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Abstract: In this paper we solve the following problems: (i) find two differential
operators P and @ satisfying [P, Q)] = P, where P flows according to the KP hierarchy
OP/dt,, = [(P"/?),, P], with p := ord P > 2; (ii) find a matrix integral representation
for the associated 7-function. First we construct an infinite dimensional space %~ =
spang{10(2),¥1(2), ...} of functions of z € C invariant under the action of two
operators, multiplication by 2? and A, := z 3/0z — z+c. This requirement is satisfied,
for arbitrary p, if )y is a certain function generalizing the classical Hankel function
(for p = 2); our representation of the generalized Hénkel function as a double Laplace
transform of a simple function, which was unknown even for the p = 2 case, enables us
to represent the 7-function associated with the KP time evolution of the space 7" as a
“double matrix Laplace transform” in two different ways. One representation involves
an integration over the space of matrices whose spectrum belongs to a wedge-shaped
contour y := y* + 9~ C C defined by y* = R,e*™/P, The new integrals above
relate to matrix Laplace transforms, in contrast with matrix Fourier transforms, which
generalize the Kontsevich integrals and solve the operator equation [P, Q] = 1.
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Introduction

It is a long-standing puzzle in the theory of 2d-gravity to find an adequate descrip-
tion of gravitational coupling of (p, g) minimal models. One part of it is to find two
differential operators P and @) of order p and g respectively, such that [P, Q] = f(Q)
for some function f. In the simplest case of ¢ = 1 and f = 1, such description is
provided by 1-matrix models, especially by the Kontsevich integral and their general-
izations; see [1, 19, 25]. Going along the chain, 2d-gravity — equilateral triangles —
discrete matrix models — Kontsevich models, this approach has lead to the discovery
of integrable structures for non-perturbative partition functions, which take the form
of 7-functions of the KP hierarchy (see [7, 25, 31] for review and references). While
similar results are believed to be true in the general (p, ¢)-case, the Kontsevich inte-
gral counterparts are still unknown. Note that a minor modification of the generalized
Kontsevich integral can be interpreted as a duality transformation between (p, ¢) and
(g, p)-models [18].

So far the most promising approach for finding integrable structures in the general
(p, g)-case seems to be the one initiated by Kac—Schwarz in the case ¢ =1 and f = 1.
So, the general problem comes in two stages: (i) Find a point in Sato’s Grassmannian
invariant under two symmetry operators, satisfying some commutation relation; the
existence of such a plane leads to a system of differential equations specifying the
wave function ¥ and thus to an algebra of constraints for the 7-function. (ii) Find a
matrix integral representation for this 7-function. Note a matrix representation, beyond
the case ¢ = 1 and f = 1, if it exists at all, was unknown.

The purpose of this paper is to find a 7-function and a matrix integral repre-
sentation for the equation [P, Q] = P for ¢ = 1 and arbitrary p . Remarkably, the
matrix integral representation can still be found, but it is far less straightforward and
considerably more involved, than the ordinary Kontsevich integral.

The message is the following: whereas the case [P, ] = 1 is described by general
matrix Fourier transforms, a solution to [P, Q] = P is related to double Laplace trans-
Sforms. While it is not known whether this solution has immediate physical relevance,
it may help to shed some light on the (p, g)-case and on the matrix representations of
the corresponding 7-functions. In particular, what are the proper multimatrix gener-
alizations of the Kontsevich integrals?

Note this problem has come up in the physical literature, in various different
contexts: unitary matrix models have been written down, leading to equations [P, Q)] =
P for differential operators P and () in the double scaling limit; see the studies
of Dalley, Johnson, Periwal, Minahan, Morris, Shevitz, and Witterstam [4, 5, 28,
22, 23]). In the mathematical context (inverse scattering and monodromy preserving
transformations), see Ablowitz, Flaschka, Fokas and Newell [11, 9, 10]). The solution
provided in our paper is new and does not require any scaling limit.

Consider the problem of finding a differential operator P of order p and another
differential operator () satisfying
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[P,Q1=f(P), with0# f(z) € C[z]. M

When P is (formally) deformed with respect to the KP flows, i.e., OP/0t, =
[(P™?),, P], one can introduce the corresponding deformation of ) which preserves
Eq. (1). Hence (1) can be considered as a condition on a solution of the p-reduced
KP hierarchy.

The basic ingredients of this construction are!

o 1o € 1+27'C[z7"]],
o A:C((z~1)) — C((z™ 1)), a differential operator in z, which increases the order of
an element of C((z~!)) in z exactly by one,

so that 7" := spang{vo, Avo, A%ty ...} belongs to the big stratum of the Sato
Grassmannian and satisfies A%~ C %, such that

o 1 satisfies the differential equation v(2)yy = F(A))q for some v(z) € C((z™1))
and F(Z) € C[Z], so that v(2) %~ C # also holds.

Let ¥ be the KP wave function corresponding to Z7”. The above conditions lead to the
existence of differential operators ) and P in z such that Q¥ = AV and PV = v(z)¥.
If A coincides with 8/0v = (1/v')d/0z up to the conjugation by a function, then
we have [P, Q] = 1. And if 1)y is defined by a Fourier transform and the action of
A on it can be expressed in a suitable way, then the corresponding Hermitian matrix
Fourier transform, properly normalized, is the corresponding 7-function. See Sect. 3
for details.

The matrix integral approach to (1) has so far needed ord ) = 1 at the initial
point of the formal KP time flows, requiring deg, f(z) < 1. The degree 0 case can
be reduced to [P, )] = 1. In this paper, we provide a solution to the degree 1 case,
or the next simplest instance of (1), which can clearly be reduced to

[P,Q]=P, 2

with differential operators P and (). As in the case of [P,Q] = 1, we write the
7-function of its formal KP deformation explicitly in terms of a matrix integral.

Definition 1. Let —1 < ¢ <0, p € Z, p > 2. Let #" be the linear span
W = Spanc{¢0(z)’ wl (Z), ¢2(2), .. } )
of generalized Hdinkel functions,

pc+1 (e S] Z—C(uz)ke—(u—l)z

Yi(z) = o ), Y du, k=0,1,2,..., 3)
also representable as double Laplace transforms
c+1 0o e}
@=L ovee [Canares [Caypwe @
27i 0 0

of the functions

fe) = ((Fle v — R le= vk £ =0,1,2,..., with ¢:=e™/P. (5)

L Q)] := {ZT;O anz™ | an € C} is the ring of formal power series in z, and C((z)) :=
{Z_oo <n<oo BnT" | an € C} is the ring of formal Laurent series in



236 M Adler, A Morozov, T Shiota, P van Moerbeke

Using the asymptotic expansion vy(z) = 2*(1 + O(1/z)) € C((z™)) as Rz — oo,
/" defines a point of the Sato Grassmannian Gr. Let ¥ and 7 be the wave (formal
Baker—Akhiezer) function and 7-function, respectively, associated with the KP time

evolution 't = e~ >t X", see Sects. 1 and 2. Then we have

Theorem 1.
W(l’, 07 Z) = ezzwo ((1 - -T)Z) ) (6)

and it satisfies

(L(x-—l, 2—) —zP)W(x,O, 2)=0 and (L(z, 2—1> —(cc—l)p>d7(x,0, 2)=0,
oz 0z
)

where L(z,0/0z) is the monic differential operator
) 155/ 0 , Ly , 8\"
L(z, 5;) = ;<g<z$+c—z> —cpg(zb—z+c—z>) = (%) +-
Note that for p = 2, L(z,0/0z) = (8/92)* — (c* + c)/2*.

Theorem 2. Let FBy be the space of N x N Hermitian matrices, and FE5; the
subspace of FEN of positive definite Hermitian matrices. The corresponding T-function
evaluated at

1
ty = —EtrZ'", forn=1,2,... and withan N x N diagonal Z,

is given by the following (normalized) double matrix Laplace transform:

ca—tr ZP X —tr XYP
dX det X% f%,t, dY Sp(Y)e

X+2Z)p+l ’

S, dX exptr (—%—)2
where (), denotes the terms quadratic in X,
A(yP)
Ay)?
where y = (y1,...,yn) are the eigenvalues of Y, y? = (y7,...,yR), and A(y) =
[1is, i — y;) = det(y! )i 5, and fi_y are as in (5).

The function 7(t) also has the following matrix integral representation

¢ P —tr Wotr X(WP—ZP)
(1) = Si(6) f%gv m(dW) f%;V dX det X¢(A@wP)/A(w))e o
X+2Z)pt! )
S, dX exptr (_(_%%
integrated over the space of matrices

FEY ={W =UD, U | U € UN), D, := diag(wi, ..., wn) € (M},

fv +
() = 8 (t) "2

So(Y) == det(fe-1() s ey and Si(®) 1= dey(ZP7DE/D)et 2

where v denotes a wedge-shaped contour in C, defined in Sect. 4 (see Fig. 1), in terms
of a complex-valued measure

m@dW)=dUdw [ @i—w)

1<i<j<N
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Theorem 3. (i) The algebra of stabilizers of Z,
Sap = {¢(2,0/02) € C((z~"))[0/02] such that T~ C W'},

is generated by A, := za% —z+¢ 2P and € := z7PF(A.), where F(u) = g”(u —
i) — epTT5 (u
Sar = ClAe, 2%, €] C C((z~"))[9/9x].
Moreover, Z" = C[Aclbo, and g satisfies the differential equation
F(Acypo = (=2)P1o(2) - ®)

(ii) A family of solutions to the operator equation [P, Q] = P is given by the differential
operators P and Q) in x, defined equivalently by

PU=PU, QU=1Aw, ©)
p
or by
dx
where M = S (317 kt(d/dz)*~1) S™1, & =ty + 6,12, with wave operator?

7 — [(d/dz) "))

(t) '
(iii) The function 7(t) satisfies, in terms of the W -generators in Eq. (20), the following
constraints

P
P=S(i) S~ and Q=%(Mpl/p—Pl/p+C),

S =

G
) am,z() .l V[Q(j;;’J(t)=am,n,c¢(t), m,n=0,1,2,..., (10)
0<i<m i/ J
0<y5<i

for some constants a, n, ., where the constants o, ; are defined by the formula® (x -
d/dz)* = Yo (d/d:z:)2 In particular, setting m = 1, 7(t) satisfies Virasoro

constraints of the form (with W) =37, . J(I)J(l) )

1 o
<§W}§3— T —al,n,c>f=0, n=0,1,2,.... (11)

Remark 1. The constants @, c in (10) can all be calculated; in particular, the Vira-
soro constraint (11) for n = 0 becomes:

iit.i_i_ d+ab=-D) _,
18ti oty 2 o

2 For a € C, define [a] = (o, &, &, )e C®

3 More explicitly, oy, ; = % ; (;)( 1)t=J 7™ Note that it vanishes if n > 0 and 7 =0
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1. The KP Hierarchy

Throughout, x is a formal scalar variable near 0, and z is a formal scalar variable
near co. If g(2) = c29(1+ O(z™1)), ¢ #0, then ord, g(2) := g is the order of g(z).
Throughout, we denote 3/0z by D. The algebra of ordinary pseudodifferential
operators in z is denoted by & (the word “in z” may be dropped if there is no
fear of confusion), with its splitting & = &, + Z_ into the subalgebras of ordinary
differential operators and of ordinary pseudodifferential operators of negative order:

.@‘:{ > aD

—oo<i<n

n € 7 arbitrary, a; = ai(x)} ,

A=) aD'e? = A=) aD'c% and A =A-A €T
i>0

The ring & acts on the space of functions of the form ) _ . ai(2)z* ‘e®% simply
by extending the formulas D"e®? = z"e** and A(Be*?) = (A oB)™, A, Be Y.
When A € &, this definition of A(Be®?) coincides with the usual action of A, as a
differential operator, on Be®? as a formal series in & with z-dependent coefficients.

A pseudodifferential operator in x may depend on the KP time variables ¢t =
(ty, ta, . ..) introduced below, but not on z unless otherwise noted. We are not specific
about the regularity of the coefficients of pseudodifferential operators The operators
S, L, M etc., associated to a point % of the big stratum Gr° of the Sato Grass-
mannian (see below) have regular (i.e., formal power series) coefficients; otherwise,
the singularities of those operators can be controled by the Schubert stratum to which
" € Gr belongs. In particular, there exist n, m > 0 such that ™S and S~'z™ at
t = 0 have regular coefficients. See [29] for details.

As in [2], we set T = (z + t1,t0,t3,...), and

5-(02 10 10
T\t 20t, 30t )

The elementary Schur functions p,, are defined by exp (317 tn2™) = > o° pa(t)2™.

1.1. KP hierarchy. The operator L = L(t) = D + Z aj(:c,t)Dj € &, with
t = (t1,t,,...), subjected to the KP equations

oL

at [(L )+7L]> n=1727"')

is known to have the following representation in terms of an operator S € 1 + Z_
called the wave operator, and the associated, formally infinite order pseudodifferential
operator

W i= Sedoin P
as follows:
L=SDS ' =wDw™!, (12)
s

gt— = —(L")_S , and —8L/V‘ = (Ln)+W

ot,,
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The wave function

i

W(t, 2) 1= U(x, 1, 2) = We®® = Sedaim 17" (13)
where t; = ¢; + 6; 1z, satisfies

LY =2¥ and STLD =(L").,V, (14)

and has the following representation in terms of a scalar-valued function associated
to S called the tau function 7:

_ 1 o ;i
W(t, 2) MZ iZ

7(t)
_ an( a)T(t) neZTofizi
N (@)
an( -0)r(®) Dt
()

n=0

implying in view of (13)

S= 5)

- [D7']) Pn(= 3)T(t)
7(®) Z 7(®)

Moreover, using (13), we have

8 _ 8 Tz _ 0 TZ _ Tz __ —1
ézw—azWe —Waze =Wxe™* =WaxW™'¥,

thus leading to the operator

M = WaW' = Sed D e~ 2D g1 2 g (az + Zktka_1> s
1

S (Z kt'kD’““> s1 (16)
1

satisfying
MW =(/0z)¥% and [L,M]=WI[D,z]W~!=

and for any formal series f = f(x, £),

f(M,Ly=W f(z, D)W~'. (17)
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1.2. Symmetries. Consider the Lie algebra w,, of operators

B
Weo = Clz, 27" 1[d/d2] = span@{za <%> o,BEL,B 2 0} )

and its completion W, := C((z~'))[0/0z] in the z~'-adic topology, for the customary
commutation relation [ , ]. Acting on ¥, we have

22(8/02)PW = MPLW | (18)
motivating the definition of the following vector fields, called symmetries, on ¥:

Y,a@/00e¥ = (MPL*)_0.

We require that these flows act trivially on parameters z, ¢, and hence on S~'M S =
3" ki, D*~1, for instance.
Lemma 1. There is an injective homomorphism of Lie algebras

Lie algebra of vector fields
Weo/C — on the manifold of wave functions ¥
commuting with the KP flows 0/0t,,

P} B
za(a — Yz"(a/f)z)ﬁlp = (MBLQ)_![/’
ie.,
[Yz"(a/@z)ﬁ7Yza'(8/8z)ﬁ/:| = Y[za(a/az)ﬁ,z“'(f)/az)B/] :
This definition differs from the one in [2] by the sign. Here this definition is chosen
to make it consistent with the natural action of W, on the Grassmannian discussed

in the next section, rather than its negative. These vector fields induce vector fields
on S and L=SDS™!, as

Y,a(/82s(S) = (MPL*)_S

and
Y,a/02s(L) = (MPLY)_, L].

Proposition 1 ([2]). We have

n 1 n+l LW("*‘I)
_%L!p—)‘z=(e—n_1)M , mleZ, n>0, (19)

t1—ti+x

where the Wé”“), the generators of the W,-algebra, are the coefficients in the ex-
pansion of the vertex operator

> ) © \=i _ i 9
X(t’ )‘a /J,) = exp (Z(MZ - )\Z)t1> exp (Z -—Z—“a_t>

i=1 i=1

[e3e] _ )\ k ©©
= S WA S ot i WO =5, QD)
k=0 ’ f=—00
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2. Grassmannian

Let H := C((z~")), Hy := Clz], and H_ := 2~'C[[z"']], so that H = H, & H_. We
denote by Gr the Grassmannian manifold of linear subspaces Z" of H of relative
dimension 0 with respect to H,, i.e., the natural map

Ty W — H > H/H_ ~ H,
being Fredholm of index 0. Gr’ := {% € Gr | w3 is isomorphism} is the big
(open) Schubert stratum of Gr.
Given a wave function ¥ = ¥U(x,t, z), let 7 be the point of Gr defined by*

w j=0,1,2,...}

87
spang, { @!T/(O, 0, 2)

ot Hin
spanc{mw(oﬂ, z)

The first line guarantees 77" € Gr, and the second line follows from the first by using
the second equation in (14), i.e., the KP time evolutions of ¥. Hence up to the t-adic
completion we have

9 J
W=span@{<%> v(0,t, 2)

so that, letting ¥ =e” 247" % and
W't = e 2N I = spang {(0/0zY (0, t,2) | j=0,1,2,...},

we have 1) = (mg)~ (1), i.e., ¢ is the preimage of 1 by the map 7yy+: %t — H,.
The corresponding 7-function 7(¢) is the determinant of the composite map

w Lt S H/H_ ~ H,, 1)

NZO» .7171.]NZO}

j=0,1,2,...},

where g denotes the multiplication by e~ Dot Given ", the determinant is well-
defined up to a constant which is determined by the choice of a basis {¢x}52),
Yk =2F(1+0@=7")) for k> 0, of Z°. We take {2F}22, as the basis of H,. More
specifically, 7(t) is defined as the limit as n — oo of the determinant of

Hy, — ¥ — H, — H,/2"H,, 22)

where the middle arrow is the composite map in (21), %;, = spanc{zpk}’ggol, and the
determinant is computed with respect to the bases {1x }72, of %, and {z*}72' of
H,/z"H,. The limit exists in the t-adic topology of C[[¢]], i.e., for any multi-index
a, there exists a positive integer n,, such that, if n > n,, then the coefficient of ¢*
in the determinant of (22) is independent of 7, and gives the coefficient of ¢* in 7(t).
This finiteness property is an immediate consequence of the fact that, expanding 7(t)
in terms of Schur functions, the coefficients give the Pliicker coordinates of Z7”. See
[29] for details.

The Weo-action on ¥ becomes the natural action of W, on Gr: As an ordinary
differential operator in z, each A € Wy, acts on H, which defines a vector field on
Gr.

4If ¥ is singular at (z,t) = 0, we need to replace (9/9z)?¥(0,0,z) in the first line by
(6/Bz)j (x”W(w,O, z)) | o for some n > 0, and make a similar replacement in the second line (see
[29] for details) We chose to write the formulas for 77 € Gi° for simplicity
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2.1. Stabilizers. Given 7~ € Gr, we shall call
Sar ={Q = Q(2,0/02) €U | QH" C W'}

the stabilizer of Z7”. In this subsection we shall observe basic properties of the
stabilizer which can be obtained without referring to matrix integrals.

Lemma 2. Let 77 € Grand A=Y i« 0<jcon Cii?(0/02) € Woo. If
AW Cc W, 23)

then o
Qa= Y c;MLea,.
—00< 1K 00
0<j<o0
Conversely, if Q € I, is of this form, i.e., Q = Q4 for some A € Wy, then this A
satisfies (23).

Proof. We have
AU(t,2) = Qa¥(t, 2) (24)

by definition. Since A% C /", and since the Taylor coefficients (or Laurent coef-
ficients if Z~ ¢ Gr) in z of ¥ generates %", AV is a C[[z, t]]-linear combination
of W, D¥, D*W¥, ..., ie., AU = QU for some Q € Z,. Hence, since (24) deter-
mines @ 4 uniquely, @ 4 itself must be in &,. Conversely, suppose Q4 € Z,, and let
U(z,0,2) =Y fu(2)z™ be the Taylor (or Laurent) expansion of ¥(z,0,z2) at z = 0.
Then each Taylor coefficient in = of @4V is a linear combination of {f,(2)}, and
hence it belongs to 77", so that by (24) Af,, € " for every n (the action of A on
fn is well-defined since A is a differential operator in z). Since {f,} is a basis of
W, we have AW C W".

Corollary 1. Let p # 0 be an integer, and let Q € %, such that ad(LP)NQ = 0
for N > 0. Then Q = Qa for some A € Wy, such that AW C W~ holds. In
particular, a solution to the string equation (1) always comes from a pair of A € Wy,
and #" € Gr, such that AW C W (and 2PH~ C X~ due to the extra assumption
P=1?ecZ,).

Proof. Writing Q = 3=, ciyMILE, let A = > ¢;;24(8/0z) . Since ad(LP)NQ =0
we have ad(zP)N A = 0, which implies that A is a differential operator in z. Hence
the “converse” part of Lemma 2 applies.

Lemma 3. Let A, B € Weo, o = 1+0"Y) € 1 + H_ and %~ € Gr. Suppose A
acts on the monomials 2*, k € Z, as

AZF = 2F (e + Oh),

and ¢, #0 if k > 0. Then the following conditions are equivalent:

(i) Yvoe W', AW C W and BH" C W';
(i) P = spang{vo, Aho, A%y, ...}, and 1)y satisfies the differential equations

BAnl/)O =Fn(A)¢07 n=0,1,... (25)
for some F,(s) € C[s].
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In particular, under these conditions 7~ belongs to the big stratum Gr° of Gr. If,
moreover, A and B satisfy a commutation relation of the form

[A, Bl = a(A)B + b(A) (26)
for some a(s), b(s) € C[s], then in (25) it suffices to assume only the n = 0 case, i.e.,
Bipg = F(A)ho @27

for some F(s) € C[s].

Proof. Since ¢y € W', A% C % implies 7' := spang{vo, Abo, Ao, ...} C
. Since Y = 1+ O(z!) and A raises the order of a function in z by 1, the map
"' — H, is bijective, and 27" € Gr°. In particular, both %" and %' are of
relative dimension 0, so that %" = %". Conversely, %" = "' clearly implies
Yo € W and AW C Z7°. Assume these equivalent conditions. Then B#~ C %~
if and only if B’ C 27"’ if and only if the differential equations of the form (25)
are satisfied. Finally, when A and B satisfy a commutation relation of the form (26),
the n'" equation in (25) implies the (n + 1)* one, so that (27) suffices.

The following propositions take a closer look at the [P, @] = 1 case and [P, Q] = P
case, to show that essentially those elements in W., Which give rise to P and @ in
the sense of Lemma 2, and their polynomials, are the only elements of the stabilizer.

Proposition 2. Let p € 7, p > 0. Let A € Weo be such that [A,2P1= 1. If #" € Gr
satisfies 2°HW" C W~ and AW~ C ', then the stabilizer of 7 is generated by 2P
and A, i.e., Sqy = C[A, 2P].

Proof. Since [A,zP] = 1, A is a first order differential operator in z, so that any
C € Sz can be written as C = 35, ocjcn @ij2* A7 for some N > 0. It
suffices to prove that a;; = 0 if i < 0 or if 4 % 0 mod p. Suppose A raises the order
of a function in z by k: ord, Az% = £+ k. Let I be the set of pairs (i, ) such that
i <0ori#O0modp, a;; #0, and ¢ + kj is maximum among all such a;;’s. We
have |I| < oo, and we only need to prove |I| = 0. Suppose this is not true. Let
Cy = Z(i,j)GI aijziAj. Noting

[A,2°A7] = [A, (2P)/P1A7 = (i/p)2* P A7,

so that ad(A)™(2* A7) = 0 for n > 0 if and only if i > 0 and i = 0 mod p, we see
that for n > 0 the leading terms of ad(A)"C are ad(A)™Cj, which lowers the order
of a function in z, and does not annihilate the function for a general n. This cannot
happen since ad(A)"C#~ C #, and since in Z the order of functions in z are
bounded from below.

Proposition 3. Let p € Z, p > 0. Let A = 20/0z — a(z), where a(z) € z + C[[z7']],
and Yy = 1 +O(z7') € 1+ H_. Let 7" € Gr be the point of the Grassmannian
determined by the conditions Yy € X~ and AW C X . Suppose #~ also satisfies
2PW C W Let F(s) = c[I% (s — ¢;) € Cls], where ¢; € C, ¢ € C*, be the
polynomial of degree p as in (27) with B = 2P, i.e., Yy satisfies the equation

F(Aypy = 2Py . (28)

Then if F satisfies the following genericity condition:
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(G) For any n # 0 mod p, we have (F)+n = (c; +n) # (F) mod p, i.e., mp ((F)+
n) # mp(F), where (F) = Y (c;) is the divisor of F, and m,: C — C/pZ is the
natural projection,

then the stabilizer of 7 is generated by A, 2P and £ .= 27PF(A), i.e.,

Sy =C[A,2",£]. (29)

Remark 2. Condition (G) is equivalent to

(G’) There does not exist n | p, 0 < n < p, and H(s) € C[s] of degree n such that
F(s) =12 H(s — in);

and if it is not satisfied, i.e., if F(s) = Hi/on H(s — in) for some n | p and H,
then taking such (n, H) of the smallest n, we observe from our proof below that
C[A, 2P,&] C Sg» C C[A, 2™, £'], where &' = 27" H(A).

Remark 3. The right-hand side of (29) equals 3, ; ., Ca’t’ c*, where (a, b, c) is any
permutation of (A4, z?, £); the order does not matter because

[A,2P1=p2P, [A,&]1=—pF(A) and [2P,{]=F(A)— F(A-p). (30)
Remark 4. Condition (G) is satisfied by the F' in Theorem 3: Since

p—2
F(s) = (H(s - z‘)> (s — (0 —1+cp))

i=0
and —1 < ¢ < 0, there is no period less than p in the divisor of ' modulo p.

Proof of Prop. 3. Using the commutation relations (30), the definition of %, and
Eq. (28), we observe easily that Sg D C[A, 2P, £]. We prove the converse inclusion
in two steps. Only Step 2 needs Condition (G).

Step 1. We observe that Sy~ is spanned by the z-homogeneous elements in Sy, i.e.,
the elements of S~ of the form 2™ f(A), where n € Z and f(s) € C[s].

Indeed, let S’ C Sy be the subspace of Sy~ spanned by the z-homogeneous
elements, and suppose that S” := Sz~ \ S’ # (). Let N be a nonnegative integer such
that

S§"MN) = {C € 8" | ordg/s. C < N}

is nonempty. Let C € §”®Y) be such that, writing
C=) "), 31

no(C) := max{n | f,, # 0} is the smallest in S”®™). Such a C exists because
Claim: {ny(C) | C € §"™} is bounded below.

Proof. Indeed it is bounded from below by —2N + 1: since C' € S”"®) is an ordinary
differential operator of order < N, and since 1y, A%y, ..., AN "1y are linearly
independent, we have C A’y # 0 for some 4, 0 < i < N. Since Ay = (—1)?z*(1+
O(z™Y), since C#" C ', and since 7 is a span of Altpy for j > 0, we
observe that C does not decrease the order of A%y in z by more than N — 1. This
implies, using the notation of (31), that n + deg f, > —(IN — 1) for some n. Hence
no(C) > n > —deg fn — (N —1) > —(2N — ).
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Now let
C"=[A,Cl-np(C)C =Y _(n—no(C)) 2" falA). (32)

Clearly C" € S7,-. We have ordy s, C' < ordg/g, C < N, and ng(C”) < ng(C) — 1.
Hence by the minimality of ny(C), we must have C’ & S""™)_ 5o that C' € S’. Thus
each term (n - no(C)) 2" fn(A) in (32) belongs to S’, and only finitely many f,, are
non-zero. As a finite linear combination of such, we have C” := C—2z™(© f,, o) (A) €
S, so that 2™ £, oy(A) = C — C” must also belong to Sz, and hence to S’, since
it is z-homogeneous. This implies C = C" +(C — C"") € S', which is a contradiction.

Step 2. Let f(s) # 0 be any constant coefficient polynomial, and let n be an integer.
We prove that
2" f(A) € Sz implies p|n,

and that, when n < 0, 2" f(A) € Sz must have the form £*h(A) for k := —n/p > 0
and some h(s) € C[s].

Suppose z"f(A) € Sgr. We assume n ¥ 0 without loss of generality. Since
2" f(Anpy € #, by Lemma 3 there exists another polynomial g(s) € C[s], such that

2" f(Ayo = (Ao . (33)
First assume 7 > 0. Let £ > 0 be the least common multiple of p and n. Noting
2Py = 2P F(Aypo = F(A — p)2Prpo = F(A — p)F (Ao

etc., we have
£/p—1
[I Fea—ip) | vo= 2" (34)
=0
from (28), and
£/n—1
II Ga—jn) | o= 2" (35)

J=0

from (33), where G(s) = g(s)/ f(s — n) is a rational function in s, and G(A — jn) in
(35) is understood as an element of the field of fractions of C[A]; this makes sense
because, since {A™o}n=0,1, 1is linearly independent, the representation

Cls1 2 f(s8) — f(Anpo € #~

is faithful.
Comparing the left-hand sides of (34) and (35), we thus have the equality

£/p—1 £/n—1
II rs—im= ][] G6-in (36)
i=0 =0

of rational functions in s. Since the left-hand side of it is a polynomial of s, so is
the right-hand side. Let D be the divisor of this polynomial, and let 7, be the natural
map C — C/£Z. From the left-(resp. right-)hand side of (36) the image m¢(D) of
divisor D on the cylinder C/¢Z is invariant under the translation by p (resp. n). But
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the genericity condition (G) implies that if m,(D) is invariant under the translation by
k € Z, then p | k. Hence p | n.
Note here that, since £ is the least common multiple of p and n, this implies £ = n,
so that the right-hand side of (36) is G(s) itself. Hence
n/p—1
9(9)/f(s—=m)=G(s)= [[ F(s—ip).

=0

In particular, g(s)/f(s — n) is a polynomial.
In the case where n < 0, after rewriting (33) as

27" g(A)o = f(Axo,

we switch the roles of f and g, and n and —n, to proceed exactly the same way to
prove p | n and
—n/p—1

f®/gs+m)= [[ Fis—ip).
i=0
Thus we have

2" f(A)

—-n/p—
2" ( [ Faa- ip)) g(A+n)

=0

(2P F(A)) " g(A+mn)
& g(A+n) = EFn(A),

proving the last assertion of Step 2, and hence completing the proof of Prop. 3.

2.2. Symmetric functions and matrix integrals. In this subsection, we prove a number
of lemmas regarding symmetric functions.

Lemma 4. Let s and N be positive integers. Let F (z", ..., z'®)) be a function which

is symmetric in each ™ := (x(lr),...,z%)) e CN,r=1,...,s let fi,...,fs be
functions of two variables, and let B(z'®)) be a skew-symmetric function of . If
Ch, ..., Cs denote s fixed contours in C, then the integral

) = / / H da™.
C])N X X(Cs

r=1 4=1

. D (8) (S) (T D L
F(a,...,o Hdet( ) o

where 2@ € CN comes in as the first argument of f,, is skew-symmetric in @, and

oy - ns ... (r)
& (2®) (N.)/ /(Cl)Nx x(CSNdel
-F(x(l),.,,,x(s) (3) HHf (T 1) (r) )

r=1 i=1
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Proof. For any (good) functions A = A(z®,...,2) and h=h(z®,...,2), let
(AR) = / = / [ A@®,...,a@)h(=D,...,2).

CIV X X(CHN Ty

For any o, € Gy, let 27 = (a:ffr)l,.. ,mf:)N) and h©@t 7 (g g®) =
h(z®), ..., z). Clearly (Ah) = (A" »2«)p@ 92)) If, moreover, A is symmetric
in each of @, ... =D, and skew-symmetric in (9, i.e., A©> 99) = (=1)5() 4,

then we have

(Ah) = (A(Uh 19s) plot, ,as)> = (_1)€(as)<Ah<m, 10'3)> Vo, € Gy .

Applying this to h(z®,...,2®) =T, I, fr (2", 2{"), and summing it up over
(01,...,05) € (&n)°, we obtain

<N!>S<AHHfr(x?-“,x§”>>

= <A > (- 1)5<05>HHf (25~ ‘I)Z,mﬁ,”z)>, with o = id,
J1, 0s

- (4 Teverso e
01, ,0s T

= <AH > (- 1)€<")Hf o f,?>
r oc€BN

- (r 1) (r)

= <AHdet )>”>

Setting here A = F(z®,...,z®)B (%) proves the identity in Lemma 4. Finally,
&(2®) is skew-symmetric in (@ since det ( £i (2, ;1))) is.

Lemma 5. (See [19, Lemma 4.2], [17, Eq. (2.21)], [26, Theorem 8.18].) Let
W~ = spang{to(2), ¥1(2),¥2(2), ...} € Gr

with functions

Yi(2) = Z a2,  k=0,1,2,...,

—o00<j<k

such that agy, = 1 for k > 0, i.e., ord, ¢¥(2) < k, and Pi(2) = 2F(1+ O(z™")) for
k > 0. Let N > 0 be any integer such that this condition holds for k > N. Let

21, ..., 2N be formal scalar variables near co. Then the T-function T1(t) at
| X
wi==2 3 n=12 37
i=1
is given by

T(t) - det(¢J I(Z'“)) 1<s ]<N (38)
det(z )1<z,]<N
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Proof. This lemma is stated by Kontsevich in [19], essentially without proofs; see
[17, Sect. 2.3] for a proof using free fermions. To keep the notation simple, let us

denote by (1 — 2z)™! and (—z + 1)~ the geometric series > o~ 2" and — Z:(lx, 2",
respectively. Let 6(z) := (1 — ) V= (—z+ 171 = Zo_ooo 2™, which plays the role of
delta function, in the sense that

0(z/f(z) =6(z/fy), 39
as is obvious by taking f(z) = 2™ (see [6]). Let o := Hgl(—zi) =Dz ... 2n.
Leto; =1 / H j(#i)(l —zi/ zj), 1 =1,..., N, understood as rational functions of z;’s,

so that we have the following identity of formal power series in z:

From (37) we have

o0
g :=exp <~ Z tnz")
n=1

I 1}
1= 1
S N
S, —
- |
Y
YRS
bt N—
+ L
‘Mz I
2 iM=
/'I\ S
| /:\
+ |
—
~—
| N—
. |

N » -1
(i)
: 2

i=1

N
Zaié(z/zi) +
i=1

so that by using (39), we have

N N . -1
D 0ib(z/ 20 (2) + (H (—; + 1) ) ;(2)

i=1 i=1 v

gvi(2)

N
> 0ib(z/ iz + 2N (0 +0GTH);(2).

1=1
Denoting by B the matrix of the composite map in (21) with respect to the bases
{1;}5% and {2*}32), we have thus B = B® + B', where

|
-1 Yo(z1)  Yi(z1)
0 1 ZN . .
B = 21_2 z;]Z SN : : )
Po(zn)  Y1(zn)
N . .
—N—
0 0[0---0 ¢ * a_20 Qa-21
0 0/]0---0 0 o a—10 G-1,1
Bl = . . . . . A . aoo apl ,
AU B A 0 an
0 0
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S is the diagonal matrix diag(oy,...,on), and ag;, —00 < k < 00, 0 < j < o0,
are the Laurent coefficients of 1; = 3, ax;2*.

Let us apply some column operations on B. Adding an appropriate linear com-
bination of first N columns to the (N + )M column (i > 0), we can eliminate the
column * (Yn4i(21), - . ., Ynwi(zn)), @ > 0, from BP. Since N is large enough so that
aj;j =1 for j > N, B! has the form

o *
o
OOOX N .. )
0
so that the “x” part can be eliminated by further column operations on columns N +1,
N +2, ..., which do not alter the B%-part. Here O,,x,, is the m X n zero matrix.
The matrix B can thus be reduced to B’ = B’ + B’!, where
|
J B Yo(z1) -+ Pn(z1)
0 1 N . . .
B=1 272 ... 2 | Sw : : © |Onxeo |

1[’0('21\/) e '(/)N('zN)

B = (oooxN ] crIOO) .

Let n, n > N, be an integer. Note that the column operations needed to bring B into
B’ only adds linear combinations of lower numbered columns to higher ones. Hence,
denoting by B,,, B,,, B and B!! the matrices of the first n rows and columns in B,
B’, B and B'!, respectively, we have det B, = det B!, = det(B/ + B!!), with

1 . 1
-1 —1 Po(z1) -+ Yn(z1)
70 Zl ZN . . .
B, = : : SN : : : ONnxn-m |
Zl—;z+1 N z;r.n+1 Yo(zn) -+ Yn(zN)
and

B = Owm—myxn | oIn-n _
" OnxN | ONxn-N)

Since the last n — N columns of B/ are 0, we have

I,
B/ = * Oin—-N
" ( Z | ONxn-n) )’
where Z consists of the last N rows and the first N columns of B:

N gy Yo(z1) -+ Yn(z1)
Z = L SN : : :
™ Yozn) -+ Yn(zn)

Hence we have, using 0 = (=12, ... 2y,
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detB, =detB!, = (—DN™ "N detZdet(o],_n)
= (z1...20)" NdetZ
= (z1...280)' " NVdetZ',

where
N-1 .. _N-1
Zl' ZN tho(z1) -+ n(z1)
Z'= oo SN : : :
Zl . Zl . . .
LT Yolzn) -+ Yn(zn)
Noticing
det(z) "i<ijen = (- DNV D2 det(zi 1< j<n,
and

(HJ]\LI zj)N_l (z1...2n)N !

Lz — 20 (~DNN-D2det(zi ' 2_, .
\JF i J1<i,j<N

)

N
det Sy =H0’i =
1

we observe that det B,, coincides with the right-hand side of (38). Since n > N is
arbitrary, this completes the proof of Lemma 5.

Lemma 6. Let Z := diag(z1, . .., 2n). Let A :== (p— DN —1), p—1)(N-2),...,p—
1). For a polynomial f(y,z), let us denote by (f(y, 2)), the terms in f(y,z) which
are quadratic in y. Then we have

A(2P)
A(2)

1 1
B-uZ—-uz’—-uZ’. ..
)\( Iz, 2r ) 3 s )

p—1 D+l -1
Csz‘_T / dY exp tr Y™ ,
TN p+1 2

where c is a non-zero constant which depends only on N and p.

Proof. The Schur function associated with the partition A is given by (see [21])
N N N
1 1 Axs(y)
(=Y -2 2 -2, | = 220

where §=(N —1>N—-2>--->1>0) and A,(y) = det(y;”)1<; j<n- Therefore
we have, with A+ = (p(N — 1) > p(N =2) > --- > p > 0),

AQRP)  Axs(2) _ N 1, 1,
A(z) ~ As(2) = <_Zzi’_§[:%a—§zl:zi,... ,

1

establishing the first equality of Lemma 6. In order to establish the second one, note

5 F is the Schur function for the partition A
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Y Z p+1 1
tr(( ;+1) ) = §tr(Y2Z”’1+YZYZ”'2+-~+YZ”‘1Y)
2

1
= V(P P2 p—1
= 55 Yi;iYil(z,  +2z Zit+etzy )

i,J

p
= 2ZYUYJZ< -—zj)‘

Hence, performing a Gaussian integration, we find

Zp+1 Z —z
/chxptr <—(Y+—)) /dYexp(——ZYl]Yﬂ—])
p+1 2 — zj

2Y)

2V /2 % — %5 2
@) II -

1<4,j<N % J

@mN/2 [ 23 T,

PN 1<i<j<N i zf 1 K
QMmN Az) H |
T pN/2 T A(zp)
establishing Lemma 6.
Remark 5. In general we have
A(2) 1

/ dY e~ "VY+2D)) _ (27T)N2/2 )
!
K A(V'(2)) LY V()

The following lemma is due to Harish Chandra, Bessis—Itzykson—Zuber and
Duistermaat—-Heckman among others:

Lemma 7. Given N x N-diagonal matrices X and Y, we have

yav-y det(e®¥ )1 <; <N
etrXUYUTdU o )MN 2 JSN
/U(N) ( AX)AY)

A proof can be found in [13].

3. Matrix Fourier Transforms
In this section we explain how generalized Kontsevich integrals (see [19, 1, 24]) are

closely related to the theory of Fourier transforms. Indeed, if V' (x) grows sufficiently
at infinity, any Fourier transform

o0
a(y) = / e~ V@Y gy (40)

leads to a linear space of functions %" invariant under two operators A and V'(z)
satisfying [A4, V’(2)] = 1.
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(i) The point is that a(y) satisfies the differential equation

0
14 (5—> a(y) = ya(y), (41)
Y
as seen from

0 = / %e“/(”*’ydx:/ (=V'(@) +y)e”VErovdy

—00

(v (3) )

Thus setting y = V'(z) in (41) and Ay := V"(2)~10/0z = 8/3ylyzv,(z), the function
a(V'(2)) satisfies the differential equation

V'(Ap)a(V'(2)) = V'(2)a(V'(2)) . (42)

(ii)) The method of stationary phase applied to integrals (40) and their derivatives
leads to the following estimate, upon Taylor expanding V(x) around z = z,

0 )"
= | a@®)
(8?/ y=V'(2)

oo
/ xne—V(m)ﬁcV'(z)dx
—0

o
/ xne—(V(z)+(z—z)V'(z)+(1/2)(z—z)zV”(z)+O(x—z)3)+zV’(z) de
—00
o0 2
- e—V(z)+zV'(z)/ e~ (/D=2 V" @)1V [V")O~2)) 4.
—0o0

e_V(Z)“ZVI(z)—LV; </_Z (\/% + z) eV 2dy + O(l/z))
p()712"(1+0(1/2)), (43)

with |
p(z) = —ZW_eV(Z)_zvl(Z)\/V”(z) .

Therefore defining

0 -

E» op(z)”!
Yly=v(z)

A= p(2)

and
7

0
'an(z) = An'LpO(z) = p(z)%a(y) , = 07 L...,

y=V'(z)

the differential equation (42) implies
V'(A)po(z) = V' (2)o(2) .

This, combined with (43), proves that the linear span
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W = spang {Yr(2) = 2" (1+O(1/2)) | k=0,1,2,...}

is invariant under the operators A and V'(2), i.e.,

A Cc W and V)% Cc %", with [AV'(z)]=1.

253

(iii) By Lemma 5 and the fact that ¢, (2) = AFapo(2), the 7-function corresponding to
", at time t as in (37), is given by

7(t)

det (Aj_1¢o(zi)) 1<4,j<N

-
det(z] Di<ij<n

- . . — x +(E’y
@ det | p(z;) ( c’)y) /_ e dz

N N
T, p(z) doe= 20 V) A [[e="
1

y=V’(Zi)> 1<%,j<N

A(Z) "N

I17 plz)) DR LD zaV'(2p)
NTAG) Jun dre A(z) det(e )

using Lemma 4 with s = 1 and the skew-symmetry of A(z),

1<, BN’

1Y pz0) / dpe- T2 Ve g2z det(ewav'ua))lSaﬁSN
N1A()/A(V'(2)) Ja~ A@)A(V'(2))

c Hfl p(z:) / dee™ EIN V@) A2(g) dU TUXUT'V'(2)
A(2)/A(V'(2)) Ju~ )

using Lemma 7, with X = diag(z),
dXx e-—trV(X)etrXV’(Z)

)

C/etr(V(Z)—ZV’(Z)) f%N
f dY e~ t(V(Y+2)) ’
FEN

—w(V(Y+2))

. f%N dYe 22
—w(V(Y+2),

[, AY & SV 0520

using Lemma 6,

upon setting X =Y + Z,

for some constants ¢, ¢’ and ¢’ depending on N.

4. Generalized Hénkel Functions, Differential Equations
and Laplace Transforms

This section deals with the properties of Hénkel functions and their generalizations.

Lemma 8. The family of integrals

Pr(2) =

pc+1 o] Z—C(uz)ke—(u—l)z

I'(-o) J, (up — 1)+t k=0,1,...,p=2,3,...

admits, for large z > 0, an asymptotic expansion in C((z™")) of the form

PYr(2) = 28 (1+0(1/2)), (45)

du, —-1<c<0, (44)
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with 1y(z) satisfying the differential equation

p—1
e [1 (282 - z) 11 (z— - ’) 2 () = (—Po(z),  ®)

=0 =0

or equivalently

\? o\"!
ez | 2P (5) —cpzP! <$> 2% ho(2) = (—2)PPo(2).  (8")

Moreover 1(2) admits the following representation in terms of a double integral®

Yr(2) 2P 1)(C+1)/dw/ dx e* "Wk zcet™" —2")

P
27
pc+ HP=Dlet]) oz —z2P * —zyP

Eyrad e /0 dz z° /0 dy fr(y)e , (46)

where, in the first integral, v := v* +~v~ C C denotes the contour consisting of two
half-lines v = R,(E!, ¢ := e™/?, through the origin making an angle + /p with the
positive real axis, with the orientation given as to go from (™' - 0o to 0 to { - 0o (see
Fig. 1 (a)), and where in the second integral,

1 = (—=1) )
Fey) = (K eV — (TR lem T =y ey,

=0 7

where a, = (" — (™" = 2isin(nn/p).
Proof. Setting v = (u — 1)z, and using
oo e—'u

I'(—c) =/0 o dv forc <O,
we first observe that for each n > 0,

ctlgh oo 1+v/z)kev

o) = P (1+v/2) o

T g (128 (22 @) 0ror)

= 2P (Lbeiz ™ + o+ bz +O(1/2™h)

as z — oo, where the by; = (I'(—c+1)/I'(—¢))bk; = (H;:Ol(—c+j)) by,; are

obtained from the coefficients by, ; of the expansion’

S If p = 2, so that v becomes the 1mag1nary axis, these integrals should be interpreted by replacing ¢
by ¢ = e(™/D=¢ and v by R+Ce + R+(: !, and then taking the limit as & | 0

7 Noting that the radius of convergence of this power series is | — 1|, one can get a precise growth
estimate of the coefficients of 1 (z) which implies that, in particular, as always with the string equation,
7" does not belong to the L?-Grassmannian of Segal-Wilson [30].
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A A
T T \ G
D
Ce :
0 w1 . 0Amp AN i
N
ye;
v T ;iR
@) (b)
Fig. 1. Contours of integration: (a) contour ~ for (46); (b) closed contour for (48)
1+s)k > ;
d+s) =1+ beas', (47)
1 P (P)gi—1 -1
I+ (X () ) =

confirming the asymptotic expansion (45).

Moreover, setting
oo Z—ce—uz
(»00(2:) = /1 (’U,p — l)c+l dua

we have for ¢ < 0 and Re z > 0,

- _ p—l—c_e—uz_ o
0 z w —1¢|,_,
o0 a z—ce—uz
— _,p-1 — P _ 1)
= z j Ew <(u 1)(UP — 1)c+l> du
T e S A
= (=1 /1 ((—zu)? — cp(—zu) (—2)P) @ Do du

P p—1
= (—1Pz¢ (z” (%) —cp P! (%) - (—Z)p> 2%po(2)

p—1 a p—2 a
(-1)Pz—¢ <H (z& - 2) - cpg (z& - z) - (—z)”) 2°00(2),

=0

using in the last line the operator identity

ﬁ z—a— —i)=2P 9 ’
, 0z - 0z) ’
=0

thus showing that ¢(z) satisfies the differential equation (8) or (8').
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Consider a bounded domain D C C, whose boundary consists of the lines 'y}iz,
making an angle 7 /p with the positive real axis, two circle segments CE, about
the orlgm of large enough radius R and a small circle about 1 of radius € connected
to CR, as in Fig. 1 (b). The function e~%*/(uP — 1)**! is univalued in D and all its
singularities lie outside D. By Cauchy’s theorem we have

1+e ko—(u—1)z
(uz)®e _
</"’R /”’R / / /a /1+s / ) (uP — 1)° Tw e M= (48)

Observe that, for z > 0 and p > 2, we have zcos > zcos(m/p) > 0 for 0 < 0 <
7 /p, implying

/ (Uz)ke_(u_ll)z du = O(Rk—(c+l)p+le~Rz cos(n'/p)) 0
ot (uP — 1)c+

as R T oo. Since ¢ < 0, we also have

(uz)ke—(u—l)z

e s 0(e=) — 0

as € | 0. So, taking limits as ¢ | 0 and R T oo leads to

(uz)ke—(u—l)z co—i0 (’LLZ)k —(u—1)z
wre ([ e,
M 1 (P — yer

ka— 1
—27{1(C+1))/ ('U/Z) (u—1)z du

)c+1

k ~(u Dz
i . uz
2ie"™¢sinwc / # du.
1 (P — 1)t

Note that, since u? — 1 < 0 along [1, 00), we have the following ['-function repre-
sentation
1 e—7ric oo

@D - TesD) ), T

c (P —l)

and thus
pc+1 e s} Z—C(uz)kze—(u—l)z
I'-=o) J, (uP — 1)e+!
1 7i ka—(u—1
pc+ emic e (uz)Fe (u—1z

= £ °r wE g
disinme(—0) ), @ —Det

du

i

Yi(2)

c+lz—c

_ p k.—(u—1)z /oo caz(uP —1)
- d d
dismrcl(—al @+ D) J, e 0o TTE

c+1

(o ¢]
= P -z ¢ /du(uz)k ‘(“—l)z/ dz z¢e® =D
2mi

+1
= 2 Z(p—l)(c+1)/dw/ dre* P wkze xw”e—zz",

27r1
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upon setting w = uz. Here we used the I'-function duplication, I'(—c)I'(c + 1) =
—m/sinme, —1 < ¢ < 0. Working out the integral over +, interchanging the integra-
tions and using ¢(*? = —1, we find

27

0 oo
X <C_k_1 / dy e—C_lyyke—zy” + (k:+1 / dy e—(yyke—zy">
oo 0

pc+ ° P o 3
- (p 1)(c+1) z/ dx mce—zz / dy fk(y)e—xy
0 0

c+ oo
Yr(2) b z(p DietD)ez / dz zte %" .
0

27r1
with
-1
fu) = (CFem —¢Trlem¢ Wyt

Z( 1) <J+k:+1 C j—k— l)y]+k
j=0

as announced in (46), thus ending the proof of Lemma 8.

Lemma 9. The linear space spanned by the generalized Hiinkel functions,

—C(UZ)ke—(u— 1)z

c+1
W = span@{wk(z) )/ @ — Do du

is invariant under

k=0,1,2,...}

2P and A, =z2"%"z—oe *2°=z2— —2z+c
0z 0z

(so that [(1/p)A, 2P] = 2P), with 1y satisfying the differential equation (8).

Proof. The space Z is invariant under A., because

_ pc+1 i ., /oo z—c(uz)ke—(u—l)z
Ap(z) = F(_c)z ce® 257 e 1 w — Do du

_ pc+1 z—cezzg /oo (uz)ke_“z du

T I'(—o) 0z J;  (up — 1)c+!

= kr(2) — Yre1.

Moreover, the operator

p—1 p—2
[[Ac—d—cp[J(4c -9
i=0 =0

has the form ) § a; A7, with o, = 1. From Lemma 8, the solution to the differential
equation

p—1 p—2
<H(Ac — i) —cp [J(4e - z’)) o(2) = (—2)Ptho(2)

=0 =0
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is given by the function in (44) or (46) for £ = 0. An asymptotic expansion of the
form
Yo(2) =1+0(z"")

follows from (45).

5. Proof of the Main Statements

5.1. Proof of Theorems 3 and 1 and Remark 1. In Lemma 9, we have constructed a
space 77" and an operator A = A, such that

A CH" and P CHW,

with the lowest order element 1)y € 77" satisfying Eq. (8). Proposition 3 and Remark 4
imply that the stabilizer of Z is C[A, 2P, 2~ PF(A)], proving Theorem 3, Part (i).
Let ¥ and 7 be the wave function and the 7-function, respectively, associated with

the KP time evolution %% = e~ 2-%*' % of 7. We now define the operators P
and @ in the z-variable, via the operators A and 2P in the z-variable, by means of

PU(t 2) = PU(t,2) and (1/p)A¥(t, 2) = QU(t, 2).

According to Lemma 2, P and @ are differential operators. They satisfy [P, Q] = P
since [(1/p)A, zP] = 2P. Note that P and () can also be written:

P=LF=SDPS™!

and
Q:l(ML__L-{-c):lS Zkt_ka'—D'i-C S_l,
p p 1
where .
_7@¢—[D')
5= (1)

in terms of the 7-function above, and L and M are as in (12) and (16), proving
Theorem 3, Part (ii).

Since (M — 1)L = pQ — c is a differential operator, we also have, using the
notation «;; as in the statement of Theorem 3,

(M =DL)"L™ = Y o (M — 1 L

i=1

= Zcm&ﬁ&ﬁwwww
J

0<i<m
0<j<i
is a differential operator. Thus
> am¢<>C—UFNAPLWWLW=O,

7
0<i<m J
0<j<i



Matrix Integral Solution to [P, Q] = P and Matrix Laplace Transforms 259

implying (10), upon using (19), completing the proof of Theorem 3.
To prove Remark 1, we evaluate

att =0 to find —((81-/8t1)/7-) [t=0 = a. Remember, on the one hand,
U(0,0,2)=1(z) =(1+ EOIZ_I +-0),

and on the other hand

Tt +z—2z"1,..)
Tt +z,...) 2=0,t=0

(1 — T_I%z_l + - )

Therefore a = by = (—0)b,1 = c(1+¢)(p— 1)/2 as stated in Remark 1, as implied by
47).
To prove Theorem 1, note that at ¢t =0,

Qlizo = (1/p)S(x —1)0/0x) +c)S™"
= (1/p)Xz — 1)(0/0x) + c + (negative order terms).

¥(0,0,2)

1]

t=0

Since @ must be a differential operator, the negative order terms vanish, and Q| =
(1/p)(x — 1)(0/0x) + c. Thus, from the second equation in (9), we have

0= (Qli=o — Ac)¥(x,0,2) = (@ — 1)®/0) — 20/02 — D¥(x,0,2).  (49)

Since this is a first order equation and the line « = 0 is noncharacteristic, ¥(z, 0, z)
is determined by (49) together with the initial condition ¥(0, 0, 2) = ¥(z). It is easy
to check that the right-hand side of (6) satisfies these conditions. Finally, (7) follows
from (8): Writing (8) as

F(Zé% + c) (e™*%0(2)) = (—2)Pe"*9o(2)

substituting (1 — z)z for z, using the scaling invariance of z 8/0z, and dividing both
sides by 2P, we get

iF <z—8— + c> (e DZpo((1 — 2)2)) = (x — PP DZaho((1 — 7)2) . (50)

ZP 0z

Multiplying both sides of this formula by e, and using the identity e*(z 8/0z +¢) =
(20/0z — z + ¢) o €%, we get the second formula in (7). Next, switching the roles of
z and 1 — z in (50), we get

1 0
P (@ D ) 1 = 92) = 21— 1),

Multiplying both sides of this formula by e, and using the fact that e* commutes with
(x — 1)0/0z + ¢, we get the first formula in (7), completing the proof of Theorem 1.
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5.2. Proof of Theorem 2. Setting t,, = —71‘12?:1 z;7", mn=1,2, ..., and using
Lemma 5, and Lemma 4 with s = 2, we have

det(Yp—1(2)) 1<ki<N
A(2)

a® (=1
- (& zl d mz Y
e )det( / 73/ dyz°e™™% fr_1(y)e” )kZ

_ CI,N52(t) c
- 45 [ o({14)

N N
-det(fr—1(w0),, .e_zn @izl o= 25, @b}

_a Sz(t) '
B (N‘)ZA(Z) /mN /]EN dy (];Im )

~det (fe—1(ya)) , i det (e_xiz ) i det( myf)z

6,5

_ A" SM)ARP) -
T WDAR) /mN /M W (111%‘ ) A@)’ A -
d —:c,'z;’ d ~z4y"
et (e )” et (e )i’j
A(z)A(2P) A(z)A@yP)

7(%)

-So(y)

where a = p°*! /27i,
N

St =]] (z?’_l)(cﬂ)ezi) ’

1

and
AyP) det(fre-1y2) 1<i,k<N
A(y) Ay)

So we have, for some constants C, C’ and C” depending on N, p and c,

SO(ylay27"'ayN)=

S1HAR) T e
0 = CFHT ) ey (Hw) / 4y AWPSow) -

v

. / dUx e” w2TUR U / dVy e” raVy Y Vy
U(N) U(N)

using Lemma 7

SH(t) A(2P) ) N . ,
“Tam e de A) (1:[”%> /m . dy A)*So(y) -

/ dUX e—"terU‘;lmUx / de e—trU);la:UXU;lypUy
U(N) U(N)

setting Uy = Vy Ux for fixed Ux in the last
integral and noting that dUx dUy = dUx dVy
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N

SH(1)A(2P) 2 / —wZPUC 2

C——————= dz A(x) ”xf dUx e x *Ux |
A=) Jwy : vy

/ dy AZ(y)So(y) dUy e~ Ux'zUx Uy 'yPUy
By U(N)

P ) p
- o dX det(X)e” "X / dy So(ye™ XY
2@ I T,
CIIS (t) f%;v dX dCt(XC)C_ trZP X f%;v dYSO(y)C_ tr XYP
— 1 |
(X+Z)p+
Sz, dX exptr (J_ﬁ)z)

where we used Lemma 6 in the last equality, and the definition of S;(¢) in Theorem 2.
A similar calculation, outlined below, implies the second formula for 7, upon using
the first representation of 1 (z) in (46):

det (Yr—1(20)) | <, 1< v
Az) ’

1 _ © _ _ _
= —— det (a e ZEP 1)(c+1) / dw / dre wwk lxcezw"e zz?
A(Z) o 0 X

N
@ Sa (p—Dle+D)
= —¢ z; .
e | &

0o [es) N N
//dw/ / dze‘zw'foA(w)He‘zf“He“wf
v v 0 0 i=1 i=1

N
_ a Z; (p—1)(c+1) 1 - w, c
= ——(N!)zez I lzi” e, LN dw/mN dre 2 l I:ciA(w)~

det (em‘“’f )

7(t) with t, = =157 27",

1=

'det(e—zf%)lg J<N

1<i,j<N
o M(AW) [, dX det X¢(A(wP)/A(w))e™ W e XWP—27)
C”/Sl (t) ‘]:%N I%N ( ()/(_‘_Z)pi»l) 9
I%N dX exptr <—T)2

ending the proof of Theorem 2.
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