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Abstract: Between the rank 3 quotients of cubic Hecke algebras there is essentially
one of maximal dimension. We prove it has a unique Markov trace having values in
a torsion module. Therefore the description of a Markov trace on the cubic Hecke
algebra corresponding to x* + 1 and having the parameters (1, 1) is derived. Thus
we obtain a numerical link invariant of finite degree, and define a whole sequence
of 3 order Vassiliev invariants.
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1. Introduction

The aim of this paper is to begin a systematic study of cubic Hecke algebras
by analogy with the analysis carried out by Vaughan Jones (see [Jon87]) in the
classical case of Hecke algebras. The motivation is to derive link invariants and
Markov traces on the group algebra of the braid group.

We recall that Artin’s braid group B, in n strings is presented usually as

By = (b1,ba...by_r|biby = bb,, li—j| > 1, ij = Lin—1;
bi+1blb,+1 = ble_]b,, i= l,l’l —‘2> .

* Most of this work was done when the author prepared his PhD thesis at University of Paris-Sud
and was partially supported by a BGF grant.
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and we have a sequence of natural inclusions
By,CB3;CByC---CB, CByy1 C---.

On the other hand B, is the group of isotopy classes of n strings lying in R? x [0, 1]
having nowhere horizontal tangent vectors, and fixed endpoints. Assume that the
braid x € B, lies in a box [0,1] x [0,1] x [0,1] and we choose n large, disjoint
(and unknotted) circles outside the box which connect the pairs of upper and bottom
endpoints. Artin’s closure of x is the link obtained this way, naturally oriented by
choosing the up-down orientation for the strings in the box. Then every oriented
link is Artin’s closure X of some braid x. Moreover two links X and y (where
x,y € U,By) are isotopic if and only if they are equivalent under a sequence of
Markov moves consisting in:

1. Replacing z € B, by a conjugate czc~! € B,.
2. Replacing z € B, by zb% € By, ¢ € {—1,1}, or conversely.

Recall that a Markov trace on the group algebra of the braid group is a functional
¢t satisfying

L. txy) = t(yx), if x, y € By,

2. t(xby) = zt(x), t(xb; ') = zt(x) if x € B,, with z, Z € C*, called parameters.

Therefore the Markov traces, properly normalized, induce link invariants (see
Sect. 4).
The usual Hecke algebras H(g,n) are quotients

H(g,n)=C[B,J/(b] = (g —1)bi —q, i=1,n—1), geC".

The structure of these algebras is well-known (see [Bou82] and H(g,n) are finite-
dimensional C[g]-modules of dimension n!. The existence and the uniqueness of
the Markov traces on the Hecke algebras lead to the famous Jones polynomial.

Definition 1.1. The generalized Hecke algebras are defined as the quotients

H(Q,n) = C[B,]/(Q(b)); j=1ln—1),

for some polynomial Q, having Q(0)=0. If the degree of Q equals 3 we call them
cubic Hecke algebras.

A natural question is to investigate the structure of these algebras and the
Markov traces they support. In the general case we notice that some new features
arise. In particular:

dim¢c H(Q,n) = oo if deg(Q) > 6, and n = 3.
Also even in the case of a cubic polynomial we have:
dimc H(Q,n) =00 if n > 6, deg(Q)=3.

We shall be concerned in this paper with the (tower of) cubic Hecke algebras
obtained for a cubic polynomial Q, having Q(0)=0.

The cubic Hecke algebra H(Q,n) surjects onto the ordinary quadratic algebras
H(P,n), (for every quadratic polynomial P dividing Q) and also onto the Birman—
Wenzl ([BW89]) algebra. Hence we can lift the Markov traces on the last ones
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to get generically four families of Markov traces on H(Q,*). Their parameters
should satisfy some algebraic equations. The first question which arises naturally is
whenever some other Markov traces exists. We shall give a partial positive answer
to this question by constructing one such, for a fixed polynomial O, and special
values of parameters. We call a Markov trace multiplicative if the associated link
invariant behaves multiplicatively with respect to the connected sum of links. Set
0, = X3 —y. Our main result can be stated as (see 4.1,4.3):

Main Theorem 1.2. There exists a multiplicative Markov trace with parameters
(1,1) on H(Q_4,%), whose associated link invariant F is algorithmically com-
putable, takes only the values —1 and 1 and is not a Vassiliev invariant of finite
type.

We remark that this Markov trace cannot be a lift of the Jones—Ocneanu trace on
the (quadratic) Hecke algebras since the parameters would be (1,—1+ 2exp(%i))
or (1,—1—2exp(%)). From 2.11 it cannot be a lift of the Birman-Wenzl trace
either.

We shall outline below the strategy of our proof.

We introduce the quotient K,(y) = H(Q,,n)/I,, where the two-sided ideal I, is
generated by

b,+1b,2b,+1 + bibj2+lbl + b,2b1+lb1 + bibt+lbi2 + b12b12+1

+ b7 b7+ ybi +ybig, i=1n—2.

Then K,(y) are finite dimensional modules and we are able to describe all Markov
traces they support (see 3.4 for a more precise statement):

Theorem on the Quotient Trace 1.3. There exists an unique Markov trace on
K.(—1) whose parameters must satisfy z°> = 1, z = z*> and takes values in Z/6Z.

Dually we computed the link group (see 3.1) associated to K.(y) and the two
parameters (z,2). It is (3.4), a cyclic torsion group of order 6 or it vanishes. Roughly
speaking the link group of a quotient is the group generated by the isotopy classes
of oriented links modulo the skein relations dictated by the generators of the ideals
I,. So it turns out that these various link groups are not always torsion free.

Idea of Proof. It is simple to check that the parameters have to be these ones and
the Markov trace on K,(—1), if either exists, is uniquely defined. For the existence
part we restrict first by checking that the functional ¢ satisfying only the recursive
conditions

t(xb,) = zt(x),  t(xb,')=z1(x) if x € Ky(—1),

(which we call admissible functional), is well-defined.

The method of proof is greatly inspired from [Ber78] and is given in Sect. 5.
We define a huge graph whose vertices are the elements of the abelian semi-group
associated to the free group in n — 1 letters (in the first instance) and whose edges
correspond to elements which differ by exactly one relation (from the set of relations
defining K,(y)).

If we used our relations in only one direction (i.e. we may replace a by b but
not b by a) we would arrive at orienting the edges of this graph, and we may ask
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whenever the minimal elements of each connected component of the graph exist
and are unique. This will provide a basis for K,(y) if sufficiently many relations
are added in order to obtain the uniqueness. For the existence of minimal elements
the usual procedure is to use the lexicographic order on the free group on n — 1
letters and to replace always a word by smaller ones. We have carried out this
algorithm for H(Q,3) in Appendix A and we can see the technical difficulties
which may be encountered. So having yet in mind a certain reduction process, we
define the oriented edges as follows: exactly one monomial may be changed using
one of the rules

(C0)(j) A}B — 4B,
(Cl)(.]) Abj+lbjbj+lB - Ab]bj+|bjB ,
(€C2)(j) Abj+1b,?7bj+1B — AS;B,
(C12)(j) Abj11b2b2, B — Ab2b?, BB,

Joit+ Joj+1
(C21)(3) Ab§+,b12bj+|B — Abjbf+1b/23 .

Also some unoriented edges must be added. They correspond to a change in a
monomial of type

(P,j)AbibjB — Ab;b,B  whenever |i —j| > 1.

We remark that we were forced to add some relations (knowing that they hold
already in H(Q,n)) which make the reduction process ambiguous. The reason is
to assure the existence of descending paths to some minimal points even if closed
oriented loops may be found in the graph. And we shall check the existence and
uniqueness of minimal elements up to unoriented paths in this semi-oriented graph
by means of the so-called Pentagon Lemma 5.3. When this approach is not suc-
cessful we shall widen our graph to a tower of graphs modeling not K,(y) but the
functionals on K,,(y) satisfying a recurrent condition which permits to reduce further
the minimal elements. Here the Colored Pentagon Lemma 5.6 (in fact a variant of
5.3) can be applied and the problem is reduced to some algebraic computations.
This shows that the main obstructions lie in K4(y) not in K3(y), as it could be
expected from the study of quadratic Hecke algebras. When we wish to check if
the commutativity condition for the functional is actually a Markov trace another
obstruction appears in K4(y). This explains why torsion arises in the link group and
ends the proof of Theorem 1.3.

We come back to the cubic Hecke algebras considered above. In the fourth
section we prove that the Markov trace we constructed on K. (y), and taking values
in Z/6Z, has a lift (as the multiplicative Markov trace) to H(Q-,,00) which is
integer valued. A link invariant F, which is not a Vassiliev invariant of finite
degree, is derived in this manner.

We define further a whole sequence of 3" order Vassiliev invariants, which in
degree 0 correspond to F, and are algorithmically computable, using the method of
Baez [Bae92]. Whenever some of them are really new (so they are not limits of
classical Vassiliev invariants) we don’t know at this moment.

The existence of a deformation of the homogeneous quotient K,.(y) (see 2.13)
enables us to believe that our main result can be established in more generality for
an arbitrary cubic polynomial O (for some precise values of the parameters), using
the same method of computing the obstructions. However the explicit computations
are rather cumbersome.
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2. The Quotients of H(Q, 3)

The generalized Hecke algebras were introduced by analogy with the classical case
as the quotients

H(Q,n) = C[B,]/(Q(b;); j=1,n—1)

of the group algebra of the braid group by the ideal generated by O(b;), where Q
is a polynomial having Q(0)=#0. We wish first to consider the quotients P(3) of
H(Q,3). We need therefore to know dimc¢(Q,3).

Proposition 2.1. For all cubic polynomials Q with Q(0)=0, we have
dimcH(Q,3) =24 .
Proof. Since Q(0)#=0 we may restrict to the case when the exponents of the b;’s

are 0,1 or 2. Set Wy 4 = byby_1...bs11b3bsy1...by € H(Q,n+ 1) and Q = X° —
ax? — fx — 7.

Lemma 2.2. Set r,; = b;bjy1...b,—1. The following commutation rules hold in
H(Q,n+1):
bw,;=w, ;b if i+j—1andi<n,

bnwn.j = awy,, + ﬁwn~l,jbn + yrn,jwr1,j+1r,:j s
—1
Wn,jbn = awp,; + ﬁbnwn—l,j + P, j Wn,j+1Tn,j
where w,_, = b2.

Proof of Lemma. 1f i < j— 1 we obtain the first relation since the b;’s involved
in w,; have |k —i| = 2. Now

by 1Wnj = (bu—1buby—1)...b7 ...by_1b,
= buby—1by...b} ... by_1b,
= bpby_1by_s...b?

J

o bp_o(byby_1by)
= bybu—tby—z ... b} ... by_2by_1byb,_
= Wy jby_1,
proving the first relation for i = n — 1. Similarly for all i > j we have
biwn,; = bibyby_y ... biabig1bibiy ...bT .. b,
= buby1 ... biya(bibip1b)biy .. b7 b,
= bubu—t ... bigabbibiibiy .. b bbby by
= buby—1 ... bigabysibibioy ... b7 . bi((bis1bibis1)... by
= bpby—i1...b7...bi_1bbiib,...b,
= Wy, ;b; .

So the first commutation relations are proved.
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Sublemma 2.3. w,, b, = b, ! byWy_1 jbu—1bsbu_s for j=1l,n— 1.
Set first j < n— 1. We shall use b,_1b, = b,,b,,-lb,,bn__ll in what follows:
Wi, jbn = bubp_y .. b2 . by 1 b} = buby_y ... b7 .. by_zbaby_1byb) by
= (bubn—1bn)by—z ... b ...by_2by_1byb; b,
= butbaby1by—z ... b7 .. by2by_ by () Oe_ | — oy by — By )by
=9 bytbuby—1by—2 ... b5 . by 2 (by1bubu—1)bs1 by
— 0y by 1byby_tby—z ... b ... by_2by_1byby_iby

- ﬁy—lbn—l(bnbn—lbn—Z cee bz

2o bu_zby_1by)by .

Using also the previous commutation rules for i = n — 1 we obtain
Wajbn = 97 Baibybyrby—z ... b7 . by2byby1(bnby—1b2)
= oy by byby—ibp—a .. B by abl  Bybay
~ By bubaiby—z .} . by 2by (Buby—1by)
=97 byt (bubutb)bu—z ... b} . by _3b}_ buby_
— 0y By 1 [BaWat, Ba11bnbn—1 = By [baWat, bu i 1bubn—i
=705y — oy buet — By baWa1,bu—11babu—i
=b " bWy bu1bubu-i .
For j = n— 1 we may write in the same manner:
bbb = b1by(byy1byby b by = bybj bbby by
=97l b7by by — 0y bbbk ibyb
~ By by ibibt =97 bbby biby g bybyy
— oy~ 'b,bj1b3b, b — By bbby bybY
=972l Dby by — oy by bbby — By by
X bibibybig = (70 —ayT by, — By by
X bib by = b; by bbb,

which ends the proof of the sublemma. [J
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We are able now to prove our lemma. From above we have:
v bn = b, by (Wa— 1 jbn—1 )buby—1
= b, bub by i (Wa—2, by Ybu— 1By 2bybn
== [Babay by (Wisn bbbyl -
We denote b,...b,4» =s and by, ...b, =t for simplicity. Thus
Wi, ibn = 1y |18y bbby b) ) ey = oy [ s(bT by bbby ) g
+ Br, Jﬂs(b 'bi1bjby b))ty 1 ms(b;‘bebj)tr”,H,
= ocr,:jsbﬁlbfbjﬂtr,,,j + By + yr,:}w,,,ﬁlr,,,j ,
where we met
o (bu bbb,y by, =1y (by bbby by

=1y ibj(bu... bjabjibya . bp)bira = =1y N (bybyyr .. baa
X (bpby—1by)by—3 . --bj)rn,j = bnwn——l./ 5

and this proves that
—1
anb = or jWn,jrn,j + ﬁbnwn—l,j + yrn,jwn,j+lrn,j .

But #, jwy, ; = Wy, jrs,; according to the first commutation rule, so we are done. [J

For n = 2 the relations of the lemma read:
bybibyby = b1byb?b, ,
b3biby = b1bib? + a(bybiby — bib3by) + B(b3by — b1b3),
babtb3 = bib3by + albybiby — bibby) + B(bybt — b3by) .

Lemma 2.4. Any word w in by and b, is equivalent (as an element of H(Q,3))
to a sum of words having the degree in by at most 2.

Proof. In fact if the degree in b, is at least 3 then the word contains one of the
monomials bgbl{bg with a+¢ = 3 or bzb’l’bzbsz. We prove that in both situations
the degree may be reduced.

In the first case if b =1 then we replace bbby by bibyby. If b =2 then a or
¢ equals 2 so we can apply one of the above written relations.

In the second case if b or ¢ equals 1 again we may replace bbb, by b1byb,.
If b=c =2 then

bybibybiby = bybybibyby = bibyb3b3

so the third relation may be used to reduce the degree of w, thus proving our
claim. [
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It follows that the following elements generate the vector space H((Q,3):
er=1, e =0y, e3 = b3, eg =by, es = b3, eg = b\by, e; = byby, eg = bby,
eg = bybl, ejg = bib3, ey = b3by, ey = bib3, ej3 = b3b?, ey = bibyby,
eis = bibyby, eig = bibyb?, ey7 = bibsb?, ejg = bibyb?, ey = bib3by,
ex = bibsby, ey = bIbibL, ey = bybiby, ey = bybibyby = bybybiby,
ey = bybibyb? = bybybibyby = bibybib, .

We remark that for o = =0, y =1, so Q; = X* — 1, the algebra H(Q,,3) is
the group algebra of a group of order 24. In fact {e,es,...,e24} becomes a group
in which the multiplication law is induced by the following identities:

bibiby = bbb}, byb?b3 = bPb3by; bybibyby = bibybib, .

It follows that H(Q;,3) is a semi-simple algebra, hence for Q generic and suffi-
ciently close to Q) the algebra H(Q,3) will be also a semi-simple algebra of the
same dimension. This ends the proof of the proposition for generic Q close to (.
The complete proof for all O is given in Appendix A. [

Remember that the Markov trace on the quadratic Hecke algebras (which is
unique [Jon87]) has the following multiplicative property:

tr (xb,) = tr (x)tr (b,), when x € H(Q,n),
which implies that:
tr (xy) = tr(x)tr(y), when x € H(Q,n), y € (1, by, bpi1s-- »bntk) -

However we cannot expect that this property will extend to higher level algebras
and the Markov traces they support.

Definition 2.5. We say that a Markov trace t is quasi-multiplicative if
t(xby) = 1(x)e(by)
holds, when x € H(Q,n), k € Z, and multiplicative if the stronger condition

tr(xy) = tr(x)tr(y) when x € H(Q,n),y € {(1,by, bus1,...»buik)
is verified.
Lemma 2.6. In the case of cubic Hecke algebras the Markov traces are quasi-
multiplicative. '

In fact we have b2 = ab, + f + yb,!. We derive then the multiplicativity for
k =2, since for k € {—1,0,1} is already contained in the definition of the Markov
traces. This will imply the quasi-multiplicative property for all k. [

Notice that a general Markov trace on the cubic Hecke algebra need not be a
multiplicative one.
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Set then B for the base of H(Q,3) considered above. A general relation yielding
a rank 3 quotient takes therefore the form:

R(p): Y wex =0, where (i )xes € C*.
XEB

0 1 0
Set w = (/*‘bzb}bz’”b.bzbsz’ﬂb%bzbsz) € C and My = [0 0 1} .
y B oa
Let 4;, i = 1,3 be the eigenvalues of My and Ep = {(1, 4,4%), i = 1,3} be the
eigenvectors of Mp. Observe that A;#0 since y+0.
Consider now a proper quotient of P(3) = H(Q,3)/I;. We can define therefore
a whole tower of quotients P(n) = H(Q,n)/I, by defining I, as the two-sided ideal
of H(Q,n) generated by [;. We call the tower P(x) the quotient determined by
P(3).

Proposition 2.7. Suppose that for some relation R(u) holding in P(3) the following
(generic) condition:

(%) (the degree 2 polynomial having the vector of coefficients w has no common
roots with Q) is fulfilled. Then for fixed (z,t) € C** there exists at most one
Markov trace on P(x) with parameters (z,1).

Proof. Define recursively the modules L, by
L, = H(Q,2),
Ly = CBibLBY; i j,k € {0,1,2}),
Ly = Clablb;, e {1,2}) @ L, .
Lemma 2.8. Under the natural projection n on P(n), L, surjects onto P(n).

Proof. For n =2 it is trivial. For n = 3 we remark that

S wyx € (L),
xeB’

where we met B' = {byb2by, b1byb2by, b2byb2b,}. But Ly is by-invariant, so also

Y (Mpw)x = Y bix € n(L3) .

x€B’ x€B’

The hypothesis implies b,b?b, € n(L3), and we are done.

Consider now w € P(n + 1) represented by a word in the b,’s having only pos-
itive exponents. We assume the degree of the word in the variable b, is minimal
among all words (with positive exponents) representing w.

If the degree is less or equal to 1 there is nothing to prove.

If the degree is 2, then w = ub’v,u,v € P(n), so using the induction hypothesis
we are done, or else w = ub,zb,v, and u,z,v € P(n). So z=xb,_,y with x,y €
P(n—1) by the induction and ¢ € {0,1,2}. If ¢ =0 then w may be reduced to
uzbﬁv. If ¢ =1 then w = ub,xb,_ yb,v = uxb,_b,b,_ yv, hence the degree of w
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may be reduced by 1, contradiction. If &£ =2 then w = uxb,b>_ b,yv. But (from
the definition of P(n + 1)) we have

bnbﬁ-—lb" € C<b;1—lb:1bﬁ-—l$ i7j>k = 0>2> 5

hence we reduced w to a word of type u'b2v’.

If the degree of w is at least 3 we shall contradict the minimality. In fact
w contains a sub-word w' = bﬁ,‘ubﬁ, u€ P(n) and a+ b = 3, or else a sub-word
w” = b,ub,vb,, u,v € P(n).

In the first case using the induction we can write u = xb_,y,x,y € P(n —2).

If ¢ = 0, then

w = bz—l—bxy — ocbZ“’_lxy + ﬁb3+b~2xy+ ybz+b——3xy ,

hence its degree reduces by 1.
If e =1, then

w' = b4 xbyb, by yb2 ™t = b kb, 1 byby_ yB2T,

again its degree is reduced by 1.
If ¢ =2, then a or b equals 2. Say a = 2. We can write

w = xb2b>_ b yb? ™t = xb BTyl - a(babiby — by b3y )ybl !
+ B(biby — bib3)yb) "

still contradicting the minimality of the degree of w.
In the second case we write also u =xb_,y,0= rbﬁ_ls with x, y,r,s €
P(n—1).
If ¢ or 0 equals 1 then, after some obvious commutation, the word w” contains
a factor bbb, which, when replaced by b,b,b; reduces the degree by 1.
If ¢ =6 =2, then
W = xb,b2_ by yrb}_ bys .

We use the homogeneity to replace b,b2_b, by a sum of elements of type

b, bhbk_,. Each term of the expression of w' which comes from a factor having
Jj < 2 has the degree less than it had before. The remaining terms are

xbl,_ b6k yrb by,

so they contain a sub-word b2ub, whose degree we already know may be reduced
as above. This proves our claim. [

Now the Markov traces ¢ on H(Q,00) are quasi-multiplicative from Lemma 2.6,
hence

1(xbyy) = 1(b)i(yx) ,

and yx € P(n). Therefore the extension of 7, by recursion, from P(n) to P(n -+ 1),
if it ever exists, is unique. This ends the proof of our proposition. [

Remark 2.9. We know that on H(Q,o0) there are at least 3 families of Markov
traces whose parameters satisfy some linear conditions, coming from the Markov
traces on quadratic Hecke algebras. In fact we have natural projections H(Q,00) —
H(Q;,00), if Q; is a degree 2 factor of Q.
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We shall begin therefore to investigate the case when dimc P(3) is maximal.
According to 2.8 we have dimc P(3) < 21 for a generic quotient. We remark
that we may always suppose y = 1 because we have an isomorphism of algebras
H(Q,n) = H(y~'Q,n). We shall assume that the hypothesis of Proposition 2.7 is
fulfilled in what follows. We may state therefore:

Proposition 2.10. For o= f§ =0 there is only one quotient (satisfying (*)) of
dimension 21, say Kz, which is determined by the relation

bybtby + bib3by + bibyby + bibybt + BIb3 + B2 + by + by = 0.

The proof is rather calculatory and we give it in Appendix B.
We wish to study now the Markov traces on the quotient K,, which begins with
K3, namely

Ky = (L,b1,...,by—1 | bigbibipy = bbb, for i = 1,n—1; bb; = b;b;;
for |i —j| > 1; b} =1 for all i;b,11b7b,1 = —b;b?, \b; — bbb,
~ bbb~ BB, — B F — by~ bu)

We remark first that X, has an obvious deformation over C* given by

Ku(y) = (Lbi,....;by—1 | big1bbyy = bbb for i =1,n—1; bb, = b;b;
for |i — j| > 1; b} =y for all i;b 1b7biyy = —b,b, b, — b2bii1b,
= bibin b} — bIbL — bl b} — ybi — ybi)

Remark 2.11. There is in fact exactly one solution for the system (S) for general
o and S which is polynomial in this parameter. This was pointed out to me by
P. Vogel. The reason is that H(Q,3) is a semi-simple algebra which decomposes
as

C3 ) MZGB 3 @ M3 >

where M, is the algebra of n by n matrices. The morphism into C? is obtained via
the abelianization map, and that into M, is part of the projection onto the quadratic
Hecke algebra defined by a divisor of Q (which is C?> @ M,). Therefore there is
only one possibility to get a 21-dimensional quotient, by killing the factor C3. The
Birman—Wenzl algebra (also called Brauer algebra in this setting) corresponds to
the factor C> @ M, @ M. A generator for the ideal of the quotient may be chosen
as the element

@ = bibybiby(biby + byby — aby — aby + oF + ) + b2byb? + bibib3
— abibyby — abibybt + (o + B)bibaby + biby + boby + by + by + B
The corresponding relation reduces to
babiby + (B? — a)bib3bi + (oF — aff — B)(BIb3by + bib3bT) — a( B — o)bibob?
+ (1= o + af + a?F2Y(Bbaby + bibabt) + (1 + af ) — o> )b b3b,

+ (1 4+2af — BPYBIb3 + b3b?) — a2 + (1 + aff)? — o’ )by byb,
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+ (af? = 20— 20> BY(BIby + bybt) + (af + B — 202 B — 2a)(by b3 + b3by)
+ o202 B+ 30— aff® — F)(biby + baby) + (B — 2B — 3’ + a® (b} + b3)
+ (14 308 + 302 — ap* — o)by + (1 + 4af + 362> — o — af* — B )by

+382 - B =200 -3 +4af>=0.

3. Markov Traces on K. (y)
Let us now work with the algebra Z[B,] instead of C[B,]. Let P, be a quotient
of Z[Bs]. Consider A(z,Z) be the smallest sub-ring of C containing z,Z € C*.

Definition 3.1. i) Let R be a A(z,2)-module. The module AF(P.,R)(z,2) of admis-
sible functionals on P, taking values in R is the set of those

t € Homy 5)(Poo,R) satisfying

t(xb,y) = zt(xy) for x,y € P, ,

t(xb;'y) = Zt(xy) for x,y € P, .

it) The module of Markov traces with values in R is
MT(P.,R)(z,7) = AF(P",R)(z. ),

where P = Py/[Py, Pi] with the induced inductive system structure. Observe that
P are only modules not algebras.
iii) We define the link module of P, with parameters (z,Z) as

L(P.)(z,2) = P& [((xby — zx, xb; ' — Zx,x € Py)) ,
L(P.) = L(P)(1,1) .
where (()) stands for the module spanned by the considered elements.

If P, is defined by homogeneous relations in each rank, then L(P.)(z,Z), as an
abelian group, is isomorphic to L(P,) via the map
1

I S
x€P,,—><—_> () X,
zz

where e(x) is the exponent sum for words. Observe also that the Markov traces
descends to L(P,)(z,z) and we have

NN

MT(P*,R)(Z’Z—) = HomA(z,z')(L(P* )(Zs Z_)sR) 5

so the knowledge of Markov traces is enlightening when compuﬁng L(P.). We
have natural morphisms

L(Z[Boo])(z,2) = L(P+)(2,2)

and their duals
MT(P.«,R)z,z2) — MT(Z[Bx1)(z,2) .
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Let % be the set of isotopy classes of oriented links and Z ((¥)) be the free
abelian group generated by .Z.

Lemma 3.2. The mapping Z{{¥)) — L(Z[B~]) defined by
L — class of x in L(Z[B]) ,

where x is some braid word representing L, is an isomorphism.

The proof follows from Markov’s theorem in a straightforward manner. O

Example 3.3. If P, = H(q,*) is the usual quadratic Hecke algebra then from
Proposition 2.4. we derive

A(z,Z) ifz=g—-1+¢qz
0 elsewhere ’

L(H(q,*))z,z) = {
We can state the main result of this section:

Theorem 3.4. We have

A(z,2)/627 A(z,2) if 2249=0, 2=-22)y
0 elsewhere '

LK.(0))z2) = {

Proof. In order to get the result we need the description of Markov traces on K.(7y).
First we wish to deal with the module of admissible functionals. We shall use the
following type of presentation of a module:

M = A(X1,x2,...,xplr1, 72, . Pl Wi wa, W)

which has to be read as follows: xi,...,x, generates the 4-algebra A whose defining
relations are ry,...,r,. Therefore M is the quotient of A by the submodule spanned
by the images of wy,...,ws in A.

Consider now the following sets of words in the b;’s:

w, = {1},
Wyt = Wy U WybyZ, U W,bZ, ,
Zy =B\ bP bl s iy € {12}, p=1n— 1} .
First of all

Lemma 3.5. We have a surjection of (K,,K,)-bimodules

Kn & Kn Rk

n—1

K, ® K, XK, _ Ky — Ky

given by
XBYRzDOUR v — x + ybyz + ub’v.

The proof follows from that of Proposition 2.6. [
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As a corollary we derive that AF(K,,R)(z,Z) is R @45 M, where M has the module
presentation

| bip1bbiy1 = bibipib; ]

| b =y || ab,b = zab
b],bz,...,bn_l I bibj:bjbi,li‘jl > 1 |]ab,2b:tab ’
| b,+1blgb,+1 =S; || abeW,i=1n-1
where ¢ = yz,

Si = —(bib}y1bi + U764 1,0 + blbibisrby + bibii b + ybi + vby1)
and the algebra 4 = A(z,Z). We shall use this presentation for proving first
Proposition 3.6. The module of admissible functionals is

AF(K.(1),R)(z,Z) = R/Hy ,

where Hy is the ideal (12zt* + 82> — 4t,12z%t + 81> — 4z,102° + 1083 — 2zt — 2)R,
and t = 1/Z.

We defer the rather long proof of this proposition to Sect. 5.

We are ready now to prove our Theorem 3.4. In fact it suffices to describe
the module of Markov traces taking values in R for fixed parameters (z,z). There
is essentially only one admissible functional on K. (y) from above. It suffices to
check the commutativity condition

t(ab) = t(ba) for all x,y .
At the first stage K;3(y) we derive
Hbabiby) = t(bPb3), H(b1babtby) = t(babibybt) = yt(bi1by) .
But ¢ is a functional on H(Q,3)/I5, hence
HRo)=t(R1)=0.

because /3 is spanned by Ro,R|,R; (see Appendix B). These conditions imply z° +
y=0 and t = —z2. So we conclude

L(K.«(y))(z,2) = 0 if z, ¢ does not satisfy the previously stated conditions.

Suppose now that the parameters satisfy these conditions from now on. Therefore
we see that Hy = 6yz°R.

We shall prove the commutativity by induction on n. If suffices now to check the
commutativity conditions for b € {bi,...,b,} and a lying in a system of generators
of Ky 41(y), say W,1. For b = b;, i < n it is obvious. It remains to check whenever

t(aby) = t(bya) .
We have three cases:

i) a € K,(y),
ii) a=xb,y, x,y € Ku(y),
iii) a=xbly, x,y € Ku(y),
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which will be discussed in combination with any of the six sub-cases:

1) x € Kp—1(y), and y € Ky—1(y),

2y x € Ky—1(y), and y = ub,_v,u,v € K, (),

3) x € Ky—1(y), and y = ub?_,v,u,v € K,_1(y),

4) x =rby_ys, 1,5 € Ky1(y), y = uby—10, u,v € Ky_1(),
5) x =rby_1s, 1,5 € Kyo1(y), y = ub?_ v, u,v € Ko (y),
6) x =rb>_ys, .5 € Ky 1(y),y = ub?_,v, u,v € K,—1(7).

Now (*,i), (1,ii) and (1,iii) are trivial.

(2,ii) t(byxb2 ub,_v) = tzt (xuv) = t(xb,ub,_ vb,) .

(2,1i1) t(b,,xbﬁ uby_1v) = yt(xub,_1v) = yzt (xuv) ,
t(xb2 ub,_vb,) = t(xub? b,_1b,v)

= t(xub,_ by b%ﬂv) = yzt (xuv) .

(3,ii) 1(bpxbyub?_\v) = 2t (xuv)
t(xb,ub>_,vb,) = t(xub, b>_,b,v)

= t(b, bi_lbn)t(xuv) = £t (xuv) .

(3, iii) 1(byxb2ub?_\v) = yt(xub?_,v) = ptt(xuv)

t(xb2ub?_ vb,) = t(xuvb,,_lb%bﬁ_]v) = yptt(xuv) .

(4,1i) Wby rby—15byub,_ v) = zt(rb} _ sub,_v),
t(rby_sbyub,_ vb,) = zt(rb,_sub>_v).
Let su = pb;_,w with p,w € K,_»(y). If ¢ =0, it is trivial. If ¢ =1 then both

terms equal pzt(rpwo) and if ¢ = 2 again both terms equal y#(rpwv) so we are
done.

(4, iii) (byrby_1sbrub, _1v) = t(rb?_byb,_ sub,_,v)

= yzt(rsub,_ v) = yzzt(rsuv) ,
and it is easy to check that also #(rb,_ sb2ub,_vb,) = yz>t(rsuv).
(5, iii) (b rb,_1sbAub?_v) = yzt(rsub?_v) = yztt(rsuv)

t(rbn_lsbiub,zhlvb,,) = t(rb,,_lsub,,_lbﬁbz_lv) = yztt(rsuv) .

n
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(6,i1)  t(byrb?_ sbysbyub?_,v) = 3tt(rb>_ sub’_,v)
— 3yzt(rsub’_ v) — pt(rb,_ subi_,v),

and
t(rbﬁ_lsbn ubﬁ,lvbn) = —3tt(rbf,_lsubﬁﬁlv) — 3yzt(rb§_lsuu) — yt(rbi_lsubn_lv) ,
and as in (4,ii) we conclude that the two terms are equal.
H(byrb?_ sh*ub?_v) = t(rb>_ b*b,_ sub?_,v) = yt*t(rsuv),

(6,ii)
t(rb2_ sb2ub?_vb,) = t(rb?_ sub,_b>b>_v) = p*t(rsuv) .

(5,11) The last case!
(b rby_sbyub?_ v) = zt(rb?_ sub’_,v)

t(rb,—1sby ubﬁ_lvb,,) = —3tt(rb,,_1subi_1v) — 3yzt(rb,— suv)

— yt(rbp_ysub,_1) .

Let consider again su = pb%_,q with p,q € K,_»(7). If ¢ =0, it is clear.

If ¢ = 1, then both terms are equal to
—392°1(r pby_2qv) — yzt(r pbj,_,qv) — 3yztt(r pgo) .

If ¢ = 2, then the first term equals
yzt(rpb,,_zqv) .

The second one turns out to be
yzt(rpb,,_zqv) + 6y22t(rpqv) — 6yz2t(rpb3ﬁ2qv) .

But » and v are arbitrary in K,_(y). We derive that
MT(K.(7), R)z2) = R/(6)2°)R .

When we pass to the dual we recover the result as stated in Theorem 3.4 which
O

further implies the statement as stated in Theorem 1.3.

4. Link Groups and Invariants

In the last section we obtained a Markov trace
t: Keo(y)(z,2) — A(z,2)/62" A(z,2) .

e(x)
T

E_> H(x) .
z

n—1

The natural way to get an invariant is to consider the function

1) = <Ziz)
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Since y = —z%,Z = 1/z we find that #(x) is an homogeneous polynomial in z, hence
f(x) € Z and does not depend upon y and the choice of z. Now the class of f(x)
modulo 6 is well defined and represents a Markov trace on K..(—1) with values in
7Z/6Z. By composition with the natural projection H(Q_,,00) — Koo(—1), where
O_1 =X>+1, we get an element f € MT(H(Q_1,%),Z/6Z)(1,1).

Proposition 4.1, There exists a lift F as a multiplicative Markov trace of [ in
MT(H(Q_1,*),Z)(1,1) determined by

F(1)=1 and F(blbybiby) = —1.

Proof. Observe that f is necessary as a multiplicative Markov trace on K (y), as
in the quadratic case.
We need first

Lemma 4.2. If Tors(A) denotes the torsion subgroup of the abelian group A then
2Tors (L(H(Q—1,%))(1,1))=0.

Proof. Since b} = —1, all the relations defining the module L(H(Q_;,*))(1, 1) have
the following form: w; = ew’, ¢ € {—1,1}, where w and w' are words in the b,’s.
The only possibility that torsion appears will be that w = —w holds, hence the
torsion elements have order 2. [

Assume now that f is normalized by f(1) = 1. Due to the form of the relations
Ro,Ri, R, we obtain f(x) =¢ (modulo 6), ¢ € {—1,1} if x is a word. Then the
previous lemma enables us to get a lift.

F € MT(H(Q—-1,%),Z)(1,1),

whose reduction modulo 6 is f. Remark that f is a Markov trace so its values
on ej,ey,...,ex3 are uniquely determined from f(1) =1,z =1, = —1. The only
freedom degree in the definition of F (on H(Q_1, 3)) is the choice of

F(bibybiby) = —7 + 6k .

We remark now that f, restricted to words, takes only the values 1 and —1
(modulo 6). Therefore the application F : B, — Z defined as

] if f(x)=1 (modulo 6)
—1 otherwise ’

F(x) = {

extends naturally to a Markov trace on H(Q_),*) taking integer values, so we
can choose k =1 above. We denote by the same letter the link invariant which is
associated to F.

We think that a Markov trace on H(Q,*) exists for any choice of &, but it is
hard to believe that it is algorithmically computable.

Hopefully we may compute algorithmically F(x) since its reduction modulo 6
(which is F(x) itself!) is f so we can use the algorithm described in the previous
section. This ends the proof of the proposition. [J

Proposition 4.3. The invariant F is not a Vassiliev invariant of finite degree.

Proof. We shall consider K the classical torus knot of type (1,12k) and set K(!2%)
for the singular knot having all crossings identified. We remark that F(b]) = a(j),
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where ¢ has period 6 and ¢(0) = a(1) = a(5) = 1,6(2) = a(3) = d(4) = —1. So
o(j) = o(—j). Let F' denote also the extension of F to singular knots. According
to [BXS93] we may write

- 12k
F(K') = 3 Ch (=1)P6(2p —12k) = 3 Ch(=1)P6(2p) ,
=0 p=0

where C¥ states for the number of subsets of k elements of a cardinal n set. Let
(= exp(%) and
12k
a= Y (=1)rCh,, je{0,1,2}.
p=0; p=j(3)
Then
F(K")) = ay—aj —ay

so from some elementary combinatorics we derive

4
F(KU20y — Zog2k
(K120) = 227,
which proves our claim. [J
This ends the proof of our Main Theorem 1.2. [

We don’t know however if F is not the limit of a sequence of Vassiliev invari-
ants. On the other hand F generates a whole sequence of Vassiliev type invariants,
as follows. Let SB, be the monoid of singular braids (see [BXS93, Bir93]) with
generators ¢, g; !si,1 < i < n and relations

[giagj] = [Si>gj] = [Sl)Sj] =0 if Ii _jl > 1, [glasl] =0,
9i+19i9i+1 = Gidi+19» $1419i9i+1 = GiGi+15; -

Let ZSB, be the monoid algebra of the singular braid monoid. The (3-order)
Vassiliev algebra W, is defined as the quotient of ZSB, ® Z[¢] by the ideal gener-
ated by the following elements:

gf +9g; D =es;.

If Z(¢) denotes the algebra of Laurent polynomials in ¢, then it is clear that the
natural map i : Z[B,] — W, produces an isomorphism

Z[B,] ® L(g) — W, RZ[e] Z(¢) .

Now any link invariant / will extend to singular links admitting transverse dou-
ble points by means of the following resolution rule for the singularities:

el(Ly) = I(Lyy) +1(L-)

where L,,L,,,L_ denotes the link diagrams with an intersection, two left-handed
crossings and one right-handed crossing respectively, all the rest of the diagrams
being the same (see picture 20). A link invariant is of degree d if it vanishes on all
singular links with d + 1 or more self intersections. A Markov trace on W, taking
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values in the A(z,z)[e]-module E is a map ¢ € Homy;, 5)ie)(Woo, E) satisfying
txy)=t(yx) forall x,y,
H(xg,) = zt(x), txgy ') =z1(x) if x € W,.

We say that a Markov trace on W, is homogeneous of degree d if for every
x € Z[Bx], t(i(x)) is a homogeneous polynomial in ¢ of degree d.

Proposition 4.4. There is a one-to-one correspondence between the Markov traces
t € MT(Z[Bxo)), A(2,2)(z,2)

whose associated invariant 1 is of degree d and Markov traces t: Wy, — A(z,2)[e]
that are homogeneous of degree d, given by

1(i(x)) = e?t(x) .

Proof. Suppose that I is of degree d. The formula from above defines a Markov
trace on W, with values in A(z,Z)(¢). Let x € W, which is a product of / elements
of the form s, and arbitrarily many of the form g;. Then

)
o) =T (2) 7 1),

where X denotes the closure of the singular braid x. Remark that X has exactly /
self-intersections. So if / > d,I(X) vanishes hence t takes values in A(z,Z)[e].

Conversely assume 7 is given and satisfies the hypothesis. Then ¢ is a Markov
trace. Let L be a link with / self-intersections. Then L is isotopic to some x, where
x € §B, may be written

X = W]S,‘l W2S,‘2W3 P W/S,{W[_H 5
with w, words in the g,’s. Set
/ 2 -1 2 —1 2 ~1
x = wilg;, + g5, w2(gi, + g, s wilgi, + gi Wi

Therefore
e1(x) = 1(i(x)) = e'1(x") .

Assume that / > d. Since ©(x") € C[e] and #(x) € C, we derive that #(x) = 0, hence
I(LYy=0. O

We can obtain therefore a necessary and sufficient condition that an invariant
be the limit of (3™ order) Vassiliev invariants of finite degree.

€ —L‘+/}

Fig. 1. The resolution of a self-intersection singularity.
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Proposition 4.5. The invariant 1 associated to the Markov trace t is the limit of
a Vassiliev invariant of finite degree iff there exists a Markov trace

T Woo — A(z,2)]e],
which makes the following diagram commutative:

W, 5 A@z2)e]
J/ b
Z[B] &  A(z2)

where the morphism A(z,2)[e] — A(z,2) is given by ¢ — 1.

Proof. If t = 3" 14, where t; are of degree d then take T = stdfd, where 7 is the
natural extension of #; to W, and conversely. The rest of the proof is similar to
that of the previous proposition. [

Now we observe that in the quadratic Hecke algebra the following relation:
2 -1 _ 2 —1
bj+bj =(q" —q+ g (bi—1)

holds. This implies that the Markov trace with parameter z, say f,. fulfills the
following condition:

tz(wi(g}, + g, walgl, + g, ws .. wi(g] + g;, Iwin) = (g — D'e,

where (> = —1 and ¢ € C.
Corollary 4.6. If H(q,z)(*) is the Homfly polynomial then

oo

H(lexp(q),2)(L) = X wi(L,z)q",

J=1
where w,(x,z) are Vassiliev invariants of degree i.
The proof follows from the previous proposition, when we take ¢ =g — (. [

In particular nontrivial Vassiliev invariants of every degree exist. In the same
manner we can prove that all quantum invariants of Turaev are obtained as the limit
of 3" order Vassiliev invariants.

We remark that all constructions we made could actually be performed by replac-
ing x> 4+ x~! by any polynomial Q. If Q is quadratic then only classical Vassiliev
invariants are obtained. Consider Q = x + 1 and call the induced invariants 1% order
Vassiliev invariants. The previous results may be restated word-by-word also for this
case. Let V(i) denote the space of Vassiliev invariants of order i (coming from
some polynomial QO of degree i) and degree d and V' (i)* the space of invariants
which are limits of finite degree invariants. We remark that the quantum invariants
are already contained in ¥(1)>°. Consider the case of the Homfly polynomial. We
make first a change of variable in the Homfly polynomial by setting 4 = 1. Then

q
in the quadratic Hecke algebra H(g,00) we have
bi+1=hh—1)"" (B> +1).

Therefore the Homfly polynomial H(h,z)(k), when developing in a series the factor
77! which normalizes the trace, has the coefficients 1% order Vassiliev invariants. It
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is simple to check that
vy nves)y crayr,

which implies that _ ) _
V(2)> NV (3)>* =V(1)>.

Whenever these three spaces are distinct we don’t know. However the space of 1™
order invariants seems to be more treatable from the algebraic viewpoint.

5. Graphical Reduction of Obstructions

This section will be concerned with the proof of Proposition 3.6. Firstly from
Lemma 3.5 we derive that an admissible functional, if one ever exists, is unique
up to the choice of #(1) € R. Look now at the algebra K,(7). We wish to use the
following transforms on the words:

bi+|bib1+l - blbl—Hbl 5

b3—>v
!

b1+lb,2b1+l — S,

and only in this direction, in order to reduce the degree of b,_; as much as possible.
According to Lemma 3.5 every word is equivalent to a sum of words of type
>, xb v, Unfortunately we are forced to use the relations

bby < byb, for |i—j| > 1,

in both directions. Assume this is the process we shall carry out. So we obtain
finally a sum Z, x,bj;"—I v, with x,, y, € K, (7). Of course this “normal form” for
the word we started with is not unique since we may perform again permutations
of its letters in each term. But if any two such normal forms would be equilvalent
under eventual permutations of its letters (of b,b, with |i — j| > 1 always!) we
should have an almost canonical description of the basis of K,(7). Indeed the last
assumption is equivalent to say that the surjection of Lemma 3.5 is actually an
isomorphism. However this is not the case. We can at least obtain the obstructions
to the uniqueness of this almost canonical form. We return now to the module of
admissible functionals. The last group of relations enables us to make a further
reduction, namely
ab,_ b — zab ,

ab,_1b — tab .

This way we may reduce finally a word to a sum of words lying in K, (7).
Assume that we are using a recurrence on n. Then each element of K, ,(}') may be
uniquely reduced to an element of R (the value of the functional on the element).
So it suffices to check the obstructions directly on the values in order to obtain that
the functional is well-defined. That is what we shall formalize now.

Definition 5.1. A semi-oriented graph is a graph having two types of edges: ori-
ented edges and unoriented ones. A path vyvy...v, is a semi-oriented path if for
all j or v, — v,y or else vyv,qy is unoriented. If all edges are unoriented we say
that its endpoints are unoriented equivalents.
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The Pentagon Condition 5.2. The pentagon condition for semi-oriented graphs can
be stated as follows:

(PC) If v2 — vy, 0yv3...0, Is an unoriented path, v, | — v, then there exists
semi-oriented paths v\x\x; ...xXye and v,y1y2 ... ype having the same endpoint (see
Fig. 2).

We say now that x < y if there exists an semi-oriented path from y to x in I'.
Of course < is not always a partial order relation. It is necessary and sufficient that
no closed semi-oriented loops exist in I'. However we can say that x is minimal if

y = x implies that y is unoriented equivalent to x.

Pentagon Lemma 5.3. Suppose that the (PC) holds. If a connected component
C of the graph I' has a minimal element mc then it is unique up to unoriented
equivalence.

Proof of lemma. Consider two minimal elements x and y which lie in C. Then
there exists some path xxpx;...x,y joining them. Since x is minimal the closest
oriented edge (if one ever exists) is in-going, and the same is true for y. If this
path is not unoriented and again from minimality there are at least two oriented
edges. Therefore open pentagon configurations (i.e. those configurations where (PC)
applies) exist. We apply then (PC) iteratively whenever such configurations exist
or have appeared. When this process stops we find two semi-oriented xzz;...z,e
and yuju;...use having the same endpoint e. So ¢ < x and x < y. Again from
minimality these paths must be unoriented so x and y are unoriented equivalent
(see Fig.3). O

2 3 4 n-1

e

Fig. 2. The Pentagon Condition.

Fig. 3. Proof of Pentagon Lemma.
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We remark that a priori we can say nothing about the existence of such minimal
elements. If < would be a partial order with descending chain condition then the
existence of minimal elements is standard. However in the case which we shall
work out even if < is not a partial order the existence of minimal elements can
be established.

Suppose now we have a more complicated structure: a sequence of disjoint
graphs I',. In every I', there exists a distinguished subset of vertices ¥ which
are minimal elements in their connected components. Suppose that each connected
component admits at least one minimal element. Each such vertex from ¥ has
exactly one outgoing edge going to a vertex of I,_;. We color these new edges
in red. Set I'; for the union of all I, j < » and with the red edges added in each
rank j.

Definition 5.4. We say that I} is coherent if any connected component of T'), has
an unique minimal element (with respect to I'}) in Ty up to unoriented equivalence.

We shall state now the colored version of the Pentagon Lemma for this type of
graph. We introduce:

Colored Pentagon Condition 5.5. (CPC) If vjv,...v, is an open pentagon config-
uration in I',, then there exists bicolored semi-oriented paths (in I'}) from v, and
vy having the same endpoint.

In addition if xy is an unoriented edge in I', with x,y € V0 then there exist
semi-oriented paths in I'; starting with red edges and having the same endpoint
(see Fig. 4).

Colored Pentagon Lemma 5.6. Suppose that I',,_, is coherent and the (CPC)
condition is fulfilled. Then I} is coherent.

The proof is similar to that of the Pentagon Lemma. [J

We are ready to define now our graph I',. Its vertices are the elements of
the group algebra of the free monoid F, in (n — 1) letters {by,b5,...,b,—1}. Two
vertices v = ), a,x; and w = > fiyi, o, fi € A(z,2) are related by an oriented edge
if exactly one monomial of v is changed following one of the rules:

(C0O)(j) Ab}B — AB,

(Cl)(]) Abj+]bjb/'+]B - Ab/‘bj_HbjB s

b V3 Va Voo VY

V.

e

Fig.4. The colored pentagon condition.
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(C2)(j) Abj1b2b;1B — AS;B,
(C12)(j) Ab;\b2b2, B — AbIDE,\b;B
(C21)(j) 4b3,,b7bj11B — Ab;b3, \b?B .

Also an unoriented edge between v and w correspond to a change in a monomial
of v of type

(P,j)Ab,b;B — Ab;jb;B  whenever |i —j| > 1.

We remark that the use of (C12) and (C21) is somewhat ambiguous since we may
always use (C2) for a sub-word. Their role is to break in some sense the closed
oriented loops in I',. In fact consider ¥ to be the set of vertices corresponding to
elements of the free abelian 4 = A(z,z)-module generated by W,,.

Lemma 5.7. Each connected component of I', has a minimal element in V?, not
necessarily unique.

Proof of lemma. We prove our claim by induction on n. For n =1 it is trivial.
Say now w is a word in the b;’s having only positive exponents. If its degree in
b,—1 is zero or one we apply the induction hypothesis and we are done. If the
degree is 2 and only one b2_, we are already in a position to apply the induction
hypothesis. Also we may suppose that no exponents greater than 2 occur by using
(CO) several times. If the degree is 2 then w = xb,_yb,_,z with x, y,z € F,_;.
The induction applied to y implies that w = xb,_iab’,_,bz with a,b € F,_,. Then
several transforms of type (P,—i;) and (Ce) will do the job. Consider now that the
degree is strictly greater than 2. So we have a sub-word of type

bi_pxbl, with3 S o+ <4

or else one of the type b,_1xb,_1yb,_1. The second case reduces to the first one as
above. Next assume that x = ab’_,b. a,b € F,_,. Several applications of (P,_;;)

leads us to consider the word bi_lbf,_zbf_l. If ¢ = 1 we apply two times (C1) and
we are done. Otherwise we shall apply (Cafy) if a%f or both (C12) and (C21) if
o = f =2. This proves that every vertex descends to V). But these vertices have
not outgoing edges in I', as can be easily seen. When we use the unoriented edges
some new vertices have to be added, which are not in V0. But it is easy to see that
these also do not have outgoing edges. Since any vertex has a semi-oriented path
ending in 0 we are done. [J

We remark that the moves (C12) and (C21) are really necessary for the con-
clusion of the above lemma to remain valid. In fact from b,b2b2 only (C2) may
be applied. We obtain a factor b3b3b,. If we continue, at each stage we shall find
one of these two monomials. When all reductions are used at the second stage
we recover byb?b3 so we have a closed oriented loop in the graph. Its connected
component should have a minimal element without the use of (C12) or (C21).

We are able now to define the bicolored graph I'}(z,¢). The red edges are
added as follows: Each minimal vertex v = Zioc,x,bf,‘ w1, is related to w = > ozix; ;i
which this time is a vertex of I',_;, where we met zy = 1, z; = z, z; = . Since
bj3- =1y we have ¢ = yz and we prefer working with (z,¢) instead with the couple
of parameters (z,z). Finally we define I'g(H) as the graph having the vertices
corresponding to the module R. Two vertices are connected by an unoriented edge
iff the corresponding elements lie in the same coset of R/H, H being a certain
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submodule of R. Let also Hy = (12z¢> + 8z% — 4¢, 12z%t + 812 — 4z, 102> 4 1083 —
2zt —2)R be a fixed submodule of R. We specify the choice of H in the tower
bicolored graph by denoting it I';(H ), even if only the first stage depends upon H.
With these notations we can state:

Proposition 5.8. The bicolored graph '} (H) is coherent if and only if Hy C H.

Before we. proceed we remark that this result has as an immediate corollary
Proposition 3.6. Indeed for H = Hy, we know how to associate to each element of
K. (y) an element of R. The only problem which we can encounter is that moving
on different descending paths we should obtain different elements. But the previous
proposition states the uniqueness of the endpoint viewed as an element of R/Hj. So
our claims follows.

Proof. We shall prove the coherence of each I'}(H) by recurrence on n. For n = 1,2
this may be easily established without any condition on H. We wish to make use
the Colored Pentagon Lemma. For instance we shall look only at the Pentagon
Condition in I',. For those configurations that we cannot prove the (PC) directly
we shall check that the (CPC) (which is weaker since it regards all of I';(H)) is
still verified. Of course this implies that we apply the Colored Pentagon Lemma.

Definition 5.9. An open pentagon configuration (abbrev. o.p.c.) is a sequence of
vertices [wo, wi,...,wy,| such that wy — wy, wi,...,w,_ are unoriented equivalent
and wy,_y — w,. We say that this o.p.c. is irreducible if none of the vertices
Wi, Wa, ..., Wy_1 has an outgoing edge.

Reduction Lemma 5.10. i) In order to verify (PC) it suffices to restrict to irre-
ducible configurations.

ii) It suffices to verify (PC) only for monomials from F,.

iii) Suppose w; = Aw;B, for j=0,n (so A,B are not touched by any
transform), in the o.p.c.. If (PC) holds for [wy,wy,...,w,] it also holds for
[wh, Wi, ..o wn].

iv) Suppose that (PC) holds for [wo,w,...,wy,] and for [yo, Vi,..., ym). Then
for all A,B,C the (PC) is valid also for

[AwogByC, Aw By C, ..., Aw,_1By,C,Aw,_ 1By, C,
Aw,_1BysC, ..., Awy_ 1By, C,Aw,_ By, C] .

In fact when we fix the endpoints of the o.p.c. we can mix the unoriented
edges of each subjacent o.p.c. in any order we want. Let (ix,ji) € {0,1,...,n} x
{0,1,....m}, k =1,p such that ic=0<i Sih - Sip, jp=m> j,_| =
<20, and iy — ik + jrv1 — jx = 1 for all k. Then the o.p.c.
[Aw;,By;,C,Aw, By, C,...,Aw; By; C]

fulfills the (PC). o b re
Proof. 1) We may always decompose a configuration into irreducible ones and
iterate the construction.

ii) The reduction transforms on different monomials commute with each other,
so we are done.

iit) Obvious.

iv) The reductions of x,_; and y; commute again with each other. [J

Thus the top line of an o.p.c. corresponds to a word w; and a sequence of permu-
tations of its letters giving in order wy,ws3,...,w,—;. We may suppose that w = w,
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has no proper sub-words w{ which fulfill the following two conditions:

i) Say w = Aw'B. Then each of the considered permutations acts on the letters
of 4, of B or w'. So there is an equivalent of w' say w”.
ii) The reduction transforms performed at w; and w, acts actually on w’ and w"'.

In other words only those letters may be not permuted which enter in a block
which is reduced. Also it follows that of n = 2, so the top line is trivial and exactly
two outgoing edges are incident in w; or else the corners w; and w,_; have each
exactly one outgoing edge, except for the case when a move (Cij) may be applied.
When such an edge (Cij) exists then of course also (C2) exists so there are two
outgoing edges. We shall choose always the edge (Cij) if one ever exists and we
shall say that the corresponding word has unique reduction. If ever in our o.p.c.
the outgoing edge from w is an (C2), even if a (Cij) may be performed, then we
know that a semi-oriented loop exists permitting to come back in w. So the (PC)
is trivially satisfied.

Now the top line is determined by the sequence of transpositions of the letters of
w. Let / be the length of w. Otherwise this is the same as giving a permutation ¢ €
S; with a prescribed decomposition into transpositions. Set 7; for the transposition
which interchanges the letters on the positions / and / + 1. Notice that for a fixed
w not all ¢ are suitable. In fact only a subset of the group of permutations, which
we call permitted may work. Say P(w) is the set of permitted permutations. If
ew:{1,2,...,1} = {1,2,...,n — 1} is the evaluation map

ew(j) = index of the letter lying in position j on w,
then T;o is permitted (where o € P(w)) iff

|eo(w)(j) - eG(W)U -+ 1)1 > 1.

Say that two permitted permutations ¢ and ¢’ are equivalent if for the o.p.c. corre-
sponding to ¢ and ¢’ the (PC) is valid or not for both at the same time.

Lemma 5.11. i) Suppose that 6,T;T;0, € P(w), |i — j| > 1. Then 0,T,T,0, € P(w)
and these two permutations are equivalent.

i) Suppose that 6T\ T;Ti110, € P(w). Then o,T;T,4T,00 € P(w) and these
two permutations are equivalent. The converse is still true.

iii) If 07?0, € P(w) then o0, is permitted and equivalent to previous one.

Proof. The existence in the first case is equivalent to

leaz(w)(].) - eo'z(w)(j + l)l > 1

and
|e<r(w)(i) - ea(w)(i + I)I > 1 H

so is symmetric. In the second case also it is equivalent to

lea, () (J + €1) — eayon(Jj + €2)| > 1 for all ¢; € {0,1,2}.
so it is again symmetric. The equivalence is trivial. [J

We shall use a graphical representation for the decomposition of ¢ into transpo-
sitions similar to the braid pictures (see Picture 5), where we specify on the top and
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e, )i=t2..

Fig. 5. The complete diagram associated to an o.p.c.

- \-4—\

a b
1/) T\ ))
/7 l ’
n I i
i i [ [ I N B R |
c d

Fig. 6. The essential trajectories for (CO)(i)-(CO0)(i).

bottom lines of the diagram the values of the evaluation maps. This picture encodes
all information about the o.p.c. because the two words w and o(w) have unique
reduction. Firstly we are interested only in drawing the trajectories of the six (to
ten) elements which enter in the two blocks which reduces. Suppose for instance
that the two reduction moves are two (C0). So w = xiiiy and a(w) = x'jjjy’. Say
that i = j. The trajectories of the i’s may be disjointed since the transposition acting
on the couple 7 is trivial in fact. So the possible trajectories fit into 4 cases which
may be seen in Picture 6.a,b,c,d.

Suppose now we have two trajectories of i and j =i which intersect. First of all
we derive that |i — j| > 1. Orient all the arcs from the top to the bottom.

Lemma 5.12. i) Suppose that the arcs labeled i and j have algebraic intersection
number 0. Then we can replace the diagram by an equivalent one where the arcs
are disjoint.

1) Suppose that the arcs labeled i and j have algebraic intersection number 1.
Then we can replace the diagram by an equivalent one where the arcs have exactly
one intersection point.
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i j i j

Fig.7. Disjointing trajectories.

Eh

Fig. 8. Non-minimal biangle’s procedure.

Fig.9. The regions R and L.

Proof. We consider the diagram is that from Fig. 7.

We can assume that the biangle in the middle is minimal, hence it does not
contain any other biangle. In fact we can apply repeatedly the disjointedness pro-
cedure only for minimal biangles. Such a biangle has two walls: one coming from
i and the other from ;. From minimality no other arc crosses twice the small wall
(see Picture 8).

Let consider the region L and R such that: the set of arcs labeled by something
not commuting with j is contained in L, and those labeled by some & not commuting
with i are contained in R. Then the situation is that from Picture 9.

Thus all arcs which cross the biangle are labeled by some k which commutes
with both 7 and j. The same commutation transforms may be performed whenever
we make the arcs i and j disjoint. O

A similar reasoning permits to say that the diagrams from Picture 10 are equiv-
alent. When the triangle in the middle is not touched by any arc then it is a simple
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consequence of Lemma 3.12 ii). If it is minimal, any arc which crosses it is labeled
by something which commutes with j.

We remark now the similitude of Pictures 7 and 10 with the Reidemester’s
moves on link diagrams. So we can actually isotopy our arcs leaving the endpoints
fixed and keeping the tangent (in a C'-approximation of arcs) away from the hor-
izontal.

Now we can continue our discussion on the trajectories of i’s and j’s. If |i — j| =
1 the trajectories are disjoint so there are as in Picture 11.

If i and j commutes there are essentially sixteen diagrams (up to an isotopy)
which can be seen in Picture 12.

In order to represent graphically the possible diagrams for the (C1),(C2),(C12),
(C21) moves we shall picture the trajectories of a couple of neighbor points having
the same label as a single thicker trajectory. This may be done since every arc
crossing the dashed region (see Fig. 13) between the trajectories of the two i’s has
a label commuting with i. In addition the trajectories of i and i + 1 are disjoint.

Suppose we are in the case (C1)(i)—(CO)(j). For j&i—1,4i+1,i+2 the
sixteen diagrams from above appear appropriately labeled. For j =i —1, i,i 42
some diagrams are not realized because the arcs labeled by i — 1 and i do not
intersect, so several cases have to be left. For j =i+ 1 another diagram has to be
considered, that from Fig. 14.

The same situation we encounter when we describe the possible trajectories for
the couple of reduction transforms (C2)—(C0),(C12)—(C0),(C21)—(C0). A simple
analysis shows that in the remaining cases the only new diagrams are those from
Fig. 15.

ko kK oo

Fig. 10. Equivalent diagrams.

| J

Z

4
i

Fig. 11. The diagram for (CO)(i)~(C0)(j) when |i — j| > 1.
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Fig.12. The 16 diagrams for (C0)(i)-(C0)(j) in the commuting case.

The other ones are obtained from the previous twelve using suitable labeling,
and taking into account the constraints of disjointedness imposed by the labels. We
say now that a diagram is interactive if there is some marked arc relating the top
and bottom blocks where the reduction transforms act. Our task will be to eliminate
the non-interactive diagrams where the (PC) trivially holds.

Lemma 5.13. The usual (PC) is valid in I, for non-interactive diagrams.
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Fig.13. The graphical representation of the dashed region.

i+1i i+1 i i+
i+1 0 i+10 i+t

Fig. 14. The new diagram for (C1)(i)—~(C0)(i+ 1).

#1711 i+1ist w10 41 0 i+t [i+1i 1]

) §

i+1 i i+1i+1i+1| i+1 i i+10 i+1]
Fig.15. The new diagrams for (Cx)(i)~(Cy)(i) x, y%0.
2"i
o A i J j J

*eesesase

Fig.16. The whole picture of a non-interactive diagram without crossings.

Proof. We consider first the case where no crossings of the essential arcs exist.
The typical case is that from Picture 10. We draw now all trajectories as in Fig. 16.
We have the dashed regions U and V' which are bounded by the i’s arcs and
respectively j’s arcs.

Everything crossing the regions U and V' commutes with 7 and ; respectively.
We claim first that U and V are tangent to the end lines from left and right
respectively. If not there exists some arc labeled A lying to the left of U. Assume
that this arc is the first from the left having this property. In particular 4 commutes
with every label o which stands to the left of 1. Thus we may perform these
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commutation transforms at any moment, to get A on the first position. Since A
does not cross U we may leave it on the first position replacing the o.p.c. by an
equivalent one. Thus the new configuration corresponds to a word which is not
minimal with respect to the reduction procedure (see the reduction lemma and the
subsequent comments).

Let now 2, be the convex hull of the three points labeled i coming from essential
arcs and lying on the bottom line. Similarly set X; for the convex hull of the j’s
on the top line. Every arc which arrive on X, must cross U, hence is labeled by
some k commuting with i. We can move these endpoints using the commutation
rules from the left or the right according to the following principle: if the start-
point of the arc labeled k£ is in the left of the block of i’s on the top line, then
we move to the left. Otherwise we move to the right. The only problem which we
can have is in the following case: the start-point of some k is in the left of the arc
labeled /, both arrive on X, but this time the endpoint of / is in the left of £. A
topological argument shows that these two arcs cross each other. Therefore £ and
[ are commuting and we can perform our transforms as it was said (see Fig. 17).

Finally we shall recover a diagram which this time has crossings but is equiv-
alent to the standard one of Picture 18.

Suppose now that the reduction transforms AiiiB — AB and CjjjD — CD are
also performed. We may use the simplification transforms (commutations which are

k !

Fig.17. The simplification of a non-interactive diagram without crossings of essential arcs.

P i

Fig. 18. The standard non-interactive diagram.
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still valid even if the i or the j are collapsed) above for each word: to 4B in the
part of j’s and to CD in the part of i’s. Due to the particular form of the standard
diagram we shall get (see Picture 16) the words UjjjV and U'iiiV’ respectively,
with UV = U’V’. So again the use of a reduction transform will get the same word.
Thus the (PC) is satisfied for these configurations. It is almost the same reasoning
for the other non-interactive diagrams without crossings.

It remains the case when crossings of essential arcs appear. But the commutation
transforms may also be performed in such a way that the starting points of j’s on
the top line will be all on the same part with respect to the iii block. In other
words we make 2; and the block iii disjoints. The same is true for the bottom line.
The worst case is again when iii is in the left of X; on the top line and down
the situation is reversed. But again i and j commute with everything which starts
or arrives on the convex hulls of iii U X; and jjjU 2;. So we can rearrange them
to obtain the same order in the top and bottom lines. This ends the proof of the
lemma. [J

So it remains to look at the interactive configuration. The same reasoning as in
the above permits us to restrict to the normal forms drawn in Fig. 19.a—f. Some of
the trajectories may be thick trajectories.

The cases a,b,c,d,{ are trivially verified because only the consistency of rela-
tions defining K3(y) is involved.

Let us do a sub-case of d, corresponding to (C¢)—C(0): The monomial has
the form w = b, b%h; 1xb? , which is unoriented equivalent to w' = b, b,eh>

i+
Here x commutes with b;.;, so we may suppose it lies in F,. Therefore x —

xoblebfz_z . ..bfﬁp, with xo € F;_;. So again we can restrict to the case xo = 1. Now

w is reduced to S/ b2 ,...5/" b2, . This is equivalent to Sb2,,b/" b ,...b0" .
Since Sb?,, and b,41bf may be related by a semi-oriented path to a common end-
point (here we use the induction hypothesis for n = 2) we are done. All other cases

are similar.

i i i+1i i+1 i+t
i i i+1i |i+1i i+1
i
c e
a
o i+1i i+
i i i+1i i+1 i+1i+1
i i i+1i li+1i+1i+1
i+110 i+1
b d

f

Fig. 19. The normal forms of interactive configurations.
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In the case e the situation is different. Using the commutation rules, as above
we must preserve the term 5/' ;. So we must check the configurations

_oht pERB R 107 j2 Jp

w = xbi, bib;, | b;_b; bi+1b1,'—2 . "bi-p >

where x € F;_; and o, f,7 equal 1 if ¢ =0 = 1. It is here where we cannot prove
that the (PC) holds. In fact it does not hold since the surjection of Proposition 3.5
has a nontrivial kernel in rank » = 3. Fortunately we may prove that the (CPC)
condition is still verified.

Lemma 5.14. For the above family of o.p.c. the (CPC) is satisfied in I';(H), n = 3
iff Ho C H.

Proof. We claim first that it suffices to restrict to x = 1, p = 1. We observe that
any admissible functional ¢ on K., (7y) satisfies

tOeuv) = t(u)t(xv) for x,v € H(Q,m) and u € (1, by, bysts- > btk -

If k£ = 0 this is nothing but the multiplicative property for Markov traces. If k¥ > 0
then in the process which computes the value of the functional we replace u by
abl,, where t(u) = at(b;,). Another one step of the reduction and we found f(xuv) =
at(bE, )t (xv).

But the (CPC) is equivalent to the existence of the admissible functional. This
proves our claim which says that in fact we can consider i = 2. Consider first
o = f =7y =1. We have to check the o.p.c. corresponding to

bybs byt b3bs .

In order to shorten the computations we observe that for symmetric words the (CPC)
is satisfied. For a word w = wy,...,w; its symmetric is w* = wyw;_,...,w;. This
has a simple proof by induction. In fact we perform in both situations the same
reduction transforms (the words have unique reduction) which leads us to two sums
of minimal elements > x, and ) x*. Now we apply the induction hypothesis and
we are done. Roughly speaking

((x) = t(x")
for any admissible functional . So it suffices to check the case when
e=1 and 0=2.
1) Say u = 1. Then
W = bybybsb b3by — bybsb2bybiby ~ bab?bsbyby — zbybib3by — zb2b3bT — yiz?
W = b3bybib3b3by — —bybybybab3by — bybybyb3bsby — bybybybybsb3
—b3bybb3b} — b3byby b33 — ybsbabibs — yb3babib; .

Now
b3ybybibybiby — bybibybib3by ~ bibybyb3b by

— blb%bg,bzb]bz — Zblb%blbz — '})tZ2 ,
b3bybibabsby — b3bibybibsby — bibybsbybiby — zbibib by — zbibybt — yiz*
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b3bybibybsb3 — bybybybibsbl — bybabsbyb b3 — zbib3b b3
— zbibybiby — —6y2%t — Pz,
bybyb 1 bib: — bybibyb b — bibybybiby — bibsbybyby — vz,
bbb bAb5 — bybybib b3 — bib3bybib: — ytz,
b3byby by — byb3byby — yz°t
bybybiby — zbibyby — iz* .

We conclude

w' = bybyb1b3b3by — yz°t thus the (CPC) is verified.
2) Consider now p = 2. We shall write all details up to the use of red edges
where we arrive at I'; and the computation becomes canonical:

w = bybyb3b?b3by ~ w' = bybybibib3bs ,

W — — babtbabibaby — bybibibsbaby — bybtbabsbiby — bybibibiby — bybibib3b,
— ybybibaby — pbybibsby — —bib3b1bybyby — bibib1bib — bybibib3b,
— 9bybb3by + byb3b\b3boby + Ebybybibyby + bibybibibyby + B2bAbibyb,
+ D3DIDAyby 4 ybyb3byby 4 ybD3byby + by bib bbby + bbby bybib,
+ bibyblbyb3by + bib3byb3by + b3bibybsby + ybabsb3by + ybybsb3b,
— pbybibyby — —4y*t — 31’z .
On the other hand
W — —bybybibab3by — bybybib3bsby — bybybibabibl — bybyb?b3b3
— bybybib3b3 — ybybybiby — yb3bybib, .
The last four terms are easy to compute:
bybybiby — —(3yt’z + 4y%2%),
b3bybby — 1z,
b3bybibib3 — bib3bybibl — yi’z,
b3bybibyb: — b1 bibibyby — VPt .

For the other ones the computation becomes more complicated. We shall write
it this time as an array where the reduction of each term is specified.
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b3bybibyb3ib; —

—b3byb}b b3y
!

—byb3b3bybi by
!

—ytzz
—bsb3b2b3b,y
!
—b3b3bybb,

!

—yt’z

SO we obtain

—b3b%b2b1b§b2
!
—BB2babyb by
!
oy
—yb3bib3b,
!
—*biby
!

222

—bsbi byb3b2b,
!
—bybibsbyb3b,
!

222
~))b3b2b§ bz
|
—’yb% b3 b%

l

222

bibyb2bybiby — —(3ytz + 4y%2%).

Also

b3b2b%b%b3 bz - b%b3b%b3b1 b2
— —bbybibyb by — bibib3byb by — bibyb3bib by

— bibsb3biby — B2b3b3byby — ybibsbyby — ybibyb by

— —(3yt?z + 4y%2%) .

The last term is given by

—b3 bzb%b2b3 b% —
bybyb2b, b3 b}

+b3b3b3bs b3

!
— (6922 + %)

and
b3b1bgb1b3b§ —

—bybyb2byby b
!
6912z + y°t
—blbgbgblbg
l
6yzt? + 7%t

+b3b2byby by b3
!
b2bybsbyby b

1
—(3ytPz + 4y*z%)

+’))b3 b2b3b§

,)}222

+bsby byb2byb2

!

bybybybyb?b2

!

ytzz

+yb3b1b3b§

|

2z

—byB2bsbyby b3 —bybybybRb bl

!
—ytzz
—yb1byby b3
!

—y222

!
—ytzz
—7b\b3b b3
!

-yt2z
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—byb2b2bb,
!
—bibibib;
!

—yt?z

+b3b3b3b3b3
!
—(691%z 4 971)

by BB B

l
6yzt? + %t
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hence
b3b1b5b1b3b% — 15))t22 + 3v2t _ ))222 )

We introduce in the previous expression and obtain for the last term
bybyb2byb3by — 't + 291z — 49727,

so the final result is
w — 9yi’z + 8y%2% .

This way we get the first obstruction 12z¢2 4 82> — 4t = 0 (modulo Hy). The other
configurations we must check are with o, 8,y greater than 1. A computer search
was used to verify that the hand computations in the remaining cases are correct
and give the other two obstructions. Thus the (CPC) holds for the considered o.p.c.
We remark that the second part of the (CPC) is trivially satisfied when using an
induction. This ends the proof of Lemma 3.15. [J

It follows now we may apply the Colored Pentagon Lemma to get the coherence
of I''(Hy) so the proof of Proposition 3.10 which we observed implies the result
of Proposition 3.6. [

A. Appendix: The Module H(Q,3)

This part of the paper is joint work with Barbu Berceanu.

We shall get in this section the complete proof of Proposition 2.1 for all cubic
polynomials Q = x* — ox* — fx —y with y+0. The method of the proof is due
to Bergmann [Ber78] and, even if simple, it is powerful (see [Ber93] for many
interesting examples coming basically from rational homotopy theory).

Briefly, instead of having a semi-oriented graph as in Sect.3 we shall work
with an oriented graph and the relation < will be a total order, namely the lexico-
graphic one. So we try to solve inductively all the ambiguities eventually adding new
relations. We remark that this way all ambiguities are interactive ones so they could
be listed. It remains to find the patience of checking all of them.

We proceed with 3 relations:

(1) bybiby = bibyby
(2) b} = abt + Bby + 7,
(3) b3 = ab} + by + 7,

and the system of generators S containing all words in b, and b, without subwords
appearing in the left hand of some relation, i.e. without containing a bzblbz,b?,b%.
Now we shall develop each ambiguity word (i.e. which has two resolutions) by
underlining the subword replaced in each case. Away from the starting point the
computations, even messy, became canonical, so the words have unique reduction,
and we shall write only the final result. Also if an ambiguity is solvable, so that
no new relation appears we mark by a (J in the final space.

The interactions (2-2), (3-3), (1-2), (1-3) give only identities. Further

(1=1) babibybiby = byb2byby and bybibybiby = bibyb?b; so we obtain a new
relation,

4) bybbyby = b1 bbb, .



550 L. Funar
Next we have an interaction
(1-4) bybibybyby = bibyb*b3  and
bybibybby = aab bybby + Bbibyb? + yb3by
and a new relation is obtained
(5) bibybib3 = ab byb3by + fbibyb? + yb3b, .
(4-2) bybibybib?t = ablibybiby + Bbybybiby + ybabiby
babibyb} = abibybiby + Bbibybiby + ybobiby . O

(1-4) byb by byby = abibybiby + Pbibyb? + ybb3b,

byb1bybibyby = abibybiby + Pbibob? + pbib3by . [
(3-4) b3bibyby = (o + B)b1babiby + (4 + 7)bibaby + aybiby

bibybibyby = (o + B)b1byb3by + (af 4 7)biboby + aybiby . O

(2-5) Bibabib3 = 2*bibybiby + afbibaby + oybib3by + afbibybiby
+ Bbybyb? + Bybiby + ybabib}
bibibybiba = a’bibybiby + afbibyb? 4 oybybiby + afibbybiby
+ B2bibyb? + Bybyb? + ybib3b; .
Since we supposed y=+0 we derive a new relation:
(6) babib3 = bib3by + a(bybiby — byb3by) + B(babT — b3by ) .
Now the left hand of (6) is included in the left hand of (5) and
(5-6) bibybibs = abibybiby + Bbibyby + ybiby . O
So relation (5) is cancelled out when introducing (6).
(3-6)  babibiby = abybib; + o’ (bybiby — bib3by)
+ af(bab} — b3by) + Pbabibs + ybyb}
bab1by = abybibs + o (bybiby — bib3by) + af(babi — b3by)
+ Bbybiby + ybob? . [
(6-1)  bobibybiby = bib3biby — abb3biby — bbby + afbybiby

+ Bbibaby + By + a’bibabiby + afibibybi + aybiby
byblbybybiby = ablbybiby + afbibyb? 4+ BPbibaby + Bybiby + yb3bT .
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So another relation must be added:
(7)  Bib3biby = abibybiby + b1 B3biby) + Pb3biby — ofbybabiby + yb3b?

— afbybiby — oyb3by + By(biby — b3)

(1-6)  byb bybtb3 = oPbbyblby + afibibyby + oyb b3 + afibibyb?
+ BPbibaby + Bybiby + ayb3by + Bybaby + by,
bybibybib3 = a*b bybiby + afbibyby + oypbib3 + afbybyb}

+ B2b1byby + Pybiby + oyb3by + Pybaby + by . O

(3-6)  bybib3 = ybibs + o’ bibibs + Pbibiby + af(babiby — bib3b))
+ BA(bab? — b3by) + ab2b3b? + o (bybyb3by — by b3b?)
— oczb%bgbf - azﬁbgbl — afiyby + oczlibzbf + afiyb; ,
b3babibs = ybib3 + a’bibiby + Pbibiby + af(bybiby — bib3by)
+ BA(byb? — b3by) + abib3b? + 0P (bybabiby — bib3bT)
— o?bibyb — o* fb3by — afiyby + o fbab? + afiyby . [

(2-6)  bib3biby = abibybiby + Bbib3biby + ybibib,
biB2b3b by = abib3biby + Bbib3biby + yb b3D? + ay(bybiby — bib3by)
+ By(btby — bib3),
hence we get the last relation we used in Sect. 2, namely
(8) bibiby = byb3bT + a(bybiby — byb3by) + B(biby — byb3) .

Now using these eight relations the system of generators S reduces to the 24
elements ey, e,,...,ex4. So it remains to check that all ambiguities are solvable.

Before proceeding we remark that the left hand of (8) is included in that of (7)
and

(7-8) bib3biby = abibybiby + abibib} + Bbib3b} 4 yb3bt — w*bib3b,
— afbib3by — aybibi + (2 + )by + (2 + By)biba
+ offyby — affbib; — f7bibs — Byb3

so (7) is cancelled out.
(1-8) byb1bybybiby = afbibyby + f2bibyby + Bybaby
byb\ D3B3y = afbibyby + BPbibyby + Bybyby . O
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(3-8)  b3biby = bbb} + aP(bablby — bib3by) + aB(biby — bib3),
byb3biby = abib3b? + aP(bybby — bibaby) + af(bPby — bib3). O

(6-8), b3bibsby = bib3hi + a(bibabiby — bibabt) + & (babiby — bibbi)
+ af(biby + bybt — b3by — bi1b3) + By(by — by) ,
bybybiby = bib3bi + a(bibabiby — bibyb}) + o’ (babiby — bib3by)
+ aB(biby + bb} — b3by — bib3) + Py(ba — b)) . O

(6-8), bybibybiby = 207 bibybiby + afibibybi — &’ bibybiby
+ ap(b3b3 + b3b% + bib3by) + BPbybiby
+ By(biba + babt) — a>p(b1b; + brby)
+ (af? + By)bibaby + y°bT — afyb — ay’by
— B*yby — By’

bybib3biby = 20°bibybiby + afbiboby — o bibybib,

+ ap(bb3 + b3bT + b1B3by) + BPbabiby
+ By(Biby + brbt) — oPp(bib3 + biby)
+ (@B + By)bibaby + y7b} — aBybs — oy*by
— b — B, O

(4-4)  bybibybybybyby = oa*bibybiby + afbibybiby + afbibybt 4 yb bb?
+ B*bibyby + aybybiby + Pybib;
babibybibyby = a’bibybiby + afibibabiby + afbibybi + ybibib
+ B2bibyby + aybybiby + fybib, . O

(4-6) bybibrbibib3 = (02 + B)B2byb3by + (aff + 7)bibyb} + aybib3by
bybibybib: = (o2 + B)bibyb2by + (aff + P)B3byb? + ayb b3k . O

(6-4)  bablbybyblbyby = o’ bibybiby + o PbIbybT + (202 B + 2)bi bybiby
+ ap(bibsby + bib3b?) — ol ybb3b,
+ (B + By)bibaby + (By + aB)bibaby
+ 202 ybybiby + afiy(biby + bybt)
+ay’by + by + 7,
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(6-6)

(&-1)

(8-3)

byb3bybabbyby = 022 byb2 by + o fb2byb? 4 (202 B + )by babiby

bybib3bib5 =

byb3bybybibs =

+ op(b2b3b, + bib3b?) — oPyby b3b,

+ (af® + By)bibaby + (By + o0 Ybibrby
+ 20%ybybb,y + afy(biby + bybi)

+ oy b} + By by + 7 O

(202 + af)bibybiby + (20° f + ap)bibab}

+ B*Bib2by — b bybiby + ayb b3

+ (af + By)bibaby + («7y + By)bib3

— (P B+ o2)b1bob] + (o7 — 0 Ib1b3by

+ (2% + oy + B)babiiby + (2y + 7 )biby

— (@) + afy)bib; + B hobi — (@y + B3k + by
— (o By + ay?)biby — (o By + B79)b5 — o’y

+ @By + By’ )by — afy’ .

(207 + af)b2bybiby + (202 B + oy)bibyb}

+ BPD2B2b) — o*bibyb?by + oyb b3b?

+ (@B + By)bibaby + (o + fy)bib3

— (B + a?)bibrb] + (&2y — af?)bib3by

+ (4 + o®y + By)babiby + 20y + 97 )biby

— (@ + afbibs + B hobt — (&'y + )by + ay’b]
— (& By + ay® )by by — (o2 By + By)b5 — o’y7by

+ @’y + By )by —apy* . O

bibibybby = aybib3 + Bybiby + yPhy

bib bybby = aybib3 + Bybiby +y*by . O

bibibyb3 =

ab?b3b? + o (b bybt — bibyb?)

+ (o) + aB)(babiby — bib3br) + o B(bab — brby)
+ (@B + B)(Biby — bib3)

+ Bbib3bT + afy(by — by)

553
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b3biby = abibbi + o’ (bybyby — bibybY)
+ (o + af)(babiby — bbby ) + o f(babT — b3by)
+ (o2 B+ B )(biby — bibY)
+ Bb1 B3} + afy(by — b)) . O

(8-4); b3bibaby = abibabibs + Bbibaby + ybib3
bybyb3byby = abibybiby + Bbibyby + ybib: . O

(8-4), bibibybibaby = (o + af)bibabiby + (62 B + oy)bibyb?

+ (2B + B7)bibybiby + oybi b3b]
+ (o7 + By)babiby + (2 + fy)bibaby
+ (afy + y*)b3b,

b3bibybibyby = (& + af)bibobiby + (o B + oy )bibaby
+ (2B + B*)bybyb? by + ayb b33
+ (o + By)babiby + («f* + By)bibaby
+(afy + )b, . O

(8-6)  B3B bbbl = (o + 20 + y)bibybiby + (B + ay + [2)bibyb]
+ (%9 + By)bibiby
b3bibabibs = (o +20f + 7)bibabiby + (47 B + oy + [*)bibaby

+ (e + By)bib3by . O

(8-8)  b3bibababiby = (20 + 0f)bibybiby + (207 f + oy)bibyb7
+ aybibiby + BPbi b3kt — otbybybiby
— (B + &*)bibaby + (4 + By)bibaby
+ (7 — af?)bi1b3by + (B + By + «¥y)babiby
+ (o2 + By)bibt + BAbiby — (07 + B)bib3
+ oy + 7 )babi — (afy + o’y)b3by + oy’ b
— (@ By + oy boaby — (o By + B*y)b3

— o?y?by — (af®y + By* )by — afy?

L. Funar
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B3bTb3bIby = (207 + af)bibabiby + (207 B + oy)biba b
+ oybib3by + BPh1b3bT — otbybyblby
— (2B + o7)bTbaby + (4 + y)bibab)
+ (a®y — af?)bibiby + (B + By + o’y)babiby
+ (o + Bb3bt + Bbby — (407 + B)bib)
+ ufy + 9" )babt — (afy + o' y)b3by + 4y’ b
— (@ By + o Ybaby — (o By + B3
—a??by — (af’y + By )by —afy? . O

This ends the proof of Proposition 2.1.

B. Appendix: The Quotient K3

We get below the complete proof of Proposition 2.10.
Since the dimension of P(3) = H(Q,3)/R(u) is 21 the following relations will
become identities in P(3):

b1bybiby = bybibyby (1)
byR(p) =0 (2)

These equations are written in implicit form. We must express all factors in terms
of the basis elements from B — B’ of the 21 dimensional module. We have seen
that R(u) may be reduced to a simpler relation

babiby = 3 Ayblbabl + bl b3b] + 3o vibsh
0 i
Lemma B.1. Equation (1) has the following solutions:
wij=u; and A;=4; forall i),
Hoo = iz — Bpoa; Moz = poi + opton; i1 = (af + Dor + Pror — opaa
doo = Az — Phoz; Ao = Aot + odoa; A= (aff + Doy + fhor — adia .
Proof. We have
bibabiby = 3 dib" bab + byt BIBY + 3 vt

ij
= yloabz + (oo + Aoa)biby + yAa1baby + (Ao1 + PAi12)b1baby
+ (Y2 + BA2)bibabt + (Aor + 2d2 )biby
+ pioababt + (A1 + ad12)bibaby + (2 + 0l )bibabi

+ p02b3 + (oo + Brio2)b1b3 + a1 b3by — (por + Bz )bib3b
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+ (o2 + B2 )b1b3b7 + (por + otpion )b7b3

+ puab3bt 4+ (i1 + op2)biB3by + (o + o bbby
+9v2 4 (vo + Br2)br + (i + av2)bi

and a similar expression (the symmetric one) may be written for byb?byby. By
comparison of these expressions and using the hypothesis (that the basis of L;
descends to one of P(3)) we find the relations stated above. [J

In the same manner we can write the system of equations derived from (2).
After we used the reductions from Lemma 2.9 we obtain the following quadratic
system (S): Set ¢; = Aoy + ap2; €2 = Aia + a5 €3 = Aga + opin,

0 =vo + c3do1 + (ca + acy — ey + af)Aor + (¢ — )i

+aBuor + (o’ — Bz + 2Bz (3)
0= (c1 — a+ fes)ior + (af + Desdor + (2 + iz, 4)
0=v;+(c; —a+ fec3)lor + (aff + Deshoy + c2hin

+ B + 2)por + af(@f + Dppor + B2z (5)
0=(1—aB+ Bei + 2+ B2es)or + (@B + 1)(c1 + Bes — %) Ao

+ (B4 o —aci + Pez — aPes)hin, (6)
0=(B+ (B +oap+ )es)hor + (B + 1+ c2 + (2 + ) + 1)es) o

+ (e1 + Per — afes — a)diz (7
0 = (c2 + ac3)dor + (e1 + acy + ocs — 0)doy + 3y + iz — B, (8)
0 =v2 + ((c2 + ac3)dor + (c1 + acy + ales — a)hoy + 312

+ (o + Ppor + (2f(o + B) + 2B)pon + oz 9)
0 = (fea + (af + 1)e3)lor + (0 + ez + oo + 1 — o)z ) dop

+ (c1 + (08 + B)es — WAz + por + Pz (10)
0= (c1 +acy + (&8 + f)es — oo

+ (et + a’er + (e + B) + 1))es — a(af + 1))

+ (c2 + ez + o Yinz + (2 + Doz + Pro » (1)
0= A2 = Bhoa + (c3 = Plptor + (c2 — ey +ocs — afpor + crpmz s, (12)

—B = (e1 + Pes = 20001 + (4B + D)es — o« Ypuoa + coptia (13)

0 = Jo1 + (¢ + Pes — Huor + (@ + 1)(cz — Buo + caa (14)
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~o = (Bey + 2 + BPes — 2uB)or + (0 + 1)(er + Pes — 2a)pon
+ (Bez —acr + 3+ o)z (15)
L= (Pey + (af + 1)ez — ooy + (2 + ez + a(af + Des — o Yoo
+ (¢ + Pes = 202, (16)
0 = (cz + acs + Do + (e + acy + o e3)on + captr (17)

0= 12+ (c2 + oe3 — of)por + (c1 + oy + 0Py — o P

+(c3 = Pz, (18)
0 = (Bea + (o + D)es + By + (f + 1)(er + aes + ga
+ (1 + (B =)z, (19)

0 = (c1 +acy + (&8 + B)es)par + ey + ocy + (&8 + B)es oo

+(c2 +acs + Dz s (20)
0 = c3vp + (c2 + acs + Vv + (¢ + ey + (0 + B)es —o)va 4+ pga,  (21)
0= cavo + (c1 + fes — a)vy + (Bea + (2 + ez )va + por (22)
0 = (c1 — a)vo + c3vy + (c2 +oc3)vy + 12 — Pz = 0. (23)

We are able now to prove the first part of the proposition. Remark that for
o = ff = 0, we obtain a unique solution for (S) namely:

0 0 . 0 . 0 0 .
Hor = ti, = 0; tor = — 1 oy =4 =0
2y =—1; W= =0 W=—1.

What it remains to show is that this solution gives indeed a quotient of dimension
21. So let Q be X* — 1 from now on. Let / be the ideal generated by the relation

Ry = bybtby + b1B3by + bibyby + bibybt + bIb3 + b3bT + by + b, .
Set also
Ry = bybybiby + bibybt + byb3bE + bib3by + Biby + byby + b} 4 b3,
Ry = bibybiby + bbb} + b2by + byb? + b1b3 + b2by + bbby +1 =0,
and denote by R C H(Q,3) the span of Ry, R}, R;.
Lemma B.2. We have an isomorphism of vector spaces I = R.
Proof. We remark that

biRy = Roby = Ry; bRy = Riby = Ry; biRy = Ryby = Ry .
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Since b} = 1, we derive b;b3bt = b3bib,. This implies also
byRy = Roby = Ry; bRy = Riby = Ry; byRy = Roby = Ry .

From these relations we find xRyy € R for all x,y € H(Q,3), hence I C R. The
other inclusion is trivial. [

Finally K3 = H(Q,3)/I will have dimension 21, as wanted, since dim¢ R = 3.
This ends the proof the proposition. [J
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