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Abstract. We investigate the stability of the super-KMS property under
deformations. We show that a family of continuous deformations of the super-
derivation in the quantum algebra yields a continuous family of deformed
super-KMS functionals. These functionals define a family of cohomologous,
entire cocycles.

1. Introduction

In this paper we investigate the super-KMS (sKMS) property of functionals w on a
quantum algebra. Our interest in SKMS functionals was inspired by work of
Kastler and by conversations with Alain Connes [C1, K, JLO2]. The sKMS
construction relies on the existence of a super-derivation d acting on a dense
subalgebra of a C*-algebra .. The square of d is the infinitesimal generator of a
continuous, one-parameter automorphism group o, of the quantum algebra. The
usual KMS property relates the cyclicity of a state w to the analytic continuation of
a group ¢, of automorphisms. The sSK MS property also involves invariance under
the super-derivation d whose square generates the automorphism group o,

It is known that an sSKMS functional on a quantum algebra defines an entire
cyclic cocycle 7. This is just the Chern character which Jaffe, Lesniewski, and
Osterwalder defined in the context of supertrace functionals on a quantum algebra
[JLO1]. The sKMS property ensures that the functional w — and the cocycle 7
which is derived from it — are invariant under this group action.

In this paper we study the stability of this structure under perturbations of d.
We study only bounded perturbations which arise from the graded (super)
commutator with an odd element g of the algebra .«/. We show that such
perturbations d, of d can be used to define a deformation w? of w which satisfies the
sKMS property. Furthermore, the corresponding family of cocycles t? are
cohomologous. Of course, more singular (unbounded) perturbations can lead to
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nontrivial perturbations of the cohomology, but we do not investigate this
question here.

Much of our analysis has an analog in the theory of KMS states, see for
example, [R, HKT, BKR, A, BR]. However, we carry through all the arguments
here without using a positivity property for w. In fact, we do not know a natural
positivity property which would lead to a GNS construction representing w as an
invariant, vector state in a Hilbert space. Nor do we know whether a positivity
property such as Osterwalder-Schrader positivity (or a spectral condition) holds.

Just as in statistical mechanics where a KMS state generalizes the notion of a
Gibbs state, an SKMS functional generalizes the positive temperature supertrace
functional. This allows us to deal with situations which occur in examples, both
finite dimensional and infinite dimensional. One interesting class of infinite
dimensional examples are supersymmetric field theories on a noncompact
manifold. The Hamiltonian of such a theory is a Laplace-Beltrami operator on an
infinite-dimensional, non-compact manifold. It will have continuum spectrum, so
the heat kernel it generates will not be trace class. This is also characteristic of
many other examples.

The line of several analytic arguments we use is the following: consider a
function f'(a, t) for ain an algebra o7 and t e R. For ain a dense subalgebra o7, C o7,
we know that f(a,t) is the boundary value of an entire function f(a,z) of the
variable z. Moreover, for z on the boundary of a strip 0 < Imz =1, we use the sSKMS
property to establish a bound of the form

|f(a,2)| = [la] exp(c|zl+c). (LY

Using a Pfragmén-Lindelof type theorem, we extend the bound (I.1) to the interior
of the strip. Since (I.1) is uniform in |a||, we can also establish the analyticity of
f(a, z) and the bound (I.1) for all operators ae /.

For some examples, such as [JL, JLW 1-2], the sSK MS functional w is given by
the supertrace of a trace-class heat kernel. In these examples, the related functional

e(@)=w(la)/w(T), (L2)

is a state. Here I" denotes the grading operator. However, in general I is not an
element of the algebra .«7; thus w(I') is not defined in general. This is the case if we
consider the heat kernel for a noncompact manifold M, where the heat kernel has
continuous spectrum and cannot be trace class. However, it may be the case that
the functionals w and ¢ can both be defined (e.g., as limits of functionals on a
sequence of compact approximations M, to M).

In this case, w and ¢ will have characteristically different properties. The
functional ¢ is normalized, ¢(1) = 1. On the other hand, w(1) should be topological
invariant of M. In a special case, where w is the supertrace weighted by the heat
kernel of a compact manifold, we can identify w(1) as the index of a Dirac type
operator on M. More generally, we define the abstract index of a super-derivation
d on a quantum algebra, relative to an sKMS functional w, by

i(d)=w). (L3)

This is a natural notion, invariant under deformations, as we see in the final
section.
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II. Super-KMS Functionals on a Quantum Algebra

In [JLO2] we define a quantum algebra as a quadruple (<7, I', «,, d), where
oA =of , ®oA_ is a Z,-graded C*-algebra. Let a=a, +a_ denote the decompo-
sition of ae.o/ into homogeneous components under the grading. Define an
involutive *-automorphism I of .«/ by a—a” =a, —a_. An automorphism of .o/
which commutes with I' is said to be even.

In [JLO2] we assumed that for ¢ real, o, is a continuous one-parameter group
of even, *-automorphisms of .«7. Here we only assume that ¢, is a continuous, one
parameter group of even, bounded automorphisms of /. Continuity means that
lo(a)—al —0, as t—0, for each a e .o/. Hence there exists a constant ¢ < oo such
that

fo | Se™, teR. (IL1)

If o, is a *-automorphism, then we may take c=0.
Let o/, denote the (norm dense) subalgebra of .« such that t—«,(A4) extends to
an entire, .«/-valued analytic function. Let
d
D=—i— I1.2
l dt (xt =0 ( )
denote the derivation (with domain .«,) which is the infinitesimal generator of «,.
Finally, we assume that d is a super (odd) derivation of .« with domain 2(d) and
range in #(#). We assume that <7, is a core for d and that d: &/, —<7,. A super-
derivation satisfies

df=—d, d(ab)=(da)b+a"db, (IL.3)
and that d is a square root of D, namely
D=d?. (IL4)

As a consequence, «, and d commute,
oaod=doa,. (IL5)

Definition 11.1. A super-KMS (sKMS)functional w on the quantum algebra («#, T,
a,, d) is a continuous linear functional on .o/ such that for all a,be .o/,

w(da)=0, and w(ab)=w(b a(a)). (IL6)

Composition of a functional w on .« with an automorphism o of .« defines a
functional 0w’ = w - 6. The functional w is said to be invariant under ¢ if w°=w. An
sKMS functional is translation-invariant and even,

o*=w, and o' =w.
Another property of sSKMS functionals is the integration by parts identity
w(a-db)=w(da-b")= —w(da" - b), (IL7)

which follows from (IL3, 5) and " =w. We use the notation a(t)=o,(a). As a
consequence of (I1.6-7), an sSKMS functional satisfies

w(a-dby=w(b-da(1)). (IL.8)



530 A. Jaffe, A. Lesniewski, and M. Wisniowski

Given an sSKMS functional on the quantum algebra (<, I', a,, d), we define the
function

w(age,(ay)... o, (ay,), (IL9)
for a;e .o/ and t;eR. Let 2,CC" denote the complex domain
2,={zeC"0<Imz, <Imz,<...<Imz,<1}. (IL.10)

Theorem IL.2 (Fundamental Theorem for sSK MS Functionals). Let @ be an sSKMS
functional for (o, I', a,, d) and let a,, ...,a,€ . Then w(ayx, (a,)...o, (a,)) is the
boundary value of a function, which we denote w(ay, (a,)...a, (a,)), and which is
holomorphic in the interior of 9, and continuous on the boundary. Furthermore, for
ze9,,

(0lagt (@) 2 ) S ol e 2 ﬂo lal (IL11)

where c is the constant in (IL1).

Remark 1. We do not wish to suggest by our notation that the operator o,(a) is an
analytic function of t. Rather the expectations w(ax (b)), etc., are holomorphic. It is
sufficient, however, to prove the theorem for a;€.2/,, j=0, ...,n, where <7, is the
dense subalgebra of entire elements of .«7. The estimate then extends by continuity
to all a;e o/, since the upper bound (I1.11) only depends on a; through its norm.
However, since for a; € </, (IL9) is an entire function of ¢,, ..., t,, we infer from the
Weierstrass approximation theorem that (I1.9) is holomorphic in the interior of &,
for all a;e .o/

Remark 2. An sKMS functional is not necessarily positive. Hence for doing
estimates we have to bound w by the positive functional |w|, which according to the
general theory, see e.g., [P], is defined as follows. For w there is a unique
decomposition

=0,y —w;_)+i(w, —w,_) (IL.12)
with @, + =0 and w,, Lw,_. Then
lol=w+ +w_-+w,, +w,_
is positive and satisfies
lw(a) = || (1) [lal . (IL13)

Remark 3. As was shown in [JLO 1], this estimate (II.11) follows immediately in
case o,(a)=exp(itH)aexp(—itH), where 0< H = H*, where e ¥ is trace class, and

where w is a supertrace.

Lemma IL3. Let f be holomorphic in the interior of the strip 9,={z=x+1iy:0=¢
<y =1} and continuous on the boundary. Assume there are constants C, ¢ such that

|/ (2)| £ CeH, (IL12)
on the strip. If in addition the function f satisfies the estimates

If(x+ie)| S Me™  and |f(x+i) < Me™ (IL.13)
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on the boundary of the strip, then for all ze 9,,
|f(2)] € Mect1+ 1), (IL.14)

Proof. For ¢=0, this is a standard Pfragmén-Lindelof type theorem. Applying this
theorem to f(z) (cosh((nz)/4))~““™ yields the bound

F@I 240 Met,
Since 24/™ <e, we have the bound (I1.14) as claimed.

Proof of Theorem 11.2. We assume that a;es/,, so the function
w(aen,(a,)...a, (a,) extends to an entire function on C". Thus we need only
establish the bound (I1.11). We proceed by induction on n. Let (i,) denote the
estimate (I1.11). Clearly (iy) holds, as

(o)l = || (1) aoll -
We now show that (i, ;) is a consequence of (i,). Let
f(Z) = w(aoaz,(‘h) cee o(z,.(an)ocz(an + 1)) .

We fix z,,...,2,€ 9, and let (zy, ...,2,,2) €D, , ;. First we prove that the a priori
bound on f(z) in the strip Zy,,. . Note that for a;e %,

o, (@) | < e oty (@) -

Furthermore, 0<...<Imz;_; <Imz;<...<1,s0 [Imz] < 1. We can define a norm
I 1l, on o7, by

© 1 )
—_ - J
lal,= % 771Dl
Then
0 1mz, (@)l = llaj]l, -
We thus have
n n+1
[f (@)= |o| (1) exp (C .Zo lRerl> <J_[0 Hajlla> exp(c[Rez|)=Cexp(c|Rez]),
j= j=

where the constant C is given by
n n+1
oo} (1) exp <C 2 IRerl> I1 lla;ll,-
j=0 j=0

Now we bound f(z) on the boundary of the strip Z,,,,. For Imz=1Imz,, we infer
from the induction hypothesis (i,) that

If(ReZ + l Imzn)' = |w(aoaz1(a1) e o‘ilmzn(aRez"(an)aRezn+ 1(an+ 1)))[

<lol (1) exp (c <n+ b IRezjl)) (no naju) e (@) e 1)
But

lotRez, (@) trez, . (@04 )] Sexp(c|Rez,| +c[Rez)) [a,] (a4l
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SO

n+1

|f(Rez+ilmz,)| <|w| (1) exp (c <n+ éo |Rezj|>> (L]O ||aj||> exp(c|Rez]),

which is the desired bound.
Secondly, on the other boundary Imz =1, we use the SK MS property to obtain
the estimate: we have

f(RCZ + l) = w(ao“z,(‘h) tee o(z,,(an)o‘i(O(Rez(an-(» 1)))
= w(aRez(ar{+ 1)“0%,(“1) s azn(an)) .
Thus from (i,) and
lorez(ans )l Sexp(c|Rez)) |a, 44,

we infer

n+1

|f (Rez+i)| <|w| (1) exp (c <n+ éio |Rezj]>> ('Bo ]Iaj|]> exp(c|Rez]).

We apply Lemma I1.2 in the variable z to obtain (i, , ,), which completes the proof.

III. Perturbation Theory

In this section we consider the perturbation of the super-derivation d by an odd
element g both in 7 and in the domain 2(d) of d. Define the bounded super-
derivation ¢, by

da)=qa+(ag)" =qa—ad'q, (II1.1)
and the perturbed derivation d, by
d,=d+4,. (ITL.2)

Let d*a=(da*)*" be an adjoint super-derivation. With this definition, d; =d,
when d=d* and g=g*. The square of d, is the derivation

D,=(d,)?=d*+ad(Q), (IIL3)

q

where
Q=Qq=dq+q2 (I1L.4)

is the curvature determined by g. Since g is bounded, the assumption that g is in the
domain of d is equivalent to Qe .7, . Also Q=0Q*, if d=d* and g=g*

Let «, denote the group of automorphisms of .7 generated by D =d?*. We define
of as the group of automorphisms of &/ generated by D,. Explicitly,

af(a)=exp(itD,)(a). (TIL.5)
We also use the group of transformations

%(a)=exp(it(D + Q)) (a). (I1L6)
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Standard perturbation theory then yields the following:
Theorem IIL.1. With the assumption q€ .o/ _N9(d), the perturbation series

od(a)= Z (@)" | ad(ous,(Q)...ad (o, () (a)ds; ...ds,, (IT1.7)

n=0 On

where @, denotes the simplex 0<s, <...<s,<1, and
Yia)= Z (it)" j(xm Q). .o, (Qafa)ds, ...ds, (IIL.8)

converge in norm to the groups ol and y? respectively. They are bounded by
oI, v#ll <exp(M + Mlt)), (I119)

where
M=M(Q)=c+2e||Q], (I11.10)

and where c is the constant in (11.1).
If «, is a *-automorphism and if Q is self adjoint, then ||of||=|y#] =1.
Finally, if q,q" are two such perturbations Q, ', then

lof =o' |, Iyf—rf | S2 Q- [ele™+™1, (ITL.11)

where
M=M(Q)+M(Q).

Proof. We study o in detail. The treatment of 77 is similar. Let us first estimate the
norm convergence of (II1.7). We use

lad(a ()] =2|€2] exp(clt]).

Furthermore, we note that for ¢=0,

cn

[ exp <c ) sj> ds, ...ds,< % (I1.12)
On J= .
Thus the n'* term in (II1.7) is bounded in norm by
1
lall (2[¢] €] )y et i (I11.13)

Summing over n yields the bound for || <1,
llof | Sexp(c+2(|Q2] ).
For |t|]>1, we can choose ne Z , such that |t/n| <1, and n=|t]+ 1. Thus
llo | = [l ()" | S explc+ 212 €) (2] + 1),

which is the bound (IIL.9) as claimed for of.
Clearly, we can estimate the norm of o —af  in a similar fashion. The factor
Q" in (IIL.13) will be replaced by

n—1

j;o Q" 7 Q—Q | Sn(QI" ' + Q)" ) Q- .
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Summing over n yields (II1.11) for of —ad'.

The convergence of the sum (I11.7) shows that o is well defined and bounded,
when defined as this sum. We identify «f as (II1.6) by showing that of satisfies the
differential equation

—i % af(a)=D ,oi(a) (111.14)

with the initial data satisfying
lim |lod(a)—a| =0. (ITL.15)
t—-0
The uniqueness of the continuous solution to (I11.14) with given initial data shows
that «f is the desired automorphism (I11.6).

Let us first observe that the group property of «f(a) follows from the
rearrangement of the power series (I11.7), namely

dnd — 49
Ay =y 5+

Secondly, we observe that continuity of of in ¢ follows from the group property and
continuity at t=0. Since by assumption

lim fjo(a) —a =0,
10

we conclude that as t—0,
led(a)—all = llaf(a) — ola) | + (@) —all
0@ (121 llal +o(1)=0(1),
where we use (II1.11) to dominate the first term.

Thus our analysis of «f is complete if we can establish (II1.14) for a in the
domain of D,, which equals the domain of D. Using the group property, we need
only establish the equation for ¢t =0. Furthermore, the integration over s in (111.14)
ensures that, if a is in the domain 2(D) [or 2(d)] then each term in (I11.14) is also in

2(D) (or 2(d)). Thus we can use the estimate (IIL.13) to justify term by term
differentiation of the series (I11.7) to obtain

d
i o(@l-o=(D+ad(@) (@=D,fa).

Alternatively, we see that of: 2(d)— 2(d). This completes the analysis of «f. The
study of y? is similar, except that we obtain the equation

—i % y¥a)=(D + Q)y%(a). (ITL.16)

In the course of proving the theorem, we have also established the following
Proposition IIL.2. With the assumption q € o/ _ nD(d), the groups ol and y? map 2(d)
into 2(d). If furthermore ac 2(D), then ol(a) and y¥(a) are differentiable and satisfy

—i % o¥(a)=D of(a)=o¥(D,a) (1.17)



Super-KMS Functionals 535

and

—i % y¥a)=(D +Q)y%a). (ITL.18)

We remark that if there is a self adjoint H such that
aa)=e"Hae "M
then the perturbed automorphism has the form
od(a)=e"H+Dge~tH+D (ITL.19)
and
14 (a)= " H*Age il (I11.20)

These transformations of and y? do not necessarily continue analytically to
complex t on the algebra .7, unless also Qe .«Z,.

Theorem IIL3. (i) Let ge o/ _n9(d) and let w be an SKMS functional for (o/, T, o,
d). Let aje o, j=1,2,3. Then the function

w(ayXa,)o(as)) (I11.21)
which is defined for real z, has an analytic continuation in z into the strip
0<Im:z<1

to a function which we also denote by (I111.21).
(1) In addition,

3
lo(aydaz)o(as))| < ol (1)e™: 'H1 la;lf, (IT1.22)
j=
where
M, =2c|Rez|+|z| | 2] eRe=l (111.23)

(i) If q,q are two such q’s, then for each z in the strip
3
lw(a,yHas)o(as)) — wlayi (az)e(az))l = O(]|Q — ) _Hl la;ll,  (11L.24)
=

as |Q—Q'||-0.
(iv) For z=i, and a,be </, we have

w(abyi(1) =w((bi1)aa)). (I11.25)

Proof. We use the expansion (IIL.8) for o? to write for real z

f(z)= ;0 (iz)" | w(ay0,4,(Q)... 0 (Qa(as)o(asz))ds, ...ds,.  (111.26)
We now infer from the fundamental Theorem I1.2 that each term on the right of
(IT1.26) can be analytically continued in z into the strip 0 <Imz < 1. This requires
0<s,=<...<s,<1, which is the case on o,
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We now prove that the series (111.26) is absolutely convergent and bounded by
(IT1.22). It follows that the limiting function f(z) is also analytic. From (IL1.11), we
conclude that the n™ term in the sum (II1.26) is bounded in absolute value by

ol (1) <ﬁ HajH) Q" |z"e*IRe=l | exp <c[Rez[ i sj> ds,...ds,
j=1 On Jj=1

which by (I11.12) is bounded by

lwl (1)<1j1 “aju> 2clRez| (IZI 12| ec|Rez|)

Summing this bound over » yields (I11.22). The proof of (I11.24) is similar.

The proof of (IIL.25) follows from applying the sSKMS property for w to the
analytic continuation of (IT1.26) to z=1i, in the case a,=1. We can first assume
Qe o, and then pass to a limiting Q€ .«/ using (I111.24).

IV. Stability of the sSKMS Property

Let w denote an sSKMS functional on (##, I', o, d). Let g€ o/ _n%(d) and let Q=Q,
=dg+q*. As a consequence of Theorem II1.2, the functional
w¥(a)=w(ayi(1)) Iv.y
can be obtained by analytic continuation of w(ay#(1)) for t e R. This has the sSK M S
property associated with d,=d+9,.
Theorem IV.1. If wis ansKMS functional for (o, T, 0, d), and g € o/ _ND(d), then
w? is an SKMS functional for (o, I, of, d,).
Lemma IV.2. Fortreal, a,be s/, q as above, and w an SKMS functional for (<Z, T,
o, d), we have
o(a(dyi(l) + gy{(1) —{(Da(q)) =0, (Iv.2)
and
a(b(o(a)y{(1)—yi(1)ala))=0. (Iv.3)

Proof. Note that 1€ 2(d), so Proposition II1.3 ensures that dy?(1) is defined. Tt is
then sufficient to establish (IV.2-3) for g € .«Z,, since the continuity estimate (IT1.11)
then allows us to pass by continuity to g€ .o/_N2(d).

The first identity follows by studying the derivatives of the operator valued

function
e(t)=dy{(1)+qy{(1) — (D a(q) . (Iv.4)
Clearly ¢(0)=0, and we now see that ¢™(0)=0. Using (IIL.16) for 7%, we obtain
de(t) g . .
—i—==(d+q)(D+Q)y{(1)— {(D+Q)yi(1)} xfq) — (D (Dg).
We use

D+Q=(d+q?,



Super-KMS Functionals 537

so D+ Q commutes with d +¢. Therefore

4%?=w+mwy

It follows that

_ Ol oper  —o.

£"(0)
dt" =0 1=0

Each term in (IV.2) is real analytic in ¢, as a consequence of Theorem I11.3.(i). Thus
the vanishing of all derivations at t =0 ensures the vanishing of (IV.2).
In order to establish (IV.3) we study

E(t)=of(a)y{(1) —y{(D)a(a).
Again E(0)=0. We claim that

—i? =(D+Q)E(), (IV.5)
which establishes (IV.3) by repeating the above analysis. But
dE(t
12O (D + ad @)@} 401) o) (D + 1)

—{(D+Q)yi(1)} (@) —y#(1) Dar(a)
=(D+QE®),
to complete the proof.
Proof of Theorem 1V.1. We first show that
wid,a)=0, aeZ(d).
Using integration by parts (IL.7), and the fact that y? is even, we obtain
o(a"dyi(1)) = — o(dayi(1)).
Hence by (IV.2),
o((da—a"g)yi(1) = — w(ayf(1)alq) = w(ayi(1)o(q)).

Using Theorem II1.3, this analytically continues in ¢ to the point t=i. Using
definition (IV.1), and property (IIL.25), we obtain

wi(da—a"q)=w(ayi(1)a(q) = w(q ay!(1)) = — w¥qa).
In other words
wlda+qa—a'q)=wid,a)=0,

as claimed.
Next we use (IV.3) to give

w(b ef(a)yi(1) =w((d" (D ala).
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Again Theorem IIL.3 assures an analytic continuation to t =i, while using (II1.25)
we obtain

w¥(b"ad(a)) = wUab).

Hence we have verified the SKMS property as claimed.

V. Homotopy Invariance of the Chern Character

Let w be a sSKMS functional. Recall [JLO1-2, K] that the Chern character
7={T,}nz0 ON the quantum algebra (=, I', «,, d) defined by w is

Tlgs A5 @) =1 | w(aoaisl(daf)aisz(daZ)(xih(dag)

On

<O (dal)ds ... ds,, (V.1)

where ¢,=nmod2. Our present formulation does not require that a, is a

*-automorphism, but the algebraic constructions of [JLO 1-2, K] still apply. The

analytic estimates are a consequence of Theorem I1.2. We introduce Connes’ entire

cyclic complex with coboundary operator 0, see [C3, JLO 1-2] for the definitions.
We consider now a deformation of d defined by

dyy=d+ 0403, (V.2)

where [0, 1]3 1—¢q(1)e.o/_n2(d) is continuously differentiable. Let w?® be the
corresponding sSKMS functional defined in Sect. IV, and let t* denote the Chern
character associated with w?®.

Theorem V.1. With the above definitions, t* and t are in the same cohomology class.
In fact
d

5T =06, (V.3)

where G*e €(/) is given by
n—1

Gr/}— (ag,ay, .oy @y y) = —i™ ‘Zo (—1)y | w"(’”(aooc?;f)(dq(l)af)...
i= On
j - 2 n
Lo X oc‘?(“(dqu)af’)oﬂ(“ (G(A)) g (dq(i)a]rfl )...oc?s(j)(dq(l)anr_ Jd's. (V.4)

is; iSj+1 iSy+2

Proof. The sequence G*={G,} satisfies the entire growth condition, as follows
from the estimates of Sects. II-IV. In fact,

1 . "
IGa(@o, ay, .. a,)| < ) C"le™ | (1) 4] llao] .I—[l Idgeaayll,
. J

with C a constant independent of 4. Since

ldgnall = lldall +2llq(A)] llal = C(lall + |dal)=Cllall,
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uniformly in A€[0, 1], it follows that

1
IGi(qO’qlr'--,qn)lé Cn H ”a “*9 (VS)

with C,, C, < 0.
The algebraic identity (V.3) is a consequence of the following two identities:

Ot"”’(a)— J Lol a), o0f P d gy d(A)]ds (V.6)
and

7 yA) [ o dy G (A)dsyi(1), (V.7)

and the identities of [JLO1, GS, K, EFJL].

Definition V.2. The index of the super-derivation d relative to w is defined by
i(d)=w). (V.8)

Corollary V.3. Theindex of a super-derivation is stable under bounded deformations
of the form (V.2),

io(d)=ipdd,). (V.9)
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Note added in proof. In a recent preprint entitled “Algebra cochains and cyclic cohomology”,
D. Quillen has related the cocycle constructed in [JLO1] to his notion of superconnection.





