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Abstract. The microcanonical entropy plays an essential role in the equilib-
rium statistical mechanics of gravitating systems. A peculiar feature of many of
these systems is the existence of stable thermodynamic equilibrium con-
figurations with negative heat capacities. Different methods have been de-
veloped for calculating the microcanonical entropy involving multivariate
integrals of constraints and functional integrations. An apparent ambiguity
between an approach due to Hawking and Gibbons, based on an entropy
definition involving an inverse Laplace transform of the partition function,
which they developed to treat quantum systems with gravity, and a different
approach developed by Horwitz and Katz defining the entropy as an equal
weight sum over a constant energy surface developed originally to treat
Newtonian and classical GR systems is shown here to be spurious, at least at
the level of quadratic fluctuations of all variables about the extremal solutions.
The two approaches involve distinct contours for different orders of in-
tegration, each of which is shown to be the appropriate steepest descent path
corresponding to the given order of investigation. Up to quadratic fluctuations
both methods yield identical results. However, they represent different per-
turbation expansions for the gravitational modes of freedom with different
radii of convergence. The discussion is made in terms of a particular
convenient model, a system of point particles interacting via Newtonian forces,
confined to a sphere, but results are quite general.

I. Introduction

Calculations using a microcanonical ensemble (MCE) involve many practical
difficulties for virtually any system. On the basis of the equivalence of different
ensemble which is valid for the usual uniform system, one commonly carries out
calculations in the most convenient ensemble and then one obtains the entropy by
means of a Legendre transformation. Thus, for classical systems, standard
calculations use either the canonical ensemble (CE) or the grand canonical
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ensemble (GCE). The entropy is then obtained for the CE as the energy transform
of the Helmholtz free energy FN:

S{E9V,N)=-βFN + βE, (1)

where the temperature T = β~1(ihQ Boltzmann constant = kB = l), or for the GCE
from the grand potential q with an energy and particle number Legendre
transform:

S{E,V9N)=-βq + βE-<xN, (2)

with the chemical potential μ = a/β.
For quantum systems one commonly calculates with the GCE for reasons of

calculational simplicity [2], carrying out the Legendre transform (2). For gravi-
tational systems, the above is, in general inadequate. Self-bound gravitational
systems are typically nonuniform in space or in time ensemble equivalence has
been shown to break down for such systems [3]. There exist stable thermody-
namic equilibrium (TDE) configurations and TDE models which are found to be
stable for MCE constraints (fixed £, V, N) which could not exist stably or in some
cases not at all for systems in contact with a heat bath (CE) or heat and particle
baths (GCE) [4]. These results have been known for some time and although there
was some reluctance to accept stable negative heat capacity systems, they have
been generally acknowledged. Examples include Newtonian [5] and general
relativistic [6] models of spherical star clusters, quantum states for stars [7] and
TDE black holes in radiation cavities [8], a FRW universe with positive
cosmological constant and scalar conformal bosons [9]. In all of these cases the
ensemble dependence of the stability conditions is striking: the range of parame-
ters yielding stability is increased as one imposes more constraints, hence limiting
fluctuations. For parameters corresponding to an unstable CE, but stable MCE,
the heat capacity is negative thus the physical partition function does not exist.
An approximate partition function, e.g. that of the mean field approximation can
exist and be real but will have unstable fluctuations.

Gravitating systems raise more basic problems in their statistical mechanics
treatment than the ensemble dependence; the problem of formulating the
equilibrium or nonequilibrium statistical mechanics for these systems presenting
many difficulties. For a Newtonian potential or for GR only in the form of a
background metric, more or less standard definition can be used, but there are
serious convergence problems, spatially or temporally. However, for classical GR
even more strikingly than for quantum GR, there is no obvious first principle
definition for the entropy when gravity contributes to the statistical state.

In an earlier work on Newtonian systems [5], a functional integral formulation
for the MCE entropy of TDE systems was derived; CE and GCE results for
spherical star clusters were obtained for various models [10] and compared with
those for the MCE. A phenomenological, analogous treatment was developed for
classical GR systems again for various ensembles, including the MCE [6].
Subsequently, we were able to calculate the MCE for quantum fields with
cosmological metrics in a formalism based on quantum gravity [9] from which a
quasi-classical contribution was extracted [11]. A particular feature of this
method was that the quadratic form was diagonalized in a specific order,
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constraint variables prior to gravitational degrees of freedom, in order to obtain
the correct ensemble dependent stability conditions.

A different approach was developed for evaluating the entropy of quantum
fields and quantum gravity by Hawking [12] and Gibbons and Hawking [13]. In
their approach, they postulated the partition function ZN on the Feynman
formalism as a functional integral over the Euclideanized action including gravity,
correcting the usual gravitational Lagrangian by a surface term. The entropy was
then determined not from the thermodynamic connection of the Legendre
transform (1), but instead as the inverse Laplace transform of ZN (expressed as a
Feynman integral)

expS= j dββπi expβE Z N = j [ # ] J dββπi expβE exp -/(ft {φ}), (3)

the β integral being taken perpendicular to the real axis. This formulation was
introduced with the awareness of the necessity of using the MCE, when the heat
capacity is negative. However, precisely for such conditions the partition function
is not well defined this difficulty they resolved by rotating contours in a manner
which we shall discuss in more detail below. However, they gave no real
justification for the distortion of the integration contours which were introduced
to make the integrals finite and real, and there was no clear statement of the
conditions for stability of the results obtained. Partial answeres to these questions
are given in the work of Gibbons et al. [14].

After we summarize the two formulations we shall observe that their respective
bases are conceptually different, but they are, in particular cases, formally
equivalent except for involving different orders of integration and correspondingly
different contours when stable negative heat capacity systems occur. At the level of
quadratic expansion around the extremal values in all variables, the steepest
descent paths depend on the order of integration, the original contour being the
appropriate steepest descent path for the order of integration used by Horwitz and
Katz, and the rotated contours the appropriate ones for the order of integration
used by Hawking and coworkers. Both are correct when appropriately used and
lead to identical stability conditions. They, however, represent different expansions
and potentially have different convergence conditions. This difference is especially
noteworthy when noting that the common approximations involve treating the
integrals of the statistical constraint (β) quadratically to test convergence and
treating the gravitational variables by a perturbation expansion not necessarily
limited to one loop. Most of these points will be illustrated in terms of a system of
classical point masses interacting via Newtonian forces in a closed volume. The
results obtained are, however, quite general but for heuristic reasons, we chose to
develop it in terms of a specific model.

II. Formulation of the Thermodynamic Equilibrium MCE

Let us first consider some arbitrary system which can be described in terms of a
classical action; we shall assume that the system has among its constants of
motion a suitable energy operator, a Hamitonian obtained as a projection of the
energy-momentum tensor on a static time-like Killing vector [15] characterizing
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the background metric. Then we can define the Gibbs MCE entropy for
thermodynamic equilibrium

expS = Ύr(N)δ{E-H) (4)

(the Dirac deltafunction should more properly be spread over a narrow energy
range small compared to E, but this difference is not significant in our analysis).
The trace here is an equal weight sum over N particle states for the quantum
system, and the corresponding result for classical systems is an integral over a 6N-
dimensional phase space multiplied by a factor of (AM)"1. Introducing an integral
representation of the δ-function

+ ΪOO =βo

exp S(£, K N) = Ύr{N) J dβ/2πί exp (βE - βH). (5)
— ico+βo

If the order of integration does not matter this becomes

expS(£,KN)= °J dβ/2πίQxpβE ZN, (6)
βo-ioo

where the partition function ZN analytically continued to complex β:

ZN = Tr(*> exp - βH = exp - βFN(β) (7)

with FN, the Helmoltz free energy; this result is the inverse Laplace transform
relation (3). The partition function can be expressed as a Feynman integral

Tr<*> exp - βH = J [ # J exp - I{φa}, (8)

where the φa represents the various field in /, \_dφ^\ is a measure of the function
space and I{φa} is the "Euclideanized" action corresponding to φa(0)= +φa{β), the
upper sign corresponding to boson and the lower to fermion operators.

In this way we have obtained the entropy in the form of an inverse Laplace
transform of the partition function. One commonly then relates the results of
steepest descent integration of β whose extremal value identified with β0 is the
Legendre transform relation

Sext = β0E-β0FN(β0,V), (9)

where β0 is determined by

0 = Tr<*>(if exp - j80ff)/Tr<N) exp - j80iί, (10)

and whose convergence is associated with positive fluctuation term in the β
integral (since the path of integration is over imaginary values)

d2(~βFN)

δβ
(11)

Cv being the heat capacity at fixed V and N. The apparent instability when Cv is
negative contradicts the results found in a variety of cases involving gravitating
systems where negative heat capacity domains are known to be stable thermody-
namic equilibrium states. Probably the simplest example of a system showing this
kind of behavior is a system of JV, equal mass (m= 1), classical particles interacting
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via Newtonian forces confined to a spherical volume, with the potential cut off at
short distances to prevent divergences due to clustering. All the essential features
of the general problem are illustrated by this simple system.

Aside from the ensemble dependence, we note that gravitating systems show a
number of unusual features among which are:

1) The absence of the usual thermodynamic limit, N and V going to infinity
with N/V finite; but some cases have an alternative limiting behavior [7].

2) A property related to 1) is that TDE gravitating systems are usually
nonuniform spatially, or in cosmology temporally this presents along with other
problems substantial computational complexity.

3) The physical relevance of the CE or GCE becomes questionable when
gravitational forces contribute to the TDE state: one can no longer treat part of a
closed system as a CE or GCE due to the long range of gravitational interactions.
The replica definition of these ensembles [16] may be still formally meaningful,
but the applicability is uncertain this is relevant even when Cv is positive.

4) The problems we have presented above, associated with the treatment of
negative heat capacity domains for the inverse Laplace transform relations, will be
seen to be associated with the technical difficulties of treating the multivariate
integrals involving constraint integrals like that over β and sums over gravi-
tational degrees of freedom of the system.

The last two points are the central issues of the present work, particularly 4).

III. The MCE for Newtonian Particles in a Spherical Volume

We shall discuss some very basic problems of functional integrals with micro-
canonical constraints for the specific, simple, classical model. This model calcu-
lation illustrates all of the essential problems of ensemble dependence of gravi-
tational systems generally. Our system consists of N particles of mass m = l,
interacting via Newtonian forces and confined to a spherical volume F = fπJR

3.
There is an implicitly assumed short distance cut off in the potential, but this will
not be explicitly indicated, as at the level of approximation which we examine
explicitly it has no consequences except to eliminate the UV divergence of our
fluctuation spectrum our concern in the present work is with the thermodynamic
limit of stability which is a long wavelength instability. We use units in which
8πG=l, G being the Newtonian constant. Thus we consider the Hamiltonian:

H\ Σi vTΣ'QJr1

The MCE entropy can then be written

N dω{N)

(13)
ί=l

This is conveniently represented in the form

j dβ/2πiQxp β(E-H). (14)
βo-ίoo
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This can be expressed as a functional integral [5, 17] of one particle terms by
noting that

V=-\ Σ (IXi-Xjir^Ud'xd'yρixMx-yMγ), (15)
^ i Φ j = 1 ^

where

ρ(x) = £ <S(χ.-x), (16)
i= 1

and

^(Ix-yD^-dx-yl)"1. (Π)

Thus with F expressed as a quadratic form in ρ:

exp-iSF = exp-^μ 3xci 3

};ρ(x) I;(x-y)ρ(y), (18)

one can write the functional expression:

exp -βV= C\ [dW{x)~\ e x p - l$d3xd3yW(x)v-1(x-γ)W(y) + βll2$d2xρ(x)W(x)~].

(19)

Here C is an irrelevant constant (generally infinite) normalization factor, and the
inverse potential υ'1 is given by

ld*yυ{τ-y)υ-\y-x) = δ{x-y). (20)

W(x) must go asymptotically as l/|x| as |x|-»oo, and in the case of the Newtonian
potential (ignoring the short distance cutoff)

i;-1(x-y)--2^^(x-y), (21)

and the contour of the integration of W{x) is taken over real functions in order to
get the convergent quadratic form since V is negative. Then

ri Π \d%d3yt

Σ ϊ / ^ Σ ] (22)

Due to homogeneity of the solution, we obtain (in the large N limit)

expS = jldW{x)1 \dβ/2πiexp W β, {W(x)}), (23)

where

Ψ{NJΛW(x)})= \dzxWΛW + βE + NlnN - N + N\nΦ(β,{W}), (24)

with

tt33±2 / - ] . (25)

This is a somewhat different form from that which we exploited in [5], where an
additional constraint integral was introduced for N. In fact, it is analogous to our
treatment there of the relation between the GCE and the CE involving the N
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constraint integral instead of the E constraint integral. In order to deal with the
question of the order of integration in the simplest and clearest way, we have
preferred here to express results in a manner which involves only a single
constraint integral.

We now proceed to evaluate S by expanding about the extrema in β and W(x)
respectively and then examining the quadratic fluctuations.

with the first order fluctuations vanishing:

O=Ψίl\N,β,{Wo{x)}) = δβ{E- $dco±f0(

+ Sd3xδW(x)l2AW0-β1

0'
2n0(x)-], (27)

(the latter after an integration by parts since W(x) asymptotically ~|x |~ 1 ) where
the resulting distribution function / 0 is:

/0(x, p) = N exp -±βop
2- βl12 WQ(x)l\dω exp - l±β0p

2 + # / 2 W0(x)], (28)

and the corresponding density

no(x) = $d3pf0(x, p) = N exp - β\j2 W0(x)/$d\ exp - β)>2 W0(x). (29)

The vanishing coefficient of δ W corresponds to the Poisson equation for the mean
Newtonian potential ^ = ^ ( χ ) / ^ / 2 ^ ( 3 Q )

while the vanishing of the coefficient of δβ determines the temperature T0 = β^γ as
a function of the energy E of the gravitating particles in the mean field
approximation of the gravitational energy.

The zero order term is then

{W0})9 (31)

while the quadratic fluctuations can be written in the form

Ψi2)=±D(δβ/β0)
2- $d3xB(x)δW(x)δβ/β0-^d3xd3yδW(x)0(x,y)δW(γ), (32)

where

B(x) = no(x)(ί - β0 U0(x) + /?0 ϋo) = βιj2no (x), (33)

and

D = j80[(2T0 + K0) + ii80iV(l7g-i7g)], (34)

with the bar denoting the average

Ά = N~1$d3xA(x)n0(x). (35)

The mean kinetic and potential energies are respectively

T0=lNβ-\ (36)

and

ϋ (37)
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and the binary fluctuation operator

O(x, y) = l-2Δx- JV0(X)]<5(X -y) + N~ ^ono(x)no(y)-]. (38)

The central point of our analysis is now to determine what are the conditions
on the quadratic form (32) such that the integrals on δβ and δW lead to a
convergent, real result. In terms of the defining integrals for β (14) and for W(x):
(18), the contours are defined in a particular way, perpendicular to the real axis for
β and for real functions W(x). In terms of these contours, different orders of
diagonalizing the quadratic form appear altogether nonequivalent, as we shall see
more precisely below: If we diagonalize first with respect to δ W(x\ we arrive at a
form equivalent to the inverse Laplace transform relation (6) with the partition
function evaluated as a quadratic expansion around the extremal solution in W(x).
This corresponds to the starting point of Hawking and Gibbons and would appear
to lead to a breakdown of convergence according to (11), when Cv changes sign
plus to minus infinity. They then proposed rotating the contour when Cv is neg-
ative. The alternative order of diagonalization which was employed by Horwitz
and Katz was to diagonalize with respect to β first. Thus, in the first approach
one finds

x, y)δW(y), (39)

where

δW(x) = δW(x)+\d3y0-1(y,x)B(y), (40)

with

fθ-1(x,y)O(y5z)d3y = ^ - ^ ) J (41)

and

D = D + ^d3xd3yB(x)O~ \x, y)JB(y). (42)

It is clear that

D = CV. (43)

In the other order of diagonalizing, we obtain

Ψ$=±D(δβ/β0)
2 - f tfd3xd3yδW(x)0(x, y)δW(y), (44)

where

δβ/βo = δβ/βΌ-$d3xδW(x)B{x), (45)

and

O(x, y) = O(x, y) - βon(x)h(y)/D. (46)

In the form Ψ{j2) it would appear that the condition of having a negative definite
quadratic form given (δβ)2 is negative is that Cv>0 and that the quadratic form
^δ3xδ3yδWoδW is positive definite. As we shall see below, the spectrum of O(x, y)
determines both, when the lowest eigenvalue of O(x, y) goes negative, both the δβ
integral and one of the integrals of the functional integrals of δW go negative. This
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appears as a breakdown of stability, but in fact if we were to carry out the integral
over the quadratic form in the regime where the eigenvalue approaches zero and
go to the limit, we find a finite result, see below. These divergences are then seen to
be spurious. The Hawking and Gibbon procedure was to rotate the contour; this
corresponds then to going over to the appropriate steepest descent path for the
order of diagonalization which they use into the region with negative heat
capacity. In the other order D does not change sign when D does, and the lowest
eigenvalue of O(x, y) is shifted from that of O(x, y), so that it changes sign under
completely different conditions. Thus, there is no problem of carrying out the
quadratic integration to and beyond the point where the heat capacity goes
negative; the limit of stability is then found to be where C F = 0, corresponding to
where the lowest eigenvalue of O(x, y) goes to zero. In the analysis below we will
show that this same limit of stability is found by use of the first diagonalization
and corresponding integration path of Hawking and Gibbons. Let us now turn to
examine the matter in more detail.

IV. Eigenvalue Analysis of the Quadratic Fluctuations

It is most convenient to express the results in terms of a spectrum related to the
operator O(x, y), Eq. (38), but we cannot use the ordinary eigenvalue expression
\d3y0(x,y)ψr(y) = srψr, because the asymptotic properties of W(x)~|x|~\ |x|->oo
would lead to eigenfunctions without finite norms. Instead we proceed as in [5] to
consider the orthonormal solutions of

j O(x, y)φλ(y)d*y = ελ( - Δ)φλ{x), (47)

with normalization defined by

$d3xφλ(x)(-Δ)φμ(x) = δλμ. (48)

Then expanding δW(x) in the φλ{x)

Σ , (49)
λ

with (49) the quadratic form Ψf] (39) becomes

x

where in terms of this spectrum

D = D+ΣA2Jελ = DΣ09 (51)
λ

with

Aλ = μ3xB(x)φλ(x). (52)

Thus the relation between D and the heat capacity is

%A2

x/eX9 (53)
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which is positive when all eigenvalues ε λ >0, and diverges positively when
ε1 =0, and then goes negative for εx going negative. If we find as was the case for
various models of star clusters, that the eigenvalues decrease monotonically with a
relevant parameter, then beyond the value where the lowest eigenvalue goes
negative, the next eigenvalue (say ε2) goes to zero and then negative in turn. Then
when ε2 goes to zero, Cv must again diverge positively. In between the zeroes of
the first two eigenvalues there must therefore be a zero of Cv as we shall show (cf.
[5]), that corresponds to the true singularity and stability limit for the micro-
canonical ensemble. Here Cv = 0 corresponds to the unbounded fluctuations in the
temperature of a microcanonical system, the physically plausible result for a
system constrained to have fixed energy.

The alternative diagonalization Ψffl will also be evaluated in terms of this
spectrum ελ. Introducing the φλ representation,

\ \ \ ^ / ^ < , (54)

the states labelled μ refer to the unmodified nonspherical modes, Λμ = 0. This is, of
course, not yet diagonalized. If we now introduce the quantities

(55)
]

where

* o = Σ A2

λ/ελD, (56)

here λn denotes the nth eigenvalue and

( 1 ) α λ = α λ -α 1 >l 1 yl λ [ε λ (l + 2; i )D]- 1 . (57)

Then one finds

n?=^W/j8o)2-k«?-5 Σ ̂ l-(ΣwaλAλ\η2D-\Σh<- (58)
^ Z Z λ > λ ί \λ>λi I I L μ

Since this leaves the quadratic form for terms λ>λx in the identical form as in (54),
this procedure can be trivially iterated to diagonalize completely the quadratic
form:

^ l g M Σ C X - i Σ v v 2 - (59)
Here

ελnSελβl+Σn)/(ί + Σn_^, (60)

and

^ ί \ n = ̂ 2\ιy"-2\n_iAλ^AλχDeλn(l+Σn_ι)T1. (61)

Notice [see (53) and (55)] that εί goes to zero when Cv goes to zero, and remains
positive through the range of negative Cv.
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V. Steepest Descent Contours and Interpretation of Quadratic Fluctuations

Let us now consider the steepest descent integration of Ψ{2) with the alternative
orders of diagonalization of the quadratic form Ψ{2) and

/„ = j dδββπi I Idδ W(x)2 exp Ψff{δβ, δ W(\)) = J dβ/2π J f] daλ exp ψ™, (62)
- o o A

00 _ 1 1

= J ίiJβexp--D(^//?0)
2ΠμaAexp--ΣeλΛ

2J1+^+i)/(1+^)]. (63)

where

iδβ = β, (64)

\l/2

, (65)

= exp- -lnDfπβ2

0-- Σ^hn~ 2 l n ( l + Γ o)> (66)

= exp-~lnD/πβ2

0-^Σ\nελn. (67)

Notice this expression has no singularity at zeroes of ελ and is only singular at
I + Σo = 0. In [5] we have shown that there is no stable region beyond the first zero
of I + Σo in the star cluster problem. See a more detailed analysis of this problem
by Katz [18].

If we now consider the alternative diagonalization Ψγ\ for εί >0, C F >0, and
the given contour gives well defined results in fact, exactly that of (66) obtained
above for integration of Ψ\]\ This remains well defined to the limit ε 1 =0. The
question is what to do when this point is passed and both ε1 and D go negative. In
that case the steepest descent path is distorted so that the β integral is taken
parallel to the real axis in the neighborhood of the extremum and the aί integral is
taken perpendicular to the real axis in the neighborhood of zero. This corresponds
to the rotation of the contours proposed by Hawking and Gibbons. The two
integrals are finite and real and yield for the entropy

S=-\\nD/nβl-1- Σ l n ε > - l n [ | e i | / ! l + ε 0 | ]

γ χ

 λ>λί (67)

which remains identical with the previous result. However, when εί=0 and goes
negative, an unstable regime has been reached. There is no rotation of the contour
which will make the integral finite and real. Thus the ελ are the physically relevant
spectrum associated with the singularities for the thermodynamic
fluctuations Cy1, the quadratic evaluation of the fluctuations around the mean
field can be evaluated in whichever order of diagonalization one chooses with,
however, the appropriate contour, which in these cases depends on the order of
diagonalization.
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If the quadratic evaluation were the whole story, that would be the end of the
matter. But, in general, this quadratic evaluation is the basis of a more general
expression based on a perturbation expansion. In that case the different orders of
diagonalization represent different perturbation expansions with different do-
mains of convergence. Furthermore, most commonly one terminates the expan-
sion in the quadratic order of the constraint parameters δβ, while developing a
perturbation expansion in the field variables [here δW{x)~]. In that case the
perturbation expansion in δW(x) will not be equivalent at all even in the domain
where they are both convergent.

VI. Summary and Discussion

The central point of this work is the manner in which instability in the CE can be
eliminated by the energy constraint. In the Horwitz-Katz formulation this is seen
in an explicit modification of the fluctuation spectrum incorporating the con-
straint condition on the fluctuations. In the Hawking-Gibbons approach the
unstable mode of the CE, which in other contexts might be interpreted as a bounce
calculation (cf. Gross and Perry [19]), with the joint rotation of amplitude of the
unstable mode and of the constraint variable yielding a finite and real value for the
entropy. We have shown that these two versions appear as the corresponding
steepest descent paths for different orders of diagonalizing the quadratic form of
fluctuations, dynamic plus constraint, or equivalently the order of performing the
integrations to the quadratic level. In a more general context where the quadratic
treatment would be inadequate, the problem of what would comprise an
acceptable perturbation expansion involving both types of variables remains
uncertain. Beyond the level of terms quadratic in δW and δβ, it is not at all obvious
whether any kind of convergent expansion exists which does not mix δβ and δW
fluctuations. For example, in some approximation like that which we have
evaluated for the generalized random phase approximation (RPA) for a star
cluster in the GCE [20], the density depends on the quadratic fluctuations in the
form

ή(x) = exp A n{x), (68)

where

Λ=ΣA2

λ/Deλ. (69)

This diverges when εx goes to zero and no distortion of the contour can rectify this.
For this type of difficulty it is clear that a modified spectrum incorporating
coupling to the δβ fluctuations would thoroughly modify the result. Thus there
would appear to be some distinct advantages to the choice in which there is no
singular behavior for the perturbation expansion and hence doing the constraint
integrals first would appear to be a preferable way of evaluating the entropy in the
presence of gravity.
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