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Abstract

In this paper, we study the existence of infinitely many nontrivial solutions of the
semilinear Ay differential equations in RY

—Ayu+b(x)u= f(x,u) in RY, uGS%(RN),

where Ay is the subelliptic operator of the type

N
0
AY:: Zaxj ('Y?axj), axj = T7 ’Y:(’Y17'Y27"'?’YN)7
j=1 i

and the potential b is allowed to be sign-changing, and the primitive of the nonlinearity
f is of superquadratic growth near infinity in # and allowed to be sign-changing.
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1 Introduction
In the last years, the semilinear Schrodinger equation
—Au+b(x)u=f(x,u), xcRY¥, uecH'(RY), (1.1)

has been studied by many authors. The Schrodinger equation has found a great deal of
interest last years because not only it is important in applications but it provides a good
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model for developing mathematical methods.With the aid of variational methods, the exis-
tence and multiplicity of nontrivial solutions for the problem (1.1) have been extensively
investigated in the literature over the past several decades. See, e.g., [1-6,10,11,19-22,28]
and references quoted in them.

In this paper, we study the existence and multiplicity of nontrivial weak solutions to the
following the problem

~Au+b(x)u=f(x,u) inRY, ue S%(]RN), (1.2)

where Ay is a subelliptic operator of the form

N
A’Y:: Zax_,- (’y;ax_/)a Y= (’Y17’Y27"'7’YN> :RN%RN'
j=1

The Ay—operator was considered by A. E. Kogoj and E. Lanconelli in [9]. This operator
has the same form as in [7], however the functions y(x) in [9] are more generalized than
those considered in [7]. The Ay—operator contains many degenerate elliptic operators such
as the Grushin-type operator

Go 1= Ay + [x|**A,, >0,
where (x,y) denotes the point of RM x RM (see [8]), and the operator of the form
Popi=Ac+A, + P4y %PA;,  (x,y,2) € RV RM X RM,

where o, 3 are nonnegative real numbers (see [23,27]). Many aspects of the theory of
degenerate elliptic differential operators are presented in monographs [26, 27] (see also
some recent results in [9, 12-17,23-25]).

To study the problem (1.2), we make the following assumptions:

(B1) b € C(RY,R) is bounded from below.

(B2) There exists a constant dy > 0 such that

| ‘lim meas{x € RV : [x —y| < do,b(x) <M} =0, VM >0,
y~>+oo

where meas{-} denotes the Lebesgue measure of a set in RV,

&

While the nonlinearities f : RY x R — R and its primitive F(x,§) = [ f(x,)dt are such
0

that

(B3) f € C(RN xR, R), and there exist c; > 0and 2 < p < 2 such that
f(8) <er (gl +gP"), forall (x,§) e RY xR,

where 2; = ﬁz—_ﬁz (where N is defined by formula (2.1)).
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(B4) F(x,&) >0 forall (x,§) € RV x R and
F(x
m S
(B5) There exists 6 > 1 such that
0F (x,£) > F(x,7E), forall (x,£) € RY xR and 1€ [0,1]
where F (x,8) = &f(x,§) — 2F (x,§).
(B6) f(x,—&) = —f(x,§), forall (x,§) € RY xR.
(B7) f(x,&) =o0(|§]), as |E] — 0, uniformly in x € RV,

= +oo, uniformly in x € RV,

(B8) There are constants u > 2 and r; > 0 such that
pF (x,§) <Ef(x,§), forall (x,§) e RV xR, [E]>r,

Now, we are ready to state the main results of this paper.

Theorem 1.1. Assume that b and f satisfy (B1)—(B5) and (B6). Then the problem (1.2)
possesses infinitely many nontrivial solutions.

Theorem 1.2. Assume that b and f satisfy (B1)—(B4) and (B6)—(BS8). Then the problem
(1.2) has a ground state solution wugy, that is DP(ug) = ingl\c{CI)(u), where
ue

M ={ues;, (RY):u#0,& u)(u) =0}
Remark 1.3. Our result is not covered by those in [17]. For example, when
) = {2n|x| —2n(n—1)+cy if n—1<|x|<(@2n—1)/2,
—2n|x|+2n*+¢o if 2n—1)/2<|x|<n,
forn € Nand ¢y € R and
f(x,8) =a(x)Emn(1+[E]), V(x&) eRY xR,

where a(x) is a continuous bounded function with positive lower bound, it is easy to check
that f(x,&),b(x) satisfy (B1)—(B6) but do not satisfy the conditions (A3) in [17] where
(A3): there are constants u > 2 and r; > 0 such that

uF(x,&) <Ef(x,E), forall (x,§) RN xR, |E|>ry,

(RY) and

o = essirﬁ{Nb(x) :=sup {u € R: meas{x € RV, b(x) < u} =0} > 0.
xe

and not satisfy the conditions (B) in [17] where (B;): b € L}

loc

Remark 1.4. By using (B1) we know that there exists ¢y > 0 such that b (x) = b(x) +co > 1
for any x € RV. Let fi(x,&) = f(x,&) +co& forall (x,&) € RY x R. Then it is easy to verify
that the study of (1.2) is equivalent to investigate the problem

—Au+b(x)u= fi(x,u) in RV, ueSHRY). (1.3)

Hence, from now on, we assume that b(x) > 1 for any x € R" in (B1).

The paper is organized as follows. In Section 2 for convenience of the readers, we recall
some function spaces, embedding theorems and associated functional settings. Section 3 is
devoted to the proofs of Theorems 1.1 and 1.2.
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2 Preliminary results

We recall the functional setting in [9, 14]. We consider the operator of the form

N

0
Api=) 0 (V0y,), Oy i= F J=12,...,N.
j=1 i

Here, the functions vy; : RY — R are assumed to be continuous, different from zero and of
class C! in R¥\IT, where

N
Il:= {x: (x1,X2,...,xy) € RV : ij:O}.
i=1

J

Moreover, we assume the following properties:
i) There exists a semigroup of dilations {9, },~o such that

& : RV — RN
(X1ye ey xn) — O (X1, yxy) = (651, ., 1V xy)
where 1 =¢&; <& <--- <&y, such that y; is 6, —homogeneous of degree €; — 1, i. e.,
Y (8 (x) =15y (x), VxeRM Vr>0,j=1,...,N.

The number
_ N
N:=Ye @1
j=1

is called the homogeneous dimension of RY with respect to {8, },~0.
ii)
Y1 = 17 'Y](X) :'Yj(xlaxb"'vxjfl)v J:277N

iii) There exist a constant p > 0 such that
0 <xpdy Y (x) <py;(x), Vke{l,2,...,j—1}, Vj=2,...,N,
and foreveryxeﬁﬁ ={(x1,....xn) €ERV : x; >0, Vj=1,2,...,N}.
iv) Equalities v; (x) = v; (x*) (j = 1,2,...,N) are satisfied for every x € R, where
X = (.. xan]) if x=(x1,x2,..,x8).

Definition 2.1. By S} (R") (1 < p < +o0) we will denote the set of all functions u € L (R")
such that y;0,,u € L? (RN) for all j=1,...,N. We define the norm in this space as follows

1

p

Jullgpry = | [ (el V) x|

N

where Vyu = (Y10x, U, Y205, U, . . ., YNOxyUt).
If p =2 we can also define the scalar product in S%(RN ) as follows

(M,V)S%(RN) = (u,v) 2wy + (Voytt, Viv) 2 vy
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Define
St (RY) = que SyRY): /(‘VW\ +b(x )d"< oo
RN

with b(x) satisfying conditions (B1),(B2) then S% b(x) (RY) is a Hilbert space with the norm

leels2, vy = (R/ <|V7“|2+b(x)uz)dx

Proposition 2.2. Assume that b satisfy (B1) and (B2). Then the embedding map from

1
2

Yb( )(]RN) into L1(RN) is compact for 2 < q < 2%
Proof. The proof of this proposition is similar to the one of Lemma 2.2 in [17]. We omit
the details. U

Definition 2.3. Let (X|||-|x) be a real Banach space with its dual space X* and ® €
C!(X,RR). For ¢ € R we say that ® satises the (C). condition if for any sequence {x,}>_, C
X with

P(xn) — ¢ and (1+ [lxmllx) [|@ (xm)]

X* _)07

then there exists a subsequence {x,, };>_, that converges strongly in X. If & satisfies the
(C). condition for all ¢ > 0 then we say that @ satisfies the Cerami condition.

Define the Euler—Lagrange functional associated with the problem (1.2) as follows
1
Du) = 5/ (‘Vvu‘z +b(x)u2> dx — /F(x, u)dx. 2.2)
RN RN

From Lemma 2.3 in [17] and f satisfies (B3), b(x) satisfies (B1), we have ® is well defined

on Sib(x) (RV) and ® € C! (Sib(x) (RV),R) with
Y()() = [ (Vo Vyv-+b(x) / )
RN

forall v € S% )(RN ). One can also check that the critical points of ® are weak solutions
of problem (1.2).
The following variant fountain theorem was established in [29].

Lemma 2.4 (see [29]). Let (X, || - ||x) be a Banach space, X = @ jenX;, with dimX; < oo
forany j€N. Set Yy = @'}ZIXJ- and Zy = @;"Zka. Let ®; : X — R a family of C'(X,R)
functionals defined by

D) (u) =A(u) —AB(u), Ae€[l,2].
Assume that ®,, satisfies the following assumptions:

(i) @) maps bounded sets to bounded sets uniformly for A € [1,2], ©y(—u) = Dy (u) for
all (M, u) € [1,2] x X;
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(ii) B(u) >0 forallu € X, and A(u) — o or B(u) — o as ||u||x — oo;
(iii) There exist ry > py such that

B = max @(u) <ox(A)= inf  Py(u), VAe[L2].

ueYy, ||ullx=rx Uy, |lullx=px

Then

oy (A) < & (M) = Jnf max x(y(u)) VA€ [1,2],

where By = {u € Yy : |jul|lx < ri} and
Iy ={y€C(B,X) :visodd, y=1d ondBy}.
Moreover, for a.e. A € [1,2], there exists a sequence {u*, (M)} nen C X such that

sup [|uy, (M) || < 0o, @ (1,(1) = 0, @p(uy (A)) = Ec(A) as m — oo

meN

3 Proof of Theorems

In order to apply Lemma 2.4 to prove our main result, we define the functionals A, B and
@, on our working space S% b(x) (RM) by

1
Au) = 5/ <|Vyu|2—|—b(x)u2) dx, B(u)= /F(x, u)dx,
RN RN

and |

Py () = A(w) ~ MB(u) = 5 / (193 + bx)e) dv— x/F(x,u)dx

RN RN
forall A € [1,2] andu€ ST, ) (RY). Then we have @; € C'(S7,,, (R"),R) forall A € [1,2].
Let {e j};"zl be a total orthonormal basis of Si b(x) (RY) and define X; = Re;. Note that
®| = &, where P is the functional defined in (2.2).
We further need the following lemmas.

Lemma 3.1. Assume that (B1)—(B3) are satisfied. Then there exist ky € N and a sequence
{Pi iy such that py — oo as k — oo and

o (L) = inf Oy (u), k> ki,

ueZkau”S’ib(x)(]RN):pk
where Zy = EBT:ka forall ke N.
Proof. Let us define

by (k) = sup lull 2y, bp(k) = sup oall o ey -

MEZ/“HMH 2 N =1 MEZ/HHMH 2 N =1
Syo &) Syo &)
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We aim to prove that
by(k) =0, by(k) =0 as k— oo (3.1)

It is clear that b (k) and b, (k) are decreasing with respect to k so there exist by, b, > 0 such

that by(k) — by and b, (k) — b, as k — co. For any k > 0, there exists uy € Z; such that

ba (k)
2

||ukHS$?b(X) ®vy = 1 and [Jugl| vy > , hence we can assume that u; — u in Sib(x) (RM).

From definition of Z;, we have u = 0. Since S% b(x) (RM) is compactly embedded in L (RV)

by Proposition 2.2, we have u; — 0 in L>(RV), which implies that b, = 0. Similarly we can
prove b, = 0. Then, for any u € Z; and A € [1,2], we can see that

lulle  gn
D, (u) > %H—Z/F(x,u)dx
]RN

2
S HuHsib(x)(RN)

‘2 —2c <||u‘|i2(RN)+||MH§I’(RN))
% s
(RY)
~ Sww®) 2 2 b §
> 5 2¢) (bz(k)HuH 2,008 TR Bl (RN>) :

By using (3.1), we can find k; € N such that

1
2c1b3(k) < L

Y

ky.

For each k > k;, we choose
1

Pk = (1661b§(k)) 2-p,

Let us note that
Px — oo as k— oo, (3.2)

since p > 2. Then we deduce that

pi >0

0| —

OCkOL) = inf @x(u) >
uezkv“”"s$b< .)(RN):pk

for any k > k. O

Lemma 3.2. Assume that (B1)—(B4) hold. Then for the positive integer k| and the sequence
px obtained in Lemma 3.1, there exists ry > Py for any k > ky such that

Be() = max Dy (u) <0,

IS N T e—
Sv,b< >(]R )

where Yy = GB’;ZIXj forall k € N.

Proof. Firstly we prove that for any finite dimensional subspace F C S$ b(x) (RN) there exists
a constant 8 > 0 such that

N .
meas{xeR : |u(x)|25||u||53‘b(x)(RN)}25, Vu € F\ {0}. (3.3)
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We argue by contradiction and we suppose that for any n € N there exists 0 # u, € F such
that

1 1
N.
meas {xe R™ ¢ up(x)] > n”M”S“Z{,b(X)(RN)} < Vn e N.

Let v, := W € F for all n € N. Then ||v,,|]S$J7(X)(RN) =1foralln € Nand
Vs

by ®Y)

1 1
meas {xe RN : v, (x)] > } <-, VneN (3.4)
n n

Up to a subsequence, we may assume that v, — v in Sf( b(x) (RM) for some v € F since F is
a finite dimensional space. Clearly ||v|| 2y (BY) = 1. By using Proposition 2.2 and the fact
v,

X

that all norms are equivalent on F', we deduce that
[va =Vl 2yy — 0 as n— oo, (3.5)
Since v # 0, there exists 8y > 0 such that
meas {x € R : [v(x)| >80} > . (3.6)

Set
Ag:={xe RY: |v(x)| > 8o}

and foralln € N,
1 .
A, = {xERN: |vn(x)|2}, AG:=RV\A,.
n

Taking into account (3.4) and (3.6), we obtain

1_ 6
meas (A, N Ag) > meas Ao —measA;, > & — — > ?0.
n

for n large enough. Therefore,

/|Vn—v]2dx2 / v, — v|?dx
RN

Ay mAO

> [ (=l

A,NAg

1\2

2@“‘;) 1A N Ao
83

>0

- 8

which contradicts (3.5).
Now, by using that Yy is finite dimensional and (3.3), we can find &; > 0 such that

meas {x eRY: |u(x)| > 5k||u||55‘b(x)(RN)} > &, Vue Y\ {0}, 3.7)
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By (B4), for any k € N there exists a constant R; > 0 such that

Juf?

F(x,u) > 5727

VxcRY and |u| > Ry.
Set
A= {xeRY: ju(@)] = illullg, @z

and let us observe that, by (3.7), meas(AX) > §; for any u € Y; \ {0}. Then for any u € Y;
such that H”Hs2 S®Y) > R 5> we have

2 N N TRATY)
HuHsz RN HMHS«%J:(X)(RN) - 2Hu||si,b(x)(RN)'
Choosing ry > max{px, 5"} for all k > k;, we have

1

B = | omax  Byw)<—5

ueYy,||u =r
k” Hs%b(x)(RN) k

<0, Vk>k.

O]

From (B3) and Proposition 2.2 we can see that ®; maps bounded sets to bounded sets
uniformly for A € [1,2]. Moreover, by (B6), ®; is even. Then condition (i) in Lemma 2.4
is satisfied. Condition (ii) is clearly true, while (iii) follows by Lemma 3.1 and Lemma 3.2.
Then, by Lemma 2.4, for any k > k; and A € [1,2] there exists a sequence {uk, (1) },en C

Sib(x) (RM) such that
Sugllu Mllsz, . @) < oo @ (1, (V) = 0, Dp(u,(A) = &(A) as m— oo
me
where
Sk(A) = inf max®; (v(u))
with

= {YE C(Bk, ()(RN)): Y isodd, y=1d on aBk},

Bk:{MGYk HuHSz RN) <Fk}
In particular, from the proof of Lemma 3.1, we deduce that for any k > k; and A € [1,2]

1

8p;% =:cx <& (M) < di = max Py (u), (3.8)
ueBy,
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and ¢, — o0 as k — oo by (3.2). As a consequence, for any k > k;, we can choose A, — 1
(depending on k) and get the corresponding sequences satisfying

sup |[uf, (A,) | 52,00 (BY) < ) (up, (M) =0 asm — oo, (3.9)

meN

Now, we prove that for any k > ky, {u*,(A,)} men admits a strongly convergent subsequence
{ut} e, and that such subsequence is bounded.

Lemma 3.3. For each A, given above, the sequence {u¥,(A,) }men has a strong convergent
subsequence.

Proof. By (3.9) we may assume, without loss of generality, that as m — oo,
Q2 N

m S’y,b(x) (R )

for some uk € Si b(x) (RY). By Proposition 2.2 we have

b () — b in L2RM)NLP(RV). (3.10)

m n

By (B3) and Holder inequality it follows that

| 7 ) s ) = ) i
RN

< 1ty (o) 2 )y o) — 2oy +- 1 [y o) 15 v ity () = 24 vy

s0, by using (3.10), we obtain

lim | f(x,uf, (M) (b (A,) — uf)dx = 0.

m m
m—oo

RN
Since @’kn(u;(kn)) — 0 asm — oo, and
(@ (),v) = (A" (), v) = MB' (), v),

we deduce that

Then we have

ui(?x,,) —uF

n o in Sib(x)(RN) as  m— oo,

Therefore, without loss of generality, we may assume that

lim uf,(A,) =uk, VneN, k> k.

)
m-—oo n

As a consequence, we obtain

), (up) =0, Dy (uy) € [cr,di], VnEN, k>k. (3.11)
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Lemma 3.4. For any k > kj, the sequence {uk},cn is bounded.

Proof. For simplicity we set u, = ut. We suppose by contradiction that, up to a subse-
quence,

H”nHSf,b()(]RN) — o0 as 1 — oo, (3.12)

X

Let wy, = uy,/||un|| 2,0 (BY) for any n € N. Then, up to subsequence, we may assume that
v.b(x

W, —w in Sib(x)(]RN),
w, —w in L*(RY)NLP(RM), (3.13)

w, —Ww ae.in RV,

Now we distinguish two cases.

Case w = 0. We can say that for any n € N there exists #, € [0, 1] such that

Dy, (tattn) = tren[(z)ulcl Dy, (tuy). (3.14)

1/2

Since (3.12) holds, for any j € N, we can choose r; = (4/)'/“w, such that

, -1
r]””"”gib(x)(RN) € (Oa 1) (315)
provided n is large enough. By (3.13), F(-,0) = 0 and the continuity of F, we can see that
F(x,rjw,) = F(x,rjw)=0 ae. x€ RN (3.16)

as n — oo for any j € N. Then, taking into account (3.13), (3.16), (B3), (B4) and by using
the Dominated Convergence Theorem we deduce that

F(x,rjwy,) — 0 in L'(R") (3.17)

as n — oo for any j € N. Then (3.14), (3.15) and (3.17) yield
P, () = By () = 2~ A [ Flxrmn x> j
RN

provided n is large enough and for any j € N. As a consequence
D), (talty) — o0 as n — oo, (3.18)

Since @) (0) =0and Py, (u,) € [cx,dk], we deduce that 7,, € (0, 1) for n large enough. Thus,
by (3.14) we have

d
(D), (tatn), tyty) = | @, (tu,) = 0. (3.19)
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Taking into account (B5) and (3.19), we obtain

1 1 1
5@ (1) = 5 (P, (1) = 5 (P, (60,10, )

0
M
= %/}’(x,tnun)dx
RN

Mu
< ?/T(x,un)dx
RN

= q)kn(un) - %<CD§»" (”n)7”n> = CI)M (u")

which contradicts (3.11) and (3.18).

Case w # 0. Thus the set Q := {x € RY : w(x) # 0} has positive Lebesgue measure. By
using (3.12) and that w # 0, we have

up(x) — oo ae. x€Q as n— oo (3.20)

Putting together (3.13), (3.20), and (B4), and by applying Fatou’s Lemma, we can easily
deduce that

1 ‘5137M Up) k/ (o, up (x
2 Tl g Tl

F
>7\,/‘ n|2 xun ))dx—>ooasn—>oo

which gives a contradiction because of (3.11).
Then, we have proved that the sequence {uy, } e is bounded in Sf( b(x) (RM). O

Lemma 3.5. Let (B1)-(B3) and (B8) be satisfied. Then ® satisfies the (C). condition for
all ¢ >0 on S%b(x) (RM).

Proof. The proof of this lemma is similar to the one of Lemma 3.1 in [17]. We omit the
details. ]

Theorem 3.6. Assume that b and f satisfy (B1)—(B4), (B6) and (B7). Then the problem
(1.2) possesses infinitely many nontrivial solutions.

Proof. The proof of this theorem is similar to the one of Theorem 1.1 in [17]. We omit the
details. ]

Proof of Theorem 1.1. Taking into account Lemma 3.4 and (3.11), for each k£ > ki, we
can use similar arguments to those in the proof of Lemma 3.3, to show that the sequence
{uk} e admits a strong convergent subsequence with the limit u* being just a critical point
of @ = ®. Clearly, ®(u*) € [ck,dy] for all k > ky. Since ¢; — oo as k — oo in (3.8), we
deduce the existence of infinitely many nontrivial critical points of ®. As a consequence,
we have that (1.2) possesses infinitely many nontrivial weak solutions. O
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Proof of Theorem 1.2. From (BS), we have
@) = sl gy~ [ Fluds
RN

_/[ (o, )t — F@uﬂMZQ

and so m = in;{ ®(u) > 0. From Theorem 3.6 we choose a sequence {u, },eny C M such
ue

that ®(u,) — m, as n — oo, and || D' (u,)|| (82, (BRN))* A1+ HunHSz RN)) = 0 by Lemma

o)
3.5, we have there exists ug € S% b (RM) such that u, — ug in Si b (RN). Since ® €

C! (Sib(x) (RM),R), one has

D(up) = lim ®(u,) =m, D' (up) = lim ®'(uy,).

n—oo n—oo

Hence, we obtain that uy is also a critical point of @ and ®(up) = inf ®(u). Furthermore,
ueM

under assumptions (B7) and (B3), we have
| (x,u)| < €lutg| + Celua|P~t, V>0 (3.21)

for 2 < p <2j. By (3.21) and Proposition 2.2, we have

2 —
HunHSih(x)(RN) = /f(x, un)undx
RN

2 3.22
<8H“””L2 ]RN +C€H“I’1H€p RN) ( )

<Cieluls, g+ CCallunlls g
For sufficiently small € > 0, (3.22) implies that there exists a constant ® > 0 such that

lwollsz, vy = Him flaall2, ey > @ > 0.

Thus ug # 0. O
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