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Abstract: We consider the Anderson tight binding model H = —A4 + V' acting in
I2(Z%) and its restriction H” to finite hypercubes A C Z%. Here V = {V,; x € Z%}
is a random potential consisting of independent identically distributed random vari-
ables. Let {E;(A4)}; be the eigenvalues of H”, and let &;(A,E) = |A|(E{(A) — E),
Jj = 1, be its rescaled eigenvalues. Then assuming that the exponential decay of
the fractional moment of the Green function holds for complex energies near E
and that the density of states n(E) exists at E, we shall prove that the random se-
quence {;(4,E)};, considered as a point process on R!, converges weakly to the
stationary Poisson point process with intensity measure n(E)dx as A gets large, thus
extending the result of Molchanov proved for a one-dimensional continuum random
Schrodinger operator. On the other hand, the exponential decay of the fractional
moment of the Green function was established recently by Aizenman, Molchanov
and Graf as a technical lemma for proving Anderson localization at large disorder
or at extreme energy. Thus our result in this paper can be summarized as follows:
near the energy £ where Anderson localization is expected, there is no correlation
between eigenvalues of H4 if A is large.

1. Introduction

In this paper, we treat the multi-dimensional Anderson tight binding model, namely
the discretized Schrodinger operator H with a random potential V'

H=-44+V (1.1)
acting in [2(Z?), where 4 is the discrete Laplacian defined by

(du)(x)= > u(y). (1.2)
ly—x|=1
We also consider the restriction 4 of H under the Dirichlet boundary condition

to finite hypercubes A4 C Z,
HAZXAHXA, (13)
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where y, is the multiplication by the indicator function of A. In the following,
we assume that the random potential ¥ = {¥,; x € Z°} consists of independent,
identically distributed random variables and that their common distribution has a
bounded density, namely we assume

PV, € dv) = p(v)dv, (1.4)
with
[olloo < 00 (1.5)
Let
Ei(A) £ --- S Ejq(A4) (1.6)

be the eigenvalues of H. Since ¥ = {V,}, is an ergodic random field, for almost
all realizations of V', the limit

N(E) = lim ——#{;| E/(4) < E} (1.7)
a1zé |4

exists for all £ € R (see [C-L]). This limit is called the integrated density of states.
Since N(E) is a non-decreasing function of E, it is differentiable almost everywhere,
and if its derivative n(E) = dN(E)/dE exists at E € R, we call it the density of
states at the energy E. Actually under our assumption (1.4) and (1.5), N(-) is
known to be absolutely continuous, so that (1.7) tells us that average spacing of
eigenvalues is of order of |A|~! near the energy E where the density of states
n(E) exists and is positive. A natural question then arises as to measuring the local
fluctuation of the spectrum, namely one will be interested in the limiting probability
distribution of the rescaled spectrum

E(ME)=|A(E(A)—E), j=1,...,]4], (1.8)

as A gets large. To give a concise formulation of the problem, it is appropriate to
use the notion of point process and their weak convergence.

Let .#(R") be the space of all non-negative Radon measures on R'. We say
that a sequence {m,}, in M(R") converges to m € M (R") vaguely if

lim [ o(x)m, (dx) = [o(x)m(dx) (1.9)

holds for all ¢ which belong to C;(R'), the space of all non-negative continuous
functions with compact support.

This convergence concept defines a topology on A(R") which is called the
vague topology. Let further ./#, (R!) be the subspace of .#(R') consisting of all
integer valued Radon measures on R'. Each £ € v (R!) can be written as

E(dx) = Zééj(dx) (1.10)
j

with a sequence {¢;} having no finite accumulation point. It is known that .#, (R"
is closed in .#(R') with respect to the vague topology. A random variable &
taking values in .#, (R') is called a point process. We say u(dx) is the intensity
measure of &% if

u(A4) = E[E°(4)] (1.11)

for each Borel set 4.
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Now consider a sequence {£¥}, of point processes defined on a probability
space (€2, #,P). This sequence converges weakly to a point process ¢° defined on
a (possibly different) probability space (£2, %, P) iff, by definition, for any bounded
continuous function ®(&) on .4, (R!) one has

lim [ B(E))P(dw) = [S(E7)P(dD). (1.12)

On the other hand, this abstract definition is known to be equivalent to each of the
following two statements:
(1) For any ¢ € C{(R"),

lim Ep[e=&(®] = Eg[e~¢"@)], (1.13)
n— 00
where we have set

&) = [o(x)én(dx), ete.;

(2) Forany [ 2 1, k; =2 0, and disjoint intervals [;, j = 1,...,1, such that

P(&@r) > 0)=0, (1.14)

one has
nli)rg()P(é,,(l;) =k, j=1...,01)= P(&([j) =k, j=1,..,1). (1.15)

Among elementary examples of point processes, the Poisson point process is
the most important one. £ is said to be the Poisson point process with intensity
measure u(dx) if it satisfies the following two conditions:

(a) For each bounded Borel set 4, £“(A4) obeys the Poisson distribution with
parameter u(4), namely

k
Py =k =@ HEL k5o, (1.16)

(b) If A4i,...,4, are disjoint, then &(4,),...,&(4,) are independent random
variables.

Now we can state our result. Let A = [1,L]¢, L =1,2,..., be hypercubes in z¢
and for z with 3z > 0 let

Gz, y) = (H"—2)"'(x, ») (1.17)
and

G(z;x,y) = (H —2)"'(x,») (1.18)

be the Green functions of H# and H respectively. Define the point process
A E) by
(A E)(dx) =3 014\, (0)-E)(dx) , (1.19)
J

where E;(A) are eigenvalues of H4 as in (1.6), and &, is the Dirac measure con-
centrated at x. Then we can prove
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Theorem. Suppose that the density of states n(E) exists at E and is positive and
that the fractional moment of the Green function decays exponentially fast in the
following sense:

There are sy € (0,1), C > 0, m > 0 and r > 0 such that
E[|G°(z;x, p)[?] < Ce k|
for any hypercube D C Z°, x € D, y € D, and
z€{z|Sz > 0, |z—E| <r}. (1.20)

Here we shall say y € 3D iff y € D and there is a y' € D such that |y — y'| = 1.
Under these conditions, the point process E(A;E) defined by (1.19) converges
weakly, as L — oo, to the Poisson point process & with intensity measure n(E)dx.

Remark. The following sufficient conditions for (1.20) were obtained by Aizenman,
Molchanov and Graf:

i) If p(x) is bounded and if there is a compact interval [a, b] such that p(x) is
non-decreasing on (—oo,a] and is non-increasing on [b, 00), then there is an E(p)
such that (1.20) is true for |E| > E(p) (see Sect. 3 of [A-M]);

ii) If ||p||co is sufficiently small, then (1.20) holds for all E (see [G]).

In case d = 1, if we assume the finiteness of ||p||o and E[|Vx|?] for some ¢ > 0,
then (1.20) holds for any E£. The proof of this fact will be given in the Appendix
for the reader’s convenience.

A limit theorem of this type was first proved by Molchanov ([Mo2]) for the
one-dimensional random Schrédinger operator

2
iz

and its restriction to large finite intervals under the Dirichlet boundary condition.
Here {x,(w)} is the stationary Brownian motion on a compact Riemannian manifold
K and F is a smooth, “non-flat” function on K with inf, F(x) = 0.

The random Schrédinger operator (1.21) was the first mathematical model for
which Anderson localization was rigorously established (see [G-M-P] and [Mol]).
Moreover the density of states n(E) exists and is positive for all £ > 0, and accord-
ingly the convergence of &(A;E), where A = [0,L], to the Poisson point process
holds for any E > 0.

Molchanov’s result is very beautiful and physically significant, as it is one of
few examples of energy level statistics which can be rigorously performed. (See
however [Mi] for an elementary example of a Schrodinger operator for which a
different kind of energy level statistics can be performed and an approximate Poisson
statistics is obtained.) Molchanov’s proof is based on some precise analysis of
localization on a large finite interval which had been done in [Mol]. Although his
idea was intuitively very natural and independent of the dimensionality of the space,
as we shall show below, the technique he used is valid only in one-dimensional
models. Since nowadays we have a fairly good understanding of localization for the
Anderson tight binding model in general dimension, it is desirable to give a direct
justification of the above mentioned idea to obtain a dimension-independent proof
of the local Poisson nature of the spectrum.

+ F(x(w)), —o0 <t< o0 (1.21)
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Now let us describe the basic idea behind our theorem. First note that the con-
dition (1.4-5) and (1.20) imply that we have Anderson localization for H. Namely
with probability one, the spectrum of H is pure point in the vicinity of E, and
corresponding eigenfunctions decay exponentially fast. This can be easily seen by
slightly modifying the argument of Delyon, Lévy and Souillard [D-L-S]. Suppose
the exponential decay of eigenfunctions holds also for H* when A = [1,L]¢ is large.
In other words, suppose that for each eigenfunction y, of H 4 with eigenvalue E;,
which is in the vicinity of E, we can somehow define a “center” XE] of localization
so that ij(x) decays like exp[—o|x — XEjl] for some o > 0. It is natural to suppose
that those Xg; are distributed in A “uniformly” so that if we divide A into small
cells C, of side length ~ L%, 0 < a < 1, then most eigenfunctions szJ would have
their center inside some C, away from the boundary so that |!,bEj (x)| would be very
small on 0C,. (In fact, this is exactly what Molchanov showed for the model (1.21)
and it would be a nice mathematical problem to do the same thing for the multi-
dimensional Anderson tight binding model.) This suggests to us that as far as the
spectral properties of H* near the energy E concerns, we could approximate H* by
the direct sum of H. Since H are statistically independent for different p, this
means that the spectrum of H* near E, viewed as a point process, is approximated
by a superposition of independent point processes, each of which coming from H%.
Hence if we set

n(Cp; E)(dx) = }_ 0\a((5;c,)-£)(dx) , (1.22)
j

{E;(Cp)}; being the eigenvalues of H %, then &(A;E) can be approximated by
n(L; E) = 3 n(Cp; E)(dx) . (1.23)
P

As remarked above, {#(Cp; E)} , are independent for different p. On the other hand,
the mean spacing of the eigenvalues {E;(C,)}; is of order L=, so that by (1.22),
each n(Cp; E) is asymptotically negligible as L — oco. (See [D-V] and the next
section for the precise meaning of “negligibility.”) Hence by the general theory of
point processes (see Theorem 9.2.V of [D-V]), #(L; E), being the superposition of
a uniformly asymptotically negligible array, converges weakly to the Poisson point
process with intensity measure n(E)dx as soon as for any bounded interval 4, the
following two conditions hold:

2 P(CpE)(A4) 2 1) — n(E)|A] ; (1.24)
p

S P((CpE)(A4) 22)— 0. (1.25)
p

The justification that £(A; E) can be replaced by n(L; E) as well as the verification
of the above two conditions will be given in the next section. It seems that the
importance of the conditions like (1.24) and (1.25) is overlooked by most physicists.
In fact, all we can tell from the fact that our {(A;E) can be approximated by the
superposition of small independent point processes is that the limit of &(A;E),
if any, is an infinitely divisible point process, which may be quite different from
Poisson point process, and in fact it is the verification of these conditions which
consists of the main and the hardest part of the proof in [Mo2].
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2. Proof of Theorem
The proof breaks into several steps.

Step 1. Define the class o of test functions of the form

n a;T

OEDY

= (x—o')z—é—'c2

withn 21, 7>0and a; > 0,0;cRforj=1,...,n

N. Minami

(2.1)

Lemma 1. Let &,, n = 1, and & be point processes on R! with intensity measures
Un(dx) and p(dx) respectively. Suppose there is a constant ¢ > 0 such that

w(dx) S cdx, n =1, wldx) £ cdx.

Then the following two assertions are equivalent:
(i) &, converges weakly to &

(ii) for any f € o, one has

Jlim Efexp(—C,( /)] = Elexp(=¢(/))] -

Proof. For a non-negative Borel function ¢, define for n =

L) = Elexp(—Eu(0))]

and
Z(¢) = E[exp(—&(¢))] -

Then the assertion (i) is equivalent to
(i) Zu(9) — L(o), for any ¢ € C}.

(22)

(2.3)

(24)

(2.5)

Let L, be the totality of all non-negative elements in L'(RY. It is easily seen
from our assumption (2.2) that the functionals %, and % are uniformly equi-
continuous on L. . Since Cif(R") is dense in L, the assertion (i)’ can be extended
to hold for all ¢ € LT, and in particular for all ¢ € </. Hence (i) implies (ii). To
show the converse, it suffices, by the same reason, to prove that <7 is dense in L.
For this purpose, it is sufficient to prove that for any bounded interval (a,b), its
indicator 1(,4)(x) can be approximated in the L!-sense by elements in <.

Now for 1 > 0 and n = 1,2,..., define

D(x) = ljb ‘ do
Ty (x—0) 412
and
= —a)t/n
) =7 § i e
where b ]
t=ay &=V
n
We shall show that
lim &, = &,

n— o0

(2.6)

2.7)

(2.8)

(2.9)



Local Fluctuation of Spectra of Anderson Models 715

and
lim @-,; = l(a,b) (210)
7]0

hold both in L!-sense.
To show (2.9), set
(6 —07)(2x —0—07})
{G—oF +2H{G—a) P + 2}
where ¢ € [a,b) and o] is chosen so that ¢ € [07, 07.1). Then for some constant
C =C; > 0, we have

W(x,0) = (2.11)

x|
<c—" _
|P(x,0)| < Cn(l—l—x2)2’ for x ¢ [a—1,b+1] (2.12)
and {
|P(x,0)| < C;, forxela—1,b+1], (2.13)
so that
oo b o
[ |@(x) = By o(x)]dx < % [do [ dx|®(x,0) = 0. (2.14)
oo a —oo
To show (2.10), note that
1 — —X)/T
®.(x) = — [tan Ly (2.15)

Hence if a < x < b, we have 0 < &,(x) <1 and &,(x) 71 as 7| 0. On the
other hand,

j? D (x)dx=b—a= 70 Lig,p)(x)dx . (2.16)

From these considerations, it is easy to conclude (2.10). O

Step 2. Let ¢ be the Poisson point process on R!' with intensity measure u(dx) =
n(E)dx. Let us verify that this ¢ and &(A; E) defined by (1.19) satisfy the conditions
of Lemma 1.
To this end, let
T

G orie (2.17)

Je(x) =

for arbitrary { = ¢ + it € C, where C, is the open upper half plane. Then

E[i(A,E)(f[)] =E [Z {|A|(E](A) _‘L-E) _ 0.}2 + 1—2:|

J

1
)
]

¥ e
7 (E(A) — E~ 4] To) + (Ao
1

— x4 —1
= lAIE[Tr\sG E+ 4701

= ﬁ ZAE[SGA(E + 147G x,x)] (2.18)
xe
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If we construct for z € C,.
Glz) = (—H" = Vo, —2)7", (2.19)

where &, € [*(Z?) is defined by ,(y) = J,,, then by the resolvent equation

A —1g. —
GUE+ A7 Gxx) = 5 (2.20)
where X
I'=-GYE+|A"Gxx)7". (2:21)
Since I > 0, we can compute
EISGM(E + A7 e = B | | ——ed e p0)d
N HIIEE L Ry + @ MY
QT
< OOE = [eS)
o0
=Pl | fr(x)dx. (2.22)
This shows
E[S(A4;E)(dx)] < [|plloodx, (2.23)
and by Wegner’s inequality (see Theorem 3.2 of [S]),
nE) = [|plloo - (2.24)

Hence according to Lemma 1, in order to prove Theorem, it suffices to prove for
any a; >0, j=1,...,nand {;=0;+it,0; €R, j=1,...,n, 7 > 0 that

Jim E [exp {—ﬁ Z a;3Tr GY(E + |A|—lc,.)H = % (), (2.25)
— 00 j=1
where
n T
o(x) = /Z:l aj m €, (2.26)
and
ZLr(¢) = E[exp{—&(p)}], (2.27)

¢ being the Poisson point process with intensity measure n(E)dx.

Remark. Actually we have

ZLp(f)=exp {n(E) T (e7/® — l)dx} , (2.28)

for any non-negative integrable function f. But we do not need this formula
explicitly.
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Step 3. Let {N;} and {I.} be increasing integer valued sequences diverging to
infinity as L — oo in such a way that

Ny=o(L), I=o(L/N,). (2.29)

We shall choose N, and /; more specifically later.
Now divide (0,L]Y C R? into Nf equal cubes C,, p=1,...,N¢, with side
length L/N; and of the form (a,b]?, and define

C,=C,nZz4, (2.30)

and
int(Cp) = {x € C, | dist(x,0C,) > I} . (2.31)

For any z € C and x € int(C,), we have by the well known perturbation formula
(see e.g. Sect. 4 of [S)),

Glzxx) =Go@xx)+ Y GUzx )Gz Y x), (2.32)
(,V»y/)eacp

where (y, y') € dC, means that y € C,, ' € Z°\C, and |y — y’| = 1. Then it is

easy to see
ﬁ 1 SIS Tr G(z)

STrGA(z) —
4] %5

1
< —3 3 {SG%(zx,x) + IG(z;x,x)}
‘Al P x€Cp\int(Cp)

1
to X 2 X 1G5y
| | P x€int(Gp) (y,y')€0C)y
=A.+B;. (2.33)

As in (2.22), E[SG?(z;x,x)] and E[SG*(z;x,x)] are bounded by some constant
independent of x, p, A and z € C,. Hence

E[4;] = O(LNAL/NL Y1) = ON,L™'1y) (2.34)

as L — oo.
On the other hand, we can write

BB < A72Y S % y/EG%@n )i ElGAG x)l

p xeint(Gp) (y,y")€0C,
(2.35)

By formula (2.22) of [A-M] or Lemma 5 of [G], E|G(z; y/,x)|® is bounded by
some constant independent of A4, z € C,, and x, )’ € A. Hence by condition (1.20),
we obtain the estimation

E[B??] < comst.[4] 702 T 3 ek
p x€int(Cp) (y,y’)eacp

= OAC=PITIN A iy (2.36)
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If we take N, = L* with 0 < a < 1 and /;, = fInL with sufficiently large S, say

1 S0
ﬁ>;{d(2—3)—1—cx(a’—l)}, (2.37)
then we will have
E[4;] = OZ* 'InL) = o(1) (2.38)
and _
E[B?*] = O(LPInL) = o(1) (2.39)
with 5 P
ﬁ=d<2—3°)—l—a(a’—1)—mﬁ>0. (2.40)

In particular, we have
Ap + By — 0 (in probability) , (241)

uniformly in z € {|z — E| < r} N C.. From this and (2.33), it is easily seen that
in order to prove our theorem, it is sufficient to prove

n
lim E [exp _ L S aSTrGYE + (A7) + | = L) (242)
L—oo 4] 5 =
instead of (2.25).
Now let E;(C,) be the eigenvalues of H%, and consider the point process
nCpE)1 < p = N{, defined by (1.22), and let 5(L; E) be their superposition as
in (1.23). Then we can rewrite (2.42) as

Jim Elexp{-n(L; E)X@)}] = Zp() (243)
with ¢ running through /. Since, as before, we can show
E[n(Cp; E)dx)] < N plloo dx (244)
and
E[n(L; EXdx)] < |lplloo dx, (245)

Lemma 1 and (2.43) tell us that our theorem is a direct consequence of the following

Proposition. As L — oo, n(L; E) converges weakly to the Poisson point process
with the intensity measure n(E) dx.

Step 4. We turn now to the proof of the proposition. It is clear that n(C,; E) are

independent for different p, and (2.44) shows they constitute a uniformly asymp-
totically negligible array in the sense that for all bounded Borel sets 4,

Llim sup P(n(CyE)A) > 0)=0 (2.46)

T 1=pNg

(see Sect. 9.2 of [D-V]). Hence by Theorem 9.2.V. of [D-V], to prove that their
superposition #(C,; E) converges weakly to the Poisson point process with intensity
measure n(E)dx, it suffices to show that (1.24) and (1.25) hold for any bounded
interval 4 C R. For this purpose, it is enough to show for any { = ¢ + it € C,,

N{E(Cp; EX f7)] — nn(E) (2.47)
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and
E [;, S )fc(yj)J =o(N; ) (248)
uniformly in p, where f; was defined in (2.17) and we have set
yj = [AI(E{(Gp) — E). (2.49)

In fact, if we note (2.44) and the fact that 1, is approximated by elements in </,
it is easy to conclude from (2.47) that

N{E[n(Cp; E)A)] — n(E)|4| . (2.50)
Moreover for any finite interval 4, we can choose { € C, and a > 0 so that
Iy S af; (2.51)
holds. Hence (2.48) implies
E [; 1A(y,~)1A(y,~>] =o(N; ). (252)
i*]

To show that (2.50) and (2.52) imply (1.24) and (1.25), note that
}:21’(11(Cp;E)(A) 2Jj)= i(j — DP(Cy; EX)A) = j)
Jjz J=

< S5~ DP((Cy EXA) = )

j=2
= E[n(Cp; EXA){n(Cps EX(4) — 1}]

~E l; 1A<yi)1A(yj)] oY), (253)
i*j

uniformly in p, which yields (1.25) at once. On the other hand, (1.24) is a direct
consequence of (2.50),(2.53) and

P(n(Cp; E) = 1) = E[n(Cp; EXA)] — ZZP(ﬂ(Cp;E)(A) ZJ). (2.54)
JZ

Step 5. Let us prove (2.47). As before, we have
1

E[n(Cp; EX(f)] = WE[% Tr G ()]
_lg >+ o IGP(Ax,x)|, (255)
IAI x€int(Cp)  x€Cp\int(Cy)

where 4 = E + |A|7!{. In the same way as we estimated E[4;] in Step 3, we can
estimate the second term on the right-hand side of (2.55) to be of

O™ (L/NLY' ™" 1) = o(N; ) (2.56)

if we choose N, and /; as in Step 3.
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On the other hand, for x € int(C,) and z € C,, we have

G (z;x,x) = Gz x,x) — Y. GP(zx,y)G(z; y,x) . (2.57)
()ﬂﬂ)eacp
Hence

[E[SG%(4;x,x)] — E[SG(4;x,x)]|

< Y E[G%(4x, )Gy, x)|]
()’,J’/>66Cp

S ()07 Y E[G%(4x, )G y'x)[©]
(»y')€aC,
< (AP S yEIG%(x y)o)VENGGs yox]

(».y')eac,

— O(L(3—S0)d—INL—d+1e—mlL/2) . (258)

In the above calculation, we used the condition (1.20) and the fact that
IG%@xp)| = (S5 |GEx )| S (2)7! (259

and that E|G(z; y'x)|® is bounded by a constant independent of y’,x € Z* and
z € C,. Now let us take I, = f'InL with ' large enough. Then we will have

E[SG%(4;x,x)] = E[SG(4;x,x)] + o(1) (2.60)

as L — oo, where o(1) is uniform in x € Z°. But as is well known, for all x € Z¢,

* 1

E[SG(4xx)] =S | ——dN(). (2.61)

u p—
If N(u) is differentiable at u = E, then the right-hand side converges to

dN(u)

m(E) == |,

(2.62)

as L — oo, since A — E non-tangentially (see Chapter IV of [D]). Combining these
estimates with (2.55), we arrive at

1.
E[n(Cp; XS] ~ l—A—Illnt(Cp)lﬂn(E ) ~ N, “n(E) (2.63)

as L — oo.

Step 6. To finish the proof of the theorem, we shall now prove (2.48). In view
of (2.49), the left-hand side of (2.48) multiplied by |4|? can be rewritten as

1 1
E & R
,é:j E(Cy)— A Ef(Cp)—4

= E[{Tr SGZ (D)} — Tr{(SG¥(1))*}]
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=E [ 3 ASGP (4 x,x)IGC?(); y, y) — SGP (4 x, y)SGP(4; y,x)}J
x,y€Cp

GG (- SGP():
(\gG (A4x,x) SG P(l,x,y))}, (2.64)

—E t
LE 96 (x ) 6%y, v)

,y€Cp

where as before A=E + |A|7'{. Since 4] =LY and |Cy| ~ (L/N.)* uniformly
in p, (2.48) is an immediate consequence of the following

Lemma 2. For any z € C, D C Z¢, and x,y € D with x+y, one has

D( .. D¢ -
E | det 3G (Z,X,x) SG (Z:xay) < n2“p|lgo . (265)
SGP(z; %) IG (z;y, »)
Proof. Set
GP(zxx) GP(zx,y)
g(z) = D D . (2.66)
G (z;y,x) G™(zy,¥)
If we define ¥ =V — V3, — ¥;6, and if we construct from this 7,
HP = -4 +7;  GPz)=(HAP —z)! (2.67)
and
i G°(zxx) GP(zx,y)
i@ = ~p - , (268)
G (zx,y) G (z 0, »)

then by Krein’s formula (see Appendix I of [A-M]), we obtain

-1
9(z) = [( " f,’y ) + g(z)—l} . (2.69)

Now for any invertible complex matrix 4, we have in general
AN A = AT A - DA =4 A - A4 (2.70)
where A4 is the complex conjugate of 4. Using this formula twice, we can compute
2ig(z) = g(z) — 9(2)
=[+4@)"17'GE) " =g v +d@) "1
= [ +3§@) "9 e - §@1E) v+ 47T, @71

so that
det Sg(z) = (det SG(z))|det §(z)| ~*|det(v + G(z) ") 2, (2.72)

where we have set
Ve 0
v= ( 0 > . (2.73)
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We shall now prove

I= [ [ |det(v+g(z) ") 2dv.dV,

= n?|det §(z)|*{det SG(z)(det SG(2) + |GP(z;x, )}V, (274)

which gives (2.65) because of (2.72) and condition (1.4-5). To prove (2.74), we let

-1 _[a b\ [a+iay by +ib;
9z) —(b C)_<b1+ib2 c +ic ) (275)

Note that this matrix depends neither on ¥ nor ¥,. Then
[det(v+§(z) DI ™ = (Vs + @)y + ) = 772, (276)

and by shifting the variable of integration, the right-hand side of (2.74) becomes

oo oo
= | | Ietia)V; +ics) = 0| dV.aV,
i x® dav,
= I z : 2.77)
Zoo | Vs +1a2|2 o ) 2
} ‘V + <162 — Vxﬁ-iag)
Now if {40, we have
b dt T
= &t 2.78
_L e+ 12 IS (2.78)

We will apply this formula to compute the integral (2.77). For this purpose, first
note that by (2.70),

1
(Zi [3) = {0 - ) = 2:06) 7 ) — g
= —§(z)"(SG(z)iE) " . (2.79)

Since IG(z) is a positive definite matrix, we have

det (Zi Z) = |det §(z)| 7 det(3di(2)) > 0. (2.80)

In particular, we have a; +0 and ¢, 0. Hence we can compute without difficulty

b2
& <i02 - 1 ) V2 {Cz(V2 + az) 2b1by ¥V, + ag(b2 )}

Vi + iay
-1 alV _ bk 2+ldeth(]blz—i—de’th)
Nz a3 2\ g, c ’

>0, (2.81)
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where we have set for brevity

_[(a b
h= (bz 02) , (2.82)
so that by using (2.78) twice, the right-hand side of (2.77) is computed to give

—1

biby\* 1
n [dV, {C’z (Vx - %) + det h(|b|* + deth)}

= 2 {det h(|b[> + deth)} " . (2.83)
Equation (2.74) now follows at once if we substitute (2.80),(2.82) and
b= —(det§(z))'G"(z;x,») . (2.84)

The proof of Lemma 2, and hence of our theorem is now complete. [J

Appendix. On the Condition (1.20) in the One-Dimensional Case

In this appendix, we shall prove the following proposition announced in the remark
after the statement of the theorem.

Proposition A.1. In the case of d = 1, if we suppose
[ v|fp(v)dv < 0o for some & > 0 (A1)

in addition to (1.4-5), then condition (1.20) is true for all E € R.

Proof. We will use some techniques in [C-K-M], [v-K] and [K-L-S] by “complex-
ifying” them.
Let A=[a,b],a <x < band y=>b € dA. By the resolvent equation, we get

GO (z;x, b) = G™P(z;x, b){1 + G*P)(z;x,x — 1)} (A2)

for all z € C;. Since we already know that E|G“(z;x, y)|* is bounded uniformly
in A, x,y€Aand ze€ C, for each s € (0,1), it suffices to prove the exponential
decay of E|G™?)(z;x, b)|* for some s € (0, 1).
To this end, consider
H®8 = g8l _jp, (A3)

where P, is the projection onto the one-dimensional subspace of /2(Z') spanned
by 05. Then for any z e C,, H™ —z is invertible. To see this, suppose
(H® — 2)p = 0 with @ = @(x) vanishing outside of [x, b]. Then (H — z)¢p(t) = 0
for ¢t € [x, b — 1]. Hence we have ¢(¢) = @(x)y(¢) for ¢ € [x, b], where  is the
solution of HY = zy satisfying y¥(x — 1) = 0 and y(x) = 1. Suppose ¢(x)=+0, then
we would have from this (™% — z)(/1.4)) = 0, in particular

=Y —1)+ (Vs —z)(b) — iy(b) = 0. (A.4)
But since (H — z)y(b) = 0, this leads to
b+ 1)—ip(b)=0. (A5)
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In view of Lemma A.2 below, (A.5) shows Y(¢) = 0, which is a contradiction, and
hence we must have ¢(x) = 0, namely ¢(¢) = 0.

Lemma A.2. For any y > x, we have
WO+ 1) — P = WO+ DE+ O +S2 X W (A6)
Jj=x

Now we can consider G™?l(z) = (A™® — z)~!. Then we have
GFO(z;x, b) = {Y(b+ 1) — ip(b)} " . (AT)

In fact, if we set . _
u(t) = G¥(z; 1,b) = (G¥*U(2)d, (1), (A8)

then we must have (Hu)(t)=0 for ¢ € [x,b—1]. Hence u(t) = u(x)y(t) for
t € [x, b). But

1= ((A™ — 2)u)(b) = —u(b — 1) + (V) — 2)u(b) — iu(b)
= u(){—Y(b — 1) + (Vs — 2)¥(b) — ith(b)}
= G(z;x, D){Y(b + 1) — (b))} (A9)

as desired.
On the other hand, again by the resolvent equation,

G™(z;x, b) = G¥N(z; x, b) — i(GP(2)P, G )(z))(x, b)
= Gz x, b)[1 — iG™P)(z; b,b)] .

Again since
E|G™(z;5,b)]

is bounded for any s € (0,1), we only need to prove the exponential decay of
E|G™(z;x, b))

for some s € (0,1). But since we have by (A.7) and Lemma A.2,

(W(b +1)
w(b)
and since Lemma 5.1 of [C-K-M] is still valid for complex parameter E, we
are done. [J

Proof of Lemma A.2. Substitute
Yy + DY) — 9 + DY)
=YY — D+ (V= 2} — b= — D+ (% — D)}
= {YOW( — 1) =Wy — D} = 2(S2) Y (»)

= 22i(82) 3 WO)P (a12)
J=x

—1
|G (z; x, b)|

IIA

, (A.11)

Il
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into
W(y+1) — ()
=Y+ 1) — ipOIHY( + 1D + i ()}
= W+ D+ WP + i{y(y + DY) — vy + DY(»)} . (A13)
O
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