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Abstract

We consider the existence and regularity of a weak solution to the Maxwell-Stokes
type system containing a p-curlcurl equation in a multiply-connected domain with
holes. In this paper, we shows that the compatibility condition is necessary and suffi-
cient for the existence of a weak solution to the Maxwell-Stokes type system, and that
the unique solution has the C!#-regularity. The C!#-regularity is optimal.
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1 Introduction

In this paper, we consider the existence and regularity of a weak solution to the Maxwell and
the Maxwell-Stokes type systems containing p-curlcurl equations in a bounded multiply-
connected domain Q with holes in R>.

In a bounded simply connected domain € in R3 without holes, Yin [18] considered the
existence of a unique weak solution for the nonlinear Maxwell system, so-called, p-curlcurl
system

divk =0 in Q, (1.1

curl [[curlv|P2curlv] = f  in Q,
nxv=0 onl

where I denotes the C>? (a € (0, 1)) boundary of Q, p > 1, n the outer normal unit vector
field on I, and f is a given vector field satisfying div f = 0 in Q. If f is a C* vector-valued
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function, then he showed the optimal C'#-regularity for some 8 € (0, 1) of a weak solution
in Yin [19]. See also Yin et al. [20].

The equation (1.1) is a steady-state approximation of Bean’s critical state model for type
II superconductors. For further physical background, see [20], Chapman [8] and Prigozhin
[17].

Aramaki [4] extended the result of [19] on the C'# regularity of a weak solution to a
more general equation, in a simply connected domain without holes to the following system.

curl [S(x, [curlv*|)curlv] = f  in Q,
{ divv =0 in Q, (1.2)
nxv=0 on 9Q
where the function S (x,7) € C2(Q x (0,00)) N CO(Q X [0, o)) satisfies some structure condi-
tions.

However, in a multiply-connected domain with holes, the systems (1.1) and (1.2) are not
well posed. In fact, when the second Betti number of Q is positive, if v is a weak solution
of (1.1) or (1.2), then v + z, where z € L”(Q) satisfies curlz =0,divz=0in Qand zxn =0
on T, is also a weak solution. Thus it is necessary to add some conditions to (1.1) and (1.2).
Moreover, if f is not divergence free, it is natural to consider the existence of the potential
m, that is, the Maxwell-Stokes type equation instead of the first equation of (1.2):

curl [S,(x, Icurlvlz)curlv] +Vr=finQ. (1.3)

The solvability of such systems depends on the nature of the nonlinearity of the equations
and the type of the boundary conditions, and on the shape of the domain.

In this paper, we show a necessary and sufficient condition for the existence of the weak
solution to the Maxwell-Stokes system (2.7a)-(2.7¢) below in a multi-connected domain,
and the optimal C!#-regularity of the weak solution.

The paper is organized as follows. In section 2, we give some preliminaries and state a
theorem (Theorem 2.5) on the existence of a weak solution. In section 3, we give a proof
of Theorem 2.5. We derive that the condition of Theorem 2.5 is necessary and sufficient for
the existence of a weak solution. To do so, we reduce the problem to the Maxwell system
without the potential. Section 4 is devoted to the regularity of the weak solution obtained
in section 3.

2 Preliminaries

In this section, we introduce the shape of the domain and some spaces of vector-valued
functions, and we state a theorem on the existence of a weak solution to the Maxwell-Stokes
type problem.

Since we allow that Q is a multiply-connected domain with holes, we assume that Q
has the following conditions as in Amrouche and Seloula [2] (cf. Amrouche and Seloula
[1], Dautray and Lions [10] and Girault and Raviart [13]). Let Q C R3 be a bounded domain
of class C"** (r > 1,0 < @ < 1) with a boundary I" and € be locally situated on one side of I".
Moreover, we assume the following.
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(O1) T has a finite number of connected components I“O,F_l,...,l“] with I’y denoting the
boundary of the infinite connected component of R\ Q.

(O2) There exist n connected open surfaces X;, (j = 1,...,J), called cuts, contained in Q
such that

(a) X;is an open subset of a smooth manifold M;.

(b) 0X; cI' (j=1,...,J), where 0X; denotes the boundary of X;, and X; is non-
tangential to I".

©) TNZ=0(j #k).
(d) The open set Q=0Q\ (UJJ.: 1 2;) 18 simply connected and pseudo C LT class.

The number J is called the first Betti number which is equal to the number of handles of
Q, and [ is called the second Betti number which is equal to the number of holes. If J =0,
then we say that Q is simply connected, and if / = 0, then we say that Q2 has no holes.

From now on we use the notations L”(Q2) (1 < p < o0), W™P(Q) (m > 0,integer), WP(I')
(s € R),C"™*(Q), and so on, for the standard L”, Sobolev and Holder spaces of functions,
respectively. For any Banach space B, we denote B X B X B by the boldface character B.
Hereafter, we use this character to denote vectors and vector-valued functions, and we de-
note the standard inner product of vectors a and b in R? by a - b. For the dual space B’ of
B, we denote the duality bracket between B’ and B by (:,-)p’ p. For 1 < p < co, we denote
the conjugate exponent of p by p’, thatis, (1/p)+(1/p’) = 1.

Define two spaces by

KR (Q)
K7.(Q)

{(ve LP(Q);divy =0,curly =0in Q,vxn=0onT},
{(ve LP(Q);divy =0,curly=0in Q,v-n=0o0nT}.

For any function ¢ € W(Q), we write an extension of Vg € L”(Q) to LP(Q) by FVvq. Let
qJT. (j=1,...J) be the unique solution in W>?(Q) of the system

_ACIJT:O in Q,

n-Vqh =0 onT, -
[q7]s, =const., [n-Vglly, =0 k=1...J 2.1)
(n'Vq]T-,1>zk=5jk k=1,....J

where [qJT.]Zk is the jump of the function of qJT. across X and

<n-vq§,1>zk=f2n-VqJTdS,
k

dS is the surface measure of ;. Then according to [2, Corollary 4.1], {FVquT.; j=1,...,J}is
a basis of K(Q). We note that if Q is of class C*?, then Aﬁq? eCl Q).
On the other hand, let qﬁv (i=1,...1) be the unique solution in W2P(Q) of the system

—AgY =0 in Q,

N| _ N| _ —

q; |r0_ 0, q; |Fk_ const. k=1,...1, 2.2)
(”'VCIfV,DFk:fsik(k:1’---1) <”'VQ£V,1>F0=_1,
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where

(n-VgV¥, r, = f n-vq'ds,
Ty

dS is the surface measure of I';. Then {VqﬁV ;i=1,...1} is a basis of KZ(Q) (cf. [2, Corol-
lary 4.2]). We note that if Q is of class C%?, then quv € Cl"’(ﬁ). Thus we can see that
dim K‘;(Q) =J and dimKﬁ,(Q) =1

We assume that a Carathéodory function S (x,#) on QX [0, o) satisfies that for a.e. x € Q,

S (x,£) € C%((0,0)) N C([0,0)) and there exist a constant 1 < p < co and positive constants
0<A<A<ocosuchthatforae xeQandt>0

S (x,0)=0and 11P~22 < § ,(x,1) < ALP~D/2, (2.32)
AP <8 (x,0) + 218 1 (x,1) < ALPD/?, (2.3b)
Su(x,)<0ifl <p<2and Sy(x,t)>0if p >2, (2.3¢)

where S, = 8S/0t,S ,; = 6*S /dt*. We note that from (2.3a), we have
=A< S (x, 1) < = AP’ fort > 0. 2.4)
p p

For a.e x € Q, the function G(¢) = S (x, %) satisfies G'(f) = 2tS ;(x, %) and
G" (1) = 2(S 1(x,*) + 2128 (x,1%)) = 241P2 > 0 for t > 0.
Hence, G(¢) is a strictly convex function in [0, co).

Example 2.1. When S (x,t) = v(x)tP'2, where v is a measurable function on Q, and satisfies
0 < v, £v(x) V" < o0, then it follows from elementary calculations that (2.3a)-(2.3¢) hold.

We give a lemma on a monotonic property of S;.

Lemma 2.2. There exists a constant ¢ > 0 depending only on p and A such that for all
a,beR3,

cla—blP ifp=2,

2 2
(S /(x,lal")a—S (x,1b])b) - (a—b) 2{ c(al+1B)P2la-bP  ifl<p<2.

In particular, S, is strictly monotonic, that is,

(S (x,lala— S (x,|b*)b) - (a—b) > 0 ifa # b.

For the proof, see Aramaki [6, Lemma 3.6].
We introduce some spaces of vector-valued functions. Define a space

XP(Q) ={v e LP(Q);curly € LP(Q),divy € L7 (Q)}
with the norm
IVllscr) = VIl @) + llcurly||pr ) + Idivy|| e ).

Then X?P(Q) is a Banach space. We note that if v € L?(Q) and curlv € L?(Q), then the
tangent trace v x n € W~1/PP(T') is well defined, and if v € LP(Q) and divv € LP(Q), then the
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normal trace v-n € W=1/PP(T") is well defined. Furthermore, we define two closed subspaces
of XP(Q) by
XZ(Q) ={reXP(Q);vxn=0onT}.

and
VZ(Q) ={ve Xﬁ,(Q);divv =0inQ,(v-n,1)r,=0fori=1,...,1},

where (-, -)r; denote the duality bracket between w-Ypp(T;) and W'=1/P P (T;). The follow-
ing inequality is frequently used (cf. [2]). If we define

X3P (Q) = (v e XP(Q);vxn e WTVPP(D)),

then Xll\;p (Q) c WP(Q), and there exists C > 0 dependent only on p and € such that

||v”W1<,P(Q)
< C(Pller ) + lleurlvl|pr ) + Idivvlize ) + v X Blly-pp ). (2.5)

Moreover, we can deduce the following (cf. [2, p. 40]). For any v € WhP(Q) withvxn =0

onl,
I

IVllzr @) < ClicurlvllLy ) + lldivyllLr @) + Z v n, Dr,)). (2.6)
i=1

Thus we have

Lemma 2.3. The space V%(Q) is a reflexive, separable Banach space with the norm

||V||VZ(Q) = |leurlvllLr (o)
which is equivalent to the norm |V|ly1.» (-

We note that from the Sobolev embedding theorem, there exists a constant C > 0 de-
pending only on p and Q such that for all v € V} (),

IVllLr@) + Wllzr ) < Clviy )

where the second term of the left hand side denotes the norm of the trace of v onT.
In this paper, we consider the following Maxwell-Stokes type problem: to find (u, )
such that

curl [S,(x, |cur1u|2)curlu] +Vr=finQ, (2.7a)
dive =0in Q, (2.70b)

uxn=0onT, (2.7¢)

divr(S,(x, Icurlulz)curlu xn)=gonl, (2.7d)
(u-n,l)r,=0fori=1,...1, (2.7¢)

where f and g are given functions such that f € LP (Q) and g € W~1/7"7(T'), and divy
denotes the surface divergence (cf. Mitreau et al. [15]). When Q has no holes, the last
conditions (2.7¢) are unnecessary.

We give the notion of a weak solution to the system (2.7a)-(2.7¢).



Existence and Regularity of a Weak Solution to the Maxwell-Stokes Type System 39

Definition 2.4. We say that (u,n) € Whr(Q) x WP (Q)/R is a weak solution of (2.7a)-
2.7e), ifu € VQ(Q) and (u,n) satisfies that

f S(x, |cur1u|2)curlu -curlvdx + f
Q

Vr-vdx = ff vdx for all v € Xﬁ,(Q) (2.8)
Q Q

and (2.7d) holds in the distribution sense.
We are in a position to state one of the main theorem.

Theorem 2.5. Let Q be a bounded domain in R? with a C"' boundary T satisfying (O1)
and (02), and assume that a Carathéodory function S (x,t) satisfies the structure conditions
(2.3a)-(2.3¢). Moreover, we assume that f € L (Q)withdiv f € L7 (Q) andge w-1PP (D).
Then there exists a weak solution (u,7) € W' (Q)x WP (Q)/R of (2.7a)-(2.7e), if and only
if g satisfies

(g, )r,=0fori=0,1,....1, (2.9)

where {-,")r, = <"'>W-1/P’vp'(F,-) WI-1po (T In this situation, the weak solution is unique and
there exists a constant C > 0 depneding only on p, A and Q such that

P 14 P 14
ol g+ < CASIE o+ ) (2.10)

3 Existence of a weak solution to the Maxwell-Stokes type prob-
lem

Before beginning the proof of Theorem 2.5, we consider the case without the potential. Let
F € L7 (Q). We consider the following problem: to find w € W'7(Q) such that

curl [S (x, [curlw>)curlw] = F  in Q,

divw =0 in Q,
wxn=0 onT, 3.1

Definition 3.1. We say that w € WLP(Q) is a weak solution of 3.1), ifwe VZ(Q) and w
satisfies that

fS,(x, |curlw|2)curlw -curlvdx = f F -vdx forallv XZ(Q). (3.2)
Q Q

We can see that the compatibility conditions for the existence of weak solution to (3.1)
are the following.
divF =0in Q, (3.3)

(F-n,1)r,=0fori=0,1,...,1, (3.4)

Then we have the following proposition which has an important role for the proof of
Theorem 2.5.



40 Junichi Aramaki

Proposition 3.2. Assume that F € LP,(Q). Then the compatibility conditions (3.3) and (3.4)
are necessary and sufficient conditions for the existence of a weak solution w € W"P(Q) of
(3.1). In this situation, the weak solution w is unique, and there exists a constant C > 0
depending only on A, p and Q such that
P P

171 g < CUFIE (3.5)
Proof. Step 1 (Necessity). Assume that there exists a weak solution w € WH(Q) of (3.1).
Since C7(Q) C XZ(Q), the first equations of (3.1) holds in the distribution sense. Hence
(3.3) is clear. Then we can write

<F ' n, 1)1‘,-

(n-curl[S(x, Icurlwlz)curlw], Dr,

= (div(S (x, [curlw|*)curlw x n), 1)

= —(S:(x, Icurlwlz)curlw X, V1) 1y (T WI-1rp(r)
0

fori=0,1,...,1. Thus (3.4) holds.
Step 2 (Sufficiency). We assume that (3.3) and (3.4) hold. Define a functional /[v] on

Vi (Q) by 1
1[v]=—fS(x,Icurlvlz)dx—fF.vdx7
2 Jo o
and put
I* = inf I[V]
veVh (Q)

Then we show that / has a unique minimizer w € V%(Q), that is, I, = I[w]. Indeed, from
(2.4), the Holder and the Young inequalities, for any € > 0, there exists C(g) > 0 such that

A
Iv] = ;fICurIVI”dx—IIFIILp'(Q)IIVIILm)
Q

—elpl?, ., — CEUFI”

- | |v“§/l7 (Q) VP (Q) V4 *
p N N LP(Q)

Choosing € > 0 so that € = 1/2p, we can see that [ is coercive on VZ(Q). Since we know
that G(t) = S (x,#%) is a strictly convex function, [ is a strictly convex functional on VZ(Q).
We show that [ is lower semi-continuous on VZ(Q). Letv; »vin VZ(Q). Then there exists
a subsequence {v,} of {v;} such that

lim [ S(x,lcurly;[*)dx = liminf f S (x,|curly ;|*)dx
k—oo Jo Jj—ooo Q :

and curly;, — curly a.e. in Q. Since S (x,7) is continuous with respect to 7, S (x, [curly jklz) -

S (x,|curlv]?) a.e. in Q. Since S (x,7) > 0, it follows from Fatou lemma that

J—)OO

fS(x,Icurlvlz)dxsli]?linffS(x,lcurlvjklzdx:liminffS(x,lcurlvjlz)dx.
o) - Jo o)

Therefore, we have I[v] <liminf;_,., I[v;]. Thus, we can see that / is lower semi-continuous.
Since I is a lower semi-continuous, coercive and strictly convex functional on the reflexive
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Banach space VZ(Q), I has a unique minimizer w € VZ(Q). For example, see Ekeland and
Temam [12, Chapter 2, Proposition 1.2]. By the Euler-Lagrange equation,

d
El[w +1v] e 0 for all v € V().
This means that
f Si(x, |cur1w|2)cur1w -curlvdx = f F -vdx 3.6)
Q Q

forallv e VZ(Q).
For any z € XZ(Q), we consider the following div-curl system.

dive=0 inQ, (3.7)

curlé =curlz in Q,
Exn=0 onl".

It follows from Aramaki [3, Theorem 3.6] that (3.7) has a solution & € WLP(Q). Define

1
v=£- (& n Vg,

i=1

where (VgV}l is a basis of K} (). Then we have that curly = curl€ = curlzin Q, divv =0
inQ,vxn=&éxn=0onI and

I
@-n,Lyr, = nr, —Z(f-n,l)riwqfv-n,l)rk =0fork=1,...,1.
i=1

Thus we have v € VZ(Q), and

fSt(x,lcurlwlz)curlw-curlvdx=fSt(x,lcurlwlz)curlw-Curlzdx.
o) o)

From the compatibility conditions (3.3) and (3.4), it follows from [2, Lemma 4.1] that there
exists G € Wl’p'(Q) such that F = curl G in Q. Hence we have

fF-vdxzfcurlG-vdx:fG-curlvdx
Q Q Q
=fG-curlzdx:fcurlG-zdx:fF-zdx.
Q Q Q

f S(x, |cur1w|2)cur1w -zdx = f F-zdxforall z € XZ(Q).
Q Q

Therefore, we have

That is, w € VZ(Q) is a weak solution of (3.1) in the sense of Definition 3.1.
Step 3 (Uniqueness). Let wy,w; € VZ(Q) be two weak solutions of (3.1). If we choose
vy = wi —w; as a test function of (3.2), then we have

f(S,(x, lcurlw; P)curlw; — S ,(x, |curlwz|2)curlwz) ~curl(w; —wy)dx = 0.
Q
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By the strict monotonicity of S; (Lemma 2.2), we have w; = w in VZ(Q).
Step 4 (Estimate). If we choose v = w as a test function of (3.2), then for any & > 0,
there exists a constant C(g) > 0 such that

p/

4 p
Acurlwily o, < IVFll s o Wllricy < el g, + COIFIL, .

Taking Lemma 2.3 into consideration, if we choose & > 0 small enough, we get the estimate
(3.5). m]

Now, we give a proof of Theorem 2.5.

Proof of Theorem 2.5

Step 1 (Necessity). Assume that there exists a weak solution (u,7) of (2.7a)-(2.7e).
Since S, (x, |curlu|*)curlu € L (),

curl [S;(x, |curlu)®)curlu] = f —Vr e L’ (Q)

and div (S ,(x,|curlu|?)curlu X n) = ge WP P(T), we can see that S ,(x, |curlu|?)curlu x
ne WY7-P(T') is well defined and from (2.7d),

(g, Dr, = —(S«(x, |cur1u|2)curlu X n, Vl>W—1/p’,]7’(l—-i)’Wl—l/p,p(l—‘i) =0

fori=0,1,...1.
Step 2 (Sufficiency). We assume that (2.9) holds. We consider the following Neumann
problem.

{ Ar =divf in Q, (38)

g—’;:f-n—g onT.

Since (g, 1)r = 0, the compatibility condition for (3.8) holds. From Aramaki [5], the equa-
tion (3.8) has a unique weak solution 7 € whr'(Q), up to an additive constant, and there
exists a constant C > 0 depending only on p” and Q such that

el gy < CAFN L ) + gl ) (3.9)

Define F = f—Vn. Then F € LP,(Q), divF =01in Q and

on
(F-n,l)r, = <f~n——a ,Dr,=(¢, Dr, =0
n

fori=0,1,...1. Thus, it follows from Proposition 3.2 that (3.1) has a unique weak solution
ue VZ(Q), and there exists a constant C > 0 such that

p I
el ) < CUFIL o (3.10)

Therefore, we have

fSt(x,lcurlulz)curlu-vdx=fF-vdx:ff-vdx—fVﬂ-vdx
Q Q Q Q

for all v € X} (Q). (2.7d) follows from

0 0
f-n= a—ﬂ +n-curl[S,(x, |curlu*)curlu] = a—n +divp(S ,(x, [curlu*)curlu X n)
n n
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and (3.8). Thus we can see that (u,7) € WP(Q) x wir’ (Q)/R is a weak solution of (2.7a)-
(2.7e).
Step 3 (Uniqueness). Let (u1,71), (u2,7) be two weak solutions of (2.7a)-(2.7e). Then
A(ri—m)=0 inQ,
Z(m-m)=0 onT.

Hence 71 —m, = const.. If we choose v = u; —u; as a test function of (2.5), then we have
f (S :(x, [curlu |*)curlu; — S (x, [curlus|*)curluy) - curl (u; —uy)dx = 0.
Q

By the strict monotonicity of S;, we have u; = u,.
Step 4 (Estimate). From (3.9) and (3.10), there exists a constant C > 0 depending only
on p,A and Q such that

p

pl p/ pl
ey + I <CAAL,  +lel )

il WP (@R L@ " Wl ()

This completes the proof of Theorem 2.5.

4 The Holder regularity of the weak solution of (2.7a)-(2.7¢)

In this section, we consider the Holder regularity of the weak solution of (2.7a)-(2.7¢). To
do so, we assume that Q is a bounded domain in R3 with a C%® boundary I' (0 < @ < 1),
and a function S (x,7) € C2(Q % (0,0)) N CO(Q x [0, 0)) satisfies (2.3a)-(2.3¢) and that there
exists a constant C > 0 such that

1S (x,0)| < C1P72/2 for 1> 0. 4.1

We have the following theorem.
Theorem 4.1. Assume that Q is a bounded domain in R> with C*>® boundary satisfying
(0O1) and (O2) for some a € (0,1), and that a function S (x,t) € C2(Qx(0,00)) N CO(Q_X
[0, 00)) satisfies t_he conditions (2.3a)-(2.3¢) and (4.1). Moreover, assume that f € C*(Q)
with div f € C*(Q) and g € C*(') satisfies (2.2). Then tﬁe weak solution (u,m) € WP(Q) x
WP (Q)/R of (2.7a)-(2.7¢) belongs to C'P(Q) x CH*(Q)/R for some B € (0,1), and there

exists a constant C > 0 depending only on the known data such that

”u”Clﬁ(ﬁ) + ”ﬂ”Cl»“(ﬁ)/R <C (42)

In order to prove Theorem 4.1, we need the following lemma.
Lemma 4.2. If we assume that f € C*(Q) with div f € C*(Q) and that g € C*(T) satisfies
(2.6), then the following Neumann problem
Ar =div f in Q,
g—,’;:f-n—g onT, 4.3)
j;zﬂdx =0

has a unique solution n € C*(Q), and there exists a constant C > 0 depending only on a
and Q such that

I7ll 1oy < CUf ey + lIglice))- (4.4)
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For the proof, see [5]. .
Ifweput F=f-VreC'Q), thendivF =0inQand F-n=gonI,so(F-n,1)r,=0
fori=0,1,...,1. Hence u satisfies the following system.

curl [S (x, |curluP)curlu] = F  in Q,

divu =0 in Q,
uxn=90 onT, .5)
@-n,1)r,=0 fori=1,...,1.

We derive the following proposition.

Proposition 4.3. If we assume that F € C%(Q) satisfies the compatibility conditions (3.3)
and (3.4), then the weak solution u € WHP(Q) of (4.5), in fact, belongs to C 18 (Q) for some
B €(0,1), and there exists a constant C > 0 depending only on known data such that

”u“C]ﬁ(ﬁ) <C.

Proof. We consider the following div-curl system.

divG=0 inQ, (4.6)

curlG=F inQ,
n-G=0 onT.

By hypotheses (3.4), it holds that (¥ -n,1)r, =0 fori =0, 1_, ..,I. Therefore from Pan [16,
Lemma 5.7 (ii)], the system (4.6) has a solution G € ' (Q), up to an additive element of
K’;(Q), and there exists a constant C = C(£2, @) such that

IIGIICm@ < C(IIFIICU@ + ||G||Co(§)). 4.7
Thus the weak solution u € WP(Q) satisfies

curl [S,(x,|curlu/*)curlu —G] =0 in Q,

divu =0 in Q,
nxu=0 onT, @.8)
(u-n,1)r,=0 i=1,...1

Since S ,(x, |curlu})curlu € LP' (Q), H := S (x,|curlu|*)curlu — G € L (Q) and satisfies
curl H = 0 in Q. By the Helmholtz decomposition of H (cf. [2, Theorem 6.1]), we can write

H =z+Vp+curlw,

where z € K’T’, (Q) is unique, ¢ € W' (Q) is unique up to an additive constant and w €
WP (Q) satisfies divw = 0in Q and wxn =0 on T, and is unique up to an additive element
of KZ (Q). However, since curl H = 0 in Q, we have curl>w = 0 in Q. Therefore

0:fcur12w~wdx:f(nxcurlw)-wdS +f|cur1w|2dx
o) r o)

:f(wxn)-curlwdS +f|curlw|2dx=flcurlwlzdx,
r Q Q
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where dS denotes the surface element of I'. So we have curlw = 0 in Q. Thus we can write
H=7z+Vo,
and the following estimate holds.
12ll gy + Il . < CU oy + IGlca)-
Since I is C>“ class, we note that K’T’/ QccC 1")‘(ﬁ). Hence we can write
S(x, |cur1u|2)curlu =G+z+ Vo, 4.9)
where G,z € C(Q).

Define
1(S,(x,0)> forxeQandt>0,

(D(x’t):{ 0 for x € Q,¢ =0,
Then ® € C1(Q % (0,0)) N CY(Q X [0, 0)), and from (2.3b), we see that ® satisfies

D,(x,1) =S 1(x,1)(S (x, 1) + 215 44(x,1)) > 0 for x € Q,1 > 0.

Hence, p = ®©(x, 1) has an implicit function r = W(x,p) € C 1(Q x (0, )). Note that o= 1
Define

1
f(x,p) = m fOI’,O > 0.

Then we obtain the following properties whose proofs are given in [4, Lemma 2.1].
AP D0 D2 < £ 5y < 1P D DI o 5 ) (4.10)
|[fx(x,0)| < CpP 2% for p > 0, (4.11)
and there exist constants ¢ and C depending only on A and A such that
oV P2 < f(x,p)+ 2pf,(x,p) < CpP =P/ for p > 0. (4.12)
For the proof, see [6]. By (4.9), we have
O(x, [curlul?) = [curlu*(S (x, |curlul?))* = |G + z + VoI,

lcurluf?> = ¥(x,|G + 2+ Vo)

and

G+z+Vop
S /(x,|curlu|?)
Since div(curlu) = 0in Q and n-curlu = divr(u X n) = 0 on I', the function ¢ is a solution
of the following system.

curlu = = f(x,|G+ 2+ Vo) (G + z+ Vo).

. 2 — 1
{ div[f(x,|G+2+ Ve )G+2+Vp)]=0 inQ, (4.13)

n-f(x,|G+z+ Ve )G+z+Vp)=0 onI.
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Since f(x, |p|2)p is of C! class with respect to (x, p) € QX (R3\ {0}) and of C? class with
respect to p € R3 and |f(x,|p/*)p| < ClplP’~", we can see that f(x,|p|*)p is of C” class with
respect to p, where y = min{a, p’ — 1}.

We want to show that if ¢ is a solution of (4.13), then ¢ € Clﬁ(ﬁ) for some S € (0,v].
Then u is a solution of

curlu = f(x,|G+z2+ Vo) (G+z+Vy) inQ,

divu =0 in Q,
uxn=0 onT, @.14)
(u-n,1)r,=0 fori=1,...,1.

From the regularity theorem of Bolik and Wahl [7], we have u € C'# (Q), and there exists a
constant C > 0 such that

lellgrsg, < CUSCIG +2+ VeP)G +2+ Vo)l + lullr@y).  (415)

Thus we can derive C'# regularity of a solution of (4.13). .
In the sequel, we show ¢ € C'#(Q). We define M =G +z ¢ C*(Q), then

”M”CUY(ﬁ) < HGHClﬂ(ﬁ) + ||z||clﬂ(§)) < C(“F”Cff(ﬁ) + ”G”CO(ﬁ))

Define A(x, p) = f(x,|M(x)+ p>)(M(x) + p), p = (p1, p2, p3) € R3. Then the equation (4.13)
can be written by

{ divA(x,V) =0 inQ, (4.16)

n-A(x,Vp)=0 onT.

We check the structure conditions of DiBenedetto [11]: there exist constants ¢,C > 0 such
that

(i) A(x,p)-p=clpl’ - Cgi(x),

(i) |A(x,p)l < C(pl" ™" + g2(x)),
where g; > 0 and g; € L*(Q).

Indeed, from (4.10), for any & > 0, there exists a constant C(g) > 0 such that

fCIM(x) + pP)(M(x) + p) - (M(x) + p)

—f(x, |M(x) + pI*)(M(x) + p) - M(x)
APDIM(x) + pl? = 7P O M () + pllP M ()]
AP DM (x) + pl - elM(x) + pI” = C(e)| M)

A(x7p) 4

v

v

If we choose £ > 0 so that £ < A‘(I’"l), we have
A(x,p)-p>cilM(x)+pl” = CLIM)I”.
On the other hand, since

pI” = M(x)+p- M@ <27\ (M(x)+ pl” +IMx)P),
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we have A(x, p)- p > c|pl”’ — CIM(x)|”". Since M € C1*(Q), IM(x)|”’ € L*(Q), so (i) holds.
Furthermore, since

|A(x, p)l < CoIM(x) + plP ' < C(pl” ™" + 1M ()PP ™),

(ii) holds. From [6, Proposition 4.1], we have the following global boundedness of a weak
solution ¢. )
suplel < (el oy + M 112 ).

Therefore, ¢ is a bounded weak solution of (4.16). According to [11, Theorem 1.3], we can
see that ¢ € C‘S(ﬁ) for some 6 € (0, 1).

Next, we show that the gradient of ¢ is Holder continuous. We follow the idea of
Lieberman [14]. We first consider the case where M(x) = k = const.. Put ¢(x) = k- x, and
¥ =@ +¢. Define

B(x,p) = (Bi(x,p), Bx(x,p), B3(x,p)) = f(x,|p")p.

Then (4.16) is written into the following form.

divB(x,Vy)=0 1inQ,
{ n-B(x,Vy)=0 onT. @17
We see that
3\ 0B
D aE = FIpPIER +2£,(x pP)(p- 6.
ij=1 p;
Here f,(x, | pP?) may change the sign. When f,(x, | pl?) >0, it follows from (4.10) that
3, 0B;
D = flpPIer = AT Dipl e,
ij=1 op;
When f,(x, | pl?) <0, it follows from (4.12) that
3\ 0B
——&& = [ IpPIER + 21, IpP)pP P
Q=1 p;
= (fxlpP) +2£,(x pP)IpPler’
> clpl” P,
Thus there exists a constant ¢ > 0 such that
2, 0B,
D 5k = clpt e 4.18)
Dj

i,j=1
On the other hand,
< FOe PP + 21605, IpP)lIpl.

’68,-
apj
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If we use the relations f(x,p) < A~?'~Dp#'=2/2 by (4.10) and

O(x, OIS n(x, 1)l

plfp(x.p)l =
P (S (x,0))?>Dy(x,1)
_ D(x,1)|S 1(x,0)|
(S 1(x, )28 1(x, 1)(S 1 (x, 1) + 218 1y (x, 1))
P~ 1 t(P_4)/2
= Caeonon
< Clt—(p—Z)/2
< CypPVICH-1)
< Cyp? O,
we have
OB; ,
‘_, <Clpl’2. (4.19)
opj

Finally, from (4.11), we have

IB(x, p) - B(y, p)l < Clx—ylipl" .

Thus we see that the structure conditions of [14] hold. Therefore, when M(x) = k =
const., if we apply [14, Theorem 2], there exist 8 € (0,1) and a constant C dependent on
A, A, p,supgle| and Q such that ¢ € C'#(Q), and

el o < C. (4.20)

Next we use the perturbation method to verify the regularity of weak solution ¢ of
(4.16). Fix xp € Q and choose a ball Bg,(xo) with center x¢ and radius Ry > O such that
Bg,(x0) € Q. For any 0 < R < Ry, we consider the following equation

{ div [/ (xo. [F (x0) + VEP)(F(x0) + V)] = 0 in Br(xo), @21

p=¢ on dBg(xo),

where dBg(xg) denotes the boundary of Bgr(xp). By [14, Lemma 5], equation (4.21) has a
unique weak solution ¢ in W4(Bg(x0)). Moreover, we can derive that g € C'#(Bg(x()) and
@ satisfies

||¢||C1ﬁ(M) <C
Using this fact and the perturbation method, the weak solution ¢ € Cllo'f (Q) for some S €
(0,1) and for any Q' € Q, there exists a constant C depending only on the known data and
dist(Q’,0Q) such that

||€0||C1ﬁ(§) <C.
Here we use a variant of the perturbation method developed by Choe [9, pp. 36-38] (cf. [4,

Appendix B)). Finally C'# regularity near the boundary I follows from [14, Lemma 6] and
the perturbation method. m]
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