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Abstract. The Cauchy Problem for the relativistic Vlasov—Maxwell equations
is studied in three space dimensions. It is assumed that the initial data satisfy
the required constraints and have compact support. If in addition the data have
sufficiently small C? norm, then a unique C! solution to this system is shown
to exist on all of spacetime.

1. Introduction

A plasma is said to be collisionless if the collisions between the particles are
unimportant relative to the electromagnetic forces. Such a plasma is governed by
the Vlasov—Maxwell equations. An ionized gas which is sufficiently hot, such as
a powered-up fusion reactor, or sufficiently dilute, such as the solar wind, the
ionosphere or a collection of galactic nebulae, is thought to be well modeled by
these equations. In this paper we prove that if a plasma is sufficiently dilute initially,
then it remains so for all time and no shock or other singularity can ever develop.

We postulate several (N) species of particles (electrons, different types of ions,
etc) with masses m,, charges e, and densities f,(t,x,v) (t=0, xeR3, veR?,
1 <o < N). The total charge and current densities are

p(t,x)=4n [ Y e, f,dv, (1)
R @
jt.x)=4n | 3 e,0,f,dv, 2
RS @
where, in the relativistic version we consider,
0, = v[mg + |v|?/c?] 712 3)

has the interpretation of velocity, v is the momentum, and c is the speed of light.
Each f, will satisfy a continuity equation (the Vlasov equation) which is coupled
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to the Maxwell system:

0 fat 0V fute(E+c 0, AB)Y, f, =0,
(RVM) E,=ccurlB—j; V-E=p;
B,= —ccurlE; V-B=0.

These are the relativistic Vlasov—Maxwell equations (RVM). Cauchy data are
prescribed

fa(oa xs U) = faO(x: U)> E(O’ X) = EO(X)s B(Oa X) = BO(X) (4)

which satisfy the necessary constraints.

In [GS1] we have given a general sufficient condition for the existence of a
global C!-solution; namely, that there exists a continuous function B(t) such that
any solution f, (or any iterative approximation f®) vanishes for |v| > f(t) and all
x,a,t. In this paper we verify this condition under a smallness assumption on the
data, which we state precisely as

Theorem 1. For each k > 0, there exist constants ¢, > 0 and > 0 with the following
property. Let f,o(x,v)(x=1,2,..., N) be non-negative C* functions with supports in
{Ix| £k}, {|v]| £ k}. Let E¢(x), Bo(x) be C? functions with supports in {|x| < k} which
satisfy the constraints

V-Ey=p,=dn fazeafaodv, VB, =0. (5)
If the data satisfy o
| Sl fuolles + 1 Eollc: + 11 Bo 2 < o ©)
then there exists a unique solution of RVM for all xeR> and all veR® and all times
t, 0 <t < oo, with f,, E, BeC! having initial data f,,, Ey, By such that
fAt,x,0)=0 for |v|=f forall ot and x. (7

Furthermore, E(t,x)= B(t,x)=0 for |x|>ct+ k. For all ¢ >0, there exists ¢, >0
such that if (6) holds, then
e

IE(I,X)'+'B(K,X)|§(t+1)(Ct_{x|+2k) (8)

for all t 20, xeR3.

To our knowledge this is the first global existence theorem for RVM with
assumptions only on the initial data. As mentioned above, in [GS1] we proved
the global existence provided we knew a priori that the supports of f,(t,x,v) in
the momentum variable were bounded for bounded times. In [GS2] we improved
this to the condition that the kinetic energy density

f(mZc? + [o*) 2 £, (1, x,v) dv

be bounded for bounded times.

If the magnetic field vanishes (B = 0), there is an electric potential ¢ satisfying
Vo = E and the Maxwell equations reduce to A = p. This equation coupled to
the (non-relativistic) Vlasov equation is called the Vlasov—-Poisson system (VP).
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Bardos and Degond [BD] solved the small data Cauchy problem for VP. The
case of an external magnetic field is considered in [BDH]. Horst [H] solved a
small data problem for RVM of an unusual type with data at finite and infinite
times. He assumed f,, are small and constructed solutions of RVM which satisfy

1.0,x,0) = f,o(x,0), E(o0,x)=0, B(oo,x)=0

in the sense of scattering theory. We are indebted to Bardos, Degond and Horst
for some of the key ideas used in this paper.

The key step in all these proofs is to show that the paths of the particles spread
out with time. So only a small set of momenta (of diameter O(1/t) in momentum
space as t —» o0) could reach a given point (¢, x) from the support of the initial data.
Then p(t, x), which is an integral over a set of momenta of volume O(t ~3), is itself
of that order. Since the particle paths are given by the equations

x=10, v=¢e,(E+c ', A B), )

the particles would move in approximately straight lines if E and B were small.
Thus we must also prove that the electromagnetic field decays as t — 0.

For the case of VP there is no explicit time dependence in the field equation
(A = p) so that Bardos and Degond were able to iterate in a space where E decays
in L* at the rate O(t~2) and VE at the rate O(t ~>?). For RVM, the field satisfies
inhomogeneous wave equations like

@ —AE=—Vp—10,j. (10)

So the best possible L* rate of decay for the field is O(¢t™ '), which is far too slow
for the methods of [BD] to succeed. Horst, on the other hand, imposed conditions
as t— oo designed to allow more rapid decay of the field. For our problem with
arbitrary initial conditions and a magnetic field, we introduce a weighted L* norm
for the field, as was pioneered by John [J]. We use the weight
(et + | x| + 2k)(ct — | x| + 2k).

By causality we know that |x|<ct + k on the support of the field, so that the
second factor simply introduces an extra decay factor of 1! inside the light cone.
In order to use this extra factor when solving RVM, one must show that | x| stays
well inside the cone. Since X = 0, this is true if the momenta v remain bounded.
This means that the Vlasov and Maxwell characteristics are well separated; that
is, the system RVM effectively is strictly hyperbolic. Thus we have come full circle
to a condition on the behavior of the momenta. To carry out the process we also
need to estimate the spatial derivatives of the field, for which another weight
function is used.

We maintain the notation of [GS1]. In particular, y A z denotes the ordinary
cross product of vectors in R®. Constants which change from line to line are
simply denoted by c.

2. Outline of the Proof

The main structure of the proof follows [GS1]. Uniqueness is proved in Theorem 1
of [GS1], under condition (7). For the existence in [ GS1] the following construction
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is made. Given E©(t, x) and B9(t,x), we define E™(t,x), B"(t,x) and f®(t,x,v)
inductively as follows. Given the (n — 1)* iteration, we define [ as the solution
of the linear equation,
0,19+ 8,V [+ e (B 46, A BOI)V, £ =0,
T80, %,0) = foo(x,0). (11)
For simplicity we have set the speed of light equal to unity (¢ = 1). Then we define
p" =4n) e, fWdv and j" =4n) e, [0, dv. Finally we define E®, B® as the

solution of Maxwell’s equations,

5,E(") =V x B® _ j("), V-E®™ = p("),
0,BP= -V x E®, V-B™ =0,
with data E®™(0, x) = E(x), B™(0, x) = By(x).

Theorem 1 of [GS1] states that if there exists § > 0, independent of ¢, x,« and
n, such that

(12)

9% x,0)=0 for |v|>B, (7n)

then (f®, E™, B™) converge to a C! solution (f,, E, B) of RVM. The rest of this
paper is devoted to proving (7xn) under the “smallness condition” (6).
We abbreviate the field as K(t, x) = the pair (E(t, x), B(t, x)). Define the norms

1K llo=sup(t-+ |x| + 2K)(t = |x| + 2K {|E@. 9] +1Be.x)}. (13)
(e x|+ 2K)( — | x|+ 2Kk)
Kl =sup e g B0 IBE0 (9

where E,, B, denote the gradients of E, B in the x variable and | K| = || K|, +
IK;. Let e>0 and let

A ={K|K is C,K=0 for |x|>t+k |[K|=Ze}

Given KeX', we define the characteristics as the solutions X = X,(s,t,x,0),
V =V,(s,t,x,v) of the ordinary differential system (9), that is,

6X=I75V(m§+|V|z)~1/z, (15)
0s

ov ~

5o = GlE( X) + VA B(s, X)), (16)

with the “initial” conditions X ,(t,t,x,v) = x and V,(t,t,x,v) = v.
Next we define

ft,x,0)= f,0(X,0,t,x,v), V,(0,¢x,0)). (17)
Thus f,(t, x, v) is the solution of the Vlasov equation,
Ocfout 0y Vefute(E+0, 7BV, f,=0, (18)

with the initial condition f,(0, x,v) = f,o(x,v). We define p and j by (1) and (2) and
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define K* = (E*, B*) as the solution of Maxwell’s equations,

0,E*=V xB*—j; V-E*¥=p,
0,B¥= —Vx E* V-B¥=0,
with the initial conditions E*(0, x) = E,(x), B*(0, x) = By(x).
Thus the iteration scheme may be summarized as K™ = (K"~ 1)* We begin
the scheme by defining K'¥ =0 (that is, E©(t, x) = B(t, x) = 0). We shall prove
the following two theorems.

(19)

Theorem 2. If KeX" and ¢ is small enough, then there exists >0 depending only
on k,e and &, such that f,(t,x,v)=0 for |v| = f and for all o, x,t.

Theorem 3. If Ke4" and ¢ is small enough, then K¥eA'.

Proof of Theorem 1. We define the sequences [, K™ as above. Since KQex",
Theorem 3 states that K™ex" for all n. By Theorem 2, f® =0 for |v| = . By
[GS1], £, K™ and their first derivatives converge pointwise to f and K. Therefore
Kex'. Hence (8) is valid, as well as

elog(2+1)
VL@ )+ VB9 = 3 202

for all t=0, xeR3. As we mentioned earlier, (f, K) is a solution of RVM.

3. The Characteristics

The characteristics are the curves defined by (15) and (16). They exist as C! functions
of s,t,x,v for some time 0 <t < T* 0<s< T* because E and B are C! functions.
For as long as the characteristics exist, we define

P@t)=sup {|V,(s,0,x,0):|x| =k, [v| <k, 0Ss<1, 1 Sa S N},

that is, the largest momentum up to time ¢ emanating from the support of f,,.
Then P(t) is a continuous function of ¢ for 0 <t < T*.

Lemma 1. I[f0<s=t and f,(t,x,v) #0, then
s —| X, (8,8, x,0)] + 2k = (k + s)(2 + 2P?(t)) " L.
Proof. T 0<s<t, | X,(0,6,x,0)| £k and | V,(0,t, x,v)] £k, we have

[V,(s,t, x,0)| < P(2). (20)
Hence |v| < P(t) and

|X,65,6,%,0)] S X0, %,0)] + [ V(e 1, x,0) | dT < k + sP(0),
0
where, assuming m, = ¢, = 1 for simplicity,

P(t)=P(t)(1 + P*(1)) 2 < 1.
But

1= P()=(1+ P2(1))” V2 {(1 + P2(1)"1 4 P} ! %Zﬂ%@-
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So

[ X, (st x,0)| Sk +s— 8{2(1 + Pz(t))}‘l,
which implies Lemma 1.

Lemma 2. [f Kex" and if ¢ is sufficiently small, say ¢ <&, then the characteristics
X ,(8), V,(s) exist for all s (T* is infinite) and P(t) is bounded, say P(t) < . Here ¢,
and f depend only on k. Therefore, if f,(t,x,v) #0 for some (x,t,x), then |v| <.

Proof. We have for t = 0, writing X (s) = X,(s,t, x,v) and V(s) = V,(s,t, x,v),

V.0, 1,,0) — o] < [ | E(s, X(5) + P(5) A B(s, X (5)]ds
0
<K o [ (s 4 1 X(8)] + 20 (s — | X ()] + 20) *ds
0

< nKnog(s LR 4 2P (1) ds

S2k M1+ PP@O)IK o,

by Lemma 1, provided | X ,(0,t, x,v)| < k and | V,(0, ¢, x,v)| < k. Let y = X,(0, ¢, x, v)
and w=V,(0,1,x,0), so that x = X (t,0,y,w) and v = V,(t,0, y,w). Then

[w—V,(1,0,y,w)| 2k~ (1 + P(2)) | K[|,
for |[w| <k and |y| < k. Thus
P(t)<k+2k Y14+ P2 ()| K|o-

If | K|, is sufficiently small (depending on k), this implies that P(t) is a bounded
function of t.

Proof of Theorem 2. By Lemma 2, the characteristics exist for all time. If
fa(t,x,0) #0 for some (x,t,a,0), then by (17) |y|=|X,(0,t,x,v)| <k and |w|=
|V,(0,t, x,v)| < k. By the definition of P(t),

lo] =1V, (.0, y,w)| = P(t) = B.
Lemma 3. If ¢ is sufficiently small, there is a constant ¢ >0 so that
| X, (0,8, x,v) — X ,(0,t,x,w)| = ct|v — w|
for all t,x,v and w such that f,(t,x,v) # 0 and f,(t, x,w) #0.

Proof. For simplicity, since « is fixed, we drop the subscript «. Following Horst
[H], we rewrite the characteristic equation for dv/dt in terms of o, as follows:
db
d_t: m~ (1 —|6]*)*{E+ 0 A B—(0-E)0} = J(t,x,0). (21
Since (1 — |6*)Y2 = m(m? + |v|*)” V2 < 1, the derivatives of J can be estimated as
IV J (6, x,0)| < (1 —[0]*)! 2| VK|
Scl| K| (t4r+2k) " Hog(t +r+ 2k)(t —r+2k) "2,
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where r = | x|, and

Ve (6, x,0)] S e(1 = [62) 7 V2 K[ = o1 +[v]*)? K]
Sc(1+ o) 2K ot +r+2k) "t —r+2k)~
For the characteristic passing through the point (¢, x,v), where f(¢,x,v) #0, we

abbreviate X (s) = X (s,t, x,v) and V(s) = V(s, t, x, v). Then we substitute s for ¢, X (s)
for x and V(s) for v to obtain

[(Vad)(s, X (), V()| < el + 2?1 K[| (k +5)* log (k + 5) = g(s), (22)

and
[(V:I)(s, X(s), V(s)| < (1 + B2 K| (k+5)"% = h(s) (23)

by Lemma 1.

Now let t, x,v and w be fixed so that f(t, x,v) # 0 and f(t, x, w) # 0. For brevity
we denote X, (s) = X(s,t, x,v) and X, (s) = X(s, 1, x, w). By (15) and (21) we have, for
0=s¢=y

Xﬂ@—XA@+U—®@—m=iﬁjﬂﬂ+ﬁ+%ﬁ%ﬂﬂh
_wfov, av,
‘ii[‘a?ﬁ}“‘“
zjj[J@in@%fl&»-*J6yX2@Lf3@D]dsdt
&t

Hence by (22) and (23), we have
1X1(6) = X5 () + (=@ — W) = D(S),

where

DE) ==V, )+ 0+ V,(1)— wldt

il

IIA

{9 X () = X5 (5)] + h(s)| Vi (s) — V. (5)| } dsdr

IIA

A A —

{g(ﬂjfiﬁ(G)—*52(9Hd94-h($lﬁi@)—-f}(ﬂl}dsdf

IIA

Sl = O~ e o Srfe—

g(s){D(s) + (t — s)|6 — Wl } ds + h(t) D(1)

Ay

+jh(s)ds(ﬁ— Wl]d‘t.

In the first part of this expression, we switch the order of integration, obtaining
the factor (s — &) < s. In terms of

1= [s9(s) + his)ds.
0
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we therefore find the estimate
t
D)= i [sg(s) + h(s)1D(s)ds + (t — &)| 0 — W] 1.
After changing variables ¢ —(t — &), we apply Gronwall’s inequality to obtain
t
D)= (t— &) —wTexp [[sg(s) + h(s)]ds < (¢ — &)|6 —wiTexp .
g
We choose ¢ so small that Iexp I < 1/2, recalling that || K| <e. Choosing & =0,
we therefore have
1X1(0) — X,(0) + 1(6 — W)| = D(0) = (1/2) |0 — W]
Therefore
1X1(0) = X,(0)] = (1/2)]0 — w|. (24)
Now v =md(1 —|8|?)" /3, so that
|00/ 00| < c(1 = [6]*) 72 = c(m® + |v|*) 732

for each i and j. Since f(t, x,v) #0, we have | X,(0)] £k and |V,(0)| <k, whence
[v] £ P(t) £ B by (20) and Lemma 2. Similarly |w| < . Therefore

lv—wlSc(l+p)*[0—w].

By (24), we have | X, (0) — X,(0)| = ctjv — w|.

4. The Particle Densities
We assume that ¢ is small enough for the validity of Lemmas 2 and 3.
Lemma 4. There is a positive constant ¢ such that

[t x,0)dv<cll follo(t+6)7> Zcll follo(t +|x] +2k) 3
Sor all t 20, where | follo =sup|f,o(x,v)].

Proof. We recall that f,(t,x,v)= f,o(X, V), where X =X,(0,t,x,v) and V=V,
(0,¢,x,v). We have |X| <k and |V|<k so’that |v] < by Lemma 2. So Lemma 4
is valid for t<1. Now the integration in [ f,dv may be taken over the set
o ={v:|X| <k}. By Lemma 3 the diameter of ./ is at most 2k/(ct), and so its
volume is at most O(t ~*). Therefore | f,dvis at most c|| f, | ot . The last inequality
follows from the vanishing of f,(t, x,v) for |x| >t + k.

Lemma 5. There is a positive constant ¢ such that

IV fx vl =cll foly

|vaa(t5xav)) é C(l + t) ”fO ||1’
Where HfO Hl =sup{|fa0(x>v)‘ + ivxfao(x>v)| + IVufaO(x’ D)'}

x€xX,U

and
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Proof. Write L,=0,+ 0, V. +(E+ 7, A B)'V,, so that the Vlasov equation is
L,f,=0. Again we drop the subscript a. Write X(s) = X(s,t,x,v) and V(s)=
V(s,t,x,v) as before. Fix a coordinate x; and let 0 f= 0 f /0x; for brevity. Then

L(Of)= —(0E+ 0 A 0B)'V,f=h(tx,v).
Thus

d
75 [0S (5. X (). V()] = h(s, X(s), V(s)).
Integrating from 0 to 7 <t, we have

0f(r, X (1), V(1)) = 0 fo(X(0), V(0)) + fh(s, X(s), V(s)) ds,
so that 0
tlog(s + [ X(s)| + 2k)|V, f (s, X (s), V(s))|

9.6 X, VNS ol + 1K1, [ T 0 PO,
<ol e 95X, VOo)Ias

by Lemmas 1 and 2. We write this for short as
VeSO 1o s+ e[ IOV, 1)1 05)

Now let Df = df/0v; for brevity. Then
ILDf) =1—(D0) (Ve f + BAV, ) S|V, [+ B[V, fl.

Integrating as above, we have

Vo f (o, X (@, V) = 1 fo 4 +;f{Ifo! FIBIIV, f1}(s, X (s), V(s)) ds

<1/l +i|vxflds
IV, f|ds
s +1X(s)| + 2k)(s — | X (s)] + 2k)°

where V. f and V,f are evaluated at (s, X(s), V(s)). The last kernel is at most
¢(1+s)~2 as above. Since it is integrable, Gronwall’s inequality yields

+IK of
0

IV, /(@) < c{n folls +§|vxf(s>|ds}. (26)

We now have (25) and (26), where I(s) = (1 + 5)~ *log (2 + s). Substituting (25) into
(26) we have

IV, f@)] S ceo(l + 1)+ ¢ j(f =) I(s)|V, f(s)|ds,
0
where ¢q = | f, ;. Therefore

g0 =(1+ 1)V, f(@)] S oy + 2 (1 +)(5)g(s)ds
0
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Since (1 +s)I(s) is also integrable, we deduce by Gronwall again that g(t) is
bounded. By (25), |V, f] is also bounded for 0 < t < 1. The bounds are independent
of 17,t,x and v. Putting 7 =t we conclude that

V(@0 =V [, X, V)l =c
and

IV, [ (6x,0) =V, f(t, X(0), V()] = e(1 +1).

5. The Field

As we showed above, the characteristics, defined by (15) and (16), exist globally.
Because [0 X/0s|=|V| <1, and f,, has support in {|x| <k}, the particle density
f.(t, x,v) defined by (17) has supportin | x| < t + k. Therefore so do jand p. Therefore
E* and B¥*, defined by (19), also have supports in |x| <t + k. In order to prove
Theorem 3, it remains to show that || K*|| < ¢ for ¢ and ¢, sufficiently small.

Lemma 6. There is a constant ¢ >0 so that
[ K* o = ceo(l + [ Kllo)
for all KeXA~ provided ¢ is sufficiently small.
Proof. We begin with the representation formula for E* from Theorem 3 of [GS1];
namely,
E* = E¥ + E% + E%, 27
where the terms are given explicitly as follows:

W+ 0, dy

* _ fodo——"—
E5(t.x) ge - £'<,§1+v Uly*x)

=-Ye [ [V [‘”” }(EH A B) fudv S dyk|
« ly--x[=t
where fa:fa(t_b}ﬁxl:y;v)’ E:E(I_]y—xln)))a BZB(t—|y—X|,y), o=
(y—x)/|y — x| and S, =4, + 6,-V, by Eq. (55) in [GS1].

. (w+6,)(1 —18,1%) dy
Er(tx) = a \y {th (146, w)?

The term E¥* is the sum of the solution &(z, x) of the homogeneous (“free”) Maxwell
equations with the same initial data and of the boundary term from Egs. (21)-(22)
of [GS1]. The latter involves the expression
w; — (ﬁa' Cl)) ﬁai
%:wja"ui l+d,0

Therefore

(¢, ,@L o(v.0)dvds,, (28)

EX(t,x)=&(t,x 2 5#

t ly- x|=t
where

&(t, x) 2417 I TEW + (v —=x)V)Eo(y) +1V x Bo(y)]dS,.  (29)
ne | o,
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Now EF¥ is easy to estimate. Both of its terms have supportsin |t — | x|| < k because
S0y, 0), Eq(y) and B, (y) have supports in | y| < k. Furthermore, both of them have
a factor t 1. Therefore we can replace t ! by (¢t + |x| +2k) !, and we can insert
arbitrary factors of t — | x| + 2k. Hence

IEFlo S c(lEglle: + 1 Boller + 1l fo lleo)-

As for the main terms E¥ and E¥, we note that the kernels are bounded because
lv] < B (by Theorem 2) and |w|=1. Thus

[Ef(e,x)| ey | [fut—=Ix=yl,yv)dv T—fy—z

NS | x|

Sceg | —Ix—yl+IyI+2k) 7y — x| pdy,
y—xl=t
where ¢ =1 for |y|<t—|x—y|+k and ¢ =0 for |y|>t—|x—y|+k, since
folt,y,0)=0 for |y|>7+k and [f,(r,x,0)dv <c| follo(1 +7)77 S ceole + [yl +2k) 73
by Lemma 4. Similarly

|E¥t,x)|<c)y, [ [[file—Ix—yl,y,0)dv|K{—]x~yl, y)l|y x|
* ly—x|st

SceollKllo | (E—Ix=yl+lyl+2k)7*

ly—xl=t
(t—Ix =yl =1yl +20) "y —x["pdy.
By Lemma 7 below, we can reduce these triple integrals to double integrals:

dr

(t+ A+ 2k)"3AdA
t—1

< (30)

!E(txs j
0

2 —

C"JOUKHO j«? (t+ 2+ 2k) 4t — 2+ 2k) "L ApdAdr, (31
Oa

[E§(t,x)| = ————
where ¢ =0 for A>t+k a=|r—t+t],b=r+t—t,r=|x[,A=|yland 1=1t—
|x —y|. It suffices to show that |E%(t,x)| < ceo(t +r+2k)" ' (t—r+2k)~! and
|E%(t,x)| < ceo | K | o(t +7+2k)" 1t —r+2k)™", plus the same estimates for
B*(t, x), which are very similar.

We continue our analysis with the integral in (31). We estimate (t + 4 + 2k) ' A < 1
and (t — 4 +2k) 1@ < k™!, Then the integral in (31) is less than

118 1t (b—a) b+ a+2t+4k)
Z J42k) Pdid =
it kor+a+2k) 2ot b+ 2k
4p =1+ t+ 2k
=— p) 5 dt
K 4 (—r+ 202G +r+26)
+g G L

(o, QUATr =142k (t + 1+ 2k
The first integral is at most cr(t —r + 2k)”*(t + r + 2k)*. In the second one, we
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use t — 1t <r and 2r + 2t + 4k < 2(¢t + r + 2k), so we get at most

cr j dr o cr ff dr
t+r+2k, 5 Quar—t42k? To4+r42k 0, (c+ 2k

which is also less than cr(t —r +2k) ' (t +r+ 2k)™!, since r <t + k.

The integral in (30) is also broken up at t =(t —r),. For t < (t —r), , we write
AZb=r+t—1t<2(t—1) in order to reduce it to one of the integrals already
estimated. On the other hand, for t = (t — r)+, we estimate 2 < 7 + A + 2k to obtain

J‘. b didrt j
(C*,)+a(T+2k)2(l‘ = (-, T+2k2_

since ¥ <t+ k. Thus both 1ntegrals in (30) and (31) are O(r(t +r+2k)~(t —
¥+ 2k)™1). This establishes the required estimates for E* and essentially completes
the proof of Lemma 6 since the estimates for B* are identical.

Indeed, from Theorem 3 of [GS1], we have (for a single species, say) the
representation

/\

<2r(t—r+2k)" Mt + 2k) 1

B* = B* + B% + B, (32)

where B} is given by a formula similar to (28) (and hence depends only on the
data), and

B = (w A )1 —1]8]%) ‘dy—
T‘U W —iseap /Xy
) d
J’j 1(0+/\ v)l( f)(t_ly—xl,y,v)dlig_‘_y;'
ly-xl=t
@ A D); &
e G

Again the kernels appearing here are bounded because |v] < by Theorem 2 and
|| = 1. Hence B% and B¥ too are estimable exactly as in (30) and (31).

Lemma 7. For any continuous function g(t, A) of two real variables, and h(c) of one
real variable,
t Ix|+t—1

f 5 g(t, ) AdA(t — t)h(t — t)dx,

O ix|—t+1

§ogt—=lx=ylIyDh(lx = y)dy

-t (XI

where the integration on the left is over a ball in R® and c is an absolute constant.

Proof. The left side can be written as

Oty

{ glyDdS,h(t—1)de

Ix—yl=t—1
So it suffices to show

[ g@lyhds, = 2nlt—1) ‘xHjH g(t, 2)AdA.

Ix—yl=t—1 | | JIxl—t+1|
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That is, for any function f,
2o Mo
[ syhas, =" f ﬂf(A

f-yl=c x| -

By symmetry we may take x = (0,0,r). Then
[ fayhds,=6* | f(lx+oo|)dw

ly—xl=0c jol=1

=2no? [sing f((r* + ¢ + 2ra cos ¢)'/?) dg.
0

Changing variables now by 4 = (r* + ¢ + 2ro cos ¢)'/?, we obtain the desired result.

6. Derivatives of the Field

In this section we shall estimate || K*|,. Lemma 8 (below) together with Lemma 6
will provide the bound

IK*| < ceo(l + | K| + [ K?).

Therefore if ||K| <e, if ¢ is sufficiently small for the validity of the previous
estimates, if ¢ < 1/2 and if ¢, < ¢/(2¢), then || K* || < &. As remarked earlier, this will
prove Theorem 3 and therefore Theorem 1.

Lemma 8. There is a constant ¢ such that
[ K* ) < ceo(l+ | K3).

Proof. We differentiate the representation formula (27) for E*, repeating the
technique of [GS1]. Thus the derivative d/0x, of the ith component of E* is

dy

ki ki CL) +vaz)(1 _iAa\z)
0 E*i(t, x) = 0, E} Z T ey Ot

W; + Dy dy
-Ye(fv —— O {(E+0,AB)f,}do—"—
AR +0,w] AE+ 0B )
integrated over |y — x| £t and over all veR®. The derivative g, is broken into T}
and S components as before. Each integration by parts in the tangential variables
T; brings in a term at the base t = 0 of the cone. Repeating Theorem 4 of [GS1]
with a bit simpler notation, we write the result as

OE¥=A,+ A, + Arp + Ars + Asr + Ass. (34)

The various terms are given as follows. (For notational simplicity, we drop the
subscripts o and take m, =¢, = 1.)

Arr=[{a(w, fdv |3,

ATS+A5T~”bw>v)Sde dy ijb(a)v)(E+v/\B)fdv dyXIZ’
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dy
ly — x|’
where the kernels a, b and ¢ are given explicitly in [GS1] and the integration ranges

over |y — x| = t. The expression A, is the sum of all the terms involving the initial
data, namely,

Ags = [ [c(w,0)S*fdv

o1 1
AzzﬁkEj"+t-2f | d(w,0) fo(y v)dvdSy—k;j_ | e(w,0)Sf(0,y,v)dvdsS,,
ly—x|=t ly—xl=t
Y Y (35)

where d and e are kernels which once again are bounded for bounded v. These
integrals come from the passage from E% to A;r, and from E¥ to Ay, respectively.
However in the passage from E#% to A we also pick up the term

A,=— fd(w, D) f(t, x,v)dv,

because of the singularity |y — x|~ at the vertex of the cone where y = x. Now
we shall estimate each term in (34).
The “vertex term” is estimated using Lemma 4 as

A Zef ft,x,v)dv < ceo(1+1)73,

which is more than sufficient. The “base term” A4, has several parts. One is 9, &",
which is an integral involving derivatives of E, and B, up to order two, obtained
by differentiating (29). Since the integration is on the sphere |y — x| =t and since
|y| £k, it has support in |t —|x|| < k. Also, it is of the order O(t~!). Hence it is
O((t + | x| + 2k)~(t — | x| + 2k)~?). The second part of A, is the derivative of the
second term in E¥ given in (29). Itis O(t ') times an integral over |y — x| =t, and
so is estimated in the same way as the first part. The integrals appearing in (35)
have the same general form. In the last term in (35) appears the expression
Sf(0,x,0v)=—(Eq+0 A By)'V,fy, which once again has its support in |x| < k.
Therefore

|6 X)] S et +1x] 4+ 20) 7t = x]+ 20) 2 ([ Eollc2 + I Bolc2 + | foller).

The kernel a(w, 9) in A1 is bounded because |v| < ff. We break A;; up into two
parts. The part over the “base” or “shell” 1 £ |y — x| <t is less than

dy
clgl},[x[§,§f(t‘ |x—y(7y7u)duly___x]3
<clfolo [ (—lx—yl+lyl+23 2
L<ly—x <t [y—x]
CEo LD AdA dr

ETR {(T+A+2k)3(t—z)2’

where a=|r—t+ 1|, b=r+1t—1 and r =|x| as before, by Lemmas 4 and 7. The
last integral is estimated as follows. (Assume t > 2 or else the estimate is trivial.)
It is broken into the intervals [0,¢/2] and [t/2,t — 1]:
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(5]

t2 4
2

25 4
fét 7z

<
(j)£)+r+2k) dr=

4 ('j’ 2r dr s j 2(t —1)
_ . 0
Cerr+2) | 8 t—rt2k ) drr—r2k "

1
<
:zz(£+r+2k){2r+t~r+2k(tj, 2 )‘h}

Sclt+r+2k)" 2t —r+2k) " tr
since ¥ <t + k. On the other hand,
t—1 t—1b d t—1 dT

| S@2+207 [ i =42 4207 |
t/2 t/2 a ) 2 L —71

crlog(t +r + 2k)

Ser(t+1)73(1 +10g(t/2))§m—’

since » <t + k. This takes care of the “base” part of A4

Because of the singularity at y = x, we must use the fact that the kernel a(w, 0)
has zero average on |w|= 1. Therefore the “tip” of 4, that is, the integral over
ly—x|<1,is

d
J fa(w’ﬁ)[f(l—|X—y|,y,v)—f([—|x_y|,xav)]dvy__yx_'y

fy—xl<t l
We use the Mean Value Theorem to represent the difference, and then use Lemma 5.
We note that the integration ranges only over the set
A (t)={v:|X(0,7,z,0)| £k forall ze[x,y]},

where [x,y] is the line segment joining x and y and where =1~ |x —y|. By
Lemma 3, this set has diameter at most ¢/(t + 2). Therefore the integral is bounded
by

: N dy ceg
cll foll C+t—]x—y)73 = ,
‘ ID,.,{,« y=x]?T (1 +1)°
which is more than sufficient for our purposes. This completes the estimation of A4 ;..
Next, Ay + Agp is bounded by
Leh . . dt
clfolloK o gf(ﬂ-? +2k) "t — 24 2k)” )WU—;
where ¢ =0 for 1>t + k, as we did several times before by the definition of || K|,
and by Lemmas 4 and 7. To estimate this integral, we note that (t — A+

2k Yo <k 'and t+ A+ 2k =1+ a+2k=t—r+ 2k So the integral is less than
1 td AdA

| 3 t— 2k)2(t 2k

2 e o S 2T e+ 20

by the previous estimate of the integral in (30).



206 R. T. Glassey and W. A. Strauss

It remains to estimate Agg. To do this, we decompose it into five terms following
Eq. (66) of [GS1] as

dnAdge =T+ 1+ I+ 1V +1V".
The first is

NE ”f(E-t—ﬁ/\B)-VD[VUC'(E+13/\B)]|;LZD;]
<cf{fanlKP d_yx|
1th /lddd
<cllfololKI3 H hds

pa(t+ 442k (t — A+ 2k)?

by Lemmas 2, 4 and 7 again. The second is

dvdy
ly—x|

| ={{[fV,c-S(E + 6 A B)

log(t + 4+ 2k)AdA
(t+ A+ 2k)*(t — A+ 2k)*

sclfolloll Kl ”

The integral in I is less than the integral in II, so it suffices to estimate the latter.

In the integral in IT we replace log (t + 4 + 2k) by log (t + r + 2k)and A by t + A + 2k
in order to obtain

didz
r+i+2@ﬂr—l+2mz

th
log(t+r+2k) ([
Oa

t+r OC o]
<ilog(t+r—+2k)
=2 Og( r+ |tjr|( +2k)3 j ’B+2k

=clog(t+r+2k){(jt —r|+2k) " —(t +r+2k)"*}.
We replace |t —r| by t — r to obtain at most

Aer(t + 2K)(t — 7 + 2K)"2(t + 1+ 2k) " 2log (¢ + 1 + 2k)
<dcr(t—r+2k)"2(t+r+2k) " tog(t + r + 2k),

as desired.
The third term in Agg is

dvdy
ly—x|’

where ¢, = (5, — 0;0)(1 +|v[*)”?c(w, ) is bounded. Hence IIT is estimated
exactly as IT was. Next, the fourth term

L= [fe; f,KE =

dvdy

V| = HckKk —V (fK )I

[sefjranke 2

IXI
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is estimated exactly as I was. The fifth term is
;D dvdy
IV'=[{¢, K T, :
I3 [ T ﬁ'w] AT

As above, the integration ranges over the ball |y — x| <t. We integrate by parts
in T}, obtaining on the one hand the term on |y — x| =1,

tzj [ ¢y, +6°w) *(Eq+ 6 A By) fodvdS,,

ly—x|=t

which is treated just like the integrals in 4,. On the other hand, we also obtain
terms bounded by

o [ fIV.K dvdy+f [ fIK dvdy

3
ly—xst ‘ y—x|<t |y—x|

Of these resulting integrals, the first one is estimated just as II was, and the second
one is estimated just as A;g + Agy was. This completes the proof of Lemma 8.

7. The Non-Relativistic Model

The same techniques provide global solutions of the non-relativistic Vlasov—
Maxwell system (VM). The system VM is the same as RVM except that o, is
replaced by v/m,. The analogue of Theorem 1 is the following, where c is the speed
of light.

Theorem 4. For each k>0 and ¢ > [ > 0, there exist constants ¢, >0 and ¢ > ff >0
such that if f,(x, v) are non-negative C' functions with supports in {|x| <k, [v| <1},
if Eq(x) and By(x) are C?* functions with supports in {|x| <k} which satisfy the
required constraints (5), and if the data satisfy (6), then there exists a unique C*
solution of VM for all t, x,v with the given initial data such that (7) holds.

Since the details are almost identical to those of Theorem 1, we sketch the
proofs of Lemmas 1 and 2 only. For simplicity we drop the subscript « and take
¢=1,m,=1. Now [ < 1, so we have P(0) < 1, where P(¢) is defined in Sect. 3 (the
supremum is taken over |x| < k,|v| <! there). On the support of f(t,x,v), then,
| X (s,t,x,0)| £k + sP(t), so that

s—1X(s,t,x,0)|+2k=k+(1—P(t))s = (1 — P(t))(k + ),

which is the analogue of Lemma 1. As in Lemma 2, we can write

[V(0,t,x,0) —v| < j |E(s, X(5)) + V(s) A B(s, X (s))|ds

SIK o + P(t)):f)(kJr $)"2(1 = P(t) "' ds

SkTHIKo(I+ PO)1 = P()~1,
which leads to the inequality
Pt)<¢+k™ Ko+ Pe)(1~P(t) ™
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Since the function x — (1 + x)(1 — x)~ ! is positive for 0 < x < 1, we conclude that
if £/ <p<1and | K|, is sufficiently small (depending on 7,k and f), then P(t) <
for all ¢.
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