity. We prove
the statement by constructing explicitly for x € .¢ a connected subset of .¢ N B(x,R) of large
capacity that contains x. In this construction, we exploit property (4) of Pois(u, W*), which allows
to describe .# as the union of independent identically distributed random interlacement graphs
H, .., Fy_o. We begin with auxiliary lemmas.

Let A be a finite set of vertices in Z%. Let u be a random point measure with distribution
Pois(u, W*), and u, its restriction to the set of trajectories from W* that intersect A. We can write
the measure u, as Zivil 0 +(x,) (recall the notation from Section 1.1), where N = |Supp(u,)|, and
Xq,...,Xy, are doubly-infinite trajectories from W parametrized in such a way that X;(0) € A and
X;(t)¢Aforallt <Oand forallie{l,...,N,}. We define the set W(u,A, T) as

Ny

V(A T) = J{X(t) : 1<t<T}. 4.7)
i=1
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Lemma 7. Let € € (0,1). Let u be a Poisson point measure with distribution Pois(u, W*), then for
all finite subsets A of Z¢ and for all positive integers T, one has

1-¢ (d—2)(1-¢)

P [cap (¥(u,A, T)) > cmin (cap(A)TT, T )] > 1 — geemin(T cap@) (4.8)

Proof. 1t follows from property (1) of Pois(u, W*) that N, has the Poisson distribution with param-
eter ucap(A). Therefore, by (2.11), P [N, > ccap(A)] > 1 — Ce~c®A Pproperties (2) and (3) of
Pois(u, W*) imply that given Ny, the forward trajectories X, ..., Xy, are distributed as independent
simple random walks. Therefore, Lemma 6 applies, giving that

P [cap (¥(u,A, T)) > cmin (NAle;E’ TW)} >1— T
The result follows. .

Let X be a simple random walk on Z¢ with X(0) = x. Let u®®,u®, ... be independent random
point measures with distribution Pois(u, W*) (the parameter u is fixed here), which are also inde-
pendent of X. We denote by IP,. the joint law of X and u("’s. Let T be a positive integer. We define
the following sequence of random subsets of Z:

UD(x, T)=1{X(t) : 1<t <T}, (4.9)
and for s > 2 (see (4.7) for notation),
U9, T) = (u, U D(x, T), T). (4.10)
Note that for eachs > 1, | J,_, UD(x, T) is a connected subset of Z?. In the next lemma, we show
that for any y > 0, with high probability, the set | J,_, UV(x, T) is a subset of B(x,sT(7)/2),
Lemma 8. Let v € (0,1). There exist ¢ = c(u,d,s) > 0 and C = C(u,d,s) < oo such that

P, [ JUu®(x, T) S B(x,sTO2) | >1—Ce™ ™. (4.11)

i=1
Proof. We denote the event {| J;_, UD(x, T) € B(x,sT(*7/2)} by D, and its complement by D¢.
If s =1, (4.11) follows from Hoeffding’s inequality: PP, [Di] < 2de~T'/8, Assume that (4.11) is

proved for s’ <s. Then
P, [D¢] <P[Di,] +P, [D5,D,],

and it remains to show that P, [DSC, Ds_l} < Ce™"". Note that if D,_; occurs,

ISP 1y 1)l < ISUPP(AS., iy

(See Section 1.1 for the notation.) Let us denote the right hand side of the above inequality by
N. It follows from property (1) of Pois(u, W*) that N has the Poisson distribution with parameter
ucap (B(x, (s — 1)T(1+7’)/2)). In particular, using (2.10) and (2.11), we obtain that

—eTORR T

P, [N > CT(CI*2)(1+Y)/2:| < Ce
On the other hand, properties (2) and (3) of Pois(u, W*) imply that
P, [DS, D,y ] <P, [N = cTU D02 ] 4 cT@20402p [D{] < Ce™ ™.

This completes the proof of the lemma. O
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The next lemma follows immediately from Lemma 7 and the definition of U O (x, T).

Lemma 9. Let ¢ € (0,1/2). For any positive integer s, there exist ¢ = c(d,u,s) > 0 and C =
C(d,u,s) < oo such that for all positive integers T,

s

P, |N {cap (U9(x,T)) = cmin (T(T) T%)} > 1~ Cexp (—cT*?). (4.12)

i=1

Proof. The case s = 1 follows from (4.9) and Lemma 6. Let s > 2. Note that, for ¢ € (0,1), the
event in (4.12) with ¢’ in place of ¢ is implied by the event

ﬁ {cap (U(i)(X, T)) > cmin (cap (U(i_l)(x, T)) T, T%) } ,
i=1

where we set by convention cap (U O(x, T)) = 1. The result now follows (by induction in s) from
(4.12) for s = 1, Lemma 7 and the definition of U®)(x, T), see (4.10). O

Corollary 1. It follows from Lemmas 8 and 9 that for any ¢ € (0,1/2),

d—-2
P, | |JUD(x, T) S Bx,(d — 2)TI+)2), cap (U“4D(x,T)) > T | >1-ce T,

i=1

(4.13)
In particular on the event in (4.13), Uf;lz UD(x, T) is a connected subset of B(x, (d — 2)T(1+2)/2),

Let u be a Poisson point measure with distribution Pois(u, W*), and let .# be the corresponding
random interlacement graph at level u. (See Section 1.1 for the definition.) For x € .4, let 6 (x,R)
be the connected component of .¢ N B(x,R) that contains x. We define ¢ (x,R) as an empty set
for x ¢ #. In the next lemma we show that for x € .#, the capacity of 6 (x,R) is large enough
with high probability.

Lemma 10. For all ¢ € (0,2/3), R > 0, and x € Z¢, we have

P [x €%, cap(6(x,R)) < cRU21)] < ce~R™, (4.14)

Proof. Let u®, . uld=2 be independent Poisson point measures with distribution Pois(ﬁ, w*).
Let IP be the joint law of uY). By property (4) of Pois(u, W*), the measure u has the same law as
Z?:_f u®. Therefore, we may assume that y = Z;:lz u@. In particular, the random interlacement
graph ¢ = #(u) equals Uflz_lz 4 where .0 = #(u) are independent random interlacement
graphs at level ﬁ, and the vertices and edges of .# are the ones of Z? that are traversed by at
least one of the random walks from Uf;lz Supp(u).

It follows from (4.13) (with T = R?) and property (3) of Pois(=*=, W*) that for any 6 € (0,1/2),

d-2°
R>0,x€BR)andie€{l,...,d -2},

P [x €99, cap (6(x,R*?)) < RU-20-9] < Co R

The result follows by taking § = ¢/(2 — ¢). O
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4.3 Proof of Proposition 1

Proposition 1 will follow from Lemma 13, which states that with high probability, any two vertices
from .# N B(R) are connected by a path in .# N B(CR) for large enough C. This result will follow
from (4.14), (4.15) and property (4) of Pois(u, W*).

We begin with auxiliary lemmas. Lemma 11 is standard, so we only give a sketch of the proof
here.

Lemma 11. Let A be a subset of B(R). Let X be a simple random walk on Z¢ with X(0) = x € B(R).
Let Hy be the entrance time of X in A, and Ty, the exit time of X from B(r). Then there exist ¢ > 0
and C < oo such that for all R > 0 and x € B(R),

P, [HA < TB(CR)J > cR*"cap(A).

Proof. We use the identity (2.9). Since A is a subset of B(R), the inequality (2.1) implies that, for
any y € Aand x € B(R), g(x,y) = c,(2R)*™%. By (2.7) and (2.9), P, [H, < 00] = ¢,(2R)* 4 cap(A).
On the other hand, for y € A and z ¢ B(CR), the inequality (2.1) gives g(z,y) < C,((C — 1)R)* 4.
Therefore, by (2.7), (2.9) and the strong Markov property of X applied at time Tg(cg), we have
P, [TB(CR) <H,< oo] < C,((C— 1)R)*~4cap(A). The result follows by taking C large enough. [

Lemma 12. There exist ¢ > 0 and C < oo such that for all R > 0 and for all subsets U and V of
B(R), we have

P [U I OBER) V] >1-Cexp (—ch_dcap(U)cap(V)) . (4.15)
Proof. Let u be a random point measure with distribution Pois(u, W*). Remember from Section 1.1
Ny e . .

that uy = 3% 6,x,), where Ny = |Supp(uy)| and X;,...,Xy, are doubly-infinite trajectories
from W parametrized in such a way that X;(0) € U and X;(t) ¢ U for all t < 0 and for all
ief{l,...,Ny}

It follows from property (1) of Pois(u, W*) and (2.11) that P (Ny > ccap(U)) > 1 — Ce~ccap(U),
Therefore, by Lemma 11 and properties (2) and (3) of Pois(u, W*), we have

P [U $NB(CR) V} ccap(U)

%

1—TP (Ny <ccap(U)) — (1 - cRZ*dcap(V))
> 1—-Cexp (—CRZ*dcap(U)cap(V)) .

In these inequalities we also used the fact that cap(V) < CRY~2, which follows from (2.3) and
(2.10). The proof is complete. O

As a corollary of Lemmas 10 and 12 we get the following lemma.

Lemma 13. There exist ¢ > 0 and C < oo such that for all R > 0 and x,y € B(R), we have
[
P [x,y IS {x Ji{<QB£>R)y} } < Cexp (—ch/ﬁ) . (4.16)

Proof. Let u be a Poisson point measure with distribution Pois(u, W*), and u”, u® and u® be
independent Poisson point measures with distribution Pois(u/3, W*). Let IP be the joint law of u®.
By property (4) of Pois(u, W*), the measure y has the same law as Z?zl u®. Therefore, we may
assume that u = Z?zl u®, so that the random interlacement graph .¢ = .#(u) equals U?:l 40N
where #0 = ¢(u®) are independent random interlacement graphs at level u/3. In particular,
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the vertices and edges of .# are the ones of Z? that are traversed by at least one of the random
walks from U?:l Supp(u®).

Let ¥®(x,R) be the connected component of x in £ N B(x,R). In particular, € (x,R) C
% (x,R), but it is not true in general that U?Zl ¢D(x,R) = €(x,R). Since R is fixed throughout
the proof, we write € (x) for € (x,R). We have for x, y € B(R),

c 3 ) ) c
P [x,yey,{x“@—@y} ] <>p [xeﬂ(‘),yeﬂ(”,{xyﬂmy} ]
=1

For each i,j € {1, 2,3}, choose k S {1,2,'3} which is different from i and j. By construction, the
set #%) is independent from .#(® and .#0. For each such i, j, and k, we obtain

C
P [x € J(i),y e gD, {x IRBER) y}c] <P {x c y(i)’y e g0, {cg(i)(x) y(k()n_B(,CR) (g(j)(y)} :| )
We define the events E; € {x € .40} and E, C {y € .V} as
E; = {cap (¢"(x)) > cR**"P3} and E, = {cap (¢V(y)) > cR¥*"P/3}.
We denote the intersection E; N E, by E. By Lemma 10 (with ¢ =1/3), we get
P [{x e sOINE ] +P [{y € sV} \E,] < Ce™®™.

Note that € (x) and €Y( y)'are subsets of B(2R). Therefore, it follows from Lemma 12 and the
independence of .#® from .#(® and .#1), that

. Q] . . .
P [E\ {%m(x) G ‘6())(}')}] < CE [exp (—ch_dcap (%(‘)(x)) cap (%(J)(y))) ;E]
< Cexp (—cR(d_z)/3) )
Putting the bounds together gives the result. O

Proof of Proposition 1. We will use a standard covering argument to derive (1.1) from (4.16).
Take the constant C from the statement of Lemma 13. It suffices to prove (1.1) for R > 2C. Let
R’ =|R/2C|. For each z € Z4, we define the events

#NB(z,R)
AD={snB@ER)A0}, AP= (] ix y}’
x,y€#NB(2,2R)

and A= ﬂZEB(R)AS) NA®. It follows from property (1) of Pois(u, W*) and (2.10) that
]P(A(l)) =1— e—ucap(B(z,R’)) >1— e—cR
2 jl >
and from Lemma 13 that
P(A®) > 1 - Ce k",

In particular, P(A) > 1 — C’ exp(—cR'/®). It remains to note that A implies the event in (1.1).
Indeed, for all z,z” € B(R) with |z — 2’| = 1, B(z,R") UB(2’,R’) C B(z, 2R’); thus if A occurs then
every vertex in the non-empty set .# N B(z,R’) is connected to every vertex in the non-empty set
£ NB(z',R") by a path in .# N B(z,R) C B(2R). Since any two vertices in B(R) are connected by a
nearest-neigbor path in B(R), A implies the event in (1.1). The result follows. O
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