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Abstract

We prove the uniqueness of the martingale problem associated to some degenerate operators.
The key point is to exploit the strong parallel between the new technique introduced by Bass and
Perkins [2] to prove uniqueness of the martingale problem in the framework of non-degenerate
elliptic operators and the Mc Kean and Singer [13] parametrix approach to the density expansion
that has previously been extended to the degenerate setting that we consider (see Delarue and
Menozzi [3]).

1 Introduction

1.1 Martingale problem and parametrix techniques

The martingale approach turns out to be particularly useful when trying to get uniqueness results
for the stochastic process corresponding to an operator. In a recent work, R. Bass and E. Perkins [2]
introduced in the framework of non-degenerate, non-divergence, time-homogeneous operators
a new technique to prove uniqueness of the associated martingale problem. Precisely, for an
operator of the form

Lf(x)= 1Tr(a(x)sz(x)) f eC?RY,R), x eRY (1.1)
2 x > 0 > )5 > :

the authors prove uniqueness provided a is uniformly elliptic, bounded and uniformly n-Hélder
continuous in space () € (0,1]), i.e. there exists C > 0 s.t. for all (x,y) € RY, |a(x) —a(y)| <
C(1 A |x — y|™). That is, for a given starting point x € R?, there exists a unique probability
measure P on C(R*,R%) s.t. denoting by (X,),>o the canonical process, P[X, = x] = 1 and for
every f € Cg(]Rd,R), fX)—f(x)— fot Lf(X,)ds is a P-martingale.

In the indicated framework, this result can be derived from the more involved Calderén-Zygmund
like LP estimates established by Stroock and Varadhan [17], that only require continuity of the

234


http://dx.doi.org/10.1214/ECP.v16-1619

Parametrix and degenerate martingale problems 235

diffusion matrix a, or from a more analytical viewpoint from some appropriate Schauder estimates,
see e.g. Friedman [5].

Anyhow, the technique introduced in [2] can be related with the first step of Gaussian approxi-
mation of the parametrix expansion of the fundamental solution of (1.1) developed by McKean
and Singer [13] that we now shortly describe. Suppose first that, additionally to the previous as-
sumptions of ellipticity, boundedness and uniform Holder continuity, the diffusion coefficient a is
smooth (say C*(R9,R)). Thus, the fundamental solution p(s, t, x, y) of (1.1) exists and is smooth
for t > s, see e.g [5]. Precisely, we have:

3.p(s, t,x,y)=L*p(s,t,x,y), t >s, (x,y) € (R)?, p(s, ¢,x,.) 00,

where L* stands for the adjoint of L and acts on the y variable. For fixed starting and final
points x,y € R? and a given final time t > 0, in order to estimate p(0, t,x, y), one introduces
the Gaussian process X) = x + o(y)W,_, u € [s,t],s < t, where (W,),cr0,—s] is a standard d-
dimensional Brownian motion and co*(y) = a(y). Observe that the coefficient of X” is frozen
here at the point where we consider the density. Denote by p” (s, t, x,.) the density of X” at time
t starting from x at time s, and for ¢ € Cg(Rd,]R), define by LY p(x) = %Tr(a(y)Dﬁgo(x)) its
generator. The density p” (s, t, x, .) satisfies the Kolmogorov equation:

3.p7 (s, t,x,2) = =LV pY (s, t,x,2), s < t, (x,2) € (R?, p’(s,t,.,2) = 6:0),
sTt

where LY acts here on the x variable. Take now z = y in the above equation. By formal derivation
and the previous Kolmogorov equations we obtain:

t
p(0,t,x,y) p” (0, t,x,y)=f dsasf p(0,s,x,w)p’ (s, t,w, y)dw
0 R4

t
= stf (L*p(0,5,%,w)B (s, t,w, ¥) = (0,5, X, W)L B’ (s, £, w, y)) dw
0 RE

t
f dSJ p(O,S,X,W)(L—iy)ﬁy(S, f,W:J’)dW
0 R4

t
J dSJ p(0,s,x,w)H(s, t,w,y)dw := p ® H(O, t,x, ), 1.2)
0 Rq

where ® denotes a time-space convolution. Observe that H(s, t,w, y) := (a(w) — a(y)) %

Df, p? (s, t,w,y). From direct computations, there exist ¢,C > 0 (depending on d, the 121niform
ellipticity constant and the L., bound of a) s.t. |Dfo)y(s, t,w,y)| < (t_s)% exp(—c%). The
previous uniform Hoélder continuity assumption on a is therefore a sufficient (and quite sharp)
condition to remove the time-singularity in H. The idea of the parametrix expansion is then to
proceed in (1.2) by applying the same freezing technique to p(0,s, x,w) introducing the density
P"(0,s,x,.) of the process with coefficients frozen at point w. One eventually gets the formal
expansion

p(0,£,,y) = (0, t,x, ) + > p @ H(0, t,x,y), (1.3)
k>1

where H®, k > 1, stands for the iterated convolutions of H, and V(s, t,2,y) € (R*)? x R¢,
p(s,t,2,y) :=pY(s,t,2,y). The Holder continuity gives that H is a “smoothing" kernel in the sense
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that there exist ¢, C > 0 (with the same previous dependence) s.t.

k+1 2
—2Z

b ® H®(s, 1,2, y)| < C**'(t - )"”/2| |B(1+ L n)(t—s)_d/zexp(—clyt | ),
—S

B(m,n) = fol s™1(1 —s)""'ds standing for the 8 function. From this estimate, equation (1.3) and
the asymptotics of the 8 function, one directly gets the Gaussian upper bound over a compact time
interval. Namely for all T > 0, there exist constants ¢,C > 0 s.t.
d~\2 |y - X |2
VO<s<t<T, V(x,y)e (R, p(s,t,x,y) L ——=exp(—c—), (1.4)
(t —s)d/2 t—s
with ¢, C depending on d, the uniform ellipticity constant and L., bound of a and C depending on
T as well. We refer to Konakov and Mammen [9] for details in this framework.
Up to now we supposed a was smooth in order to guarantee the existence of the density and
justify the formal derivation in (1.2). On the other hand, the r.h.s. of (1.3) can be defined without
additional smoothness on a than uniform n-Hoélder continuity. The Gaussian upper bound (1.4)
also only depends on the Holder regularity of a. A natural question is to know whether the
rh.s. of (1.3) corresponds to the density of some stochastic differential equation under the sole
assumptions of uniform ellipticity, boundedness and Holder continuity on a. A positive answer
is given by the uniqueness of the martingale problem associated to (1.1). Indeed, considering a
sequence of equations with mollified coefficients, we derive from convergence in law, the Radon-
Nikodym theorem and (1.4) that the unique weak solution of dX, = o(X,)dW, associated to L
admits a density that satisfies the previous Gaussian bound. It is actually remarkable that the
uniqueness of the martingale problem can be proved using exactly the smoothing properties of
the previous kernel H. That is what was achieved by Bass and Perkins [2] in the framework we
described and it is the main purpose of this note in a degenerate setting.
To conclude this paragraph, let us emphasize that the previous parametrix approach has been
used in various contexts. It turns out to be particularly well suited to the approximation of the
underlying processes by Markov chains, see Konakov and Mammen [9, 10] for the non-degenerate
continuous case or [11] for the approximation of stable driven SDEs. On the other hand, recently,
we used this technique to give a local limit theorem for the Markov chain approximation of a
Langevin process [12] or two-sided bounds of some more general degenerate hypoelliptic opera-
tors [3]. In particular, in both works, we have an unbounded drift term. The unboundedness of the
first order term imposes a more subtle strategy than the previous one for the choice of the frozen
Gaussian density. Namely, one has to take into consideration in the frozen process the “geometry"
of the deterministic differential equation associated to the first order terms of the operator. This
will be thoroughly explained in the next section. Anyhow, the strategy of the previous articles
allows to extend the technique of Bass and Perkins to prove uniqueness of the martingale problem
for some degenerate operators with unbounded coefficients.

1.2 Statement of the Problem and Main Results

Consider the following system of Stochastic Differential Equations (SDEs in short)

dx; =F(t,X},....XDdt +o(t,X/},..., Xx"dW,,
dx?=F,(t,X},....X")dt,
dx? =F;(t,X2,...,.X"dt, t>0, (1.5)

— -1
dX; =F,(t, X", X})dt,
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(W,),s0 standing for a d-dimensional Brownian motion, and each (X!);»o, 1 < i < n, being R?-
valued as well.
From the applicative viewpoint, systems of type (1.5) appear in many fields. Let us for instance
mention for n = 2 stochastic Hamiltonian systems (see e.g. Soize [16] for a general overview or
Talay [18] and Hérau and Nier [6] for convergence to equilibrium). Again for n = 2, the above
dynamics is used in mathematical finance to price Asian options (see for example [1]). For n > 2,
it appears in heat conduction models (see e.g. Eckmann et al. [4] and Rey-Bellet and Thomas
[15] when the chain is forced by two heat baths).
In what follows, we denote a quantity in R™ by a bold letter: i.e. 0, stands for zero in R" and
the solution (th, .., X7)>0 to (1.5) is denoted by (X,),>o. Introducing the embedding matrix B
from R? into R", i.e. B = (I4,0,...,0)*, where “+” stands for the transpose, we rewrite (1.5) in
the shortened form

dX, =F(t,X,) +Bo(t,X,)dW,,

where F = (F,,...,F,) is an R"-valued function. Moreover, for x = (x1,...,x,) € (R))", we set
X = (x;,...,x,) € (ROIFL,
We introduce the following assumptions:

(R-n) The functions (F;);c[y,7 are uniformly Lipschitz continuous with constant k > 0 (alterna-
tively we can suppose for i = 1 that the drift of the non degenerated component F; is measurable
and bounded by «). The diffusion matrix (a(t,.));>o is uniformly n-Hélder continuous in space
with constant k, i.e.

la(t,x) - a(t,y)l _

vVt >0, sup ;
yer, xzy XY

(UE) There exists A>1, Vt >0,x R, £ R, ATYEP < (a(t,x)E,E) < AIEJ2.

(ND-n) For each integer 2 < i < n, (t,(x;,...,x,)) € R, x R+ the function x;_; € R? —
F;(t,x'"b") is continuously differentiable. Also, the derivative (t,x' ') € R, X R+,
D, F,(t,x'~1"), is n-Holder continuous with constant x. There exists a closed convex subset
&_, € GL4(R) (set of invertible d x d matrices) s.t., for all t > 0 and (x;_1,...,x,) € RO+
the matrix D, F;(t,x'~"") belongs to &_,. For example, &, 1 < i < n— 1, may be a closed ball
included in GL4(R), which is an open set.

Assumptions (UE), (ND-7) can be seen as a kind of (weak) Hormander condition. They allow to
transmit the non degenerate noise of the first component to the other ones. Also, the particular
structure of F(t,.) = (F,(t,.), - ,F,(t,.) yields that the i™ component has intrinsic time scale
(2i —1)/2,i € [1,n]. We notice that the coefficients may be irregular in time. The last part of
Assumption (ND-1) will be explained in Section 2.1. We say that assumption (A-7) is satisfied if
(R-n), (UE), (ND-n) hold.

Under (A-n), we established in [3] Gaussian Aronson like estimates for the density of (1.5) over
compact time interval [0, T], for n > 1/2. Precisely, we proved that the unique weak solution of
(1.5) admits a density that satisfies that for all T > 0,3C := C(T,(A-n)) s.t. V(t,x,y) € (0,T] x
Rnd x Rnd:

CHt 2 exp (—Ct|T; (0, (x) — yI*) < p(t,x,y) < Ct ™" 2exp (—C 71T (6,(x) —yI*) ,
(1.6)
where T, := diag((tild)ie[[l)n]) is a scale matrix and 0 ,(x) = F(t, 0,.(x)), 0,(x) = x.
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To derive (1.6), we proceeded using a “formal" parametrix expansion considering a sequence of
equations with smooth coefficients for which Hérmander’s theorem guaranteed the existence of
the density, see. e.g. Hormander [7] or Norris [14]. Anyhow, as in the previous paragraph, our
estimates did not depend on the derivatives of the mollified coefficients but only on the n-Hoélder
continuity assumed in (A-n). Anyhow, to pass to the limit following the previously described pro-
cedure, some uniqueness in law is needed. Using the comparison principle for viscosity solutions
of fully non-linear PDEs, see Ishii and Lions [8], we managed to obtain the bounds under (A-),
1 > 1/2. However, the viscosity approach totally ignores the smoothing effects of the heat kernel
and is not a “natural technique" to derive uniqueness in law.

Introduce the generator of (1.5): Vo € Cg(]R+ xRY R), V(t,x) e RT x R",

L.o(t,x) = (F(t,x),Dp(t,x)) + %Tr(a(t,x)Dil(p(t,x)). (1.7)

Adapting the technique of Bass and Perkins [2] we obtain the following results.

Theorem 1.1. For 1 € (0, 1], under (A-n) the martingale problem associated to L in (1.7) is well-
posed. In particular, weak uniqueness in law holds for the SDE (1.5).

As a by-product we derive from [3] the following:

Corollary 1.1. For 1 in (0, 1], under (A-n), the unique weak solution of (1.5) admits for all t > 0
a density that satisfies the Aronson like bounds of equation (1.6).

Remark 1.1. Let us mention that Theorem 1.1 remains valid if the coefficients are Dini continuous

(asin [2]).

2 Choice of the Gaussian process for the parametrix

In this section we describe the Gaussian processes that will be involved in the study of the martin-
gale problem and that have been previously involved in the parametrix expansions of [3]. We first
introduce in Section 2.1 a class of degenerate linear stochastic differential equations that admit
a density satisfying bounds similar to those of equation (1.6). We then specify, how to properly
linearize the dynamics of (1.5) so that the linearized equations belong to the class considered in
Section 2.1.

2.1 Some estimates on degenerate Gaussian processes with linear drift
Introduce the stochastic differential equation:
dG, =L,G, +Bx,dW, 2.1

"Ix,.1)" +Ux, and U, € R™ @ R™ is an “upper triangular” block
matrix with zero entries on its first d rows. We suppose that the coefficients satisfy the following
assumption (Alineary.

where L;x = (0,alxy,...,a"

- The diffusion coefficient A, := 3,27, t > 0, is uniformly elliptic and bounded, i.e. JA > 1, V& €
RY, ATHEP < (AL, ) S AIEP.

- For each i € [1,n — 1], there exists a closed convex subset & C GL4(R) s.t. for all ¢ > 0, the
matrix o, belongs to &;.
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Denoting by (R(s,t))o<,, the resolvent associated to (L,)>o, i.e. J,R(t,s) = L.R(t,s), R(s,s)
= I,4, we have for 0 < s < t,x € R, G = R(t,s)x + f: R(t,u)B%,dW, and Cov[G}"] =
JIR(t,w)BA,BR(t,u)"du :=K(s, ).

From Propositions 3.1 and 3.4 in [3], the family (K(s, t)),<(s r of covariance matrices associated to

the Gaussian process (G™),(s r1 satisfies, under (Alirear) 3 “good scaling property” in the following
sense:

Definition 2.1 (Good scaling property). Fix T > 0. We say that a family (K(s, t))e(s 17> $ € [0, T)
of R™ @ R" matrices satisfies a good scaling property with constant C > 1 (see also Definition 3.2
and Proposition 3.4 of [3]) if for all (t,s) € (RT)?, 0<t—s < T, VyeR", C71(t—s) 7T, _y|* <
(K(s, Oy, y) < C(t =) 71Tyl

Precisely the family (K(s, t)).(s 1) satisfies under (A" a good scaling property with constant
C := C(T,(A"™™)).

Remark 2.1. We point out that it is precisely the second assumption of (A™°®") concerning the exis-
tence of convex subsets (&;);ef1.,-17 of GL4(R) that guarantees the good scaling property (see Propo-
sitions 3.1 and 3.4 in [3] for details).

The density at time t > s in y € R™ of G}* writes

1
q(S, t:x>y) = eXp(_E<K(S: t)_l(R(t,S)X—y),R(t,S)X-y)). (22)

1
(2n)" 2 der(K, )12

Since under (Al"¢) (K(s, t))es, 7] Satisfies a good scaling property in the sense of Definition 2.1,
we then derive from (2.2):

Proposition 2.1. Under (A", for all T > 0 there exists a constant C,, := Cy (T, (Al"®")) > 1
st. forall0<t—s<T:

Cyl(t —s) ™2 exp(—Cyy (t — )T, L (R(E,8)x — y)I2) < q(s, £,%,y)
< Cp(t —5) 2 exp(—Cy (e —)ITIL(R(E,5)x —)2).  (2.3)

This means that the off-diagonal bound of Gaussian processes with dynamics (2.1) and fulfilling
(Al’"ea) is homogeneous to the square of the difference between the final point y and R(t,s)x
(which corresponds to the transport of the initial condition by the deterministic system deriving
from (2.1), that is Gt = L,0,) rescaled by the intrinsic time-scale of each component. We here
recall that the component i € [1,d] has characteristic time scale t2~1/2,

2.2 Linearization of the initial dynamics and associated estimates

The crucial feature of the parametrix method described in the introduction was to choose a “good"
process to approximate the density of the diffusion. In the uniformly elliptic case, with bounded
coefficients, one could take, as a first approximation, the Gaussian process with coefficients frozen
in space at the fixed final spatial point where we wanted to estimate the density. The choice is
natural since it makes the kernel H (defined in (1.2)) “compatible" with the bounds of the frozen
density. It is precisely the off diagonal term in exp(—c|x — y|?/(t —s)) that allows to equilibrate
the singularity in |x — y|7/(t — s) coming from the second order spatial derivatives. In their
work, [2], Bass and Perkins exactly exploited the specific behavior of the singular kernel H which



240 Electronic Communications in Probability

has an integrable singularity in time at O (see their Proposition 2.3), to derive uniqueness of the
martingale problem in the non-degenerate time-homogeneous framework. This approach provides
a natural link between parametrix expansions and the study of martingale problems for uniformly
Holder continuous coefficients.

Parametrix expansions, to derive density estimates on systems of the form (1.5), have been dis-
cussed in [3]. We thus have in the current degenerate framework of assumption (A-n) some nat-
ural candidate defined below. The key idea is to consider a “degenerate" Gaussian process whose
density anyhow has a specific “off-diagonal" behavior similar to the one exhibited in equation (2.3)
and to choose the freezing process in order that the singularity deriving from H is still compatible
with the “off-diagonal" bound in the sense that it will be sufficient to remove the time-singularity.
We follow the same line of reasoning in our current framework.

For fixed parameters T > 0,y € R™, introduce the linear equation:

dX;” = [F(t,0, 1 (y)) + DF(t,0, r(y) (X,” = 0,.r(y)) ] dt

2.49)
+Bo(t,0,(y)dW,, 0<t<T,

where (6, 7(y)),>o solves the ODE [d/dt]0, r(y) = F(t, 0, (y)), t > 0, with the boundary condi-
tion 61 7(y) =y and V(t,x) € [0,T] x R,

0 0

Dy Fy(t,x) 0 0
DF(t,x) := 0 Dy, F5(t,x) 0O 0
: 0 . :

0 0 Dy F,(t,x) 0

is the subdiagonal of the Jacobian matrix D,F. Write p7¥(t, T,x,.) for the density of X;’y starting
from x at time ¢.
The deterministic ODE associated with X* has the form

d . -
778 =F(0,r(y)+DF(t, 0, (YD, —0.7(y)], t20. 2.5)

We denote by (étT”sy)s,tZO the associated flow, i.e. (;rT”sy(x) is the value of <i>[ when (i)s =x. Itis
affine:
6. () =RM(t,5)x
t . (2.6)
+ J R™(t,u)(F(u,8,,r(y)) — DF(u, 0, ()0, r(y))du.

Above, (RT’y(t,s))sytzo stands for the resolvent associated with the matrices (DF(t, 0, 1(y¥)))>o-
We now claim

Lemma 2.1. Let Ty > O be fixed. There exists a constant C,; = 1, depending on (A) and T, such
that, for any t € [0,T), T < T, and X,y € R™,

C Tt [x— 0, 3]| < |17, (0770 — ¥]| < Coa |72, [x— 0, 23] .
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This means that we can compare the rescaled “forward" transport of the initial condition x from t
to T by the linear flow and the rescaled “backward" transport from T to t of the final point y by
the original deterministic differential dynamics. We refer to Lemma 5.3 of [3] for a proof.

Furthermore, under (A-n) we have that DF(t, 8, (y)) satisfies (Alineary - We thus derive from

Lemma 2.1 and a direct extension of Proposition 2.1 (the mean of )N(;’y starting from x at time t
being 6 ;’Z(x)) the following result.

Lemma 2.2. Let Ty > 0 be fixed. There exists a constant C, 5 > 0, depending on (A-n) and T, such
that, forall 0 <t < T < T, and X,y € R™,

prY(t, T,x,y) < Cy08c,, Tt (x—0,7(¥),
where for alla > 0,t >0, g, (y) = e exp(—a 't|T'y*), a,t>0, yeR™.

Forall0<s <t <T, z,y€R", define now the kernel H as:

1
H(s,t,z,y) = {(F(s5,2),D,p""(s,¢t,2,y)) + 5 Tr(als, 2)D; p*¥(s, t,2,))} —
{(F(s, 0,,(y)) + DF(s, 0, . (y))(z — 0,,(y)), D,p"¥ (s, t,2,y))
1 -
+5Tr(as, 0,.(y))D; p*(s,t,2,y))}

= (L,— i;”;’)ﬁt’y(s, t,z,y), 2.7)
where L is the generator of the initial diffusion (1.5) defined in (1.7), i;;’ and p*Y(s, t,z,.) respec-
tively stand for the generator at time s and the density at time t of X, f(sf’y = z with coefficients
“frozen" w.r.t. t,y. The lower script in z is to emphasize that z is the differentiation parameter in

the operator.
We have the following control on the kernel (see Lemma 5.5 of [3] for a proof).

Lemma 2.3. Let Ty > O be fixed. There exists a constant C, 5 > 0, depending on (A-n) and T, such
that, forall t € [0,T), T < T, and z,y € R",

n_
|H(t, T,z,y)| < Cy5(T — t)2 1gC2v3,T—t(Z -0.:(y).
We conclude this section with a technical Lemma whose proof is postponed to Appendix A.

Lemma 2.4. Let h be a Cg([O, T) x R™,R) function. Define for all (s,x) € [0, T] x R,

Ve >0, B5(s,x) := j dyh(s,y)p* ¥ (s,s + £,%,y).

RrRnd

Then E¢(s,x) converges boundedly and pointwise to h(s,x) when € — 0.

3 Proof of Theorem 1.1

Suppose we are given two solutions P;, P, of the martingale problem associated to (L;).e[s 1]
starting in x at time s. Wl.o.g. we can suppose here that T < 1. Define for a bounded Borel
function f : [0,T] x R — R:

T
S'f :=E, U dtf(t,Xt):| ,ie[1,2],
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where (X,),[;,r] stands here for the canonical process associated to (P; )le[[l 27~ Let us specify (as
indicated in [2]) that S'f is only a linear functional and not a function since P; does not need to
come from a Markov process. Let us now introduce

SAf :=S'f —S%f, ©:= sup |SAf|.
Ifllo=1

Clearly ® < T —s.
Iffe Cé’z([O, T) x R" R) then by definition of the martingale problem we have:

T
f(s,x)+E; |:f de(o, +L[)f(t,xt):| =0,ie[1,2]. 3.1
S
For a fixed point y € R™ and ¢ > 0, introduce Vf € C}*([0, T) x R™,R) the Green function

T
Y(s,x) €[0,T) x R, G*Yf(s,x) := f dtf dzp'e¥(s, t,x,2)f (t,2). (3.2)

We insist that in the above equation p**®Y(s, t,x, z) stands for the density at time ¢ and point z
of the process X‘*¢¥ defined in (2.4) starting from x at time s with coefficients depending on the
backward transport of the freezing point y by (0, ;. )ue[s,]- In particular, the parameter ¢ can be
equal to 0 in the previous definition.

One easily checks that

(0, + LEFEMpItey(s, t,x,2) = 0,V(s,x,2) € [0, ) x (R™)?, p'+e¥(s,t,x,.) —l> 5,(). (3.3
> tis

Introducing for all f € Cé’z([O, T)x R R), (s,x)€[0,T) x R"?,

MEYf (s, %) = £T dt J.R"d dzis‘;&yﬁ“’g’y(s, t,x,2)f (t,z),
we get from equations (3.2), (3.3)

(0,Gf + Mf’;(yf)(s,x) = —f(s,x),Y(s,x) € [0, T) x R", 3.4
Define now for a smooth function h € C;”*([0, T) x R", R) and for all (s,x) € [0, T) x R":

®Y(s,x) = pTY(s,s+¢&,%x,Y)h(s,y),
W, (s,x) := f dyG®Y(®*Y)(s, x).
Rnd

Observe that (3.2) yields:

d t d pIreY(s, t,x,2)9%(t,z)

U, (s,x) := J dy

- .
- ]

QU

y dtJ dzp'™eY(s, t,x,2)p V(L t +¢,2,y)h(t,y)
nd

dtﬁt”’y(s, t+¢,x,y)h(t,y), (3.5)
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exploiting the semigroup property of the frozen density p'**¥ for the last inequality. Write now
for all (s,x) € [0, T) x R™,

(G + LT, (s,x) = j dy(d; + L)(G* &*¥)(s, x)
R
= f dy(8,G7Y @™ + MFY"Y)(s,x)
Rnd

+J ddy(Lst’ydf’y — MEY®Y)(s,x)
]:RY[

- J dy®*¥(s,x) + f dy(L,G*Y d*Y — M:;?’@e’y)(s, X):=1I] +1,
R"d Rnd

exploiting (3.4) for the last but one identity. Now Lemma 2.4 gives I; — —h(s,x). On the other

—0

hand using the notations of Section 2.2, we derive from (3.5) that the term 15 writes:

T
I f dtJ dy(L; — L™ Y(s, t + &, %, Y)A(L,y)
s Rnd

T
= J dtf dyH(s, t + &,x,y)h(t,y).
s Rnd

Thus, from Lemma 2.3,

T
5] < C2.3||h||wf dt(t+€—5)_1+”/zf dygc, ., t+e—s(X— 04 4(¥))
s ]Rnd
T
< ||h||ooC3.6J dt(t+€—5)_1+”/2J. dyge,  t+e—s(0¢4es(X)—Y)
s ]Rnd
< Cael(T =)V eI, (3.6)

using the bi-Lipschitz property of the flow for the last but one inequality and up to a modification
of C3¢ in the last one. Anyhow, the constant C; 4 only depends on known parameters in (A-n).
Thus for T and ¢ sufficiently small we have from (3.6)

1
1151 < EHhHOO' (3.7

Now, equation (3.1) and the above definition of sa yield:
S2((8, + L)W,) = 0= SAIF| = [SAIL).
From the bounded convergence part of Lemma 2.4 and (3.7), we have:
hlls
[S2h| = lim [SAIf| = 1lim |S2If| < ©limsup |If| < @u.
e—0 e—0 £—0 2

By a monotone class argument, the previous inequality remains valid for bounded measurable

functions h compactly supported in [0, T) x R™. Taking the supremum over |||, < 1, we obtain
1 . . . T T

© < ;© which gives ©® = 0 since ® < +oo. Hence, E, Us dth(t,Xt)] =E, [fs dth(t,Xt)]

which proves the result on the interval [0, T]. Regular conditional probabilities then allow to

extend the result on R™, see Chapter 6.2 of [17] for details.
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A Proof of Lemma 2.4

Let us denote by K;tiz the covariance matrix associated to equation (2.4) for the process X°+¢¥
(starting from x at s) at time s + ¢ and by K the covariance matrix associated to the linear

diffusion with dynamics:

ss+£

dX, = DF(t, 0 (x))X,dt +Bo(t, 0, (x))dW,,t >, (A1)

that is KS e = f;+£ duR**(s + &,u)Ba*(u, 0, ,(x))B*R**(s + &,u)*du where R** stands for the
resolvent associated to the linear part of (A.1).

Under (A-n), the matrices K‘thrz, K ;‘Jrg admit a good scaling property in the sense of the previous
Definition 2.1, i.e.

IC:=c((A-n) =1, VEeR™,  Ccle YT & < (KI5Y¢, &) < Ce YT &%

S,s+€

Cle M T.E1? < (K78, 8) < Ce MT. 8. (A2)
We introduce the following decomposition:

1 ste e
2% = | ——ash(sy)exp | —(® IO - y), esigf()—w)

(2 )nd/z

1
x —
{ det(R (Y2 det(KS) ?+s)1/ 2 }

+ dy h(s,y) [
gra (270)4/2 det(K, )2

S,s+e
1 STE, STE,
exp (—5« K (00000~ ), es;Z(x)—y))]

d h 1 STE €
+Jﬂw (2n)ynd/2 det(IEss"Y))l/Z [exp (—5« K070 (0 - y), es;;{(x)—W) _

s,5+€

LEEDI@L 0 -) esiifm—w) -

1
exp (3102 Orres 00,6000 =) | |

d h 1
+ f et CETCHRR OISR EE)
Rnd

s,s+e
4
=) B(s,%). (A3)
i=1
Let us now control the (&f(s,x))iep147- Set § := (K3 )~ 12(0,,,,(x) —y) where (K o)™ 1/2

denotes the upper triangular matrix obtained through the Cholesky factorization, i.e. (K f L) =
(R, ) 72) (S

s ste sste) 172, We get from the bounded convergence theorem:

I51*

By (s, %)= ————h(s, —(Kj ;‘+€)1/2§,+ 0. (x))exp (—7) — h(s,x). (A.4)

(2 )nd/Z

For E5(s, x), we first observe, from Lemma 2.1, the good scaling property (A.2) and the bi-Lipschitz
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property of the flow 8, that there exists C; := C;((A-n)) > 1 s.t.

+ X + +
Crle AT M0 (%) — Y S 1K) V20,0 () —y)| < € e AT M8, (%) — ),
lel/zmr 10400 =Y S KX, ) 20,41, (0) — W < C e T (04, () = ¥),

+ _
eI O, (0 — ) < eVAHTHO, (0 = y)| < CreVAT (04, (%) — ).

(A.5)

Write now,

dy !
B0 < ||h||oof )UZJOdéKsagx,y)’(a)L Vs e[0,1],  (A6)

ot (270)"42det (KX

s,st+¢e

1 s+e e
9, (8) = exp (——{(( K000 —), 6700 —y)+

s+ey

5 () (0rses0 = ¥), 0,0 = y) — (KD B0 -3, 6100 - W) | }),

@)@ = [0 {(0,10s00 -9+ (@120 - )}

s+ey

X 2D {(0,0,00 ) - (B0 - )

©¢y(8),

using the Cauchy-Schwarz inequality for the last assertion. Equations (A.5) now yield that there
exists C, := Cy((A-1)) > 1 s.t.:

(02BN S e T (8112700 = 8,40 (3)) [ exp (=G5 eI T; (B0 — Y))
CalD, | exp (=C €T, (0,40 () = Y)I?) . (A.7)

~s+ey
st+e,s

Let us now recall the differential dynamics of 0, ((x), 0 (x), that is:

st+e
05+e,s(x) = X+ J duF(u: ou,s (X)):

~s+sy

s+e
S_H;S(X) = X+J du{F(u 0us+€(Y))+DF(u 0us+e(Y))(os+Ey( ) 0u,s+e(yn}-

Let us now set for all (u, z) € [s,5+e] xR FY(u, 2) := (Fy(u, 0546 (7)), Fa (1, 21, (0 54 (1))>7),

F3(W, 25, (054 (9))>™), -, Fo(W, 21, (0 54..(7))n))"
Observe in particular that with the previous definition F**¥(u, 8, .(y)) =F(u, 0, .(¥)).
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We get:

— ~stey
D, = Sl/ZTs ' {05+8,S(X) - os+€,s (X)} =

ste
g2 {J du [ (F(u, 0,,5(x) —F*¥(y, ou,s(x)))
+ (DF(u, B1se(1))(0,. () — éijj’y(x)))
1
+ (J do (DFH_E’y(u, 0u,s+8(y) + 5(011,5 (X) - 9u,s+£ (Y)))
0
— DFFI(, 0, (1)) (6,00 — eu,W(y)))] }
:=D!+D?+D?, (A.8)
where for (u,z) € [s,s + ] x R, DFF*Y(u, z) is the (nd) x (nd) matrix with only non zero d x d

matrix entries (DFF(u, z));j-1 = Dy, F;(u,z;_q, Ou’SJrg(y)j’"), j € [2,n], so that in particular

DFS+8’y(ua 9u,s+g(Y)) = DF(u, 9u,s+£(Y))~
The structure of the “partial gradient" DFS*¥ associated to the n-Hoélder continuity of the mapping

Xj_1 € RY — ijlej(xj_l,xj’”), Vx/" € R"-I+14 yield that there exists C; := C3((A-n) ) s.t. for all
jel2,d]:

s+e
|(D§)]| < Csfl/Z_jJ dul(0,,(x) - 0u,s+£(Y))j—1|1+n

s+e n
. ng_lf du(Y 27 EDI(0,,00 = 05 (V)i )02
S k=2
st+e
= Cselm(j?’/z)J‘ du(e?|T; (85 (x) = 0,51 (D"
s
st+e
= C3€_1+n(j_3/2)f du(e?|T;1 (85405 (x) —y))' "
s
< C3€n(j_3/2)(£1/2|T;1(05+€)5(x)—y)|)1+”, (A.9)

up to a modification of C; and using the bi-Lipschitz property of the flow 6 for the last but one
inequality (see the end of the proof of Proposition 5.1 in [3] for details).

On the other hand, the term D; can be seen as a remainder w.r.t. the characteristic time scales.
Precisely, there exists C, := C,((A-n)) s.t. for all j € [1,n]:

st+e n
(D) < @e““J du Y [(0,,,(%) = 0,54 ()il
s k=j
s+e
< c4f dug?IT;1(8,45(x) = 0 s ()]
= C4£(€1/2|T;1(05+s,s(x) - Y)D (A.10)
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using once again the bi-Lipschitz property of the flow @ for the last inequality. Recall now that D}
is the linear part of equation (A.8), i.e. it can be rewritten

s+e
D = J du{e* T DF(u, 0540 (y))(u — $)7/*T,_ }
x (@="2T(8,,00 - 8,7 ()

= f dua(u,s) ((u—$)"21,2,(0,,00 - 6,7 (x)),

where there exists a constant ¢ := C((A-n)) independent of ¢ s.t. fsﬁg dula¥(u,s)| < C. From
(A.10), (A.9), (A.8) and Gronwall’s Lemma we derive

3Cs 1= Cs((A— 1)), ID| < Coe™ (6271040, 0 — YD 4+ 1),

Plugging this estimate into (A.7), we then get from (A.6), using as well the good scaling property
(A.2), that there exists Cg := Cx((A-1)),

dy _
B30, < Cee”/ZJ e (1T (O s (O =y + 1)
Rnd

x exp(—C, [T (0,4, (x) —Y)I?) < Cee?, (A.11)

up to a modification of Cg in the last inequality.
Let us consider now E5(s,x). Write:

- < C dy h(s,y) 1d5 e Y, G =C,((A
|Z5(s,%)| < C; T de )T (Y54, )'(8)l, C7:=Cr((A—m)),

S, S+€

(A.12)

]. ~S+¢€ ~STE
V6 €[0,1], 95, ,(8) = exp (——{((Kijf+£)_l(0 X —y), 05 ) —y)

2 s+e,s s+e,s

L5 [<(f<;§i’z)1(é”€’y(x) .8 —y)

st+e,s st+e,s
~0CE )W -0 81w -5 | ),
(R — (KX ) D00 -y), 6 (%) - y>j

s+, S+,
X mp;")x’y(é ).

(e Y @B) <

Equations (A.5) (that according to (A.2) hold for INCZ’L,S as well) yield:

(™ = (R, 001100 ), 6,200 )|
X exp(_cng;1(05+e,s(X) - Y)|2)
= C|Q.lexp(—Ce|T; ' (8,,.5(x) —y)I?), (A.13)

(45 5) (8D

IA

C
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for C := C((A-n)). From the scaling Lemma 3.6 in [3], we can write:

Ks+ey_ _1T KserserSyT st

S,5+€ s,s+¢€

_ -1 75,5 +€,5,X
=& 'T,K} T,,

where K%Y R*F*X are uniformly elliptic and bounded matrices of R ® R™.
Now, the covariance matrices explicitly write

s+te
Ritf_gy = J duR ™Y (s + &,u)Ba(u, 0,4, . (y)B RV (s + £,u)",
S
s+e
Kjg‘ﬂ = J duR**(s + &,u)Ba(u, 8, ;(x))B*R**(s + £,u)",
S

where R*T®Y, R** respectively denote the resolvents associated to the linear parts of equations
(2.4) and (A.1). Thus, our standing smoothness assumptions in (A) (i.e. a, (V;_1F;)ic[2 are
supposed to be uniformly n-Ho6lder continuous) and the bi-Lipschitz property of the flow give:

(R K000 -2, 017260 —y)
— ((I"’(\sl,s+£,s+£,y KSS+ESX)(€—1/2T (ezizz’(x) y)) e 1/2T (eziiz'( )_y»‘

_ +
< Cl04e (X)) —y|"e T (0] (x) - y)I.

I~ -1
Because of the non degeneracy of a, the inverse matrices (KSI’S”’S”’Y) ,(RH***)71 have the
same Holder regularity. Indeed, up to a change of coordinates one can assume that one of the
two matrices is diagonal at the point considered and that the other has dominant diagonal if
|04 5(x) —yl| is small enough (depending on the ellipticity bound and the dimension). This
reduces to the scalar case. Hence,

Qul = (D = (KD B2 00 -3, 812760 - )|

— ‘(((?Iél’s+£’s+€)y)1 _ (Ksl,s-‘-s,s,X) )(EI/ZT—1(95+8 Y(x) y)) SI/ZT 1(05+8 y( ) _ y))

s+e,s s+e,s

=< C|05+€s(x) Y|n8|T l(eziisy( )_Y)|2 =< Clos+s,s(x) _y|n8|’]r;1(95+£,s(x) _Y)|2;

for C := C((A-n)) using Lemma 2.1 and the bi-Lipschitz property of the flow 8 for the last in-
equality. From equations (A.13), (A.12) and (A.2), we eventually get:

dy _ -
[Z56s, %) < Cs”/zf Snz—d/z(el/zl?l‘gl(esﬂ,s(?()—y)I)" exp(—Ce|T; (0405 (x) = Y)I*)
R
< Cce"?, (A.14)
for C := C((A-n)). Arguments similar to those employed for E5(s,x) can be used to prove

Ei(s,x) —0> 0. The proof then follows from (A.4),(A.11),(A.14) recalling the original decom-
E—
position (A.3).
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