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AN ASYMPTOTICALLY STABLE SCHEME FOR DIFFUSIVE
COAGULATION-FRAGMENTATION MODELS *

FRANCIS FILBET?

Abstract. This paper is devoted to the analysis of a numerical scheme for the coagulation and
fragmentation equation with diffusion in space. A finite volume scheme is developed, based on a
conservative formulation of the spatially nonhomogeneous coagulation-fragmentation model. It is
shown that the scheme preserves positivity, total volume and global steady states. Finally, several
numerical simulations are performed to investigate the long time behavior of the solution.
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1. Introduction

Coagulation and fragmentation processes occur in the dynamics of cluster growth
and describe the mechanisms by which clusters can coalesce to form larger clusters or
fragment into smaller ones. Models of this type have found important applications in
areas ranging over polymer kinetics [35], aerosols [20], cluster formation in astrophysics
[30] and animal grouping in biology.

This paper is devoted to the numerical simulation of the dynamics of the density
function f= f(t,z,y) >0 of particles (polymers, clusters) with position z€QCRY
(N >1), volume y € RT :=(0,00), and time ¢ > 0. The distribution function f is subject
to coagulation and fragmentation phenomena with respect to the volume variable y
and diffusion with respect to the space x € ) and is governed by the following equation

of

ot
where Q(f) is the coagulation-fragmentation operator acting on the volume variable
y€RT and these particles diffuse in the environment 2, which is assumed to be a

smooth bounded domain with normalized volume |Q2| =1. Moreover, the model (1.1)
is supplemented with an initial datum

F0,2,y) =" (2,y), (1.2)

and in the following analysis we will consider homogeneous Neumann boundary con-
ditions on 02

d(y) Aef =Q(F), (L.1)

Vo f(ta,y) - v(e) =0, (tz,y)eRT xIQxRT, (1.3)

with v the outward unit normal to 2. We also assume the diffusion coefficient d(y)
to be non-degenerate in the sense that there exists d, € R such that

dy)>d.>0, yeR". (1.4)

Let us first describe precisely the coagulation and fragmentation process. In the
simplest coagulation-fragmentation models the clusters are usually assumed to be
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258 ASYMPTOTICALLY STABLE SCHEME FOR DIFFUSIVE COAGULATION-FRAGMENTATION MODELS

fully identified by their size (or volume, or number of particles). The coagulation-
fragmentation models we consider in this paper describe the time evolution of the
cluster size distribution as the system of clusters undergoes binary coagulation and
binary fragmentation events. More precisely, denoting by C, the clusters of size y
with y € RT, the basic reactions taken into account herein are

Cy+Cy alwy) Cyty, (binary coagulation) (1.5)
Cy Py Cy—y +C,y, (binary fragmentation), (1.6)

where a and b denote the coagulation and fragmentation rates respectively, and are
assumed to depend only on the size of the clusters involved in these reactions.
Thus, the coagulation-fragmentation operator is defined by

Q(f) = Qe(f) = Q= (), (1.7)

where the coagulation operator only acts on the volume variable and is given by

1

Q1)) =3 [ o= 1) fu=)dy ~ [ atwal F S0y (18)

whereas the fragmentation mechanism by which a single particle splits into two pieces
is given by

O (f /byy y)dy' f(y / b(y.y') fly+y')dy'. (1.9)

The coagulation coefficient, a =a(y,y’), characterizes the rate at which the coalescence
of two particles with respective volumes y and vy’ produces a particle of volume y+1/,
whereas the fragmentation coefficient, b="b(y,y’), represents the rate at which the
fragmentation of one particle with volume y-+1v' produces two particles of volume y
and y’. Both coefficients a and b are nonnegative functions and

a(y,y)=aly',y), b(y,y") =b(y,y),
(1.10)
a,be L{S, (R xRY).

For symmetric kernels, we observe that during the microscopic coagulation and
fragmentation processes, as depicted in equations (1.5)—(1.6), the number of particles
varies with time while the total volume of particles is conserved.

In terms of f, the total number of particles and the total volume of particle at
time ¢ >0 are respectively given by

Molt)i= [ Ftagdy. Ma(ta)= /R uf )y

Besides existence and uniqueness results, little is known of the qualitative behavior of
solutions of coagulation-fragmentation equations except when coagulation and frag-
mentation coefficients are linked by the so-called “detailed balance condition”: there
exists a nonnegative function M € L' (R*, (1 +y)dy) such that M(y) >0 and

a(y,y" Y MY)M(y') = bly,y )M(y+y), (y,4') eRT xR™. (1.11)
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This condition implies that M is a stationary solution to the coagulation-
fragmentation equation and satisfies more precisely

d(y) Az M = Q(M) =0.
Furthermore, we observe that for any constant o € R,
Ma(y) ==e " M(y), yeRT (1.12)

is still an equilibrium of the coagulation-fragmentation equation.
An additional and interesting feature of the detailed balance condition is that
there exists an entropy H given by

(M= [ (w(552) - 1) + Mo ape

which satisfies the following H theorem

dH(f)
dt

<0.

A natural conjecture would be that
ft) —M,, as t—oo,

where the value of a« €R is fully determined by the initial total volume M;(0), con-
served with time, such that

1

M (0) = —
=1 o

Y Ma(y) dydz = / Yy Ma(y)dy.

R+

We refer to [8, 25, 27, 33] for a proof of convergence to equilibrium for the diffusive
coagulation-fragmentation equation.

However, for this result to be true, the total volume of f** and M, should be
the same, and in particular the total volume should be conserved throughout time
evolution. In addition, there are cases for which there is no equilibrium M, with the
same total volume as fi*, and the above convergence cannot hold. Finally, a proof of
the convergence of f(t) to a single equilibrium is not available in all cases.

The main purpose of this work is to present a numerical scheme to solve (1.1)
built upon a finite volume discretization with respect to the space variable z € {2 and
volume variable y € R*. The analysis of the so-obtained scheme would allow to prove
the convergence of the discretized particle density towards a solution to the continuous
problem on a fixed time interval [0,7] (T >0), see for instance [6], but here our aim
is different. It will consist in the study of the long time behavior of the numerical
solution on a fixed mesh in space and volume variables. Indeed, often in applications
we are interested in are steady states or the long time behavior of the solution. It
is then important to design a numerical scheme which has good stability properties
uniformly in time and remains consistent with respect to the exact solution for long
time. Thus, the scheme proposed in this paper is designed such that it preserves
qualitative properties of the exact solution, such as steady states of the coagulation-
fragmentation operators (1.8)—(1.9). Moreover, an estimate of the entropy dissipation
due to an appropriate finite volume approximation with respect to space and volume
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variables is given and the scheme is shown to give a consistent approximation of the
continuous problem in the long time asymptotic limit ¢t — oo.

Before describing more precisely our results, let us recall that the coagulation and
fragmentation equations (1.1) with (1.8)—(1.9) have been the object of several recent
studies.

On the one hand, among the various approaches for the approximation of co-
agulation and fragmentation models, we may distinguish between deterministic and
Monte-Carlo methods. We refer for instance to [12, 17, 29] for deterministic methods,
[3, 21] for stochastic methods, and the references therein. Concerning the convergence
analysis of numerical methods for coagulation and fragmentation models, we refer to
[28] for a rigorous study of quasi-Monte-Carlo methods. For deterministic approxi-
mations, the situation is different; the relationship between discrete and continuous
models has been considered by some authors, see the survey paper [11] and [1]. A
rigorous setting for the formal analysis performed in [1] under general assumptions
on the coagulation and fragmentation coefficients has been given in [26]. Similar
techniques are used to prove convergence of discrete schemes to the exact solution in
[6].

However, little is known concerning the stability and the analysis of the numerical
solution in the long time asymptotic limit. For the continuous model, in reference [25],
the authors are able to apply the techniques of weak compactness, as in the paper by
R.J. DiPerna and P.-L. Lions [10] about the Boltzmann equation, to prove the weak
stability of weak solutions. In the case when an H-theorem holds, they can obtain
some partial information about the large-time behavior of solutions. More recently,
using entropy dissipation methods developed by L. Desvillettes and C. Villani [9], J.
A. Carrillo et al. prove exponential decay of the solution towards equilibrium for the
inhomogeneous Aizenman-Bak model [7] assuming restrictive conditions : constant
kernels a and b and either constant diffusion coefficient or space dimension one. Our
analysis for discrete models will be inspired by these works.

We now briefly outline the content of the paper. In the next section, we introduce
the numerical approximation of (1.1) and state the stability result which we prove in
Section 3. In the final section (Section 5), some numerical simulations are performed
with the numerical scheme presented in Section 2 and the long time behavior of the
solution is investigated.

2. Numerical scheme and main results

In order to compute an approximation of this model using a finite volume method
in space variable x € 2 and volume variable y € R*, we observe that the coagulation-
fragmentation operator can be written in a conservative form. Indeed, writing Equa-
tion (1.1) in a “conservative” form, as proposed in [30, 32], enables to describe pre-
cisely the time evolution of the total volume. Also, this formulation is particularly
well adapted to a finite volume discretization, which in turn is expected to give a
precise account of volume conservation. Precisely, the coagulation and fragmentation
terms can be written in divergence form:

v == @),

y Qs (f)(ay) =2
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where the operator C(f) is given by
y oo
)= [ [ wawe) foa) foo) dedu, ()€ QxR (@21)
0 Jy—u
and F(f) is

f(f)(x,y)::/oy/oo u b(u,v) f(x,u+v) dvdu, (r,y)€QxRT. (2.2)

—Uu

Finally, the coagulation-fragmentation equation reads

y % —d(yyyi.f =260 | 9FL)

Oy oy ’
f(0,2,y)=f*"(x,y), (z,y)€Q,xRT

and we assume that the initial datum f* is a nonnegative function which satisfies:

(2.3)

fre LYQxRY,(1+y)dzdy). (2.4)

Here and below, the notation L'(2 xR, (1+y)dzdy) stands for the space of the
Lebesgue measurable real-valued functions on £ x R which are integrable with re-
spect to the measure (1+y)dxdy. When designing the volume discretization of the
coagulation and fragmentation terms, it is necessary to truncate the infinite integrals
in formulae (2.1)—(2.2). But this means restricting the domain of action of kernels a
and b to a bounded set of volumes y, that is, preventing coagulation from occurring
among particles with volume exceeding a fixed value. The discretization we propose
is based on the conservative truncation method for the coagulation and fragmentation
terms. Given a positive real number R, for (z,y) € Q2 x (0,R) define

y rR—u
R T = u alu,v T, u T,V vau
D= [ [ wau) @) s ddu,

:/Oy/yRu a(uw—u) f(zu) f@w—u) dwdu. (2.5)

In this case, C(f)(z,0) = CE(f)(z,R) = 0 for each x € so that the total volume of
the solution is now constant with respect to time. Using the same idea, we introduce
a conservative truncation of the fragmentation terms: for (z,y) € Qx (0,R) define

y rR—u
R T = uo\u,v r,u—r+v)avauy
FUNG= [ [ bl o) dod

= /Oy/yRub(u,w—u)f(x,w)dwdu- (2.6)

Then, the conservative coagulation-fragmentation operator satisfies exactly the con-
servation of total volume, so that the following equation is indeed a conservative
truncated coagulation and fragmentation equation:
Ofr aC" (fr) OF"(fr)
Yy ~AWyAafr=———7 " (2.y) + T(m,y)

9 (2.7)

f(O,x,y):fin(Jc,y), (l‘,y)EQX(O,R),
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since

d R
a/ /yfR(t,x,y)d:rdy:O
0 Q

Under the detailed balance condition (1.11), model (2.7) has also a steady state Mg,
depending only on y and such that

Mpg(y) = M(y), y€[0,R]

|Q1|/OR/in“(x,y)dwdyz/ORMR(y)dy~

Convergence for large values of R has been thoroughly studied in the recent past
in the spatially homogeneous case [26]. However, an additional difficulty arises in
the spatially inhomogeneous case. Indeed, convergence as R — oo is still true, but it
is unclear whether one obtains conservation of the total volume in the limit R — oo
(for kernels for which it is expected to hold, of course). We refer for instance to
[22, 31, 34] for global weak solutions and [2] for local smooth solutions. Thus, in
this paper we will focus only on the convergence of a sequence built on a numerical
scheme towards a solution to Equation (2.7) when the truncature R is fixed. In the
remainder of the paper, for the sake of clarity, we drop the subscript R and write
f instead of fgr for a solution of Equation (2.7). The parameter R being fixed, this
should raise no confusion. We now turn to the discretization of Equation (2.7). Having
reduced the computation to a bounded interval, the second step is to introduce the
space and volume discretizations. To this end, we fix Aye(0,1) and N, a large
integer, and denote by (y;—1/2)ic{o,...,n,} @ mesh of (0,R), where y;_/5 = iAy, and
Ai=[yi-1/2,Yiy1/2) for i>0.

Concerning the space variable, we choose an admissible mesh of ) given by a
family 7 of control volumes (open and convex polygons in 2-D), a family £ of edges
and a family of points (2 )xe7 which satisfy Definition 5.1 in [15]. This definiton
implies that the straight line between two neighboring centers of cells (xx,xr) is
orthogonal to the edge o =K|L. In the set of edges £, we distinguish the interior
edges o € &;,; and the boundary edges o €&.,;. For a control volume K €7, we
denote by £ the set of its edges, by Eint, x the set of its interior edges, and by Eepr, x
the set of edges of K included in I'= 0.

In the sequel, we denote by d the distance in R, and by m the Lebesgue mea-
sure in RY. We assume that the family of meshes considered satisfies the following
regularity constraint: there exists £ >0 such that

d(zk,0) > Ed(zk,zL), andfor Ke€T, for 0 €&k, 0=K]|L. (2.8)
The size of the mesh is defined by

and

0= max (diam(K)). (2.9)

For all o € £, we define the transmissibility coefficient:
ﬂ, for 0 €Eipt, 0=K|L,
d(l’K y {EL)

m(o)

—, f Eeort K-
d(l'K,O')7 or o€ tK
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Next, X(7) will be the set of functions from Q to R which are constant over each
control volume K €7 .
We define the approximation f(0) of the initial datum fi* as usual by

Ny
O =33 fitilkxa,, (2.10)

=0 KeT

with

. 1 .
:Lni:i in z, dzd ,

where 15 denotes the characteristic function of the subset E of  x RT and converges
strongly to fi* in L'(Q xR*) as h=(Ay,d) goes to 0.

Let us now introduce the numerical scheme itself. For each integer ¢ € {0,...,N,}
and each K € T, we define the approximation of f(¢,z,y) for t eR™ and (z,y) € K x A;
as fi,i(t). The sequence (fx,i(t))x,; is defined by the following discretization of the
coagulation-fragmentation equation: for K € 7, i €{0,...,N,}, we solve the ordinary
differential system

m(K) CUKT;(Q —d(yi—12) Y To Diofrci(t) =m(K) Qx i,
ocEx (2.11)

nyi(O) = ;(n,z

We have set

_CK,iJrl/Q —CK,i71/2 n Frivi2—FK,i—1/2

Ok,;=
o Yi—1/2AY Yi—1/2AY

(2.12)

where the flux Cg ;4172 in (2.12) represents an approximation of the coagulation
operator (2.5), Fk ;y1/2 is the approximation of the fragmentation part (2.6) and
both are defined by
i Ny—1
CK,i+1/2:Z Z Ayy; 120505 fie i (t) frea—s(t), (2.13)
§=01=i+1

where a; ; = a(y;,y;) with y; =(i+1/2) Ay and
i Ny—1
Frivip=»_ Y Ay’yi_1abji i fra(t), (2.14)
§=0l=i+1

where b; ; := b(y;,y;) whereas the fluxes at the boundary are

Cr,—12=Fk,~12=Crx N, +1/2=Fk N, 4+1/2=0, KeT. (2.15)

Concerning the approximation of the diffusion in space, we let vk , denote the unit
normal to o outward from K and define an approximation of V. f vk  on o by

fri—friif o=K|L€&n K,

0if 0 € Eeur. i (2.16)

Dk ofr,i= {
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for all K € 7. This discretization obviously relies on a simple finite volume approach
for the space and volume variables (see, e.g. [6]).
The following function f” defined on R x Q x [0, R] will be useful in the sequel.

M (twy) = ZZfKZ )1rcxa, - (2.17)

KeT i=0
We may now state our main result.

THEOREM 2.1. Assume that the coagulation and fragmentation kernels satisfy (1.4),
(1.10) and (1.11) and f* satisfies (2.4). We consider a uniform volume mesh in y
and require the mesh T in space to satisfy conditions (2.8), (2.9). Then there exists
a unique solution f" to the finite volume scheme (2.11)-(2.16) which satisfies

(i) monnegativity
Ik,i(t)>0, (K,i)eT x{0,...,N,}, teRt,

(ii) conservation of total volume

dt Zm Ayyz 1/2sz() =0, VtER+7

(iii) entropy dissipation

dH ("
W + Ayz Z d(yi1/2)ToDK70fK’iln(

K,i 0€€k

fK,i _ h
) =™,

2

where

0 = )8 s (57 1) +4
and
= ;;;Ame(K) (ari—1 frei frimt — bri—i fx.s) {hl (W)} .
(iv) Moreover, the finite volume scheme is asymptotic-preserving, i.e.,
') — M as t — oo,
where
Mg(%y) =Ma,i=e " M(yi), V(z,y)€K x [yi—l/vai+l/2)

and a € R™ is such that

N?/ N’J
Z Zm(K)yifl/ZMa,i = Z Zm(K)yiqﬂf;—(’fi'

KeT i=0 KeT i=0
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3. A priori estimates

As we mentioned in the introduction, our goal is not to prove that the sequence
of functions (f");, converges in some sense to a function f as h = (Ay,d) goes to 0, but
to study the long time behavior of the numerical solution and to prove its uniform
stability with respect to time. First, we prove that the solution f” to the scheme
(2.11)—(2.15) enjoys properties similar to those of function f given by (2.7) which we
gather in Prop. 3.1 below.

On the one hand, we first rewrite the discrete coagulation-fragmentation obtained
from the conservative form (2.7) in a new form which is consistent with the classical
formulation (1.7)—(1.9). On the other hand, we find a discrete version of the weak
formulation from which we prove a priori estimates.

PROPOSITION 3.1. Assume the approximation of the coagulation-fragmentation model
(2.5)-(2.7) given by the finite volume scheme (2.11)-(2.16). Then the discrete oper-
ator satisfies

1 7
Qri=35 > Ay(azijfrjfri-g—biigfri)
=0

Ny—1

=Y Ay(aijifrifr i —bij-ifK;)- (3.1)

g=i

Proof. Starting from the definition of the fluxes (2.13) and (2.14), we set

Criv1/2—Cki—1/2 N Friv12—FKi-1/2

Or,i=—
’ Yi—1/2 Ay Yi—1/2 Ay
and by construction
i Ny—1
Yic12Qri=—Y_ > Ayyj_1ya(aj-; fxjfrij —bii—jfii)
j=01=i+1
i—1 Ny—1
YD Ayyiage (a5 fig Fra—g — b fri),
§=0 1=i

which can be easily simplified into

N,—1
Yie1/2 QK,i=— Z Ayyi—1/2 (aig—i [xi fri—i — big—i [x.1)
1=it1
i1
+ZAyy171/2 (ari—1 fra frimt — brioi fri)-
1=0

Then, adding and subtracting the term y;_1 /2 (a0 fx,0 fx,0 — bio fK,i), we get

i
Yio1/2Qui= Y Ayyi-1y2 (a1 freq freit = buioi fres)
1=0
Ny—1
=3 Ayyiage (@ir-i frci freimi = biai fra).

=1
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Hence, it only remains to treat the first term of the right hand side: we compute for
a symmetric sequence g; ; such that g; ; =g;; for each (i,5) € {0,...,N,}* that

Slgrii=Y igrici— Y (i—=1gri
1=0 1=0

1=0
i i

=> ignici— » lgiw.
1=0 1=0

Thus, using the symmetry g;_; ;=g ;—, we finally get

Ldn i
3 > igrici=Y _lgui-i
1=0 1=0

Therefore, with y;_1 /o =i Ay and taking successively g; j =a; ; fx i fx; and g; j =b; j,
we obtain the result

L
Ok,i= 5 ;Ay (ari—1 freafrimt —brizi fx.)

N, —1

- Z Ay (aii—i frifri—i — big—i fr)-
=i

Next, we prove the following estimates:

PrOPOSITION 3.1. Assume the approzimation of the coagulation-fragmentation op-
erator (2.5)—(2.6) is given by the finite volume scheme (2.13)—(2.14). Then, for each
K eT the discrete operator (QK,i)OgiSNy satisfies a discrete weak formulation: for
any sequence (0;)o<i<n, and for each K €T

Ny—1 Ny—1 4

1
; AyQg ipi = —5 ; ;AZF (ari—1 freafrizt —bri—i frs) (@1 + @izt — i)
(3.2)

Proof. We multiply (3.1) by Aye; and sum over i€ {0,...,N, —1} to get

Ny—1

Z Ay Qi ipi=Ay* (I — L), (3.3)
i=0
with

lNy—l i
L= DD (@i frey Frcimg = bjiy fre) i
i=0 j=0
N,—1N,—1

I, = Z Z (@ij—ifr,ifrj—i — bij—i fK.j) @i

i=0 j=i
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We keep the first term I; as it is and only treat the term Is. First, we commute
indexes (i,7) and then perform a change of index on Iy which yields

Ny—1 j
L= (ai-ifrifuj—i—bij-ifr;) ¢
=0 i=0
Ny—1 4
= (@i—1g freimi frep — bicig frei) it (3.4)
i=0 1=0

Using the symmetry a; j=a;; and b; j=b;; for each (i,5)€{0,...,N, —1}, we also
have that

Ny,—1 ;4
I, = Z Z(al,i—lfKJ fri—t —biimi fxi) @i (3.5)
i=0 1=0

Finally, gathering (3.3)—(3.5), we get the result

Ny—1 Ny,—1 ;4

1
Z Ay Qi = —3 Z ZAyQ (ari—1 frep freimt — brizi fre,i) (01 + @it — i)

=0 =0 [=0

Now we are ready to prove Theorem 2.1.

4. Proof of Theorem 2.1

Let us first mention that using the structure of the discrete operator obtained
in Prop. 3.1, the proof of the convergence to equilibrium starting at the bottom of
page 14 resembles very much that of the same result in [25] or [8, 27, 33] and is even
simpler since y € (0, R).

We assume that the kinetic and diffusion coefficients fulfill (1.4), (1.10) and (1.11),
respectively, and that a and b are positive a.e. in Rt x Rt. We are also given an
initial datum f* satisfying (2.4) and denote by f" the solution to (2.11) constructed
in (2.12)—(2.14).

On the one hand, existence and uniqueness of a solution to

Af ki

p7 d(Yi—1/2) Z To Di o frci =m(K)Qk (4.1)

oc€lk

directly follows by applying the classical Cauchy-Lipschitz theorem for a finite set of
ordinary differential equations. Existence of a global solution will be a consequence
of the following uniform estimates with respect to time.

On the other hand, the discrete distribution function, solution to (4.1), satis-
fies the following estimates. Assuming that the initial distribution function fi® is
nonnegative, we follow classical arguments and consider the modified equation

df ki
dt

—d(yi—1/2) Z To DK o fr,i = m(K) {Q}J — Lk ifxil,

c€EK
with
Ny—1

L
Qf ;= Aymax 3 Zaj,i—j Jrjfri-j+ Z bij—ifKj|,0
=0

i=i
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and

1 i N,—1
§§ bjij+ Y Gij-ifKj-i
=0 j=i

Then the nonnegativity of fx ; readily follows from the monotonicity of the discrete
operator . ex To DKk ,o fK,i and the comparison principle for all K and 7. This in

turn implies the nonnegativity of the gain operator Q}’i and thus that fg ; solves the
desired equation (4.1).
Next, we prove the total volume conservation

i Z > m(K)Ayyi1/2 fra(t) = 0. (4.2)

1=0 KeT

Indeed, we multiply (4.1) by Ayy;_1/2 and sum over (K,7) €7 x{0,...,N, —1}:

dtzm Ayyz 1/2fK2( :_7ZAyd Yi— 1/2 Z TUDKUfK’LDKU(yZ 1/2)

o€k

+Zm )AY QrciYi—1/2-

Thus, using a discrete integration by parts, we prove that the first term of the right
hand side is zero, whereas applying Prop. 3.1 with ¢; =y;_1 /o also gives that

Zm JAYQr,iYi-1/2=0

which concludes the proof of (it).

Now, let us prove the stabilization towards an equilibrium in the long time when
the kinetic coefficients a and b satisfy the detailed balance condition (1.11). As men-
tioned in the introduction, the detailed balance condition (1.11) ensures an analogue
of the Boltzmann H-theorem for the coagulation-fragmentation equations which we
derive now for the discrete solution to (2.11). We set

H(f"M") Zm Ay (fK,i (ln ({{2) - 1) +Mi>

and take in the discrete weak formulation (3.2) the test function ¢ such as ;=
In(fr,:/M;) with M; = M(y;) >0, and noticing that

dH(f") df K i JKi
dt *;m(K)Ay dt hl(/\/li)

and recalling (3.2) with ¢; =In(fx ;/M,), we obtain

dHCEf )+A S d(y- 1/2)TJDKnglln<J;\/lz>

K,i ce€k

:fAyZm QKlln<.]:\Ijt";>,
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which yields

)48y S dlysyyr, DI pn )

K,i c€EK leLZ

with frin: = (fxi— fri)/(In(fK,i/fr.:)) >0. We then treat the right hand side using
the detailed balance condition (1.11) and get

fh = ZZAZ/ a/lz llesz l_blz lsz)|: (CW{MM)}’

b . .
Kzl 0 Li—1 [Ki

which proves (7).
Now, we study the long-time asymptotic behavior of the numerical solution f".
To this aim we establish the following estimates:

LEMMA 4.1. The numerical solution f" satisfies the following uniform estimates with
respect to time t € R™: there emists kg >0 such that

Zm Ay 1+yz 1/2)sz( )+H(fh(t)|Mh) éKJO‘

Moreover, for all tER"’, we have
2

/ Z D dlyiry2)?m(0)|Dfxie(s)] | ds < ko (4.4)

=0 0 €Eint

an

i
aj ;— i —
Ay? ZZ ari—i 1 frimt — bri—i fr,i) {ln (lbllhj}f(”

0 K,iil=0

)] ds <o a5

Proof. Using total volume conservation and entropy dissipation, we have already
proven that

Zm ) Ayyi—1/2 frei(t) + H(f" ()| M") < Co.

It remains to show that there exists a constant Cy >0, only depending on the initial
datum f** and M, such that

Zm ) Ay fri(t) < Co. (4.6)

Indeed, on the one hand we notice that

Zm )Ay fx.i(t) <622m JAY L fe()<e2 M,y M

+5 Zm JAYLip ez M) K

(54)

<e2Zm YAy M,;

+5 Zm ) Ay frci(t) |In
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On the other hand, observing that rIn(r) >r|In(r)| —2/e for r >0, we have

(5

hence we get

Zm ) Ay frea(t) |1

)’ Zm ) Ay fici(t) In (f;;\/ft))
e Zm ) Ay M

H(fh(t)lj\/lh) + Zm(K) Ay (fK,i(t) + iMz> .

Ki

Combining the two inequalities yields

,Zm Byt (4 )Zm ) Ay M+ 5 H( ()| M")

( >Zm JAyMi+ 5 H(fh( )|M™) =:Cy.

Next, let us prove (4.5). We start with the entropy estimates (4.3), which we
integrate with respect to time t € R™, giving

H(f" (5 M") /Ayzzdyz o) o a0 [ i () s

Kot oCtn fri,i(t) 0

<H(f"(0)|M")

Then, since H is a convex function, we know that H(f"(t)|M") is bounded from
below and we get the result (4.5).
Finally, we show there exists Cy >0, only depending on f*® and M, such that

2

/ Z Z d(yi— 1/2)/ |[Dfk.io(s)|| ds<Cp VieRY. (4.7)

1=0 o€Eint
o=K|L

To this aim, we start with the Cauchy-Schwarz inequality

Ny
Z Z m(o) d(yi71/2)1/2 |D fr.iol

=0 o€Eint
o=K|L

1/2 1/2

Z Z Tod y1 1/2 |foKI£U| Z Z -TK,ZUL)fK\Ll

1=0 o€Eint 1=0 o€Eint
o=K|L o=K|L
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Applying (2.8) and (4.2), (4.3), it follows that

Ny
Z Z Aym(o)d(y;—1/2)""*|D fx 0|

=0 0€Eint
o=K|L

Ny

X X Ay P

=0 o€Eint
o=K|L

35" Mgl f

fK|L i=0KeT

Ny

2Cy |Dfriol?

<— Ayted(yi—1/2) ————

e (%2 e
o=K|L

Then, for each t € R we integrate the latter inequality with respect to time over the

interval [0,¢] and use the entropy dissipation (4.3) which guarantees that the right

hand side is uniformly bounded with respect to time. a

We now prove that the numerical solution converges to a steady state. Let (£"),,>0
be a sequence of positive real numbers such that t" — 400 and set f™(t)= f*(t" +1t)
for n>1 and t€R*T. Owing to the construction of f", it is easily seen that f" is a
weak solution to (2.11)—(2.15) on [0,+00) with initial datum f"(t"). We fix T e R+t
and infer from above that

sup Y m(K) Ay (1+y:) fit () + H(f" ()| M") < ko

€071 %5

Moreover, by construction of f™ and applying Lemma 4.1, this implies that

Ay / dlys-12)"/2m(0)|DF (8 dt
i= OGEE,M
"4+T Ny
<Ay/ d(yi_l/g)l/zm(o)|DfK7i,g(t)|dt — 0 as n—oo (4.8)
i= anﬁ'mt
and
ari—1 fx 1 fi i
Ay? / ZZ ari—1 fr [ — bii- lsz) — ||
K,i 1=0 bi-ific
T
ajp ;— i—
<Ay? / ZZ (@11 fr frimt — brizi fr i) [ln (lbllele)] dt
m S 1i—1 fKi
— 0 as n—oo. (4.9)

Thus, from the bounds established in Lemma 4.1 and the scheme (2.11), we deduce
that (Opf™)nen is bounded in L*°(0,T), so that the sequence (f™)nen is also bounded
(even if the bounds depend on h and R) in W°°(0,T) and so by the Ascoli theorem
is compact in C([0,7T]). Therefore, there is a subsequence of (f™)nen (not relabeled)
and a weak solution f to (2.11)—(2.15) such that

f"—f inC([0,T]) as n— +oo. (4.10)
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Moreover, passing to the limit in (3.1), it easily follows that

Ok,i(f") — Qki(f) InL'(0,T) as n— +oo, (4.11)
and passing to the limit in the discrete diffusion operator, we get
Adic1y2) Y ToDfiio — Aic1y2) Y 7o Dfkio i L'(0,T) as n—s +oo.

c€EK c€EK

(4.12)
On the one hand, we use (4.9) and (4.10) to conclude that

D(f)=0, ae. in(0,T).
Consequently, f satisfies
aij frei(®) fiej(t) = bij fre,ins(t)

for almost every ¢ € (0,7) and each (K,i,j) €7 x{0,...,N,}?. In particular, this im-
plies that

Qri(f(1) =0 VY(K.i,j)€T x{0,...,N,}2.
On the other hand, (4.8) and (4.12) ensure that
DK7JfK7i=0 V(K,i,U)GTX{O,...,Ny}Xg (413)

for almost every t € (0,T). Therefore, f(t) does not depend on time and satisfies the
steady-state equation (2.11). Moreover, using the zero flux boundary conditions (1.3)
and (4.13), f does not depend on K € T; the steady state is thus uniquely determined
by the initial total volume. Recalling that the differential equation (2.11) conserves
global volume, we conclude that there is « € R* such that

fr.i=Maqae.in(0,T),

where
Ny—1 Ny—1
Z Z Aym(K)y;—1/2Mi = Z Z Aym(K)yifl/Zf;{n,i-
i=0 KeT i=0 KeT

Finally, since the limit is uniquely determined and the trajectory compact, the whole
trajectory converges towards the equilibrium.

5. Numerical simulations

This section is devoted to the numerical study of convergence to equilibrium
under the detailed balance condition and when this condition is not satisfied. We also
investigate numerically the case with non-homogeneous Dirichlet boundary conditions.

5.1. Detailed balance kernels and convergence to equilibrium. We
assume that the coagulation and fragmentation coefficients fulfill the following detailed
balance condition: there exists a nonnegative function M€ L*(R*,(1+y)dy) such
that

a(y,y )Y My)M(y') = b(y,y ) M(y+y') V(y,y') e RT xRT. (5.1)
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Fic. 5.1. Evolution of (a) the total number of particles My, the total volume M1, M2z and Ms
(b) the functional H(f|M), H(f|Mioc) and H(Mioc|M) in log scale.

Since in that case there exists a Lyapunov functional H at the discrete level, we have
proven that the numerical solution f" converges to a discrete equilibrium M". Here,
we choose kernels a and b as follows:

a(y,y') =bly,y') =1,

which yields M(y)=exp(—y/v/Mp). This is the Aizenman-Bak model for reacting
polymers which diffuse in space with a constant coeflicient d(y) =d > 0. In [7], the au-
thors demonstrate that the entropy-entropy dissipation method developed by Desvil-
lettes and Villani for the Boltzmann equation [9] applies directly and gives exponential
convergence with explicit rates towards global equilibrium for a constant diffusion co-
efficient in any spatial dimension or for non-degenerate diffusion in dimension one.
Therefore, the global equilibrium is given by

M(y) = exp(—y/v/M1), yeRT,

where the number M is given by

1 .
M = 7// y [ (x,y) dedy,
12| Jo Jr+
and M satisfies
d(y) AgM = Q(M) = 0.

On the other hand, the local equilibrium M,,.. is

Mloc(xay) = exp(_y/ V Ml (.’17)),
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Fic. 5.2. Evolution of (a) the total number of particles My, the total volume M1, M2z and Ms
(b) the functional H(f|IM), H(f|Mioc) and f'(t~o00,y) in log scale.

where the function z € Q — M;(z) €RT is given by

My () := A+yf(t7x,y)dy,
and M, satisfies
Q(Mioe) =0.
The relative entropy H(f|M) can be split in two different parts:
H(fIM) = H(f[Mioc)+H(Mioc| M), (5.2)

where the first term in the right-hand side represents the “distance” between f and
the local equilibrium, whereas the second term evaluates the distance between the
local and global equilibria and only depends on the macroscopic quantity M;. In the
following we present some numerical results. As an initial datum, we take

f™(@,y) = exp(—a(z)y),

with a(x)=1+0.1cos(27x1) cos(2mxe) and x = (z1,22) € (—1/2,1/2)2. The diffusion
is d(y) is the constant d(y)=0.1, the truncation is R = 20, the number of points used
to discretize the volume variable is first Ny, =64 and next IV, =128 and the time step
is taken to be At=0.002.

Let us first mention that in [18, 19] a similar problem, the trend to equilibrium of
the solution to the nonhomogeneous Boltzmann equation, is investigated numerically.
It is shown that the relative entropy with respect to the local equilibrium oscillates
with time when the solution becomes close to the equilibrium. Here we will show that
the situation is completely different and much simpler.
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F1G. 5.3. Time evolution of the density Mo(x) at time t=0, 0.33, 0.66 and 4

In Figure 5.1 we report the evolution of the total number of particles My, the
high-order moments in y of f" with respect to time and the Lyapunov functional
H(f|M). As expected, the total volume M;(t) remains constant throughout time
evolution and the moments stabilize to a fixed value. Regarding the asymptotic pro-
file, our numerical results are in fair agreement with the equilibrium M (x) =exp(—=x).
Moreover, we observe that the scheme is able to give the correct behavior of the nu-
merical entropy H (f|M), which converges exponentially fast to zero [7]. However, we
observe that the trend to equilibrium for the coagulation-fragmentation with diffusion
is much simpler than the trend to equilibrium for the Boltzmann equation [18], since
no oscillation occurs for the relative entropy H(f|M;,.). Indeed, after a short tran-
sient regime, the solution f converges to equilibrium exponentially with respect to
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Fic. 5.4. Time evolution of the volume density Mi(z) at time t=0, 0.33, 0.66 and 4

time. Let us mention that here the situation is slightly different from the Boltzmann
equation, since the entropy is strongly dissipative both in space (from the diffusion)
and in volume (from the coagulation-fragmentation operator); this could explain why
no oscillation occurs.

5.2. Convergence to equilibrium without the detailed balance condi-
tion. After this first result, we now explore a different situation where nothing is
known about equilibrium and entropy dissipation. Indeed, we choose kernels a and b
as follows:

a(y.y') = (wy)?, by.y)=1.
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F1G. 5.5. 2D projection (z1,y) of the density y f(¢,x,y) at ttme t=0, 0.33, 0.66 and 4

The situation becomes much more complicated since there is no detailed balance
condition, but it is proven in [14] that there exists a steady state solution to the
coagulation-fragmentation operator. However, there is proof neither of convergence
to a stationary solution nor of existence of entropy. As an initial datum, we take

f™(@,y) = exp(—a(z)y),
with a(z)=1+0.5cos(47x1) cos(4mxs) and = (z1,72) €[—1/2,1/2]?. Moreover, the
diffusion is taken to be

d(y) =0.1/(1+y), y<€(0,R),

which becomes degenerate when R goes to infinity. We performed several numerical
simulations in order that the solution is no longer sensitive to the trunctation R or the
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number of grid points. To generate the following figures, we have taken R = 20, the
number of points to discretize the volume variable N, =64, and the time step to be
At=0.002. In Figure 5.2, we still report the evolution of the total number of particles
M, and other high-order moments in y of f", that is, My, My and Ms. As expected,
the total volume M (¢) remains constant throughout time evolution, whereas high-
order moments vary and then stabilize to a fixed value, which means that the solution
converges to a steady state. In the same figure (right hand side), we also report the
distribution function with respect to y in a log scale for large time, which indicates
that the tail with respect to y of the steady state f is still exponentially decreasing
and f is of course constant in x €.

5.3. Convergence to equilibrium for nonhomogeneous boundary condi-
tions.  In this last section, we study the coagulation-fragmentation operator with
diffusion in space and mixed boundary conditions in x € 2. More precisely, we aim to
approximate the solution in Q= (0,1/8) x (0,1) to

of
ot

f(t:07w7y):fin(m>y)v (.’)37y)EQ><R+7

d(y) Asf =Q(f),

f(t,l‘1 :O,Qfg,y) = exp(—a(O,xg)y), (372,:'./) €00 x R+7

ﬁ 0, if$1:1/8,$2€(0,1)7
() =0, ifx;€(0,1/8),22=0
7 0, ifz1€(0,1/8),22=1,

with 77 the external unit normal to ).
We consider an initial condition which is at equilibrium for the coagulation frag-
mentation operator

f™@y) = exp(—a(2)y), (z,y) €QxRT,

with a(z)=2/(1+ cos(32mx1) cos(4dmxz)). We perform numerical simulations using
the finite volume scheme with diffusion coefficient d(y) =0.01/(1+y) and a=b=1.
We then define the moment of order £>0 of the numerical approximation by

Ih,

M ()= > m(K)Ay yi fri(t),

KeT i=0

and we plot in Figure 5.3 the time evolution of the moments of order 0, 1, 2, and 3.

The following figures (Figures 5.3, 5.4 and 5.5) are illustrations of the profile of
the number of particles My(t,x) and total volume M;(¢,z) for t eR' and z € and
also the projections

1/8
P(tax%y):/ yf(t,x,y)dxh $2€(0,1),QER+.
0

This allows us to observe the qualitative behavior of the system. The profiles are
in this case smooth and also converge to an equilibrium. For such computations
we have taken IV, =64 and have used a 128 x 128 grid points for the space variable
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x €. In this situation, we cannot characterize explicitly the equilibrium in space,
since the diffusion coefficient is not constant and H is not valid here due to the
Dirichlet boundary conditions for ;1 =0 and hence the total volume is not preserved
at all. However, we still observe that the numerical solution converges to a discrete
equilibrium (see Figures 5.3-5.5).

6. Conclusion

In this paper, we make use of different principles (volume conservation, entropy
dissipation, existence of steady states) which allow to build a stable and accurate
numerical scheme for the nonlinear dynamics of coagulation, fragmentation and diffu-
sion equations. Such an algorithm is able to recover the main properties of the exact
solution, and in some particular cases, it is proven that the method is asymptotically
stable, in the sense that the numerical solution converges to an equilibrium which is
consistent with the exact equilibrium of the system. Numerical simulations illustrate
the efficiency of the algorithm even when we cannot prove convergence to equilibrium.

Here we have only considered the time evolution of a distribution function, but the
method can be easily coupled with Euler or Navier-Stokes equations after some adap-
tations. Typical applications are transport problems (including linear and nonlinear
diffusion or fluid dynamics), which are coupled with population balance dynamics rep-
resented by a distribution function f depending on space x € () and a “size” variable
yeRT.

On the other hand, for some coagulation and fragmentation kernels [16, 6], total
volume is not conserved at all and then a nonconservative formulation can be used to
discretize the coagulation and fragmentation operators using the same kind of finite
volume scheme. Then the finite volume approach allows to use non-uniform meshes
for the volume variable y € R, which is particularly well-suited in this case [16].
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