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Abstract: We consider the Zakharov equations in RY (for N = 2,N = 3). We first
establish a viriel identity for such equations and then prove a blow-up result for
solutions with a negative energy.

In this paper, we consider Zakharov equations in RY (for N = 2,3):
iu, = —Au+nu ,
/ 1 2
(1) —ny = An + Alul”,

2
)

u(0) = ¢o, n(0) = no, n(0)=ny,
where ¢y > 0, A is the Laplacian operator on R, 4 : [0,7) x RY — €, n:[0,T) x
RY — R and ¢, ng,n; are initial data.
In fact, we consider equation (IC’O) in the Hamiltonian case. That is, we assume

that there is a wy : RV — R such that
n(0) =ny = —Awy . (L.1)
Then V¢, there is a w(¢) such that
n(t) = —Aw(t) = =V « (),

where v(¢) = Vw(t). In this case, (IC’O) can be written in the form

i, = —Au+nu ,
n=-V-v,
1 2
(IC()) ‘—2‘Ut = —-Vn— V|Ml ,
€

u(0) = ¢o,  n(0)=mno,  v(0)=1o.
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Local existence in time of solutions of (/) (u(¢),n(¢),v(¢)) has been studied in
various papers (see [1,2,4,6,12,13,19]) in spaces H, = H> x H' x H' for N =2
and N =3, where H' = H'(R"). Moreover, let m =1 for N =2 and m =2 for
N = 3. We have for all (¢g,no,v9) € H,, there is a unique solution (u,n,v)(¢) in
H, on [0,7) and

.T:+OO
or

< |(u,n,0)|m, — 400 .

In the paper, (u,n,v)(¢) will be a regular solution of (/) on [0,%] if (u,n,v)(t) €
C([0,t], H2). Moreover, conservations of mass and energy yield V¢ € [0,7),

[ u(t,x)Pdx = [ |po(x)*dx
and
H(t) = H(u(t),n(t),v(t)) = H(¢o,n0,v0) = Hop ,
where

H(u,n,v) = [ |Vu(x)]* + n(x)|u(x)|* + lnz(x) + %lu(x)lzdx :
RV 2 2¢;

We are interested in this paper on existence of singular solutions of equation
(I¢,). Few results are known in this direction.

In the surcritical case (N = 3) there are no results on existence of blow solu-
tions. We can mention numerical simulations which suggest a finite time blow-up
for some initial data (see Landman, Papanicolaou, C. and P.L. Sulem, Wang [9, 16]).

In the critical case (N =2), using a perturbed conformal structure of (I,),
Glangetas and Merle in [5] have exhibited a family of blow-up solutions of the form

2

: I"'iz o
u(t,x):—Tw e’(“m_m)P(Tm > : (12)

—1

2
n(t,x) = (TZ) N(T’“_”t) , (13)

where w > wy, 0 € R, T > 0 and

P(x)=P(]x]),  N(x)=N(|x|), AP — P = NP,

1
(cow)?

with r = |x|, w, = %, Aw = w,, + %wr. Nevertheless, there is no result of existence
of a large class of initial data such that blow-up in finite time occurs (even if from
numerical simulations [16] suggest the asymptotic forms of blow-up solutions are
of the form (1.2)—(1.3)).

Let us recall the situation in the case ¢y = +00, that is when Zakharov equations
reduce to the cubic nonlinear Schrodinger equation:

(Iso) i, = —Au — |[ul*u

(r*N,, + 6rN, + 6N) — AN = AP?

u(0) = ¢o ,
where u:[0,T) x RY — € (with N =2 or N = 3).
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Equation (/) has a unique solution in /' and there is a 7 > 0 such that u(t)
is defined on [0,7) and
T = +o0
or
lm fu(2)]1 = +o0

(see Ginibre and Velo [4], Kato [8]). Moreover, V1,
- [ u(tx)Pdx = [ |o(x)Pdx,

- E(u(t)) = Ey,
where

E(u) = %ﬂVu(x){zdx - %f]u(x)]“dx .

In addition, if ¢g € X = {ulx|u € L*} N H', then V¢, u(7) € X and we have the viriel
identity

d? .
ﬁj b2 u(t,x)|2dx = 16E(¢g) — C(N) [ |u(t,x)[*dx , (1.4)

where C(2) =0 and C(3) > 0.
From this identity, Zakharov, Sobolev, Synakh [17] and later Glassey [7] derived
the existence of singular solutions of (/). Indeed, if

Ey <0 (1.5)
then
T < 4+00.

(If T = +oc integration of (1.4) yields that [ |x[*[u(z,x)[*dx < 0 for ¢ large which
is a contradiction.)

In the case of Equation (/,), we want to prove the existence of a “large” class
of initial data such that the solution (u(7),n(¢),v(¢)) blows up. From the results of
[17,7], we ask and answer in a certain sense the following:

Question : If Hy < 0 then the solution (u(t),n(t),v(t)) blows up .

Unfortunately such identity like (1.4) for the nonlinear Schrodinger equation which
allows us to conclude does not exist for the Zakharov equation (/). Indeed terms
which cannot be controlled interfere in the time variations of [ |x[?[u(t,x)[*dx (see
Sect. I1). Nevertheless, we have the following perturbed viriel identity for solutions
of (1))
Let X' = {(u.n,0)/ [ |xPlu]* + [x|(n? + [v]*) < +oc}.

Propesition (Viriel Identity). Let (u,n,v)(t) be a regular solution of (1) on [0, ).
Assume in addition that (¢o,no,ve) € X" and ||x|"2u(t,x)|= is uniformly bounded
in time on [0,1]. We then have ¥t € [0, 1],

i) (u(t),n(t),v(t)) € 2",
i) i (lf’|x|2|ul2 + j"if(r . U)”) - Imf(v - Vu)i + l]‘(x —
ar\4 y " ’ o om,

d? /1 ‘. 1 .
o <Zf|x|2|ul2 + gj %(x . L:)n) = NHy — (N —2)[|Vul* - %(N — D[],

where u = u(t,x), n = n(t,x), v=v(t,x).
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Remark. There is also a version of this viriel identity with the term

L (lul2 L 4|v|2) —%Of’fvwlz-leaz

€ Co

(see Sect. III).

Remark. When ¢y = +o00, we find the usual viriel identity for Equation (/).

This identity from the fact that [(x - v)n has no sign (and cannot be controlled)
does not yield a blow-up theorem. Nevertheless in the radial situation, we claim the
following blow-up theorem (from a local version of the viriel identity).

Theorem (Blow-up Theorem for radial solution of the Zakharov equation (I )).
Assume that for all time, (u,n,v)(t) are radially symmetric functions. Moreover,
assume that

HO0)=Hy < 0. (1.6)

Then (u,n,v)(t) blows up. More precisely, we have the following alternative:

1) (u,n,v)(t) blows up in finite time .
ii) (u,n,v)(t) blows up in infinite time in H; :
(u,n,v)(¢) is defined for all ¢ and lliin [(u, 0, 0)(t) |, = 400 .
—+00

Remark. 1f (¢o, no, vg) are radially symmetric and in a Cauchy space for the equation
({cy) then for all time (u,n,v)(t) has the same property.

Remark. We expect that the blows-up is always in finite time but we are not able
to prove it (see Sect. V for partial results in this direction).

In dimension two, we have from the theorem and [6] that (in both cases T =
400 and T < +00)

lim |, m, 0)(0)]y = 00

From variational arguments [6], we have a concentration phenomenon in L2 of u(t)
(in particular in the case T = +o00). That is there is a x(¢) € IR? such that

VR >0, lim [ |utx)dx 2|0,
=T |x—x(£)| <R

where Q is the radially symmetric positive solution of

Az + |z)*z =z in R?. (1.7)

Remark. (Instability of periodic solutions of equation (/.,)). In dimension two, the
theorem implies that the periodic solutions of (/) of the form

(u,n,v)(t) = (eiwz’wz(wx),—a)zlz(xa))|2,0> ,

where z is a radially symmetric solution of Eq. (1.7) and w > 0, are orbitally insta-
ble. We can remark that instability has been proved in [6] under a nondegeneracy
condition on z.
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Indeed, from Pohozaev ((1.7)) we have
H(u(t),n(t), (1)) = 2E(wz(wx)) = 20*E(z) = 0,
and there is a sequence of initial data

(s 116, 0, )(0) = ((1 + &)u(0), (1 + £)*n(0),0)

such that
(1) Ve > 0, H(u,(0),n,0),0,0)) <0,
(i) (#:(0),1.(0),v:(0)) ;—a(u(o),n(o), v(0)) in H; .

The result follows from the theorem.

In dimension three, an adaptation of arguments of Berestycki and Cazenave [3]
and the proof of the theorem yield the instability of only the ground state periodic
solution (see [3] for more details).

The plan of the paper is the following:

— In Sect. II, we check that the variation in time of [ |x|?|u(#,x)[°dx does not
yield a blow-up result.

— In Sect. III, we establish the viriel identity.

— In Sect. IV, we prove the blow-up Theorem.

— Section V is devoted to some open problems and comments.

II. Breakdown of the Standard Proof
In this section, we briefly check that di;. [ |x[*lu(z,x)[*dx has no sign under the
constraint H(u,n,v) < 0. Therefore, we cannot apply the same arguments for the

nonlinear Schrédinger equation.
We will prove in Sect. Il that under regularity conditions, we have:

d2
T ) W u(tx)Pdx = 40(un,v)

=4{N[|Vul> + N [nu’ = (N =2)[|Vul* + [ (x - Vu)n} . (2.1)
We now claim the following lemma.

Lemma 2.1. There is a (u,n,v) € H' x L? x L? such that

H(u,n,v) < 0,
and
O(u,n,v) > 0.
Proof. Let us consider n = —alul?, v = 0 with
0<a<2-——,
* 2

2
H(unv) = [ |Vul* — o [ |u]* + ‘%f ul* = [ |Vu]? —a (1 - g) T, @2



438 F. Merle

and
O(u,n,v) = N [ |Vul* = oN [|u]* — (N = 2)[|Vul* — o [ x « V|u]*u®
=2[|Vu]* - %Nﬂul4 .

We remark that it is sufficient to find u, o such that H(u,n,v) = 0 and Q(u,n,v) > 0
with the condition H(u,n,v) = [ |Vul> —o(1 — %) [ |u|* = 0, scaling arguments to
prove the lemma and using

O(u,n,v) = {za (1 - %) - %N}ﬂur‘ = {(2 - %) - ocz} [ luf?

:a{<2—%>—a}f|u|4 0.

Therefore the lemma follows from the existence of a u such that
2 G 4 _
J1Vul oc(l 2) [lul*=0,

(since a(1 — §) > a(l — %(2 — %)) > 0 and scaling arguments).

IIL. Viriel Type Identity for Zakharov Equations

For the nonlinear Schrodinger equation (Eq. (/)), we have the well-known viriel
identity. That is for a solution u of (I),

d2
Ja Pl dx = 16E(do) — CON) flul*, (3.1)

where C(2) =0 and C(3) > 0.

This result was discovered by Sobolev, Synach, Zakharov [17] and later by
Glassey [7]. This identity yields a blow-up result for the solution of (/) in the
case

E(¢o) <0

by integration in time.

Unfortunately, such an identity does not exist for the Zakharov equation (I, ):
clearly [ |x|*|u(tx)|*dx by itself does not satisfy some simple equation. Neverthe-
less, it satisfies a perturbed identity (with terms involved in the wave equation).

We first establish such an identity. We then write a local version in space of
this identity. Through this section, we assume that (u,n,v)(¢) is a regular solution
of Eq. (I;,) on [0,%] in the sense

for N =2, (u,m,v)(t) € €([0, 0], H>) , (32)
for N =3, (u,m,v)(t) € 6([0, 0], H>) . (3.3)
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In particular Vi,

Jlu(t,x)dx = [|dp(x)*dx
H(t) =Hy, (34)
where

H(t) = [|Vu(t,x)* + n(t,x)u(t,x)[* + %nz(t,x) + 2icz|u(z,x)|2dx ,
0

H(0) = H, . (3.5)

IILA. Global Viriel Identity

We claim the following.

Theorem (Viriel identity). Let (u,n,v)(t) be a regular solution of (I.,) on [0,1].
Assume in addition that

[P oCx)dx + [xl(Ino(x)* + [vo(x)*)dx < oo (3.6)

and
e/t € [0, 1],

We then have Vt € [0, 1],

(4 el ")Nut, )] oo < €

[ lxlJut, ) dx + [lx|(|n(t,x)* + [o(t,x)]*)dx < +o0,

% (%f|x12|u|2 + Oflcl—gf(x . v)n) =Im[(x - Vu)i+ Elgf(X,U)n , (3.7)
< <1f|x12|u12 e v)n) = NHo = (N =2) [|Vul*
e \ 4 o< ’
1
—= (N =D f ol (3.8)
0

where u = u(t,x),n = n(t,x),v = v(t,x).

Remark. Of course for ¢y = +o00, v =0, (3.8) reduces to (3.1).

Remark. The condition on the L® norm of u(z,x) is implied for example by the
fact that u(z) is radially symmetric and in H2.
If we assume more regularity on the solution, we have

Propeosition 3.1. Let (u,n,v) such that
Vit € [09 tO]; |xu(t,x)l é 1, (39)

T (¢ + [roo)* + Jvo(x)]?) dx < +o00 . (3.10)
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We then have vVt € [0, 1],

1) S (u(t,2)? + [n(6,)]* + [o(t,x)*)dx < +00,
i) & (G1F (1P + 307+ 1o ) + 55 [0l - ol
<
=Imf(x-Vu)12+c—12f(x-v), (3.11)
0
& (3 (P + 2+ o) + 517 TV - ol
dt < o 2¢5
= NHy — (N = 2)[|Vul? - (NC; 1)f|vl2, (3.12)
0

where u = u(t,x), n =n(t,x), v =v(t,x).
Remark. Equation (3.9) is implied by

= (u,n,v)(t) € 6([0, %], H2)
— (u,n,v)(¢t) are radially symmetric in space for all ¢z € [0, ].

Proof of the Theorem. We prove the identities involved in the theorem by a reg-

ularising procedure. We approximate functions |x|,x by regular and bounded trun-

catures of these, make the calculation for such truncatures (see Sect. I1.B), and then

go the limit to obtain the result. These techniques are classical and we omit them.
Let us show first

Lemma 3.2. (Uniform bound in time for [ |x|*|u|* + [ |x|(n* + |v|*)). There is a
¢ > 0 such that vVt € [0, 1],

[ IxPlu(t,x)Pdx + [1x|(n*(t,x) + [o(t,x)]*)dx < c. (3.13)
Proof. We have on one hand,
ditf|x{2|u(t,x)|2dx =41Im[(x - Vu)i £ [|Vul* + [|x]*|u(t,x)[*dx

< o+ [ ut,x)*dx . (3.14)

(f(1+|x| )i (n (tx)—l—| (tx)) )

1
=2[(1+ x]?)"/2 (nn, + 20 v,)
0

On the other hand,

=21+ x)"2(=nV - v — Vno — V]ul* - v)

- v

- 2 1/2 2, 2
2f(1+|X| Vlu’ U+f (1+| IZ)I/Z

(3.15)
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Therefore

d 2
Zi?f(l + [x[*)? <n2 + l—ZL—)

0

S2(fv + [n? + [u(l+ D' (JIVUl + [+ xH20]))

Since
|u@)|(1 + x)*],c S,

and (3.16)—(3.17)
d 2N1/2 .2 ‘U|2 < 241/21,.12
Ef(l—l—lx[) n +?2— e+ [(T+ x5l
0

The conclusion follows from (3.14), (3.18) and a Gronwall lemma.
Let us prove the identities of the theorem. It follows from

Lemma 3.3.
. d 2 2 -
i) ;z’_tﬂx' [ul> =4 Im [(x - Vu)i,
2
R L i
= 4{N [|Vul* + N [nu]> — (N = 2)[|Vu* + [(x - V]u[*)n}
2 N .
=4{NH0—(N—2)f|Vu| - E—Zflul -5 G- U,)n} .
€o €
Lemma 3.4.
d e (N=2)
d—tf(x-v)n—f(x v ) 5 Jvl?.

Before proving Lemmas 3.3-3.4, let us show a useful identity.

Lemma 3.5.

W -2)

—Re [(x - V0)46 = —Tﬂvmz ,

for regular functions 0 with a good decay at infinity.

441

(3.16)

(3.17)

(3.18)

(3.19)
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Proof of Lemma 3.5. By integration by part, we have

I} =[ —Re (x - VO)40 =Re [ V(x - VOV

S ()

l=1j=1 6xj axj
%0 00
2 _
_f[VQI -(-ZZUZ Re fx, 3,0%, %)
o0 |*
=[IVOP + 5 Z fo,
, 1= 6x]
2 N
=1V0P - 31552 |2} = [19op - 3 fiver
=1 j=1
N 2)
=- 2 ivep.

Proof of Lemma 3.3.

i) %f{xlzlulz =2 Re [|x? (%u) =2 Re [|x[*(idu — inu)i
=2 Re if|x|*4uii =4 Re — i [xVui = 4 Im [(x - Vu)i .

i1) We have
L [l = 4% 1 [ - T
e ul” = T X u)u
ou\ _ ou
=4 Im {f (x . Va)uﬂ—f(x . Vu)é;}
u Ou _
=4 {2 Im [(x - Vu)é? ~N Imfa—tu} . (3.20)
On the one hand,

0
~N[ Im %a =N Re fz'a—':a = N Re [(—Au + nu)ii

= N{[|Vu* + [n]u*} . (3.21)
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On the other hand, by a direct calculation and (3.19),

2 Im [(x - vu)%fl’- =2 Imf(x-ﬂ)g—’t‘

=Re 2 (x - Vu)(—4u + nu)

=2{-Re [(x - Vu)du + Re [(x - Vu)un}

:2{—(N;2)f|Vu|2 + %fx . V]ulzn}

=—(N =2)[|Vu]* + [x - V|u]*n. (3.22)

In conclusion,
d2
ﬁf|x|2|u(t,x)|2:4{Nf|vu|2+an|u|2 — (N =2)[|Vul*+ [x « V|u|*n} . (3.23)
Moreover we have
1
[ - ViuPn=~[(x- Vny— C—%f(x - v)n

_ ] 2L
= 2fx Vn c(z)f(x v )n
N

1
2
= zfn —ng(x - v )n (3.24)

and
d2
;l‘gf|x|2|u|2
=4 {Nf[VuIz + N [njul* + %fnz — (N =2)[|Vul* - glff(x . v,)n}
0

N 1
:4{NH0 — (N = 2)[|Vul* - 2—63f|u|2 - c—(z)f(x . v,)n} ,

which concludes the proof of Lemma 3.3.
Proof of Lemma 3.4. We recall that there is a w(¢) such that

o(t) = Vw(t). (3.25)

Indeed, let w(¢) solution

—C—12wt =n(t)+ |u()? and — Aw(0) = n,,
0

then

A

—Aw(z)z%’;’- and  u(t) = Vw(r) .
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We have from (3.19),
%(x com= [(x- v+ f[(x-vm=[(x-v)n— [(x -0)V- v

= [(x - v,)n—f(x - VW)V - Vw = [(x - v,)n—f(x - Vw)dw

N -2
:f(x.v,)n— f|V |2 = J(x - v,)n— 5 )f|v|2,

which concludes the proof of Lemma 3.4 and the theorem. Proposition 3.1 follows
from the theorem and the identity

g (24 ) = SRR 9 o T o T
= 3 IRPYI - ot [ o,

and the fact that

d1

2
S (2 ) < i+ i
+ %|xu|Loo(f|Vu|2 + (PP -

This concludes Sect. IIL.A.

II1.B. Local Viriel Identity

As in the case of nonlinear Schrdodinger equation (I, ), we use local viriel identities
in various problems related to blow-up. That is quantities of the form

Jo)lul’dx + fc—lzf(Vl// - o)n, (3.26)
0“0

where  behaves like |x|> near zero, and like |x| at infinity (see [10, 11,14, 15]).
We claim

Proposition 3.6 (Local viriel identity).
a) General case. Under the assumptions of Proposition 3.1 for (u,n,v)(t) and for
Y such that Vx,

W) < e(1+xP), V)] S e+ [x]), 4P| + 42| < ¢,

we have ¥t > 0,

3
d (1 , 1! o

S S wa = L {10y - onf =t [0 T+ 5 [T0 - o
€0 €o
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ii)
X t
a2 { f‘ﬁ(ﬂ]“l sz(v‘ﬁ . v)n}
00

:{wa<n|u|2+;n>+2Ref2266t//6u6u

=]j=

J

1
-ngZ@ 0, Y viv; — i(z)fm//h)[? _ %f|u|2A2¢} . (3.27)

b) The radial case. Assume in addition that all functions u,n, v, are radially sym-
metric in x, we have

d,z{ Jy@)lul® + 2f(Vt// } {fAl//(n|u|2 >+2f62¢|a uf?

1 (N
o [ (3w = T Doy ) - f Apul? (3.28)
2cg

where 4, = & + %=1,

Proof. 1t follows from a similar calculation as in Sect. IIL.A.

Lemma 3.7.

—Re [(VY - V0)40 = <Re2 S [ 00,906,060, 9) - ~fmp|v9|2 (3.29)

i=1j=

for regular functions 0 with a good decay at infinity. Indeed,

—Re [(Vy - V040 = —Re% i [0 0:0)%0

1=1 =1
N

—Re 5 (8.0, 3000+ [a0E00,0)

i=1j=1
N N

—ReY S [6:0; 0,000 + = fan//aw 02

i=1 j=1

— 1
=Re Z Z J0,0;y0,00;0 — ifailp]a,eﬁ

i=1 j=1

_Rez Zfa 0% 0,00;0 — —fAv,b]VGF

i=1j=

Lemma 3.8.

d
i) ij(xw =2Im [(VY - Vi, (3.30)
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N

.. d? 2 2 n* ul A A,
i) e ulE =20 Fay (dP + ) 4 2Re X3 [0, T

1=1 j=1

—% [lul? 4%y — C—IJ(Vw . Ut)”} . (3.31)
0

i) follows from direct calculation.
ii) We have as before

d? ) _Ou it
Ez_flmul =2 {Ime/uva—t + Imetpgt—Vu}

=2 {2 Im fww@ —Im fmpai”-} ) (3.32)
ot ot
On the one hand,
—Im fAlW%—L; = Re [AY(—du + nu)u
= [AY|Vul* + [AY nful* + [V(4Y)Vui
= [AY|Vul* + [AYnlu]* - %fiulezl// . (3.33)
On the other hand,
2 Im fkug—‘t‘ =2 Re [AYNVu(—Au + nu)
= —2 Re [ VY Vudu+ [(VYV|ul*)n

N N .
=2Red> Y [0,0;00udu— [Ay|Vul®

i=1j=1

+ [(VYV|ul)n (3.34)
and
1
SOV uln = —[(V§ - Vn)n — ;gf(VlP - v n
0
= —%fwvnz - izf(w - v)n
o
1
= EfAl//nz - c—l(z)f(le AV (3.35)
Therefore (3.32) follows from (3.33)—(3.35).
Lemma 3.9.
d 1 1
;l‘tc—%f(Vl// s = zoz‘f(Vl// < v
1
-1y (Zzaiajl//u,-u,> — s [AVP . (336)
Co iy Co
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Indeed,
LI - vm = [(TY - vn [T - oy
=[(VY -von— [(VY - v)V - v
Since v = Vw and (3.29),
—[(VY - 0)V - v=—[(Vy - Vw)dw

N N 1
(z S Jad afwa,w> — AP

=1 y=

Il
M=

il 1
Z fal(’)jlﬁ U,'Uj — EfAlﬁIl)lz ,

1j=1

i

and the conclusion follows.
Parts 1) and ii) of Proposition 3.6 are implied by Lemmas 3.8 and 3.9.
b) We can easily check that in the radially symmetric case, we can choose w
radially symmetric such that
v(t) = Vw(t).

Therefore, the conclusion is implied by the following lemma.
Lemma 3.10. Let 0 = 0(r) and ¥ = y(r),

Rejz z 0,0,y 8,00,0 = [0,)0,0] .

i=1j=

Indeed, we have
0,0 = a,eﬁ
,

)X, + a_’:kaixj = Or (a;}//) flrij‘ +5i=j?—;£ N

and

8,0,y = ; (8,
h 4

Thus,

RefZZ@@ V3,000

i=1j=

iy
2

—RefIZUZra ( | 0,0

. ( ) o (Ztet) (S1ed) P o (z,” le)

:
=f!ar012{ra,(a;"’>+a; } J16,61%, ( 5‘”)
= [&913,01 .

Therefore the proof of Proposition 3.6 is concluded.

>|(70|2 2 -f—Ref%ﬁ]:é
=1y =

=1
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IV. Blow-up Results for Zakharov Equations

As we have seen in Sect. II, the variation in time of
S 1xPult,x)|*dx 4.1)

does not allow us to conclude on existence of blow-up solutions for equation (/).
We in fact use in this section identities local in space of the type

dt2< flll]z—f-f f(x ):NHO_(N—‘z)fIVuIZ

1
- C—Z(N -1 f]of*. (42)
0
We assume in this section that
Hy <0, (43)

and we want to prove that the solution ever blows up in finite time or blows up as
t goes to +oo in H;. That is

— there is a T > 0 such that either T < +o0 and

[+ |Vul* + o]A(2) e for N =2,

I(usns v)le —>T +OO fOI‘ N = 3 s
t—

or T = +o0 and
[r* + |Vul? + o)) — 0.

Therefore, assuming that the solution is defined for all time, we want to prove

J? + IVul + (1) — +oo. (4.4)

Indeed, it is shown in [6] (using techniques of [1,9]) that for N =2,
if the solution (u,n,v)(¢) blows-up in finite time in H, as t— T, then
[(u,n,0)| 5, 7 —+00.

We remark that (4.2) yields by integration

t—+00

flizfx-v)n — —00, (4.5)
0 €o

which is weaker version of (4.4).

To prove (4.4), we in fact use a local version in space of (4.2). In order to
control the perturbation term in this identity, we assume in this section that all
functions are radial (in particular o' = v(r)’;? ).

Let us consider as in [10,11] a function 4 : RY — IR such that

« h(x) = h(r) where r = |x|,

-he CPRY,R),
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ch(r)y=r, 0=r<1,

«h(ry=r—( —1)* for » > 1 and near 1,

~h(r):§forrg3,

2

0K =1,

Wy <1forr>1. (4.6)
We can see easily that such % exist (see also [14, 15]). Let

Y(x) = Y(r) with Yy(0) =0 and ¥ = A 4.7)

We can easily check from (4.6) that

Ay +N =20, (4.8)
(=AY +NY < (1 = dp9). (4.9)
Finally consider,
2 (X - x
U = m lp(m) and  hy = mh (m) : (4.10)
We then have
Y ok &y o x

We claim the following

Proposition 4.1 (Existence of Lyapunov function in time). Let (u, n, v) a solu-
tion of equation (I.,) defined for all t > 0. We then have for c¢; = ci([ |u*) =
a(f lpol*) > 0 and ¢; > 0,Ym, Vi,

i) Critical case (N =2)

d — 1 (&) 2 1 1
4 (_ - . > a2 _ Za
7 ( Im [(Vih V)it 2 S (Vi v)n) > — NHy, + Cgflvl g (m + m2)

42 (1 - jn—l) S = 0, |Vl .

(4.12)
it) Surcritical case (N = 3)
d 21
— | =Im [(V, V)i — = [(Vifgy - v)n
dt <
1 c c c
> - 2 2o S f
> —NH, + 4f|Vu| + cng p Rl (4.13)

Remark. ¢, is in particular independent of cj.
As a corollary of Proposition 4.1, we have
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Corollary 4.2 (Blow-up theorem for Zakharov equation). Assume that Ey < 0 and
u, n, v are radially symmetric functions defined for all time. We have

[0+ o] + | Vul*(t) —— +o0..
t—+o00

We first show how Proposition 4.1 implies Corollary 4.2 and then prove
Proposition 4.1. This will conclude the proof of the blow-up theorem given in
the introduction.

Proof of Corollary 4.2. We first remark that Vt,

(1) = —Im [(V - Vu)ii — %f(wm o

o= { ()" 19"+ 2 () ()}

|| oo {(flV B 4 (fo )1/2 (fn2)l/2}
{(fqul )1/2 + (o )1/2 (fn2)1/2} ' 14)

lIA Il

|I/\

Therefore
yul(0) £ em (1+ [(IVul® + n* + 07 )(1)) (4.15)

and to have the conclusion, it is sufficient to prove that for a given m > 0,
Ym(t) —— +00. (4.16)
I—+00

Equation (4.16) follows in fact from integration of (4.12)—(4.13) with a suitable
m > 0. Let us consider two cases

Case 1: Surcritical case (N = 3). Since Hy < 0 we have —NHy > 0 and for m
large enough,

1 N
—NHy — ¢ <$ + —1—> = ——H,. (417)

Thus by integration of (4.13), Vt

ynlt) = al0) 2 | ( JIVuCo)+ S lat)? — o~ & - ﬁ> s

0

N NH,
B 0

1\
o, .

which concludes the proof in the case of the space dimension three.

Case 2: Critical case (N = 2). For this case for m large enough, we have

and we conclude the proof as before.
This concludes the proof of the corollary.
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Proof of Proposition 4.1. 1t follows from the local variance identity obtained in
Sect. III and in a crucial way control of |u* by |Vu|* away from the origin in the
radial case.

From (3.28), we have

d

_o 1
;7 (—Imf(Vl,meu)u - ng(Vx//mv)n>

= — [ A (n|u|2 + n_22> — 2 0% | 0,u)?

L (af,wm—(N aw)l P4 3 Al

B 205
n? 1
= _fAr'al’m <n|u12 + 7 + Egjlvlz) - zfafl/’mlarulz
0

N -1

1
ar'-//m|v|2 =+ i‘fAzl//mlulz + NHy — NHO

1
+C_%f

2 1
= —NHo + [(N = 4rypn) (nlul2 + 5t plvP) +2/(1 = Gum)louf*
o

F O =16 + = [ EZ Do ol + 5 [ Al (419)
0

From (4.6), we have

— The existence of ¢; > 0 such that Vm,

1 N -1

S = ay + Ty 2 05 0. (4.20)
— The existence of ¢ such that Vm, V¢,

1.5 2 2 c

5f4r¢m|u| IA l:bm|Loo Sluf < P (4.21)

Since N — A4, = 0 and (1 — 0%,) = 0, the only term to control is

J(N = Ap)nlul* . (4.22)
We have
FO = At = OV = i) =307 = 1)

and

J(N = A (n|u|2 + §n2> = —% JON = Aplul* . (4.23)
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Thus
C C:
V() Z ~NHy = — + c—%f]vﬁ +20(1 = )| 0pul?

—%f(N — A |ul* + (N — 2)f[6,u|2 , (4.24)

where

1
yn(t) = ~Im [ (Vi + Vu)ii — ;z—ﬂwm s o)n
0

Let us consider two cases: N =3 and N = 2.

Case ii): Surcritical case (N = 3). In this case, we have

c c? 1
yh(t) = —NHy — —+ %f|v|2 + [16,u)* - zf(N — A)|ul* . (4.25)
Since
N — 4 Yu(x) =0, for |x| = m,
C=N-AMy 20, YxeRY,
and

Lemma 4.3 (Strauss [18]). If u is radially symmetric function in H',

1/2 1/2
Plu)? < (fu?) " ([1o.ul?) (4.26)
we have
(1) 2 —NHo = 5+ =10l + [10ul - 5 J N = A)lul*
|x|=Zm
= —NHy — — flvlz + f]a ulz —-c (flul ) ‘ullzﬁo(]xlgm)
c () 2 c 1/2
> —NH, — —+ c—éﬂul + [10ul* - — (f10,ul?)
1 2
2 Ny~ (54 o )+ S + G0

which concludes the proof in the case ii).

Case i): Critical (N = 2). In this case, we have

’ C C 2
yu(t) 2 =NHy — = + = [1v]
m? 3

F2J(1 IO — 3 [V — Al (427)
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We remark that

1 p
—5JV - Al < ¢ f (1= 8p) Plul* S ¢ [ (1= 8pth) P ful*
[x|zm
2
< (1= 0tn) "1l oo 2 - (4.28)

We claim the following lemma (see also [14]).

Lemma 4.4. Let u be an H' radially symmetric function,
- ’ 2 c |1 o
(1~ o,.,l//,,,)lf4|u1|m]x|gm) <~ Ef|u|2 + [luf + (1 = i) | Vul*| . (4.29)

Proof. For |x| = m,

+00

|(1 = 8, (r)) 22| = [ 0, ((1 = 0pt)*0?) dit

I

IIA

I’Il’l {f|v ((1 - arrl//m)l/z) u2| + 2f(1 - arrlpm)l/zlui ‘Vu‘}

lIA

% {%flu]z + f(1 - O )| V) + flu]z} .

Therefore

1 1 c c
/ 2 A 12
Y(t) 2 —NHo—C(E—I-W) +ng|li| +2<1—;1—) f(l—O,-,-lpm)Ivu! s

which concludes the proof of Proposition 4.1 and the blow-up theorem.

V. Comments and Open Problems

In this section, we briefly give some other extensions of the previous results and
some open problems.

1. We have works in the Hamiltonian situation of Equation (IC’O ). We expect
that the results are still true in the nonhamiltonian case, that is (see also [6]) when,
vt

Vt,n(t) = -V - v(t) + vy, (5.1)

where v; does not depend on .

2. All the results are the radial case. We conjecture that in the nonradial situation,
the blow-up theorem still holds.

3. We suspect strongly that in the alternative of the theorem, we always have
blow-up in finite time. Unfortunately, the estimates we obtained do not yield this
result.
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In this direction, we just have partial results in the supercritical case. Indeed, in
this case we have ((4.13), (4.14), (4.17) with a suitable m) for a ¢ > 0,Vt > 0,

([IVuP)™ + (fr20) (Jo2)"? 2 Je [[IVul*(s) + [|o](s) — Ho) ds .
(52)

Proposition 5.1 (Partial results of blow-up in finite time). Under the assumptions
of the theorem, for N =3, if for ¢ > 0,c > 0,Vt > 0,

t t
1+¢
[[1Vul(s) = ef (fr(s)) ", (5.3)
0 0
then blow-up in finite time occurs.

Remark. Variational estimates from the conservation of the Hamiltonian give that

Vs, (flVLtlz(s))3/2 = c[n*(s)
which is far from (5.3). Nevertheless in [16], the blow-up solutions numerically
observed (for N = 3) are such that

s, [|Vul(s) 2 e ([n*(s))” .
which implies (5.3).

In this sense, Proposition 5.1 is a partial result of blow-up in finite time in the
supercritical case.

Proof. 1t is easy to see that in this case for ¢ > 0 and o > 1,V > 0,
t
y(t) = [(y*(s) — Ho)ds,
0

where

vo) = [(J19ul0)"” + (f20) " (J20) "]

which implies blow-up in finite time for y(¢) and thus for |u,n,v|q,(¢). This con-
cludes the proof of Proposition 5.1.

Acknowledgement. The author thanks the Courant Institute and Rutgers University where part of
this work was done.
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