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Abstract. We develop the method of stationary phase for the normalized-
oscillatory integral on Hilbert space, giving Borel summable expansions. The
developments that we obtain hold for more general situations than the ones of
previous papers on the same subject.

0. Introduction

In this paper we develop the method of stationary phase for oscillatory integrals on
Hilbert spaces. Let us briefly describe the type of integrals we consider.

Let s be a real separable Hilbert space with inner product (-,-). .#(5#) denotes
the set of all bounded complex measures on # and % (#°) denotes the set of their
Fourier transforms: if fe #(#), then f:# — C and

£(x)= ] exp {ix, @) }dp(a) ©.1)

for some pe ().
In the following B and B~ are bounded symmetric operators on 5. We study
integrals of the form

1h) = Texp{%'wx)}g(x)dx, 02)

where the integral is the normalized-oscillatory integral on # as defined in ref. [1],
¢(x) is the real function (1/2) (x, Bx)-V(x) and V, ge Z ().

Integrals of this form arise in the theory of Feynman path integrals; see e.g. refs.
[1-7]. In this case the elements of # are the paths of finite kinetic energy, ¢(x) is the
action along the path x, g is determined by the initial condition and h is Planck’s
constant divided by 2z. The method of stationary phase for (0.2) we shall develop,
studying its asymptotic behaviour as h— 0, is therefore connected with the heuristic
ideas on the relation between quantum and classical mechanics.

* Supported by Deutscher Akademischer Austauschdienst (DAAD)



188 J. Rezende

To the method of stationary phase in finitely many dimensions, which is a
classical object of study, new attention has been devoted in recent years in
connection with the theory of pseudodifferential and Fourier integral operators. See
e.g. refs. [8, 9, 10].

Oscillatory integrals and the stationary phase method on Hilbert spaces have
been studied in connection with application to Feynman path integrals in refs.

[2,3,4].

This is the first of a series of two papers. In the present paper we develop a general
mathematical theory of stationary phase for integrals of the type (0.2) giving Borel
summable expansions in terms of powers of h, considering the case where B > 0 and
where ¢ has only one non-degenerate critical point. In particular the developments
we obtain hold under more general situations than the ones in refs. [2, 3,4], which
also did not discuss Borel summability. In the second paper we shall study the
general situation where the phase function can have more than one stationary point.

Let us now briefly summarize the content of the different sections. In Sect. 1 we
give the basic definitions of the oscillatory integrals. In Sect. 2 we give some technical
results useful for the asymptotic expansions. In particular we establish several
combinatorial formulae, we obtain bounds of some integrals, and we characterize a
class of integrable functions. In Sect. 3 we study the case where the phase function ¢
has only one non-degenerate stationary point. We shall now briefly explain the main
statements of this section.

Denote by a the stationary point. In formula (0.2) we can make the translation
x — x + a without changing the value of I(h), and we obtain

I(h) = I*(h)exp {2—ih(a, Ba) — % V(a)},

where
i i
I*(h) = —(x,Bx)— - W d
()= Jexp {2h<x -1 (x)}g(x +a)dx
and
W(x) = V(x + a) — V(a) — (x, Ba).
Put now
I ="Y ¥+ R,(h), 0.3)
=0
where

I¥(h) = Jl'< — %)Jlexp {Ei};(x, Bx)} W(xYg(x + a)dx.

Under some assumptions on V, g and B, one proves the following:
(a) I(h) is defined and continuous in Imh <0, h #0, and is analytic in Im h <O0.
(b) Formula (0.3) is well defined in the region Imh < 0.
(c) R,(h) converges uniformly to zero on compacts in the half plane Imh < 0.
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(d) I¥(h) can be defined in Im h < 0, where it is C*; this function is analytic in
Imh<O.

(e) Y. I*(h) converges absolutely and uniformly in Im h < 0.
j=0

From this we can infer that ) I¥(h) is a continuous function in Imh <0,
=0
analytic in Imh <0, which coincides with I*(h) in Imh <0, h#0. One can

define I%(0) = 3" I*(0).
=0

The main theorem of this paper also establishes that I*(h) satisfiesin Imh <0 an
estimate of the type
-1

10~ 3 anh”

m=

< Ad'(l—1/2)!|h|*

(for a,,eC, meN, A, 0 >0) uniformly in leN and h. For the meaning of the
coefficients a,,, see ref. [11].

From these properties we finally conclude that the formal power series X'a, h™ is
Borel summable.

1. The normalized-Oscillatory Integral on Hilbert Space

Let us begin recalling some definitions and properties stated in ref. [1]. One can
define an algebra structure on & (), respectively on #(H#). We take as operations
the sum of functions, respectively the sum of measures, the multiplication of a
function, respectively a measure, by a complex number and the product of functions,
respectively the convolution of measures.

If f is the Fourier transform of u we set

11 =lul=§ dlul@),

ie. ||ull, as well as || f], is the total variation of the measure u. Under these
definitions one can prove that % (#) and .# () are Banach algebras, and it is clear
that (0.1) establishes an isomorphism between them.

Let heR\{0} for general B and Imh =<0, h#0, if B> 0. Let f be the Fourier
transform of ue.#(#). We define now the following normalized-oscillatory
“integral” on #:

F(f)= ]‘exp {2—;(x, Bx)}f(x)dx = exp{—%(a,B“‘a)}d,u(a).

We remark that the integral with respect to u is well defined as an integral on 5#. The
“integral” #(f) is a continuous bounded normalized linear functional on & (#)
(Z (N2l fand #(1) = 1). It follows from the fact that # () is a Banach algebra
that sums and products of “integrable” functions are again “integrable” functions,
and so are also compositions with entire functions. As a consequence one can easily
see that (0.2) is well defined.
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The formal notation involving dx has the advantage of reminding us of the
origins of the normalized-oscillatory integral and of its properties such as the
invariance under translations and the Fubini theorem about iterated integration.
For the proof and for a discussion of these and other properties of the normalized-
oscillatory integral, see ref. [1]. See also refs. [2-5].

We shall also use some definitions and results stated in refs. [6, 7], which we now
briefly recall. Let pe#(R™), ¢:R™—>C, and take ¢>0 and peR\{0}. For a
measurable map f:R™— C we define

 Nem i
E() = | Qrip)~™? CXP{$<X,X>}<P(8X)f (x)dx,
Rm
where (-,-) is the Euclidean inner product in RY and (!/? is chosen so that
Re('?220 for Re{ 2 0. If [(f)=1lim(f) exists for all peL(R™) with ¢(0)=1
€l0

and has a value independent of ¢, we say that fe #?(R™; C), and we write
9 i
F(f)= | Qnip)~""? {—2;<x,x>}f (x)dx =1(f).
Rm
If  has at most polynomial growth we can define for Im{ <0,

F4f) = @mi) ™ [ exp {§<x,x>}f<x)dx.

Let now 5 be the space of continuous functions y:[0, t] —» R?, satisfying y(t) = 0,
with () = (y!(x),...,y%z)), t€[0,t], y' absolutely continuous, dy*/dteI?*[0,t], for
i=1,...,d. # is a real separable Hilbert space with inner product defined by

N VA PN
&,y = (I) <d—r(T)’E(t)> dr.

frn={0=ty<t; < <lwm+1 =t} is a finite partition of [0,t] we define the
piecewise linear approximation P, by

(P)(s) =y(t) + (s — t)[¥(t;+ ) — ¥t )T [tj 1 — £
fOl‘ tjésétj'Fl’j:O’ 1,...,m(7t).
Consider now the complex Gaussian density e,: # — C defined by

e,(y) = exp {ﬁ(v, v)}, Imh <0, h#0.

For f: # — C we shall now define #"(f). Put

0 0
Fuf)= .[ (few) rp,,x’dx/ j € fp,,de-

P.# #

Let 8(m) = max {t;,, — ;|j=0,1,...,m(n)}. Thenif lim F(f)exists, we say that f
é(m)—0
is #h-integrable and write

FXf)= lim Fu(f).
5(m)—0
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One can prove [6,7] that if fe #(#) then f is # "-integrable, and one obtains
precisely

F(f) =T exp {g’,;(x, x)}f(x)dx. (L.1)

This is the reason why we shall use in this paper the right-hand side of (1.1) as a
notation for #"(f) even if f¢F(H).

In the polygonal path formulation of the normalized-oscillatory integral one can
prove also a translation formula. For more details see refs. [6,7].

2. Some Technical Results

In this section we shall introduce notations and discuss some technical results, which
will be needed to control the asymptotic expansion in the following section.

A) Some Combinatorial Analysis. As before (#,(-,')) denotes a real separable
Hilbert space. Let x4, ...,x,,e5. We define (x,...,x,,) as the 2n-linear symmetric
real function

1
(X150005X2p) = _’Z(xa'(l), xa(Z)) (xa(Zn— 1)» xa(2n))’
(2n)

where the summation is over all permutations ¢ of {1,...,2n}. The following
convention will be useful:
(XgseesXio Voo YD =5 V15 y) = = W15, Y2 X5
whenever x; = =x, = X.
Consider now (eC and f({)= i a,l" an even, respectively odd, analytic
function convergent for |{| < p, witfxig > 0; f'({) denotes the derivative of f, ie.
f'O= {20 na, "~ '; we also define fe*V()=f™(). Let k be an even

(for f even), respectively odd (for f odd), integer and xi,...,x,€X,
For xe#, |x| = (x,x)'/* < p, we define the complex valued function

Q0
Sy, oxgX)= Y a,xy,....%,x").
n=0

It is now easy to see that
Dyf(xl,"‘,xk;x) =f’(x19~~~3xk’y;x)a

where D, denotes the Fréchet derivative with respect to x in the direction of the
vector .
We shall also need the following notations. Let m = 0; for mn < s, we define

(x15-'-,xk9(y1 + .. +y,, + Z)s)(y,m)

s
— A
Y (ll,...,l,,,/l (%15 s Xpy Y1y .o yinz?),
A+ Hdyti=s
A1y Ap2m

and for mn > s we assume that the right-hand side is equal to zero.
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For m =0 we have the multinomial theorem

(xlr--axk,(yl + - +yn +Z)s)(y,0) =(x15-'-axk,(y1 + - +yn +Z)S)' (2'1)
One can now define

00

S5 sxg Y+t y, +Z)(y,m) = AZO (X1 X (Pt o+ Ya +Z)l)(y,m)'

For m = 1 we have the following integral representation

1 ! m-— m m.
f(xla‘-~axk;y+z)(y,m)=mg(1_t) lf( )(Xl,---,xk,y ,ty+Z)dt.
The proof of this formula is done considering first the case where f({) = {*, with seN,

using (2.1) and

L k!A!
Kl — A = —
Qt“ tyde k+A+1)°

By induction over n one can now prove

f(xla“',xk;yl + +yn+z)(y,m)

L1 ) 22)
Sy B LR R )
SO Xy Xy VT YIS Y1+ e+ Loy + 2)dty . dt,.
Example 1.
s! 11
Xit o+ X+ Ve = —ty)...(1—¢)]" !
st o 5t Dy = (e -+ [ [0 = 1. (1 =1)]

O, LX (X e F X, + YT ™)E L e, (23)

Example2. For xe# consider the Gaussian exp { — x*}. We define

D,,...D, exp{—x?} =(—1\'H(xy,...,X,|x)exp { — x*}. 2.4)
In this paper we shall use the convention H,(Vi,...,Vks Xis...5Xz]X) =
H,()*, x1,...,%;]X) = -+ = H,(xy,...,X;,Y*|x) whenever y, =---=y,=y. If # is

one-dimensional H,(x,,...,X,|x) = x,...x,H,(x), where H,(x) is the usual Hermite
polynomial of degree n, which is defined by

g2 (— 12xy =
_m I
Hx)=n 3 kl(n — 2k)!
Note that in general H,(x,,...,x,|x) # H,(X;,...,X; X). Forn=0, 1, 2, 3 we have:
Ho(x) =1, H{(x{]x) = 2(x, x;), H(x1,%3]x) = 4(x, x1)(x, X;) — 2(xy, X5),
H3(x1,x2,x3|x) = 8(x,x1)(x5x2)(xa x3) - 12(x,x1,x2,x3).

For ¢(,,...,(,eC, x4,...,x,es# we shall use the notation ({,x,,...,{,x,)=
Civv.8u(%15- .., x,). With this convention and from formulae (2.2) and (2.4), one can
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easily establish the important relation

exp{——g(x1 + - +x,,+y)2}

(x,m)

1 1
1)|n£ g[(l (1 —t )]m !

1/2 m : 2 m .
S om0

-exp{—-%(tlx1 4+t tx, + y)Z}dt1 ...dt,, CeC. (2.5)

B) Bounds. We shall first compute some useful bounds for the “Hermite functions”

B ih_, ih\'2 ih\"2 |(ih\'?
14 (I G N CO

with x,,...,x,, ye#, as defined in the previous section and Imh <0. Set Imh=
—|h|é. From the definitions it follows immediately that

[h]\"/2 m2112(1 h|/2)1/2 n—23
s (B i U Jexp -2 ey

Let =0 and k>0; then n*exp{—n} <kFexp{—k}. Let 6>0 and put =
|h|6 y?/2, k = n/2 — A. From (2.6) we get

[B|\"?  [21[2(n —22)/ed]"*"*
|Fol 141 ‘nl( > ;0 A —22) 27

We shall now prove that
ol m21[2(n — 24)/es]"2~*

VLT T2 <401 + 6)/81"%(n/2)! (2.8)
in order to obtain, from (2.7) and (2.8), the following bound:
[F,| <|xq]... 1%, [2|B|(1 + 8)/81"*(n/2)!, Imh <O. 29
We recall first that
(2x)! =2%"x!(x — 1 /2)!/ﬁ, forx =0, (2.10)

and (see ref. [12])

x* /2nxexp(—x) S x! £ x*/2nxexp(—x+ 1/12x), forx>0. (2.11)
From (2.10) and (2.11) we easily get that

2X(x/2)2 exp (— x/2)/x! < /T/(x/2— 1/2)}, x=0,1,2,... 2.12)
and
2X(x/2y" exp(— x/2)/x! £ 1/(x/2)!, x=0,1,2,.... (2.13)

Forn=2p, p=0, 1, 2,..., and from (2.10) and (2.13), we get
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(21 [2(n — 24)/ed]">~* L@t Z <p>5;_ _(p—1/2)! (4(1 + 5))"’2
) 1.;0 l'(n - 2},)' = p' i=0 A N \/7? o

OWCIEDNG

In the same way, forn=2p+1,p=0, 1, 2,..., and from (2.10) and (2.12) we obtain
the inequality (2.8).
Finally we shall compute an upper bound for the integral

k
I=f-flagl..dogl(log [ty + oo+ log ]t + | BI)" Zldlu|(ocj)dtjd|v|(ﬂ),
i=
where a,,...,0, BeH, ty,...,t,€[0, 1] and p, ve #(5#). Assume that

flafdiul(@)<n!L/e", O<nsm+]1,
[1BId|vI(B) = n'M[e", O0<n<m.

First we remark the following; let s, neN; the number of n+ 1-uples (jo,...,jn)

. . [s+n . .
such that j, + --- +j,=s, with jg,...,j,eN, is ( " > The proof is done using
the usual properties of the combinations. Now using formula (2.3) we get

k
M (] + - +|ak|+|ﬂ|){:tmd|u|(a,)div|(ﬁ)<(—"’i,'f3+—':~

(2.14)

(m + k)’

All these bounds will be needed later.

C) Integrable Functions. We give now a simple example of an integrable function
[7]. Let ay,...,a,, fes#. Then (x,a,)...(x, a,)exp {i(x, B)} is integrable and
j exp{Zh }(x,al). -.(x, ) exp {i(x, B) } dx

, N1/2 N 1/2 .
=(i)nexp{_l_2}fﬁ2}Hn<<%> al,...,<%> o, <l—2}1>1/2/3>. (2.15)

Obviously sums of functions of this type are also integrable. We have now the
following lemma.

Lemma 1. Let X be a metric space, w a bounded complex measure defined on the Borel
subsets of X and Imh<O0, h#0. We consider the measurable functions g,
fiftseoosfpr X = A such that f,f,,....f, are bounded and

}I{Ig(é)ljdlwl(f)< ©, j=0,1,....p
This last condition can be dropped if Im h <0. Then, the function @: # —C defined by

o(x) = )J;(x,f 18- (x. /(&) exp { i(x,9(¢)) + %(x,f (é))}dw(é)
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is F"-integrable and
Joxp{ o bototts = [exp — 1107~ 0.1 |
{T o0 b1 500 f00exp {0 ok,

where the right-hand side is defined by (2.15). Sums of functions of this type are also
integrable.

Proof. Thelemma is proved in the same way, mutatis mutandis, as Proposition 5B in
ref. [7]. The possibility of using Lebesgue’s dominated convergence theorem is
ensured by the conditions imposed on g, f, fi,...,f,, taking into account the
bounds (2.6) and (2.9). From these bounds we see also that the condition on g is
necessary if Imh =0 and can be dropped if Imh<0. []

Remark. The class of functions ¢ of the lemma is also closed under certain natural
operations like translations and multiplications. Lemma 1 is necessary in order to
justify formula (3.13) below.

3. The Case of a Unique Non-Degenerate Stationary Point

In this section we shall develop the method of the stationary phase for the integral
I(h) as defined by (0.2) in the case where B > 0 and the phase function ¢(x) has a
unique non-degenerate stationary point.

Consider the mapping f(x)—fg(x)=f(B~'?x), which defines an auto-
morphism of the Banach algebra % (). One has immediately

lexp {_2%()6’ Bx)}f(x)dx =FNfp) = ; exp {E%xz }f,,(x)dx.

As we see one can assume first that B =1 and later derive the results for general B
using the above defined automorphism.

From now on V and g are Fourier transforms of x and v, respectively. Moreover
we shall assume the existence of constants L, M, ¢ > 0 such that

[laPdlul(@ 1L/, 0<), 3.1)
[1BVdIvI(B)<j!M/[el, 0<j. (3.2)

Lemma 2. V(x) is twice continuously Fréchet differentiable, d*V(x) is of trace class
and

Id2V(x) |, < fad|ul(w),
where |+ ||, is the trace norm.

Proof. The proof follows as in ref. [2]. O
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We remark that

(@V(x), y) =i f(a y) exp {i(x, @) }dp(a),
(1, d*V(x)2) = — [ (o, y) (o, z) exp {i(x, &) }dpu(cx), (3.3)

for every y,ze H#.

Lemma 3. a) If there exists a k > 0 such that | d*V(x)|| < k < 1 for every xe #, then
the equation dV(y) = y has a unique solution in #. b) Let V be such that [o*d|p|(x)
< 1; then there exists a k >0 such that ||d*V(x)|| < k < 1 for every xeH#.

Proof. Part a) of the Lemma is contained in Lemma 2.3 in ref. [2]. For the proof of
part b), take k = [o?d|u|(a). O
From now on we shall assume that 2L < &2, which implies that

fo2d|pul (@) < 1. (3.4)

We see that (3.4) is a sufficient condition for the existence of a unique non-degenerate
stationary point of the phase function, which we shall denote in the following by
a. We shall also use the following notations: V%x)= V(x + a), g°(x) =g(x + a),
dp*(e) = exp {i(a, o) }dp(e), and so on. From now on we define

W(x) = V%x) — V(a) — (x, a). (3.5)

Using the translation property of the normalized-oscillatory integral, we can
write

i

I(h) = I*(h)exp {Zhaz — % V(a)},

where

i
I*(h) = Jexp {ﬁxz - W(x)}g"(x)dx,
with W(x) defined by (3.5).

We are now going to investigate the asymptotic behaviour, as h —0, of the
integral I*(h). Let us begin by introducing two functions: ¢,eZ (), for Inh <0,
h #0; and y,e F"(#), for Imh <O0.

We recall first an integral representation which we shall often use

‘ j—!J=(nEn1)!i§(l —t)" texp {{t}dt, O<n, (eC. (3.6)
Let
Pux) = W(x)"g*(x), 0=n. (3.7)

From (3.5) and (3.6) we obtain the integral representation

W(x)= — z‘;dt (1 = t)(x, @) exp {it(x, o) }dp(a). (3.8)
>
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In order to apply Lemma 1, let
X = x[0,1])"x o, E=(a1,t15.. 0ty PEX;
f2j—1(~f) =f2j(é)= i“j/l“ﬂ, j=1....n
J@=0 g@)=ty0, + -+ t,2,+ B;

and o is the measure such that for p: X -»C

[ PO = - [pl¢) n oy (1 — £ )dp(o)de dvA().

Let Inh<0, h#0. From Lemma 1 we get that ¢,e F"(#).
Now let

L ,
Ya(x) = W(x)"g*(x) [ (1 —o)*~* exp{ - % W(x)t}dt, 0<n. (3.9)
0
From (3.5) and (3.6) we obtain the integral representation

W(x)= j) dt j i(x, o) exp {it(x, o) }dp’(er) — (x, a). (3.10)
#

Define for 0 <A <n,

1 A
Y, a(%) = [ g dt | (x, o) exp {it(x, d)}d#“(a)] (x,0)"”*g"(x)

-i(l —ty ! exp{—%W(x)t}dt.

0

Then

n A~ 1) n!

Yu(x) = ;_;0 m Y, a(X)-

Define now 6,e.#(#) such that

it

i o 1 1
0, =exp {iV(a)t}l;Oi!—< _Z> (uy* % e, (3.11)

Then

[h] [h] Al Al

and g*(x){ — (i/h)(V*(x) — V(a))t} is the Fourier transform of 6,. Again, in order to
apply Lemma 1, let

X=(%X[Oal])l+ls £=(a1’t1"~’a}.9tbﬁa t)EX;
fi@=ajlal, j=1,....4 fid)=a j=i+1...n [f(&)=at; g &=ty + -+

t,o; + B; and w is the measure such that for p: X - C,

A
)I( p&)do(&) = f(1 — 1)~ tde |- [p(&) Ul |oj | dp (e )dt ;dO(B).

)
160 = vl exp{—iV(a)t +M,} < vl exp{—| V@) +M}, (3.12)
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Let Imh < 0. From Lemma 1 we get that y,, ;, ,e #" (#). Let n > 0. From formula
(3.6) and Lemma 1 we get

n—1 i \J i -
I*(h) = 20 %( - %) Texp {ﬁxz}(p,(x)dx + R (), (3.13)

i n
Ru) == 1),< h)]‘ xp{zh }wn(x)dx.

As we have just proved (3.13) is well defined in the region Imh < 0.

where

Lemma 4. R,(h) converges uniformly to zero on compacts in the half-plane Im h < 0.

Proof. We shall use the results of Sects. 2B and 2C. We have

- s\n1 1— n—1 2 .
R”(h)=<‘%> gdt{j((n—t)l)! e"p{ 3 }f“p{zh }
-W(x — ta)"exp {i(x, ﬁ)}dxd(?,(ﬁ)}, (3.14)

where 0, is defined by (3.11) with the substitutions x* by u* ~*and v* by v(* ~9. Then
W(x — ta)"exp {i(x, f) }
n!
= N ( __1\ptssqtsirts, P29

p+q§+s=np!q!r!s!( 1) e (x’a) a4

'j'“f(X,%)“‘(X, @,)(a,71)---(a, 5 exp {i(x, 0 uy + -+ + ot,u, + 7,0,

+ 90+ B} Hldﬁ(ajauj)l—lldﬂ(ypvj)’ (3.15)

1= J=
where fi(o, u) is a measure on J# x [0, 1] such that for p: # x [0,1]-C,
§ plo w)dfe,u) = [ | plewexp { — itu(a, @)} dp“()du.

As before we put Im h = — 8| k|, with § > 0. From (2.9), (3.12),(3.14) and (3.15), we get

-n ( t)” ! 6 2
|R,(h)| < |h| Idt{f—T xp{ma }
UCXP{zh }W(x—ta)"exp{i(x,ﬁ)}dxld[@,l(ﬁ)}

<lh|_n§dt( - )” 1CXp 0 az Z n! q+s|a|2q+s+p
1)’ 2|hl p+q+r+s=npD: q’r'S'

hI(1 — §)\@+n2
(20 )

~nv||exp~{,hl|V( )|+%’,f—|”}

+ o0
From (p—;—r>' = [ exp{—nn®*"2dn, we get
V]
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+ oo

~ K
IRu(h)| =5 [ exp{—n}(®'"*P +Q +n'/*R + S)dn, (3.16)
- 0

where
=|a| [2|h](1 + 8)/6]1"7,

Q=ad?
R = [21h[(1 + 8)/51"2 [ ol d| ] @),
= al | lold] ] (@),
)
=|h|“"exp{ma +W'V( ”*I%}” V.

From (3.16) we get immediately

IRB) S 3 exp { = n}(P-+ 0+ R + Y

Koo
+F§exp{—n}n”/2(P+Q+R+S)"
-1

g5'<1—1+<f)!)(P+Q+R+S)".
n! e 2

Itis now easy to see that if h belongs to a compact of the region Im h < 0, then |h| and
¢ are bounded from below and above and the conclusion of the lemma is
obvious. []

It is natural now to investigate the asymptotic behaviour, as h—0, of the
functions

1
I,’{‘(h)=5< )j"exp{zh }(p,,(x)dx, Imh<0, h#0.

With the definition
10 =(=3 S S us) [lacep,
(@,2)J=
one has the following result.

Lemma 5. Under assumptions (3.1) and (3.2) I¥ (h), n 2 0, is well defined in Imh <0
analytic in Imh <0 and C® on R. We have in Imh <0, for [ =0,

) i \m 1 n 2m+2n
Ix(h) = Z : <__> (—_> n'(m4rn)'j j(Z K +B>(a‘2)
H u(o)dv(B) + R, (),

and R, |(h) satisfies the following estimate:

R () <— M <2L(3+2\/5))"< 2|h| )’(n+l—l/2)!
S ENONE ’ X6 —4./2) n

&



200 J. Rezende

Moreover, for 2L(3 + 2\/5) <¢? the series Y I¥(h) converges absolutely and
n=0
uniformly in Imh < 0.

Proof. The fact that I}¥(h) is well defined in Imh <0, h #0, results from (3.1), (3.2)

and Lemma 1. We can now calculate I}(h) in two ways, using either the integral

representation (3.10) or the integral representation (3.8) for W(x). This gives,

respectively

n k(_ 1)" k
k'(n k)!

1:(h)=%(——)§ jexp{—ﬁAZ}Hu( ) (l—t,,)l'[dﬂ“(a,)dth(ﬁ), (3.18)

2
where 4, =at; + -+t + B, k=1,...,n,
ih\'?
(3) )
ih 1/2 2 ih 1/2 2 ih 1/2
mesn((5) ) ((5) ) 1G) )

. 1/2 n—k : 1/2 . 1/2
(8" (&) (2)
Comparing (2.5) and (3.18) we get

ih n 2 n
I,’f(h)=nl!<——)j jexp{-———(; )} H w(o)dvi(p). (3.19)

(@,2)j=1

By =h"Y — 2 [..fex { AZ}H"" ]‘[d;ﬂ(a,)dt Av(B), (3.17)

Now we have
[n/2] n
HY=mY h™ % and H,,=h") h" ‘a,. (3:20)
A=0 A=0

From (3.18), (3.19) and (3.20) it follows immediately that I¥(h) is analyticin Imh <0
and C* on R. From (2.6) and |a| =|dV(a)| £ L/e, we get

2 A L n—k
l""l-h( ) oty [+ ol (lotg [ £y + -+ + oy |2 + B 22 (3.21)
From (3.6), (3.17) and (3.20), we get
I*h) — Z b " <|hl’Z Zf IMI “"H«u |(o)dt d|v|(B)
" Ki(n— 10! (i + D) H%

(3.22)
for some b,,eC, m= —[n/2],...,l— 1. From (3.6), (3.18) and (3.20), we get
A2/2) n+ A+l
<|h|' e
Al Zj j —n+ i+

la;l(1—ty)--(1—1t,) ljldlﬂl(aj)dtjdlvl(ﬂ) (3.23)

Ik — z Cuh™

m=0

for some ¢,,eC,m=0,...,l — 1. Comparing now (3.22) and (3.23) we see that b,, =0
for m= —[n/2],...,— 1 and b,, = c,, for meN. Comparing (3.19) and (3.23) we see
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that

i m 1 n 2m+2n pn .
cm—(_§> <_ )n'(m+n)’j j(Za +B>(a’2) Jlj[d,u(a)dv(ﬂ)
We need now to estimate the right-hand side of (3.22), i.e. R, (h). From (2.14),
(3.1), (3.2), (3.21) and (3.22), we get

LN/ 1\, & (n+ 20+ k)2 9= 2i+n
< — —In
an,l(h)l = M<282> <282) n: kzo k!z(n _ k)' Azo(l + l)”.!(n — 2}()'

lrfl 2 24+n _ @n+2 22+ 2 41— 1/2)!
LA+ DA =24 nl(n+2D)(n+1) nl(n + 20 \/;
(see formula (3a) in ref. [13], p. 8) and from
z": (n+20+k)! S(n +2D)!(3 + 2\/5)",
Ko KPm—k! T - /2%t

the bound for R, ,(h) follows. The inequality (3.24) is proved in the following way.
First we observe that

z":(n+2l+k)!_(n+21!" n\/n+20+k
o k2n—k)!  onl So\k k '

From

(3.24)

u 20+ k
Itis clear now that ) )T
K=o\ k k

powers of z of (14 z)" (1 —2z)"""%7! |z| < 1. Therefore

n (n420+ k) (n+2D) a+2)

)

Ko K2(n—k)!  2min! L (1—z)r AT

< (n+2D1(1 +7)"

:n!(l _r)n+21+ lrn’

) is the coefficient of z" in the development in

dz
withO<r < 1.

Choosingr = \/i — 1to optimize the estimate, we obtain inequality (3.24). From the
bound for R, (h) one gets

(W] =R, o(h)] =

RGN

and the final assertion of the lemma is easily established. [J

M <2L(3 +2./2) )”(n —1/2)

&2 n!

Lemma 6. Assume that 2L < 2. Then for every m = 0 the series

P\" & 1\ mtam o
<—5) n§0<_ )n‘(m+n)vI j(Z“ +ﬁ>w) ,U uw(o)dvi(B

is absolutely convergent, moreover, for m =0, its value is given by
Det(1 —d*V(a))”'*g(a),
where Det(1 — d?V(a)) is the Fredholm determinant of the operator 1 — d*V(a).
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Proof. By estimates of the type (2.14) we get
2m+2n p
‘jj(z a; +ﬂ> Hldu“(aj)dv“(ﬁ)
2) J=
<@m+2m) Y - jw

J1+  Aipti=2m+2n ']'

J1s* Jn22
" (2m + 2n)!(2m + n)lL'M
. <
kl;ll d'ﬂl(ak)dl"'(ﬂ) = n!(zm)!82m+2n

Now it is trivial to check the absolute convergence of the series if 2L < g2.
In order to compute the value of the series for m =0 let us first remark that

2n
( Z o+ B) =( Y oc,-) . In this case the series is reduced to
(@,2) j=1

(@,2)

§0< - %)%f | (,Z %)2" T ditegta).

=1 (@,2)j=1
Put
L=f3( Su) Tl
=1 (@,2)i=
and

A= 2 2 ) [ dulr)

We have then that

n12on=Git i

= 11
I, D e AT
n< <y 1 k.]l
ittt tpgg=n
Hence

e (U1t tiK) .

Z( ) ST Py (3.25)

. i . 1 [ -

; 2)nn'2 n= < <y il

igji+  +igg=n

Now put T = d?V(a). Then from (3.3) we get
(X, TY) = j(x’ “) (ya oc)d,u“(oc),

and also
(6, T") = (= 1y'f - f(x,ao---(an-l,an)(an,y)jrjl dpi(a).
This implies
7= (= 17§ [ Jlewt) -1t o) [ die) = (= 1741, 326)

where (e;);=,,.. is any orthonormal basis of #".
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From the assumption of the lemma and from Lemma 2 we get that | T|| < 1.
Hence Det(1 — T)~ !/2 exists and we have

Det(1 — T)" 2 =exp{ —(1/2)trlog(1 — T)} (3.27)
From (3.26) and (3.27) we get

Det(1 — T)~ 12 = exp{%nil B,,} -3 (%) 3y

— . - S A
i=0 ji+ At =i InIn

j1... Bin...
Bl Bn“

where only a finite number of j, are different from zero and B, =(— 1)"4,/n. Then
D (1] T) 12 i Z 2-Uit +j) .
et —T1)"""= ————Bi:---Bi
=0 i< <, Jategid .
i1yj1+  tigg=n

=Y (= ¥
=0 < <k
i+ Higj=n
Comparing (3.25) and (3.28) we get the last statement of the lemma. [J
We arrive now at the main theorem of this section considering the general case

where B, B~ e #(#), B> 0.

Theorem. Let V(x) = [exp {i(x, )} du(e) and g(x) = [ exp {i(x, B) }dv(B), where y and v
are bounded complex measures on # such that

flal"dlpl(@ < Lnl/e", 0 <n,
f1BI"dIv|(B) < Mn!/e", 0=n,

2-Git  +i

Ajr--- Al (3.28)

Jal- il B i

for some L, M, ¢ > 0 verifying 2L|| B~ ||(3 + 2 \/5) < &2. Then there is a unique point
ae# such that dV(a) = Ba; B~ 'd?V(a) is of trace class and ||B”'d*V(a)|, < 1. Let

~ i i
I(h) = iexp {2—h(x, Bx) — 5 V(x)}g(x)dx.
Then I(h) is analytic in Im h < 0. Consider the function
I*(h) = I(h)exp {% V(a)— 2’—h(a, Ba)}, forlmh < 0,h 0,

I*(0) = Det(1 — B~ 'd?V(a)) " *?g(a),
where Det(1 — B~'d*V(a)) is the Fredholm determinant of the operator 1 —
B~ 1d?V(a). Then I*(h) is a continuous function of hin Im h < 0. One has the following
asymptotic expansion and estimate

I*(h) — li; h"‘( —%)m A

n=on!(m+ n)!

(@,2) J

n 2m+2n p
for I{B"/2<j;1a,-+ﬂ>} [ exp {i(a, o) }ulay) exp {ita, )} dv(f)

-1 i\™ 2m 2—n
I*(h) — Det(1 — B~ 'd?*V(a)) " '/? M —= _
(h) = Det( @ 2 ( 2) Zonl(m + n)!
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-j-~~j{(B—d2V(a))‘”2< Z o+ ﬂ)}zmm

(2,3)

. E[l exp {i(a, a;) }dp(o;) exp {i(a, p) }dv(B)

M (2mw 1u><1_ﬂ43“n0+2¢%>“””0_1y
CENENAC NG 3 2

Moreover the asymptotic expansion is Borel summable and determines I*(h) uniquely.

Proof. The uniqueness of the stationary point follows from Lemma 3 and from the
assumption 2L||B~ || (3+2 ﬁ) < 2. We remark also that this condition implies
the one of Lemma 6. This condition and Lemma 2 imply that B~ *d?V/(a) is of trace
class and | B~ 'd?>V(a)|, < 1. Now I(h) can be written

Iwb=§< ) - pr{ [B‘”(Za+ﬁ>T}£ywumwm

n=0

using the properties of the normalized-oscillatory integral. This expression shows
that I(h) is analytic in Im h <0 and continuous in Imh <0, h#0.
We can now prove that

W
n=0

inIm h <0, with I*(h) defined as before. In fact this series is absolutely and uniformly
convergent in Imh <0, and every term is analytic in Imh <0 and C® on R.
Therefore the sum of this series is an analytic function on Im h <0 and continuous
on R. By Lemma 4 this sum is identified with I*(h) in Im A < 0. For this reason I* (h)
is just the sum of the series in Im 4 < 0. Now using Lemma 5 and Lemma 6 we get the
first expression of the asymptotic expansion as well as the estimate of the theorem.

In order to obtain the second expression of the asymptotic expansion let us begin
with another integral representation for W(x). From (3.5) and (3.6) we have

W(x) = (1/2)(x,d*V(a)x) + W(x), where
- 11
Wi(x)= 3 gdt J Gix, 0))* (1 — t)* exp {it(x, o) } dp(@).

Hence (1/2)(x, Bx) — W(x) = (1/2) (x, Tx) — W(x), where T = B — d*V/(a). From the
Cameron—Martin formula [7], we get

I*(h) = Det(1 — B~ 'd*V(a))~ ”Zjexp{ (x, Tx)——W(x)} “(x)dx,

2h

where the integral is normalized relative to the quadratic form (x, Tx). In the same
way as in Lemma 4 one has in the region Imh <0,

I*(h)=Det(1 — B~ 'd?*V(a))~ /2 }i( - %)nﬁjgexp {E%(x, Tx)} W(x)"g*(x)dx.
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As in the proof of Lemma 5 we get

I*(h) = Det(1 — B~ 1d?V(a))~ 1/2 i (%)n%}lj---jexp{—%(A,,,T“A,,)}
n=0 .

Hap(l = 1,2 (1 = 1) [ | du(o i dve(),

where A, = at; - + a,t, + B, and

: 1/2 3 : 1/2 3
e (2] o (2) )

Comparing this and (2.5) we obtain for Imh <0

(3)°ree)

I*(h) = Det(1 — B~ *d*V(a))~ '/ 20 G)’%f...j

i n 2 n
-exp{—%liT_W(Z ocj+ﬁ>] } I 1 dp(@)dvi(p).
i=1 (@,3)i=1

We can now identify the coefficients of 4™, which are uniquely determined and do not
depend on the domain of definition of A, and obtain the second expression of the
asymptotic expansion of the theorem.

Finally, as we have established I*(h) is analytic in the half-plane Im h < 0 and
satisfies there an estimate of the type
I-1

*(h)— Y ayh"

n=0

< Ad'll|h|,

(for a,,eC, meN, A, ¢ > 0) uniformly in /eN and h. Following Nevanlinna [14,15]
these are precisely sufficient conditions in order to have the Borel summability of the
divergent series X' a,,h™ and in order that I*(h) be uniquely determined by it. This last
assertion means that there is one and only one I*(h) which verifies the above
inequalities; this follows also from Carleman’s theorem [16]. []

Remark. The definition of asymptotic development was introduced by H. Poincaré
[17]. The theory of divergent series was first considered by E.Borel [18,19].
Important theorems on Borel summability were proved by G. N. Watson [20,21].
About the work of Watson, see also ref. [22]. The most powerful theorems on this
subject were proved by F. Nevanlinna [14]. A good summary of Nevanlinna’s
results was given in ref. [15]; see also ref. [16,23]. About asymptotic developments,
see also ref. [24].
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