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Abstract

Let T denote a rooted b-ary tree and let {S,},r denote a branching random walk indexed by the
vertices of the tree, where the increments are i.i.d. and possess a logarithmic moment generating
function A(:). Let m, denote the minimum of the variables S, over all vertices at the nth genera-
tion, denoted by D,,. Under mild conditions, m,,/n converges almost surely to a constant, which for
convenience may be taken to be 0. With S, = max{S,, : w is on the geodesic connecting the root to v},
define L, = min,¢p, S,. We prove that L,/n'/® converges almost surely to an explicit constant I,,.
This answers a question of Hu and Shi.

1 Introduction

A branching random walk, as its name suggests, is a process describing a particle performing
random walk while branching. In this paper, we consider the 1-dimensional case as follows. At
time O, there is one particle at location 0. At time 1, the particle splits into b particles (b € Z,
deterministic and b > 2 to avoid trivial cases), each of which moves independently to a new
position according to some distribution function F(x). Then at time 2, each of the b particles splits
again into b particles, which again move independently according to the distribution function
F(x). The splitting and moving continue at each integer time and are independent of each other.
This procedure produces a 1-dimensional branching random walk.

To describe the relation between particles, we associate to each particle a vertex in a b-ary rooted
tree T = {V, E} with root o, where each vertex has b children; V is the set of vertices in T and
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E is the set of edges in T. The root o is associated with the original particle. The b children of
a vertex v € V correspond to the b particles from the splitting of the particle corresponding to
v. In particular, the vertices whose distance from o is n, denoted by D,,, correspond to particles
at time n. To describe the displacement between particles, we assign i.i.d. random variables X,
with common distribution F(x) to each edge e € E. (Throughout, we let e = uv denote the edge e
connecting two vertices u,v € V.) For each vertex v € V, we use |v| to denote its distance from o
and use v* to denote the ancestor of v in D, for any 0 < k < |v|. Then the positions of particles at
time n can be described by {S,|v € D, }, where forveD,, S, = Z:()l Xyt
The limiting behavior of the maximal displacement M, = max,¢p, S, or the minimal displace-
ment m, = min,¢p, S, as n — oo has been extensively studied in the literature (See in particular
Bramson [2],[3], Addario-Berry and Reed [1], and references therein.) Throughout this paper,
we assume that

Ee™: < 0o for some A < 0 and some A > 0. [@))

Then the Fenchel-Legendre transform of the log-moment generating function A(1) = log Ee**:,

A*(x) = sup(Ax — A(A)), (2)
A€R
is the large deviation rate function (see [4, Ch. 1,2]) of a random walk with step distribution

F(x). In addition to (1), we also assume that, for some A_ < 0 and A, > 0 in the interior of
{A: A(R) < o0},

AeN(AL) = A(Ay) =logh, 3)
which implies that A*(A’(A.)) = log b. These assumptions imply that
MTl . mTl
M:=lim — =A'(1,) and m:= lim — =A'(A_) as.. @
n—oo n n—oo n

See [1] for more details on (4).
The offset of the branching random walk is defined as the minimal deviation of the path up to time
n from the line leading to mn (roughly, the minimal position at time n). Explicitly, set

L, = min max(S,x — mk). )
veD, k=0

(see Figure 1 for a pictorial description of Ls;.) Without loss of generality, subtracting the deter-
ministic constant A’(A_) from each increment {X,}, we can and will assume that

m=A(A_)=0. (6)
Under this assumption, and simplify to

—A(%.)=logb, 3
— minme ’
b = SRS )

In the process of studying random walks in random environments on trees, Hu and Shi [5] (2007)

discovered that the offset has order n'/? in the following sense: there exist constants c;,c, > 0
such that

< l. . f Ll‘l < 1. Lrl < 7

¢ < limin s S 113£pm_02. (7

1/3

They raised and advertised the question as to whether the limit of L, /n"/° exists. In this note, we

answer this affirmatively and prove the following.
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Figure 1: Figure for L; when m=0 and b=2

n202
Theorem 1. Under assumption and (3) and with 1, = }/ 3_2—/1‘2, it holds that

. Ln
;}an}om =1, as.. (8)

In the expression for [, A_ < 0 by the definition (3) and 0(22 is a certain variance defined in (10).
The proof of the theorem is divided into two parts - the lower bound and the upper bound
(33). In Section 2, we review a result from Mogul’skii [7], which will be the key estimate in
our proof. In Section 3, we apply a first moment argument (with a twist) in order to study the
minimal positions for intermediate levels with the restriction that the walks do not exceed [n'/?
for some [ > 0 at all time. This yields the lower bound for L,. In section 4, we apply a second
moment argument to lower bound P(L, < In'/3) for certain values of [. Compared with standard
applications of the second moment method in related problems, the analysis here requires the
control of second order terms in the large deviation estimates. Truncation of the tree is then used
to get independence and complete the proof of the upper bound.

The offset is determined by a competition between two terms: a displacement term (whose cost is
exponential in the displacement) and an entropy term (reflecting the difficulty in keeping the walk
confined in a narrow tube, and with cost proportional to the exponent of the time divided by width
squared; this is made precise in Theorem[2). Roughly speakin%, in a time interval of length At,
and displacement width Al, the cost is of the form e“1A!=At/(AD" " Ope then sees that the optimum
is achieved at Al proportional to (At)"/3. This gives the scaling on n'/? to the displacement. In
the actual proof, when optimizing the cost, a certain curve s(t), see (17), emerges. The curve s(t)
reflects the location of the minimal position of intermediate levels, and plays an important role
also in the second moment computation, see a discussion in Section[5.1}
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2 An Auxiliary Estimate: the absorption problem for random
walk

We derive in this section some estimates for random walk with i.i.d. increments {X;};>, distributed
according to a law P with P((—o0, x]) = F(x) satisfying (1), (3) and (6). Define

Xo+Xi 4+ +X k +1
Su(t) =" K for—-<t<—— k=0,1,...,n—1,
nl/3 n n
where X, = 0. Note that due to (6), EX; > 0. Introduce the auxiliary law
d_Q = M- X1—A(A) 9
dpP
Under Q, EpX; = 0. The variance of X; under Q is denoted by
of = EoX;. (10)

In the following estimates, f;(t) and f,(t), which may take the value o0, are right-continuous
and piecewise constant functions on [0,1]. G = Uy<,<1{(f1(t), fo(t)) X t} is a region bounded by
f1(t) and f,(t). Assume also that G contains the graph of a continuous function.

Theorem 2. (Mogul’skii [7, Theorem 3]) Under the above assumptions,

1/3)
>

KZUZ
QS.() €G,t €[0,1]) =™ 2 HalOn +oln an

where

Hy(G) = (12)

! 1
—————dt.
L (f1(0) = fo(£))
In the following, we will need to control the dependence of the estimate (11) on the starting point.

Corollary 1. With notation and assumptions as in Theorem[2] for any € > 0, there is a 6 > 0 such
that, for any interval I C (f;(0), f,(0)) with length |I| < &, we have
TIZUZ
supQ(x +S,()€G) < o~ (7 Ha(@)=en!Po(n'?). (13)
x€l
Proof Let I = (a,b) and G, := Ug<,<11(f1(t) — x, f5(t) — x) x t} be the shift of G by x. Set
G' = G,UG,. We have

7[202
supQ(x + S,(-) € G) = sUpQ(Sy(+) € Gy) < Q(Sy(+) € G) = ¢~ 7 Hal@ 740!

x€l x€l

. 1 . . .
Since H,(G') = fo mdt 1 Hy(G) as |I| = (b — a) — 0 uniformly in the position of I,

the lemma is proved. O
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3 Lower Bound

Consider the branching random walk up to level n. In this and the next section, we estimate the
number of particles that stay constantly below [n'/?, i.e.,

erl = Z 1{Svk§1n1/3 for k=0,1,...,n}* 14)

veD,

In order to get a lower bound on the offset, we apply a first moment method with a small twist:
while it is natural to just calculate the first moment of Né, such a computation ignores the con-
straint on the number of particles at level k imposed by the tree structure. In particular, EN,l1 for
branching random walks is the same as the one for b" independent random walks. An easy first
and second moment argument shows that the limit in is 0 for b™ independent random walks,
and thus no useful upper bound can be derived in this way.

To address this issue, we use a more delicate first moment argument. Namely, we look at the
vertices not only at level n but also at some intermediate levels. Divide the interval [0, n] into 1/€
equidistant levels, with 1/€ an integer. Define recursively, for any 6 > 0,

So=0,wyg=1+6;
0 07 g ) (15)
SkZSk_l—ﬁG, Wk=l+5—skfork=1,...,;.

-1

For particles staying below In'/3, s, will be interpreted as values such that the walks between

times ken and (k + 1)en never go below (s, — §)n'/3, and w;n'/® will correspond to the width
of the window W, = ((s; — 6)n'/?,1n"/?) that we allow between level ken and (k + 1)en, when
considering those walks that do not go below (s, — 6)n'/* or go above In'/3.
Before calculating the first moment, consider the recursion for s;.. Rewrite it as

m20?

Q
s , 16
kT S U+ 6 -5, 1) (16)

This is an Euler’s approximation sequence for the solution of the following differential equation

2 .2

sS(t)=- s(0)=0, a7

e
22 _(a —s(t))?’

252
where a = [+ 6. The above initial value problem has the solution s*(t) = a + 1/ —leit —ad.

Here we find

,|3n%0}
10 = ? (18)

such that s9(1) = I,. For any }; < I,, we can choose § > 0 and I; + & < l,. In this case,
sht9(1) > I; + & > 1;. If we choose such I; and & in (15), it is easy to check that the sequence
1

{sk},fzo will be greater than [; somewhere in the sequence. Define
K =min{k : s, > 1;}. 19)
For fixed y > 0 small enough, we can choose e small such that

Ke<1-—y. (20)
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Figure 2: The relation between Z,’s and s;’s.

For k < K — 1, let Z;, denote the number of vertices v between level ken and (k + 1)en with
S, < (sy — 6)n'/3. Denote by Z;_, the number of vertices w between level (K — 1)en and n with
S, < (sx_; — &)n'/3. Denote by Z the number vertices v € D, whose associated walks stay in Wy
between level ken and (k + 1)en for k < K and then stay in Wy _; up to level n. Explicitly,

Len]

Zy= Z Z Lis,<—sn12}

i=1 veb;
[(k+1)en]

Z = Lis, <(s,—6)n%2, S geW, for jen<d<(j+1)en and j<k}» 0 <k <K —1,
i=|ken]+1 veD;

n

Zy_1= E Z 1{SV<(5K,1—5)n1/3, S,a€W; for jen<d<(j+1)en and j<K—1}>
i=|Ken|+1VveED;

Z= E 1{Svd €W; for jen<d<(j+1)en and j<K, S a€Wg_; for Ken<d<n}-
veD,

Observe that N,le < Zlktol Z,+ Z. Using Theorem 2] we provide upper bounds for the first moment
of the Z;s and Z. Starting with Z;, we have

len] len]

Ezy, = b'El (s c_gnisy = Z b'Eqe™ ST g gy
i=1 i=1
len] len]
1/3 1/3 1/3 1/3
< Zel_Bn/ EQlys <—smy < Zel_ﬁrz/ < gh-on Bto(n'/ )’
i=1 i=1

where we used the change of measure (9) in the second equality, and (3”) and the fact that A_ < 0
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in the first inequality. For 0 < k < K — 1, using again the change of measure (9), we get

[(k4+1)en]
i
EZ, = b E1{51<(sk—5)n1/3, S4€W; for jen<d<(j+1)en and j<k}
i=|ken]+1
[(k+1)en]
= E e 51 ~ ~ -
Q {S;<(sx—6)n'/3, S4eW; for jen<d<(j+1)en and j<k}
i=|ken]+1

L(k+1)en]
e—l,(sk—S)n1/3

IA

Z EQ]-{S,~<(5,<75)n1/3, S4€W; for jen<d<(j+1)en and j<k}-
i=|ken]+1

Therefore,

[(k+1)eni]
o~ A-(s=8)m'? Z Q(S4 €W, for jen <d < (j+1)en and j < k)
i=|ken|+1

EZ,

IA

202
[(k+1)en] _Z;_:é 2:2Q enl31o(n'/3)
Jj

— e*l_(sk75)n1/3
i=|ken]+1

7TZUZ
—A_ (s, =831 Q2 enllio(nl/3)
< e k 2jmo 22 :el,§n1/3+o(n1/3)’

where with the choice of G = {U?‘;&Wj/nl/3 x [je,(j+1)e)}U{(—o0,00) x [ke, 1]} is applied
in the first equality, and (15) in the second. The calculation of EZ_; is almost the same as EZ;
except that we replace the summation limits above by (K — 1)en + 1 and n and that we replace
the k in the summand by K — 1. Thus, we get the same upper bound for EZy_;,

EZK L < ek_5n1/3+o(nl/3)
We estimate EZ similarly as follows. First, use the change of measure (9) to get

EZ

n
b El{Sder for jen<d<(j+1)en and j<K, S4€Wg_,, for Ken<d<n}

E e *-5n1
= Q€ {S4€W; for jen<d<(j+1)en and j<K, S;€Wy_,, for Ken<d<n}
e—x,zlnl/

IA

3
EQl{SdEWj for jen<d<(j+1)en and j<K, S4€Wy_,, for Ken<d<n}*

Then, applying (11) with G = «{LJjK:’OlI/\/j/rzl/3 x [je,(G+1)e)} U {Wy_,/n'/? x [Ke,1]} in the first
equality, we get

—A_Lnt®
EZ =< e ! EQl{SdGWj for jen<d<(j+1)en and j<K, Sy€Wy_;, for Ken<d<n}
2,2 ,:Z 2
—A,llnl/3—zl{:01 i UZQ en'/3— ;Q (1-Ke)n'P4+o(n'/?)
= 2wy Wi
TIZUZ
< —y 2IZQ n1/3+0(n1/3)
1

>

2 .2
where the last inequality is obtained by noting that [; < S, = — Zi:ol 27; (;;226 by (19) and (15),
and then recalling (20) and wy_; < ;.

i
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2 -2
In conclusion, we proved that E(ZI,(:(} Z+Z) < e~ o) for some 0 < ¢3 <min{—-A_6, y% }.
1

. K-1 . . .
Since Y, _, Z; + Z is an integer valued random variable, we have

K-1 K-1 K-1
P(Z Z+2Z>0)= P(Z Z+Z>1)< E(Z Z+2) < emean o),
k=0 k=0 k=0

By the Borel-Cantelli lemma, we have Zl,f;é Ziy+Z =0 a.s. for all large n. Sois N rlll = 0, which

means that L, > [;n'/3 a.s. for all large n. Since I, < I, is arbitrary, we conclude that
o Ly
liminf — > 1, a.s.. 2D
n—o00 n1B

This completes the proof of the lower bound in Theorem /1|

4 Upper Bound

4.1 A Second Moment Method Estimate

In this section, we consider any fixed I, > [,. A second moment argument will provide a lower
bound for the probability that we can find at least one walk which stays in the interval W, between
level ken and (k + 1)en for all k. A truncation (of the tree) argument will complete the proof of
the upper bound.

As a first step, consider the sequence {s;} in (15) with I, > [,. Then for any & > 0, it is easy to see
that s2*9(t) is increasing and convex for 0 < t < 1. Thus in Euler’s approximation,

s1 <s2to(1) <sk2(1) < L. (22)

It follows from (15) that
1
w,>6 forall 0<k<--1. (23)
€

Define N as follows.

veD,

We will apply second moment method to 1\7’112. E1\~I£2 is calculated the same way as EZ in the

1_
previous section. But this time we consider G = {Uj;oll/vj/nl/3 x[je, (G+1e)u{(l,—Al,, 1) x{1}}
in with Al, — 0, so

Nl _ n
Ean = b El{SJ-EWk, for ken<j<(k+1)en, k=0,..., %—1}

1_4 n202
(—AL,=-25, —L2e)n'Pro(n'/?)
e 202 )

(24)

2 .2
TL'O'Q

1_
From (22) and the definition (15) of s, —A_l, — Zi:é ™

k
we will be ready to apply the second moment method after the following calculations.

€ > 0 and thus EN, ,52 — 00. Therefore,
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AU
E(N2) = E Z Lis,;5,/eW,, for ken<j<(k+1en, k=0,..,1-1}

u,veh,

n—1

— 7l
- ZE Z 1{Su,-,SVjeWk, for ken<j<(k+1)en, k=0,..., %—1}+ENn2' (25)

h=0 u,veD,
uAveDy,

In the last expression above, u A v is the largest common ancestor of u and v. Write h = gen+r
for0<q=< % —1and 0 <r < en. There are b>*"~1(b — 1) indices in the second sum in the right
side of (25). We estimate the probability for one such pair to stay in W,’s. In order to simplify the
notation, define

p1(0,h,x) =P(S, €dx, S; €W, forken < j < (k+1)enAh, k=0,...,q),

po(h,x,n,y)=P(S, €dy, S; €W, forhVken<j<(k+1)en, k=gq,...,n|S, = x).

Similarly, define g,(0,h,x) and g,(h,x,n,y) to be the probability of the same events under Q.
Then we have

n—1
E(N2Y = EN:+) b " '(b-1) J (f pa(h,x,n,y)dy)?py (0, h, x)dx
w, Jw,

h=0
n—1
— EN# + Z b2n—h—1(b _ 1)J (J e—lf(y—x)+(n—h)A(7L)qz(h’ X, n,_)/)d_y)2
h=0 w, Jw,
e A XA g (0, h, x)dx

L p-1 s
EN#*’Z ; (722 L+ (s,—8))n
h=0

IA

f (J qy(h, x,n, y)dy)*q,(0,h, x)dx. (26)
w, Jw,
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We now provide an upper bound for the integral term in the right side of (26). We have

J (J Q2(h,xan,}’)dJ’)z%(O,h,x)dx
w, JW,

S (SUP f q2(h;x’ Tl,y)dy)zf ql(O: h,X)dX
w,

xeW, W,

< (sup f J q2(h, x,(q +1)en, z)q,((q + Den, z, n,y)dzdy)zf q:(0,qen, x)dx

xeW, w,

- (1) ﬂ 02 n'3+4o(n'/?)
< (sup f qo(h, x,(q + 1en,2)q,((q + 1en, z,n, W,)dz)?e 2
Wq+1

xeW,

qlﬁzﬂ'z
1/3 1/3
k=0 2W2r1/+o(n/)

< (sup Zf q5(h,x,(q + Den, 2)g5((q + Den, z,n, W, )dz)%e
XEW, 75 I

T'EZU
o 2 6n1/3+o(n1/3)

Zk()

< (Z supq,((q + 1en, ,n, W,,))e @7)

z€I;

In the above, U;I; = W, ;. Due to (13), for any small €; > 0, we can choose a finite number of I;s
and |I;| < 5;n'/3 such that for each i,

-1 "ZUQ 1/3 1/3
(Zk e 2 € e)nP+o(n1’?)
k

z€I;

1 _ N
After splitting ZZ;; to Y, (;:01 Ziiol in (26), we obtain the upper bound for E(N'2)? as follows,

1/e—1 4 202 %,1 202
E(fo)z p EI\NITZIZ + Z e(—21,12+l,(sq—5))n1/3—zzzéTgenlm—z(zk:qﬂTz‘ze—el)nl/3+o(n1/3)
q=0
et (=24 LA (s, —5)n"3 =30 0"2"2 enl/3— Z(Zk "2”2 e—e )n1/3+o(n1/3)
< Z e 2w q+1 2w (28)
q=0
With the bounds for EN'2 (24) and E(N2)* (28), we have
. EN)? 1
P >0) > ) s L
E(N2)? Vea1 (lsg=81+Y08 2 et2" "2 etae,Jnt/ o +o(nl/?)
7'[20'2
_ 1 e(l_éf6—2Q67261)n1/3+0(n1/3)
- ’TZUZ
1/e—1 (FA_5+ —2e+2e))n3+o(n'3)
Zq:O e "4
— efszn1/3+o(n1/3) (29)

2

where €, := —A_6 + —%€ + 2¢;, and we use (15) in the first equality and w, > & (see (23)) in
the last inequality. We can make e, arbitrarily small by first choosing & small then choosing ¢ and
€, small. Therefore, we get

P(Ln S 12n1/3) Z P(erlz > 0) Z e*ezn1/3+0(nl/3). (30)
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4.2 A Truncation Argument

In view of the lower bound (30), we truncate the tree at level [e;n/?| = |2e,n'/3/logb] to get
plean'”) > g2ean'”? /b independent branching random walks. We take care of the path before and
after level |e;n'/?] separately.

Define L} similarly as L, for each branching random walk starting from v € D, i3, i.e., letting
2= Lfsnl/SJ,

+n
[Y= min ma -S).
n ue]D)H:,uZ:v k:ZX(SMk SV)
Then
e3nl/3
P(LY > 1,n' forevery v) = (1—P(L, <l,n'3)P"" "
S (1 . e—ezn1/3+o(n1/3))8252”1/3/b S e_eezn1/3+o(n1/3), (31)

when n is large. By the Borel-Cantelli lemma, the above double exponential guarantees that almost
surely for all large n, there exists a v € D, 3| such that

LY <. (32)

This is an upper bound for the deviation of paths after level |e;n'/?]. We also need to control
the paths before that level, which is a standard large deviation computation. Indeed, for q integer

(later, we take q = | e3n'/3]), set
q

Zy= Z Z Lis,>2mq}-

k=1 veDy

Recall the definition for M in (4). Let Q' be defined by ‘;—%’ = XA We have

q q
5 k k -1 kA(A
EZ, = Zb Elgs,>omq) ZZb Eqe MSerk o
k=1 k=1
q
< Z bke—22+Mq+kA(24) EQ’ 1{skzqu}
k=1
q
< Z bk~ A+ Mk+kA(AL) p=A:Mq — e*k+Mq+o(q)’

=
Il
-

where, in the last equality, we use the definitions of M and A, (see (3) and (4)). It follows that
P(Z, > 1) S EZ, < e *+Mato@,

Again by the Borel-Cantelli lemma, Zq = 0 for all large q almost surely. Taking ¢ = |e;n'/®] and
combining with (32), we obtain that

Ly < Lypie,ne) < (I +2Meg)n'/?

is true for all large n almost surely. That is,

L
limsupl—';3 <l,+2Me; as.

n—oco I
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Since €5 > 0 and [, > [ are arbitrary, we conclude that

. Ly
hflso‘ip m <l a.s.. (33)
Together with (21), this completes the proof of Theorem[1. O

5 Concluding Remarks

5.1 The Curve s(t) of (17)

We comment in this subsection on the appearance of the curve s(t) of as a solution to an
appropriate variational principle. By the computation in Section 2, s(t)n'/® denotes the minimal
possible position for vertices at level tn. However, in Section 3, it is not apriori clear that s(t) will
be our best choice. To see why this must indeed be the best choice for the upper bound argument,
let us consider a general curve ¢ (t) <[, as the lower bound for the region. Examining the second
moment computation, we need

max{—qb(t)—i-f du} <0
t o (b

c
—¢(u))?
to make the argument work, where c is some constant. Define w(t) = [, — ¢(t) > 0. The above

condition is equivalent to
t

I, > mtax{w(t)+f }.
0

 _d
w(w?
Therefore, the best (smallest) upper bound that we can hope is the result of the following opti-

mization problem
t

‘4
w(u)? u

The solution to this variational problem, denoted by w*(-), satisfies s(t) = I, — w*(¢t).

min mtax{w(t)+f }. B34
0

w:(0,1)=R,

5.2 Generalizations

The approach in this note seems to apply, under natural assumptions, to the situation where the
b-ary tree is replaced by a Galton-Watson tree whose offspring distribution possesses high enough
exponential moments. We do not pursue such an extension here.
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