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Abstract

For the one-dimensional Brownian motion B = (B, )¢, started at x > 0, and the first hitting time
7 =1inf{t > 0: B, = 0}, we find the probability density of B, for a u € (0, 1), i.e. of the Brownian
motion on its way to hitting zero.

1 Introduction

The following problem has been recently addressed in [5], [6]. The authors considered a contin-
uous time subcritical branching process Z = (Z,),»¢, starting from the initial population of size
Zy = x. As is well known, Z, gets extinct at the random time T =inf{t >0:Z, =0},and T < o0
with probability one. What can be said about Zr, i.e. the population size on the half-way to its
extinction? While the complete characterization of the law of Z,; with u = 1/2, or more generally
u € (0,1), does not seem to be trackable, it turns out that under quite general conditions

xtlz . —L s ceuemun, (1.1)
X—00
where the convergence is in distribution, C and c are constants, explicitly computable in terms of
parameters of Z and 7 is a random variable with Gumbel distribution.
In this note we study the analogous problem for one-dimensional Brownian motion B = (B;);>¢,
started from x > 0. Hereafter we assume that B is defined on the canonical probability space
(2, Z,P,) and let T denote the first time it hits zero, i.e. T =inf{t > 0: B, = 0}.
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Theorem 1.1. For x > 0 and u € (0, 1), the distribution P, (B,, < y) is absolutely continuous with
the density
44/u(1l —u)xy?
plu,x;y)= . (1.2)
n{(y —x)2(1 —u) + y2ulH{(y + x)*(1 —w) + y2u}
Remark 1.2. Notice that p(u, x;y) decays as o< 1/y? and hence its mean is infinite. Such behavior;
of course, stems from the possibility of large excursions of B from the origin, before hitting zero.

Remark 1.3. The formula (1.2) implies that x 'B,,, has the same law under P, as B,, under P;, or
using different notations,

Bl

—1
B ut(1)’

ut(x) —

(1.3)

where B stands for the Brownian motion, starting at x > 0, and 7(x) = inf{t > 0 : Bf = 0} (i.e.
B 17(1) has the density p(u, 1, y)). This scale invariance does not seem to be obvious at the outset and

should be compared to (1.1), where the scaling depends on u and holds only in the limit.

In the following section we shall give an elementary proof of Theorem/1.1} In Section[3]our result
is discussed in the context of Doob’s h-transform conditioning.

2 Proof

Let 6 > 0 and define? T 5 :=06[7/6]. Recall that 7 has the probability density (see e.g. [2]):

X —x2/2t
flx;t)= P (T <t)= 3e , t=>0, x>0. 2.1
21t

Let Ms’t :=inf,<,, B, and ¢(-) be a continuous bounded function, then?
Ev¢ (Bus,) = Z Ex (Bus, )1 (7 € [6k,6(k+1)))

iE ¢ (Busn)I (7 € [6k,5(k+1))

[e9)

0.6k > 0, i 5(k41) < 0)
k=0
[ee]
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ZE ¢ (Busi)!
k=0

( 0,usk > 0) x (MmSk,ﬁk > 0, Mg 5(kr1) < O{gfék)
(M 0,usk > 0) x (Muak,ak > 0, Mk 5(k+1) <

B 6k)

00

= ¢ (x)P, (r eo, 6)) + > Evtp (Buse) (Mo,uak > o) x

k=1
PBuﬁk (T € [(1 - u)ék: (1 - u)(Sk + 5))

2| x] stands for the integer part of x € R and [x] := | x|+ 1
31(-) denotes the indicator function
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(1-u)85k+6

=¢(x)féf(XQf)dt+iEx¢(Bu5k)I(Mo,u5k >0)f f(Busks t)dt

(1-u)6k

5 5(k+1)
:(j)(x)f f(x;t)dt+J gb(y) Zf q(x,uék,y)f(y;t—u5k)dt}dy
0 0

=¢(x) Léf(x;t)dt+f

0

¢(y){J q(x,ult/616,y)f (¥5t— uLt/5J5)df}dy
9

= ¢ (x) f:f(x;t)dt+foo

0

¢(y){f Q(X,uft/515,y)f(y;t+5—Uft/515)df}dy, (2.2)
0

where q(x, t,y) is the probability density of P, (MO,t > 0,B, € dy) with respect to the Lebesgue
measure (see e.g. formula 1.2.8 page 126, [2]):

e~ (y—x)?/2t _

V2Tt 2mt
By continuity of the densities (2.1) and (2.3), for any fixed x > 0 and u € (0, 1), the function

qlx, t,y)= { e‘(y+")2/2f}, x,y > 0. (2.3)

Fs(t,y):=q(x,ult/516,y)f (y;t+6 —ult/815)

converges to
lim F5(t, y) = q(x,ut, y)f (y;t —ut), Ve20, y=0.

In Lemma(2.1/below we exhibit a function G(t, y), independent of &, such that
F5(t,y) <G(t,y), V(t,y)€R? and J G(t,y)dtdy < oo, 2.4
]RZ

and hence, the dominated convergence and (2.2) imply

2
RY

gigg)ExMBm) :g%f ¢>(y)F5(t,y)dydt=J ¢ (y)qlx,ut, y)f (y;t —ut)dedy. (2.5
%

On the other hand, lims_,q 75 = 7, P-a.s. and thus by continuity of B, lims_,B,, = B,;, P.-a.s.
for any u € (0,1). Thus, by arbitrariness of ¢, (2.5) implies that the distribution of B,; has the
density:

[0 9)

p(u,x;y) = f qOx,ut, y)f (y; t —ut)de.
0

A calculation now yields:

VZr(t(1 - w)*? V2mut 2mut

o0
-y A o 2ut—y?2e(—u) _ —(y+x)/2ut—y?/26(1—u) d
211 —u)*2ul? ), ¢ € € t,
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and by a change of variables
2

o y (y=xP y* N1 +x)P? yP N
p(u,x;y)= ol —u)3/2u1/2{( o T 201 _u)) ( o 20 _u))
_ 2yvu { 1 1 }
Con/T—ul(y—xPA-w+yu  (y+x)P1-uw)+yu
3 Vu(l—u)dxy?
t{(y =020 —w) + y2u{(y + 220 - )+ y2u}
The statement of the Theorem|1.1 now follows from:
Lemma 2.1. (2.4) holds with G(t, x) defined in below.
Proof. Sett® :=[t/515,sothatt <t® <t+§,and

Fs(t,y) < . {e(yx)z/Zut‘s _ e(y+x)2/2ut5}me—;yz/(t+6—uté)
<I(t< 5)Le—(y—X)2/(2u5);e%yz/(éﬂlwﬁ)_’_
Vus ((1-ws)*?
I(t > 5)L{C—U—X)Z/2ut5 — e—(y+X)2/2ut5} Y e~ 37 /(t(1-u)+8)
Vut ((t+6)1-u)*?

= I(t <8)A+I(t > 5)B.

Since the function z%e~¢*

z:=2/C,

with C > 0 attains its maximum 4e~2/C? on the interval [0,00) at

Ao Y 1 G-x 1 y* 1 _
_mﬁexp{_( 2u +§(z—u))5}—

y ((y—X)2+1 y? )‘2
m 2u 22-u))

Similarly, for t > 6,

B— \/ y e—(y—x)Z/Zut5{1 _ e—ny/ut5 }e—;yz/(t(l—u)+5)
u(l—u)t(t+06)°

Y ie—(y—x)2/2u(f+5) { 1 — e~ 2xy/ut }e;yz/(t(lu)Jrﬁ)

Vu(l—u)® t?

P S T {1 _ e—ny/ur} o 3Y2/(t2-w)

Vu(l-w? t?

Hence for § € (0,1] we have the bound
y ((y —x)? 1y
[u(1 —u)? 2u 2(2—u)
Y le—(y—x)Z/m{l _ e—zxy/ur} G 2 G y). (2.6)

Vu(l—u)® t?

IA

-2
Fs(t,y) < ) I(t<1)+
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Since for u € (0,1) and x > 0, the quadratic function is lower bounded:

Sk N S
u 2-u) ™ 2

the first function in the right hand side of (2.6) is integrable on R2. Further,

le—(y—x>2/4uf{1 _ e—zxy/ur} o Iy w) g

Yy
L Vu(l—u)? t?

y y=xP ¥y 7' (=xP ) 2xy ™!
:m{( 4 +2(2—u)) _( RO R ) }
4yu(2 —u) 1 1
- M{(y —x)?(2—u)+2y%u B (y —x)2(2—u)+2y2u+8xy(2—u)}

32u(2 — u)?xy?/y/u(l —u)?

{(y —x)*(2—u)+ 2y2u}{(y —x)?(2—u)+2y*u+8xy(2— u)}.

The latter function decays as o< 1/y? as y — oo and is bounded away from zero, uniformly
in y > 0, and thus is integrable on R_. Since the last term in the right hand side of (2.6) is
nonnegative, by Fubini theorem it is an integrable function on Ri forallue(0,1)and x >0. O

3 A connection to Doob’s h-transform

In this section we show that the random variable B,,. has the same density as the so called scaled
Brownian excursion at the corresponding time, averaged over its length. The latter process is
defined by conditioning in the sense of Doob’s h-transform, and it would be natural to identify this
formal conditioning with the usual conditional probability. While in the analogous discrete time
setting, such identification is evident, its precise justification in our case remains an open problem.
For a fixed time T > 0, let R = (R, )<y be the 3-dimensional Bessel bridge R = (R, )<, starting at
R, = x and ending at zero. Namely, R is the radial parﬁ

Rt = ||V[||J te [0’ T]; (31)

of the 3-dimensional Brownian bridge V = (V,),<; with V; =v and V; = 0:
t
Vi=v+W, - ?(WT-I-V), te[0,T],

where v € R® with ||v|| = x and W is a standard Brownian motion in R3.

The law of R coincides with the law of the scaled Brownian excursion process, which is defined as
“the Brownian motion, started at x > 0 and conditioned to hit zero for the first time at time T”.
Here the conditioning is understood in the sense of Doob’s h-transform (see Ch. IV, §39, [7], and
[1], [3] for the in depth treatment).

On the other hand, one can speak on the regular conditional measure induced on the space of
Brownian excursions (started from x > 0), given T = inf{t > 0 : B, = 0}. More precisely, let E

4| - || denotes the Euclidian norm in R
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be a subset of continuous functions Cpg .,)(R), such that for all w € E, «w(0) = x and for each w
there is a positive number £(w), called the excursion length, such that w(t) > 0 for 0 < t < {(w)
and w(t) =0 for all t > £(w). E together with the smallest o-algebra &, making all coordinate
mappings measurable, is called the excursion space (see §3, [2] for the brief reference and [1] for
more details). Let u,(T,-), T € [0,00) be a probability kernel on the excursion space (E, &), i.e. a
family of measures such that T — u,(T,A) is a measurable function for all A € & and u,(T,-) is a
probability measure on & for each T > 0. By definition, u,(T,-) is a regular conditional probability
of B, given 7, if for any bounded and measurable functional F on (E, &):

E,LF(B.A)I(T€A) = f f F(o)u,(s,dw)f (x;s)ds, VAe B(R),
AJE

where f(x;t) is the density of 7, defined in (2.1). In particular, for any bounded measurable
function ¢ and some u € (0, 1),

Ex¢(BuT)=f f¢(w(uS))Mx(S,dw)f(x;S)dS- (3.2)
0 E

We were not able to trace any general result, from which the identification of u, (T, dw) with the
probability v, (T, d w), induced on (E, &) by the aforementioned Bessel bridge R, could be deduced.
While the latter, of course, is intuitively appealing, its precise justification remains elusive (some
relevant results can be found in [4]). The calculations below show that

f f ¢ (w(us))vy(s,dw)f (x;s)ds = E,p(Bye), (3.3)
0 E

indicating in favor of such identification.

For a fixed T > 0 and u € (0, 1), the distribution of R, i.e. the restriction of v,(T,d w) to the time
t :=uT, has a density g, (x; y) with respect to the Lebesgue measure dy, which can be computed
as follows. We have

t(T—t)
EV,=v(1—t/T), cov(V,)= IT,

where I is 3-by-3 identity matrix. Notice that the law of the Bessel bridge R in doesn’t
depend on the particular v as long as ||v|| = x and it will be particularly convenient to carry out
the calculations for the specific choice v = (x,0,0). Fix a constant u € (0,1) and let £,&,, &5 be
i.i.d. standard Gaussian random variables. Then, for t :=uT,

Ryr 4 \/(1/ Tu(l —w)é; +x(1— u))2 + Tu(1 — u)&2 + Tu(l —u)&3.

The random variable 6 := &3 + 5% has y2 distribution, which is the same as the exponential
distribution with parameter 1/2 and hence

RuTgb\/(§+a)2+9, (3.4)

where & is written for £; and a := x4/(1 —u)/Tu and b := /(1 —u)Tu are defined for brevity.
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The density of (& + a)? is given by:

fi@):= P((€+ y<z)= d ff ,/—1 g
1(z — a Z x =
vz
1
~(VE=a)*/2 | ,~(vz+a)’/2
—— | € +e .
2\/2nﬁ( )

The density of (£ + a)? + 0 is the convolution of f; and the exponential density with parameter
1/2:

y y
1 2 2 1
— . C)dz= | (o2 g~ (WEHaR/2)) C pm1/200-5) gy
£ fofl( aly = 2) L 77 )3
7 ( ~(-a)*/2 —(z+a)2/z) ~1/20y-8) g5
= e e e Z
0o 2V2m
e—az/z—y/Z vy ) e~ 2/2-y/2 (VY
- Za —Za 5 __ ~ o
= 7 i (e +e )dz o . cosh(Za)dg
e~ /2-y/2
= ———sinh a).
a (Vy
Consequently, the density of v/(& + a)? + 0 is given by
ﬁe—az/z 2
fa(2) = 22f5(2*) = ?ze*Z /2 sinh(za),
Ta
and, finally, the density of b4/ (£ +a)®>+ 0 is
1 V2e0/2 ) Z o _
fs(z) = Ef4(z/b) NS = e 7z2/2b2 sinh(za/b) = Torab? {e (a—2/b)*/2 _ e (a+z/b)2/2}.

Hence by (3.4), R, has the density

1 (x(1—uw) —y)2

. —_— y 1 - -
q“T(x’y)_mx(l—U)\/Tu(l—u){exp( T Zu(l-u )
( 1 (x(l—u)+y)2)}
exp| —=————F——— | >

T 2u(l-—u)

We shall abbreviate by writing

C(xO-w-y) L a-w+y)t y
T ow(1-w) 0T 2u(l-w) T T V2mwul2(1 - w)R

Then

J f¢(w(ut))vx(t,dw)f(x;t)dt=J ¢(y)f Que (3 ¥ )f (x5 t)dt
0

= J b(y) f e 1,2 e G/t — —Cz/f} Nor Tk e dtdy = JO ¢ ()pw,x; y)dy
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and by a change of variables,

[ee]
p(u,x;y)=Cy a {e‘(cl+x2/2)f - e‘(C2+x2/2)f}t‘2dt =
21 J,

WL

c X 1 1
SVam \Ci+x2/2  Cy+x2/2]

A calculation yields,

1—u)(x—y)*+y° 1—-uw)(x+y)y+y?
I-uw)(x—y)+y“u and C2+x2/2:( w(x+y)+y-u

C +x*/2= ’
17/ 2u(l —u) 2u(l —u)

and, consequently,

y x 2u(l —u) 2u(l —u)
plu,x;y)= {( }

V2mxut2(1 —uw)¥?2 V2r (1 —uw)(x — y)2 + y?u (I —w)(x +y)2+y2u

4xy?y/u(l—u)

- {1 -w)(x —y)?+y2uHQ -u)(x+y)?+ y2u}’
which in view of (3.2) and (1.2), imply (3.3).
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