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‘Abstract. We consider compositions of random diffeomorphisms and show
that the dimension of sample measures equals Lyapunov dimension as
conjectured in the nonrandom case by Yorke et al.

The role of dimension has long been recognized in the study of chaos (see [ER]).
Roughly speaking, the dimension of a set measures the amount of information
necessary to specify points within it accurately. In practice it tells us how many
variables we should use to parametrize the set [Man]. This information is
particularly useful for dealing with attractors of relatively low dimension embedded
in a high, possibly infinite, dimensional phase space.

Various methods of experimentally computing dimension have been devised.
A widely used procedure is to estimate dimension via Lyapunov exponents,
computing a quantity called Lyapunov dimension introduced by Yorke et al
[FKYY]. The validity of this procedure relies on Yorke’s conjecture, a version of
which states that “typically” Lyapunov dimension equals the usual notions of dimen-
sion. This is true for attractors on surfaces [Y] but when the phase space has
dimension greater than 2, Yorke’s conjecture has not been mathematically verified.

In this paper we do not deal with the conjecture in [FKYY] exactly as it is
stated. Instead, we assume that our dynamical system is subjected to certain types
of stochastic noise. We prove under this assumption that Yorke’s conjectured
formula for dimension is indeed mathematically correct. The model we use consists
of composing random diffeomorphisms with some conditions to guarantee genuine
randomness. We prove that in this setting Lyapunov dimension is equal to the
dimension of the sample measures, i.e. the natural invariant family of measures
associated with individual realizations of the random process. Our results are
applicable to flows arising from stochastic differential equations.

Introduction

Consider first the nonrandom case. Let f:MY) be a diffeomorphism of a
compact Riemannian manifold preserving an ergodic Borel probability measure
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m, and let A, > --- >/, denote its distinct Lyapunov exponents. The authors of
[FKYY] conjecture that if f has an attractor and m is its Sinai—-Bowen—Ruelle
measure, then, pathological cases excepted, the capacity of the attractor is given
by a quantity they call the Lyapunov dimension of the attractor. This quantity is
an expression involving the 4;’s and their respective multiplicities. We shall denote
it here by 2(4,,...,4,) and refer the reader to Sect. 1 for its explicit definition.
Later on, with dim(m) denoting the dimension of the measure m, we show in
[LY1] (see also [T]) that for every ergodic invariant probability measure m,

dim(m) £ Z(4y,..., 7).

In fact, we show that in order for dim m toequal #(4,, ..., 4,), the partial dimensions
of m must assume a special configuration: m must take on maximal dimension in
the directions corresponding to 4,,...,4; before “spilling over” into the 4,
direction. In particular, m must be a Sinai—-Bowen—Ruelle measure.

We do not know how prevalent SBR measures are, or if this dimensional
configuration is generic among difffomorphisms preserving SBR measures. We
will show however that the above configuration is a likely scenario for stochastically
perturbed dynamical systems.

More precisely, let v be a probability measure on Diff(M), the space of
diffefomorphisms of M. We consider the composition of maps chosen independently
with distribution v. This process together with an ergodic stationary measure u
will be denoted % = 2 (M, v; ). Let {u,,weDiff(M)"} be its associate family of
sample measures. That is, if w = { f, },.z, then u, gives the conditional distribution
on M at time O given that { f, }, -, has been applied. Recall that Lyapunov exponents
for & are well defined and are nonrandom. We continue to denote them by
Ay > >4,

In [LY2] we proved an entropy formula in this random diffeomorphism setting.
To prove this entropy formula, it is sufficient to assume that the transition
probabilities of Z have densities, so that the image of each point is smeared. Here
we ask for a little bit more. We need to assume that the process randomizes the
relative positions of all pairs of nearby points. This can be formulated in various
ways; see hypotheses 4, 4" and B in Sect. 1.

Main Result. Suppose Z'(M,v;p) satisfies Hypothesis A, A" or B, and A;+# 0V
Then, for v*. a.e. weDiff(M)’,

dim(g,) = Z(4y..... 4,).

The proofs of this and other results are carried out in Sects. 3 and 4. In Sect. 5,
we attempt to verify some of our hypotheses for stochastic flows.

1. Definitions and Statements of Results

(1.1) Setting. The general setting of this paper is identical to that in [LY2], as are

! The limit in the definition of dim(m) does not always exist. We actually prove this inequality using
lim sup
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all the basic notations. We recall them for the convenience of the reader. A more
detailed discussion is given in [LY2].

It is assumed throughout that M is a compact Riemannian manifold, Diff2(M)
is the group of C? diffeomorphisms of M onto itself, and (£2, %) is a probability
space identified with Diff?(M) together with its natural Borel o-algebra. For wef2,
we denote the corresponding diffeomorphism by f,,. Let v be a probability measure
on (w, #) satisfying

flog™* [ f,lc2v(dw) < + o,
Jlog*|f 5 cav(der) < + .
We consider the composition of {f, }»>_,, where the w,’s are chosen

independently with distribution v. Let u be an ergodic stationary measure for this
process, i.e. u satisfies

w=| fouvide)

and is extremal with respect to this property. In the rest of this paper, this stationary
process will be referred to as Z' (M, v; p) or simply %.

Associated with &' (M, v; ) is a canonical family of sample measures {u,,weQ”}.
This family is the unique measurable family of probabilities on M satisfying

1) fwo#@ = :uugv Where ((i))n = CU,,, (TC_U)n = wn+ 1>
i) w—p, depends only on w, for n<0,
and i
iii) fp, v (dw)=p.

Most of our arguments are carried out in the context of the skew product
representation of &, which is given by the measure preserving transformation
F:(Q27 x M), with
F((i)a X) = (T@a fwo x))
and
#*(dw, dx) = v* (do)u,(dx).

(1.2) Definition of Key Words. For weQ? and n=0, let
Z):f(”n—lo “Of“’o
“n_ -1 5, . of"1
f‘i’ —fwn—l f(‘)n—l.

The numbers 1, > --- > A, with multiplicities m;, ..., m, respectively are called the
Lyapunov exponents of Z if for u* — a.e. (w, x) there is a splitting

TxM= El(@ax)® ®Er((i),x)

such that dim E;(w, x) = m; and v # Oe Ej(w, x) if and only if

and

1
lim ~log|D(f7},),v|=4;

n— o

and
1
lim ~log|[D(f, "0l = —4;.

n— oo
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The integrability condition in (1.1) and the ergodicity of u guarantee that these
numbers exist. We will always assume that 1, >0, for otherwise our statements
hold rather trivially.

Let E/ = @E For j with 4; <0, we define the stable manifold corresponding

to E/ at (cg,x) to be

. 1
Wi(w,x) = {yeM lim sup - logd(f},x, f1,y) = }

n— oo

The Lyapunov dimension of Z is defined exactly as in the non-random case (as
K

introduced in [FKYY]). Let K be the largest integer so that ) A;m;>0. Then
j=1

the Lyapunov dimension of Z is defined to be

K
dimM if Z dim M
D5 ) =19 ¢
Y mj— Z A;m;  otherwise.
j=1 K+1J=1
We use 2(44,...,4,) to denote Lyapunov dimension to stress the fact that despite

the terminology, Lyapunov dimension in general does not necessarily have the
geometric properties of a dimension.

Finally, the dimension of a finite Borel measure m on a compact metric space
is defined to be o, written dim(m) = o, if

lim logmB(x, ) _
0 loge
for m —a.e.x. (Here, as in the rest of the paper, B(x, ¢) is the ball of radius ¢ about
x.) We are interested in the dimension of the #,,’s. Clearly, if dim(p,,) is well defined
for ae. w, then w —dim(y,) is constant v? ae.

Throughout this paper, whenever X is understood to have a natural Riemannian
volume, we use the term “Lebesgue measure on X to denote the measure associated
with this Riemannian volume.

As mentioned in the introduction, there are various ways of formulating the
hypotheses that would give the desired result. We state a few versions in the next
two subsections.

(1.3) Version A of the Result. Let L be the smallest integer so that Z Aim; <0

(ie. L=K +1 for K in (1.2)).
Recall that E/ = (PE,.

izj

Hypothesis A. For p—ae.x and j=L,L+ 1, the distribution of w— E/(w, x) is

absolutely continuous with respect to Lebesgue on the space of < Y mi>-planes in
iz

T.M.
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Theorem A. Let (M, v; ) be so that the measure u is absolutely continuous with
respect to Lebesgue on M and A;#0 for all j. Assume Hypothesis A is satisfied.
Then, for v —a.e.,

dim(,) =Dy, ).

Theorem A is proved in Sect. 4.
We mention also a stronger set of hypotheses that appears quite naturally.
Recall that the Grassmannian bundle of M is:

dim M
Gr(M) = k; Gr(M, k),

where Gr(M, k) is the bundle of k-dimensional subspaces of tangent spaces to M.
We define the “backward derivative process” associated with & as follows: for
veGr(M) and I = Gr(M), the probability transition kernel Q(v, I') is

O, I =v{w:(Df ;' )vel}.

Hypothesis A'. For all veGr(M), the probability Q(v,-) is absolutely continuous
with respect to Lebesgue on Gr(M).

Theorem A’. Theorem A continues to hold if Hypothesis A is replaced by Hypothesis
A :
In Sect. 5, we show why Hypothesis A’ implies Hypothesis A and we indicate
why Hypothesis A’ is easy to verify for stochastic flows.

(1.4) Version B of the Result. In (1.3) we assume essentially that there is some
diffusion on the derivative level. We now give a nonlinear version of that, formulated
in terms of two-point processes. As we shall see, one advantage of this new
formulation is that it yields absolutely continuous transverse measures.

Let (x,z)—>v™? be a measurable family of probability measures on Q2 with the
property that for Lebesgue-a.e. fixed x, {v**,zeM} is a family of conditional
measures associated with the partition P, on Q defined by P,(z) = {w:f,x =z}.
For all yeM, we let P, ,(y,") denote the image of the measure v*** under the map
w-f,y, and p}* denote the density of P, .(y,") if it exists.

Hypothesis B.

i) For Lebesgue-a.e. (x, z) and all y the measure P, ,(y,")is absolutely continuous
with respect to Lebesgue on M.
ii) For all £ > 0, there exists G; = M x M with Lebesgue (M x M\G,) =0, and
a measurable function &,:G;—#" such that for all (x,z)eG, and all y with
d(x,y) < 4(x,2),
p;,z é d(X, y)—-dim M—é'

Observe that when Hypothesis B is satisfied, then for all y the measure
P(y,") =v{w:f,ye"} is absolutely continuous with respect to Lebesgue on M. This
can be seen by integrating condition i) over z. Also when i) is satisfied, condition
i) gives a scaling for the density p;'? in terms of d(x, y). To see that this is in some
sense a natural scaling, consider for instance a probability ¥ on GL(n, %#) with a
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bounded density and estimate the density p, of the image of ye#" under these
random linear maps as |y| goes to zero. See also [Le] for a class of stochastic
flows for which Hypothesis B can be verified.

Theorem B. Let (M, w; ) be so that 1;# 0 for all j and Hypothesis B is satisfied.
Then, for ae. @
dim(u,)=2(2y,.... 4).

We now state the geometric property of transverse measures alluded to earlier.
Let j be such that ;<0 and let d; = Zm =dimM —dim E’. Let S« %% be a

compact subset and let D be the unit dlSk in 24 ¥ A mapping @:S x D> M,
{w} x M is said to define a continuous family of W/-disks if it is a topologlcal
embedding and for each seS, @|y,,, maps diffeomorphically onto an open
subset of Wi(w,x,) for some x,. We say that {u,} has absolutely continuous
transverse measures with respect to WY if for a.e. w, whenever @ is as above and
U(D(S x D)) >0, then u, |®(S x D) projected along these Wi-disks into any
smooth transversal X is absolutely continuous with respect to Lebesgue on X.

Theorem B'. Let 2 be so that /;# 0 for all j and Hypothesis B is satisfied. If 1; <0
and d;<dim(u,), then {u,} has absolutely continuous transverse measures with
respect to W, )

Theorem B and Theorem B’ are proved in Sect. 3.

2. Preparations for the Proofs

In this section, we recall some known facts from the smooth ergodic theory of
random maps. These facts were first established in the nonrandom case, and have
been observed to carry over easily (see e.g. [Ki,Ca, LY2]).

(2.1) Properties of Local Stable Manifolds. Let us agree to write F/(w, x) = E/(w, x)™,
the orthogonal complement of Ef(w,x) in T.M. We fix j with 4;<0 for the rest
of this subsection.

Let ¢ >0 be given. Then there are positive numbers C,,a, Dy, f, Ey, 99,0, and
a measurable set

A=A(Cy,2,Dq, B, Ey,00,61) =27 x M,
such that the following five properties hold:

(i) A depends only on x and w,,n =0, and p*A=1—-e.
(i) For (w,x)eA and n =0,

veE (@, x)= [ (Df})v] < Coe" ™72 0],
veF (@, x)=[(Df3) vl =2 Cole e p ]|
(iii) For each (w,x) in A, there is an embedded < Y m,->-dimensiona1 disk Wi(w, x)
Ny
such that
a) Wi(w,x)={yeW(w,x):d(y,x) < a}, where d’ is the metric along W/(w, x),
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b) exp; ' Wi(w,x) is part of the graph of a function g, .:E'(®,x)— F/(w,x)
satisfying

ig,.0=0,
ii. Dg,.(0)=
i, [Dgw,x|51/1000,
iv. Lip(Dg,,.) < Co,

and
o) If z,,z,eWi(w, x), then d(f"z,, f"z,) £ Coe"**9di(z,, z,) for all n 2 0.

(iv) Let A, ={xeM:(w,x)eA}. Then for each @ with A, non-empty, the map

x— E(w, x) is locally Holder continuous on the set W4 (A U Wi(w, x).
Xx€A,
In fact, for all zlzzeWg(A@) with d(z,,2,) < 0, -

dist(E/(@, 2,), E/(@,2,)) < Dod(z,, 2,)".

[We have this estimate on the entire set Wi(A,,) (as opposed to just A, ) because
by virtue of (iii)c), property (ii) holds for all points in Wi(A ) with a slightly weaker
constant.] )

Property (iv) follows from Proposition 5.4 of [BK]. We remark that since we
do not have uniform bounds of Df and D?f, the Holder constant and the
Holder exponent depend on w. The constant a in [BK] must be replaced by
a(w) =sup(1/n)log| f7.2.

Finally:

(v) Let w be such that A is non-empty. For xeA_, let T; and T, be exp,-images
of small disks parallel to F/(w, x) and at a distance smaller than &, from F/(w, x).
Then the map  from T; " Wi(A, N B(x,d,)) to T, by sliding along Wi-leaves is
absolutely continuous with |Jac()| < E,.

See [BN] or [KS] Chap I1.12 for a proof of this absolute continuity property for
the iteration of one map using only positive iterates. The proof here for each fixed
sequence w is identical to that for one map; once again, some of the “constants”
now depend on w.

(2.2) Dimension Properties. We recall the definition of “partial dimensions” for
{#,}- These are numbers y;,i=1,...,r, with the following properties:

(i) 0y, =m; for i=1,...,r

(i) yi,=m, i =0,
(i) Y =0,
i=1

lo X, r
(iv) lix?qs(:lp ~——g ﬁ;uga) ) =Z

_ia

for u* — a.e. (», x). (This number will be denoted &; ¢ is defined analogously using
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lim inf. When ¢ = ¢ we write ¢.)
(v) If 4;<0, then )y, is the dimension
iz

of the conditional measure of {u,} on W’; an analogous statement holds for Y’
when 4; > 0. =
The precise meaning of the “dimension of conditional measures on WJ” as
defined in [LY1] is as follows. (One could also say this in terms of continuous
families of W/-disks as in (1.4).) Let ¢ be a measurable partition on 27 x M
subordinate to W7, that is, if £, denotes the restriction of ¢ to {w} x M, then for
ae. (w,x), &,(x) contains an open neighborhood of x in Wi(w,x). Let {uS(x)}
be a canonical family of conditional measures of u, associated with &, . Let
Bl (x,¢) = {ye Wi(w, x):d/(x, y) < ¢}. Then property (v) says that for u* — a.e.(®, x),
log 45 Bi,(x, )

ELH; loge gjy"'

See [LY1] for the non-random version of the results stated here. The proofs
in the random case are parallel, as mentioned in [LY2].

Suppose now that the stationary measure u is absolutely continuous with
respect to Lebesgue on M. Then Pesin’s entropy formula holds, or equivalently,
{u,} has absolutely continuous conditional measures on unstable manifolds [LY2].
Then, if u is ergodic and 4; # 0 for all j, we have

G=0= Zyi (see [LY2]).

Observe that these conditions are satisfied under the hypotheses of Theorems A,
A’, B and B'.
Finally we mention the relation between Lyapunov dimension and the y;’s. It

is easy to check (using property (iii) above) that )y, < 2(A,,...,4,) always, and
i=1

that if ) A;m; <0—which is always the case for % (M,v;u)—then equality is
i=1

attained if and only if there is a critical number j, denoted j,, so that

)= m; for j<j,

7|0 for j>j.
and

0<y;, =m,;,.

Thus under the hypotheses of our theorems, this dimensional configuration is both
necessary and sufficient for the desired dimension formula

0=D(Aiy-.., 4,)

3. Proof of Version B of the Results

In (3.1) we sketch the main ideas in the proof of Theorem B. The statements in
this subsection need not be technically accurate. The formal proof is carried out in
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(3.2) and (3.3), and Theorem B’ is proved in (3.4).

(3.1) Strategy of Proof of Theorem B. Let j be such that 4; <0. First we attempt
to define a notion of “transverse dimension” for u, with respect to W-. That is,
we project u, along Wi-leaves onto a transversal in M and call its dimension ;.
(Actually we do not show that this transverse dimension exists, but ignore this for
now.) Recall that d;=dimF’ and ¢ =dim(y,), which under the hypothesis of
Theorem B is well defined and equals ) y;. The main ingredient of the proof is to

show that
t; 2 min(o, d;). (*)

The proof of this assertion relies heavily on Hypothesis B and is influenced by the
ideas in [Mar]. There is another inequality which is a simple and general fact

about adding the dimensions of fiber and transverse measures, namely,
2T+ ) v (%)

izj

We now argue how (x) combined with (#*) give the desired result. Consider
j=rr—1,...,in descending order. Initially we may have ¢ <d; (or we may not).
Suppose o <d;. Then (x) and (**) together imply that ;=0 for all i= j. Let L
be the first j so that ¢>d;, so in particular y;=0 for all i> L. We observe
immediately that 4, <0, otherwise y; =0 for all i with 4; <0, which is impossible

since
Z (—A)yi= Z Ayi= Z Aim; > 0.
<0 >0 A

>0

Now () and (*x) tell us that
g g dL + Z yis

i2L
which together with the fact that ¢ =y, imply that y, = m, for all i < L. Thus the

7;'s assume the dimensional configuration described at the end of (2.2) with j. =L,
and hence
=D (Ay,..., 4,).

(3.2) Proof of Theorem B. We now formally carry out the steps outlined in (3.1).
As before we fix j with 4;<0.

Let £>0 be an arbitrarily small constant. We choose § and C >0 with
8 =<0,y,0,,2/100. (See (2.1) for the definitions of §,,d, and «). Let

I'=F 'An{(w,x)eA:i) |Df,|=C,
ii) p,B(x,r) < Cri ¢ Vr<,
and iii) (x, f,,X)€G, and &¢(x, f,,X) = 6/C}.

The definitions of G, and &, are given in (1.4). By choosing ¢ sufficiently small
and C sufficiently large, we may assume that p*I" > 0.

For (w,x) in I, we let T, wx=F o (€Xp = Fi(F(w, x))). (This local transversal is
chosen mostly for convenience.) Let #,, denote the projection along Wi-leaves
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onto T wx- FOr >0 we are interested in
uf(c_g, x,1) =i, {yel,:d(x,y) < 6/C and " Ty Vs X) ST,
where d is the distance along T, o Let
) log ,u?(w, X,r)
. , = l -_ =
Proposition 3.2.1 (Main Proposition). Assume Hypothesis B. Then the following is
true for u* —ae.(w,x) in I:
(1) If ¢ —2¢ < d;, then
T,
limint* 220 _ o,
r—0 r-
so that in particular, t;(w,x) = g — 2¢.
() If g —2¢ > d;, then
T,
liminf"2%0
r—0 re

so that in particular t;(w,x) = d;.

The proof of this proposition is postponed to (3.3).

We now shrink I” further to I’ so that points in I"" have the correct dimensional
estimates along WY. Let  be a measurable partition of 2% x M subordinate to
Wi, and let {u"(x)} denote a family of conditional probability measures associated
with #. Let &' > 0 be fixed.

We define

I = {@,y)e T:Wi(w,y) = n(w,y) € Wisc(w,y)

msolerd
and p(y)Bl(y,r) < Cr V=’ for all r < 6’}
By first choosing the partition 5 so that most points satisfy n(w, y) © W§,c(@, ),
and then choosing &' sufficiently small, we can arrange to have u*I"' > 0.

Proposition 3.2.2. For u* —a.e.(w,x)el”’,

F21@,x)+ Y i~ ¢

izj
Proof. For sufficiently small r,

o Bx, 1) = 20, (I, N B(x, 1)),

and since yel",,n B(x,r)=n(w,y) = Wi(w, y)n B(x,5/C), we have

7 > =9
'“@(r;gnB(x”'))éﬂT(w,X,Nr)CQr)"%i ,



Dimension Formula for Random Transformations 539

where N is a constant depending on the angles between T, and the relevant
Wi-leaves near x, which are uniformly bounded for (w, x) in F /

We remark that our proof so far does not depend on the fact that 4; #0 for
all i. The no zero exponent hypothesis is used only to guarantee that

6=Q=ZW

Assuming that, we now run through the arguments in the last paragraph of
(3.1). The reasoning there is valid since ¢ can be made arbitrarily small.

(3.3) Proof of the Main Proposition. Let v* be as defined in (1.4). Our strategy is
to fix {w,,n # 0}, x and z, and to obtain an upper estimate for 1" (w, x,r) for vi3-ace.
o, where (@, x)=(---0w_,0_;00;0,...,x)el. As w varies we will always use @
to denote the sequence with (o), = w and fixed (w), = w, for n # 0. Note that fixing
w, for n<0 determmes a sample measure which we denote by p,. Our analysis
will apply to v %ae..-.w_,w_,0,0,...,1, -ae x and Lebesgue-a.e. z.

So let {w,,n #0},x and z be fixed for the rest of the proof and define

a= [ u(@xn)dv (o)
{w:(w,x)el}

We will show that

lim sup 0a2€< +oo if o-2{<d,;

r=0

hmsupr—< +oo if g—2¢>d;

n—0

This, together with Fatou’s lemma gives the statement in Proposition 3.2.1. Now,

a= [ p,{yel,:d(x,y)<d/C and dT(ﬁ@,xy, x) Sr}dvei(w)

r
{w:(w,x)el'}

= | vHouex) (@ el d (f,.,x) Sr}du,(y).
B(x,8/C) - -

We will estimate this integrand by working in a neighborhood of z. Observes
first that whether (tw, z) belongs in A or not depends only on z and w,,n >0, and
that we may assume (tw, z)eA, otherwise v**{w:(w,x)el } = 0. This guarantees
that Wi(A, N B(z,9)) is well behaved. Let T, w0, = XD, Fi(tw,z), 7., = projection
along W} leaves onto T, and d" = distance along T,,,. (Note also that these
objects do not depend on w) Since all the w’s considered have the property that
IDf,| £ C, we have for all relevant (w, y),

A"z 7, f,y) < CdT(x, #,,y) < Cr,
and ) )
d(z, f,y) £ Cd(x, ),

so that in particular f,yeA, N B(z, ).

We now define a set 4, , such that all (w, y) of interest to us have the property
that f,yeA, ,. For we M near z, let P(w) denote the d;-dimensional disk containing
w so that exp; ! P(w) is parallel to F/(tw,z) in T,M. Then,
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A,y = {weWi(A,, N B(z8)):d"(x,, w,2) < Cr
and dist(F/(tw, z),exp; ! P(w)) < 2Cd(x, y)}.
And so
a5 [ vHof,yed, du,0)= | < I p;"zdi>du@(y),
B(x,9/C) B(x,0/C) Ay

where 4 is the Lebesgue measure on M.

Suppose we let 4p,, denote the Lebesgue measure on P(w). Then using the
absolute continuity of the Wi-foliation (property (v) of (2.1)) we see that for all w
in question

/q*P(w)(Ar,y N P(W)) § EO )’Tng (Ar,y N ’T‘wg,z)'

\Z

Thus we have

[ py#dA < A4, )l p37

Ay

o 1
< QEo(Cry»(2Cd(x, y))@im M ~d) d(x,y T8

dj
Q0 —+7>
=0 Ty
where Q and Q' are constants independent of .

To complete the proof, we integrate in y. Let D, = B(x, e "5/C)\B(x,e”"*Y§/C).
Then, if ¢ — 2¢ > d;, we have

a 1 2 v
”‘Jé_ z H'U_;(Dn)sup f py‘ d2
r r7,=o yeDy, Ay
1 0 Q,rdf
—-n g—¢
ér_,-n;)c(e 6/C) o P DT

where Q" is independent of r. For the case ¢ — 2¢ < d;, do as above except to use
the less extravagant estimate of

viiw: f,yed, ,} <1 for yeD, with e "<r.

(34) Proof of Theorem B'. It suffices to show that there are measurable sets
Ac Q7 x M of arbitrarily large u*-measure such that for p*-a.e. (w,x)eA, there
exists a continuous family of W/-disks {D,} with U D, containing a neighborhood
of xin A, and a transversal o so that pu,|(UD,nA4,) projected into ¢ is absolutely
continuous with respect to Lebesgue. Once this is established we can appeal to
the absolute continuity of the W/ foliation to show that {u,|A,} has absolutely
continuous transverse measures as defined in (1.4).

To proof this first statement amounts to observing that the proofin (3.3) works
for points in entire neighborhoods of I', using a common transversal. More

[

precisely, fix {w,,n # 0}, and zoe M such that (rw,z,)eA. Let S = exp,, F/(tw, z,).
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For each wef, let S, = f;'S and 7, = the projection along Wi onto S,,. Now
consider (w, x)eI” such that f,, xeB(z,,d/2) and define

,u§w(cg,x, r=p,{yel,:yeB(x,9/2C) and dg(ﬁ@x, R,V ST}

The same argument as in (3.3) shows that for ,-a.e. fixed x, and v-a.e. w such
that f,xeB(z,,9/2).

So(w, x, r)

liminfX 220 o 4 o)
ad

r=0
This implies that for p*-a.e. (w, x)el” "F~*(27 x B(z,,5/2)), there is a continuous
family of W/-disks {D,} with xeuD, = M,, such that the transverse measure is
absolutely continuous with respect to Lebesgue.

4. Proof of Version A of the Results

As with result B we first give the idea of the proof in (4.1) without attempting to
be precise. The formal proof is then carried out in (4.2) with some technical details
postponed to (4.3).

(4.1) Idea of Proof of Theorem A. Let m), again denote projection along W}
onto exp, F/(w, x). We would like to choose a good set X of positive u*-measure,
fix >0, and for each (w,x)eX estimate u,{yeX :d(x,y) <d,d(n) y,x)<r} as
r goes to zero as we did in Sect. 3. However, because Hypothesis A only guarantees
a density for o — E’(w, y), j = L, L+ 1, and the W/ manifolds are (probably) curved,

we are only able to estimate the u,-measure of
Zi(xr ) ={yeX,d(x,y) <r',d(n) y,x) <1}

for te(1/2,1). Now if the transverse dimension of u,, with respect to W/ (which we
do not claim to define) is as large as possible, then adding transverse and fiber
dimensions as in (3.1) should give us

logp X7 (x,r,t
0 <d;=lim sup—gu@—L—)
r>0 logr

log u, 2 (x,7,1)

I\%

[

(*)

0> d;=limsup 2d;+t(o—d;)

0 logr
for j=L, L+ 1. This is what we will show. The proof is sort of a nonlinear version
of part of [Mat] and depends heavily on Hypothesis A.

Recall that L is the smallest integer j so that ) A,m; <0, so that our goal is

1<y

to show that y; =m; for j<L and y;=0 for j> L. It is easy to see that to force
this, it suffices to show

. log u, 2} (x, 7, t)
v = < . .
(%) lllliﬁs(}lp T logr S ;jv, +t gjyl

for j=L,L+ 1. We will show that this is a general fact, not having anything to
do with random maps and valid for all j with 4; <0—as long as t > 1 — f8, where
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B is the Holder exponent of E/ on A o

(4.2) Proof of Theorem A. For u-a.e.x and j=L,L+ 1, let p/ be the density with
respect to Lebesgue of the distribution of w— E/(w,x) in the space &, of

Y m;-dimensional planes in T, M. We first make precise assertion (*) in (4.1).
12

Let j= L or L+ 1 be fixed for a while and let £ be an arbitrarily small constant.
We choose E and 6 > 0 with 8 < «/1009, so that

z ={(w,x)eA:pL S E and p,B(x,r) < Er* 9Vr < 60}

has positive u*-measure. Let 7/ be the projection along Wi into exp, F/(w, x)
as before. For (w, x)el” and te(O 1), we define

Zi(xr,t) = {yeX :d(x,y) < ' and d(x, 7, y) <r}.

Proposition 4.2.1 (Main Proposition). Let te(1/2,1). For u* ae.(w,x)e, if
g —¢>d;, then

logu, X7 (x,7t
limsup 8He X0 g,

r=0 logr
and if ¢ — £ < d;, then

. log u, 2 (x,7,1)
limsup——————2=
r0 logr

— ¢

| q

Proof of Proposition 4.2.1. We fix {w,,n<0} and xeM. For any sequence
ot =w,w,m,--- we will write @ for the corresponding bi-infinite sequence. Let

b= [ w20 t)dv(og)dv(w,)--.

r
0" (@x)ez}

As before we will show that for v'-ae.w?,
. b, .
llmsupm<+w if g*€>d]
oo PN
and
b, .
hmsup i<+t if g—¢<dy,
r—0
which will then imply the proposition. Again we change the order of integration
in b, to get
b= | v'i{o" (o) yeZ,dxm) y) <ridu,(y

r
B(x,rt)

For yeA  near x, let @ n (v) denote the unique point of intersection of exp, E(w,y)
and exp, F/(w, x).

Lemma 4.2.2. There is ro >0 such that for all x,yeA,,, if d(x,y) <1, then
d(@, .y, 1), .y) < Cod(x, y)*.

We will not prove this lemma here, but note that it allows us to estimate b,
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for ¥ <r, by:
b= [ vi{e (e,x)(,y)eZ,dx 7, ) <(Co+ D)ridu,(y).

r = =

B(x,rt)

Here we have used the fact that (+')> <r. Let
&, ={eecé,,dexp, ' x,e) <2(Cy + )r}.
Note that we may assume that pJ is defined. Then,
{0"(@,x),(@,)eZ,d(x, 7, .y) < (Co + )1}
c{o":pj(E'(0,y) S E and E'(0,))eé, ,}
Now, by lemma 2.6 of [Mat] we have

d;

re
Lebé, ,£Q——
=Lty
for some constant Q. So,
dj
ot pl <E and (o, ))eé,,) SEQ— .
Vi iy S Eand Bl y)edy, ) SEQ o g

Letting y vary in B(x,#') and integrating as we did in (3.3) we get for r* <0, ry:

d,

<0 Y ew(g—é).min<%’1>
n= - tlogr € ’

which completes the proof of the main proposition. /

Turning to (+*) in 4.1, we now allow j to be anything with 4; <0 and recall
that B is the Holder exponent of E/ as defined in (2.1). Let # be a measurable
partition of 27 x M subordinate to W/, and let {4 .} be a family of conditional
probability measures associated with 5. We shrink X in two stages. First we choose
0" > 0 so that the set

and i, B! (x,r) < Er\'2/ for all r < 0’}

has positive p*-measure. Then we choose §” > 0 so that
. . t< > ‘/1+5>
X =:{@,x)e£’:u{§’x(B{£(x, MaZ,)ZE 'r 2 for all r < 9”}
continues to satisfy u*X"” > 0.
Proposition 4.2.3. Let t > 1 — . Then for u* ae. (w,x)eX”,

. logp, X} (x,r,1)
limsup———————
r—0 10g r

lIA

a—1—10)) y+3¢&

izj
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Proof. Let (w,x)e X" and consider r < 6,6, 0" small enough that Bé(x, ') = n,(x).
We can choose yy,...,yy,€Bl(x,(r/2))n X, such that:

1. Bé,(yi,%> and B{_;,(yké) are disjoint for i#k

. r t N» :
2. B({_,<x, <§> >m£;,c U By, ).
i=1

Using the estimate in the definitions of X" and X", we see that

) /.+é)
l>j
Pt
2
( )
We have arranged for the balls B(y;,7/3) to be pairwise disjoint and we will

see from Lemma 4.3.1 (stated in the next subsection) that each B(y;,r/3)na,, is
contained in o’ (x,r, ). So we have

1, 23, 0) 2 N E~ 1 (r/3)",

and

llV

which is the desired estimate. /

Thus, by fixing ¢ with 1/2,1—f <t <1, comparing the conclusions of
Proposition 4.2.1 and 4.2.3 for j=L,L+ 1 and letting ¢ go to zero, we complete
the proof of Theorem A.

(4.3) Proof of Remaining Estimates

Lemma 4.3.1. There exists r; >0 such that for all x,y,z in A, and r=ry, if
yeB’ (x,7*) and d(y,z) £ r/3, then

d(x,m} z) <.

We first write down the underlying estimates, which we state without proof in
the following sublemma:

Sublemma (a) Suppose ¢p:R—R* satisfies ¢’ < 2Dy "
Then for s = 0,

$(s) < [(1 —)2Dos + ¢(0)' PT/* 7.
(b) If, in addition we have t > 1 — B, r sufficiently small, ¢(0) < 2r/3 and s <", then
p(s) <.

Proof of Lemma 4.3.1. Let g,,g,:E/(w, x)— F/(w, x) be functions whose graphs are
exp; ! Wi(w, y), exp; * Wi(w, z) respectively. We need an upper bound on |g,(0) —
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g2(0)|. Let exp; * y = (u,g,(u)) and define

((-ak) o)

We assume that r; is sufficiently small that D exp, ! in the relevant region is near
the identity. Property (iv) in (2.1) tells us that

R (G ()

If r, is small, then g, has a small slope, so it follows from d(y,z) <r/3 that

$(0) = g2 () — g1 ()| = 2r/3.
Also |u| £#'. Apply the sublemma to finish the argument. /

P(s) =

< < 2Dy (s)'.

Lemma 4.2.2 is proved similarly. We suggest carrying out the estimates in 7, M
via the exp, ' map and using property (iii) b iv. in (2.1). The constant r, should
be chosen so that Vx,yeA, with d(x,y)<ro, F/(w,x) and E/(w,y) are roughly
perpendicular. i

5. Proof of Theorem A’ and Application to Stochastic Flows

5.1 Proof of Theorem A'. Let (x,z)— v* be defined Lebesgue a.e. as in (1.4). Take
j=Lor L+1 and let &, be the set of (th> dimensional subspaces of T,M.

izt

Observe that E/(tw, z) is independent of w, and
E/(@,%)=Df o) E'(10, f0,%),

so that the distribution of E/(w, x) in &, conditioned on f, x =z and E/(1w,z) =e
for eeé, is given by:

qx,z,e(A) =y*? {CUDf(; leeA}.

We shall prove under Hypothesis A’ that for Lebesgue-a.e. (x,z) and all ein &,
the measure ¢, ,, is absolutely continuous with respect to Lebesgue on &,.
Integrating in z and e, we prove that Hypothesis A is satisfied, and thus Theorem A’
follows.

Consider a measurable family (x, z) — 7™* of probability measures on £2 with
the property that for Lebesgue a.e. fixed z, {7 xe M} is a system of conditional
measures associated with the partition ,P on (2 defined by

L) ={w:fslz=x}.

Then, the measures v** and #* are carried by the same set P,(z) =,P(x), and it
is easy to verify that they are in fact equivalent for Lebesgue-a.e. (x, z).

Now, for Lebesgue-a.e. z and every e in &,, Hypothesis A’ tells us that for
Lebesgue. a.e. x, the measure 4, , . is absolutely continuous with respect to Lebesgue
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on &, where
qxze(A ~xz{w wa eEA}

Since §, .. and g, , . are image measures of ¥ and v** respectively under
w—Df;'e, the measure g, ,, is also absolutely continuous with respect to
Lebesgue on &,.

5.2 Stochastic Flows. We shall discuss Hypothesis A’ in the case of the stochastic
flow arising from a stochastic differential equation. Let X,,k=0,1,...,m, be
(m 4+ 1)C®-vector fields on a compact manifold M and B k=1,...,m, be m
independent real Brownian motions defined on a probability space £. We write

dé,=Xodt + Y X,odBy ()
k=1

for the Stratonovich stochastic differential equation associated with the X;’s. Then

there exists a map B
¢$:2-C(%,,Diff* M)

such that for every fixed t, > 0, we have

1) ¢, = identity,

and ii) the “increments” ¢, {y, Pmo are iid. in Diff* (M),
and such that &,(w) = ¢,(w)x is the solution of (*) with &y(w) = x (see e.g. [Ku]).

Asymptotic properties of the stochastic flow ¢ are the same as those of the
system Z(M,v), where v is the distribution of ¢,,. Here, Z(M,v) satisfics the
condition in (1.1) (see [Ki] and [Ki2]).

Let GL(M) denote the linear frame bundle of M. Given any vector field X on
M, we define a vector field X on GL(M) as follows: let i, be the flow generated
by X. Then for F in C*(GL(M), #) we define X F by

~ d
XF(x,e)=—FWx,D(),):€)li~o-
Consider the Strantonovich stochastic differential equation on GL(M) defined by
dZ, = X, dt + Y X, odB~. (%)
k=1

Observe that if ¢: 02— C(2 ., Diff *(GL(M)) is the stochastic flow defined by (sx),
then for (x,e)e GL(M), wefdt, >0,

Pro(@)(x, €) = ($,, (@)X, D(,, (@) 0)  (see e.g. [TW]).
We claim that if the operator L on C*(GL(M)) defined by
LF=—X,F+ Y X{F
k=1

is hypoelliptic, then the system Z'(M, v) defined by (%) and ¢, > 0 satisfies Hypothesis
A’. This implies in particular that for m = dim M + (dim M)?, there is an open dense
subset in the space of (m + 1)-tuples of vector fields on M on which Hypothesis
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A’ is satisfied. R
Let us elaborate a little on the claim above. If {B},0<t<to,k=1,...,1,m}
denotes the backward Brownian motions, then the backward equation associated

with (x) is
dn,= — Xom)dt + Y, X,(n,)°dB0<t<t,. (%).
k=1

Let ¢: 02— C([0,t,] x Diff*(M)) be the corresponding stochastic flow. Then the
distribution of ¢, ' (w) and of (5,0(0)) in Diff*(M) are the same (see [Ku]).

Proceeding analogously with (%) to obtain the backward equation (%%), we
see that for any (y, e) in GL(M), the distribution of (¢, ' (w)y, D(¢,” * (w)),e) is given
by the fundamental solution of the diffusion equation associated with (¥%).

The hypoellipticity condition implies that for all (y,e) in GL(M) and a fixed
to >0, the distribution of (¢, 'y, D(¢,,"),e) is absolutely continuous with respect
to Lebesgue on GL(M). Hypothesis A’ follows since for each k,1 <k <m, the
projection from GL(M) to Gr(M, k) preserves the Lebesgue measure class.
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