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1. Introduction

Let .# be a family of martingales on a probability space (2, &, P) and let ®
be a nonnegative function on [0, 0]. The general question underlying both [2]
and the present work may be stated as follows: If U and V are operators on M
with values in the set of nonnegative of measurable functions on Q, under what
further conditions does

(L.1) APP(Vf > A) £ | Uf|% A>0,fe,

Po’

imply EO(Vf) < cE®(Uf), f € #? Here E denotes expectation, integration over
Q with respect to P, and the letter ¢ denotes a positive real number, not necessarily
the same number from line to line. In most applications, the first inequality can
be proved easily for only one particular value of p,, usually for p, = 2,
although it is the second inequality that is really needed. Therefore, it isimportant
to know conditions under which the second follows from the first.

In [2], the function ® may be any nondecreasing function that satisfies a
mild growth condition. The above question is then answered by suitably restrict-
ing the martingale f. In this paper, @ is restricted to be convex, but no con-
ditions are placed on the martingale f.

We state our main results in Section 2. Here, we mention one special but
important application. If f = (fy, f,, ' - *) is a martingale, we write

v
=

fn = 2 dk’ n
(1.2) f* = sup |/,

© 1/2
S(f) = (kZ d,%)

The maximal function f* and the square function S(f) are closely linked.
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TuEOREM 1.1. Suppose that ® is a convex function from [0, ) into [0, o)
satisfying ®(0) = 0 and the growth condition

(1.3) ®(21) < c®(1), A>0;
set ®(0) = lim,_, , D(A). Then
(14) cEQ(S(f)) < BD(f*) < CEQ(S(f))

for all martingales f. The choice of ¢ and C depends only on ¢ 3,, the growth
parameter of ®.

This result is already known for convex powers ®(A) = A7; see [1], for the
case where 1 < p < o and [3] for p = 1. (Also, the inequality holds for
0 < p < 1if f is restricted ; see [2].) However, Theorem 1.1 gives new infor-
mation about the quadratic variation of right continuous martingales X =
{X(t),0 < ¢t £ 1}. Defining S to be the usual approximation to the quadratic
variation of X, we show that {8} converges in L, if and only if the maximal
function of X is integrable (see Theorem 5.1).

Condition (1.3) is a necessary condition for (1.4) to hold for all martingales
f on a nonatomic probability space (see Remark 6.2).

In this paper, we use some of the methods developed in [2] together with
the decomposition of martingales introduced in [3]. However, this paper may
be read independently, or nearly independently, of [2] and [3]. One new tool
of special interest is Theorem 3.2, which may be stated as follows. Let z,, 2z, - -
be a sequence of nonnegative o measurable functions, %, %,, - - - & monotone
sequence of sub-g-fields of &, and ® a convex function as in Theorem 1.1.
Then

(1.5) E(D(i E(zklg,,)> < cE(D(i z,‘>,
k=1 k=1

and the choice of ¢ depends only on ¢, 3.

2. Main results

Let (Q, o, P) be a probability space and let &, o, - * - be a nondecreasing
sequence of sub-c-fields of .o¢. Let .# be the set of all martingales f = (fy, f2,"*)

relative to «/,, &,, - - - . We consider operators T’ defined on .# with values in
the set of nonnegative s« measurable functions. Examples of such operators are
* =
f* = sup_|ful,

© 1/2
@.1) S(f) gdf],

© 1/2
o) = [21 E(d,zwk-l)] ,

Il
=
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where d = (dy, d,, -+ *) is the difference sequence of f:

(2.2) Jo = i dy, n =1
K=1

Other examples are discussed below.
An operator T is quasilinear if

(2.3) T(f+g) <y(Tf + Tg)

for some real number y = 1 and all f and g in .#. An operator 7' is symmetric
if T(—f) = Tfand is local if Tf = 0 on the set {s(f) = 0}, f € .#. For example,
the operators 8, s, and f — f* satisfy these conditions.

A stopping time 7 is a function from Q into {0,1,:--, ©} such that
{t £ n}e o, n = 0.If pand v are stopping times, let *f* denote the sequence

(2.4) Y I <k £v)d, nzl,
k=1

where 1(4) is the indicator function of the set 4. If f is in .#, then *f*, f started
at u and stopped at v, is also in .#. Write f* for °f; in particular, f" is the
martingale f stopped at .

If T is an operator, let 7,f = Tf" 0 £ n < o0,

*p
T*f = 5w, Tl
T**f = T*f v Tf.
The operator T' is measurable if T,f is A, measurable for n = 1, fe .#. For
example, 8,(f) = (Zr-, d2)!/? so that § = 8* = §** and § is measurable.
We are now ready to state some of our main results. In the following theorem
A* = sup; cp< A,, where A, = T(""'f"). Throughout the paper, if f =
(f1, f2, - - ) is any sequence of functions, then f* denotes the maximal function
of f.
THEOREM 2.1. Let 0 < py < c0. Suppose that T is a local, quasilinear, sym-
metric, and measurable operator on M such that

(2.5)

(2.6) AP (Tf > 2) < cf|f*|52

forall A > 0 and fin M. If ® is a convex function as in Theorem 1.1, then
(2.7) EQ(T**f) < cED(f*)

for all f in M provided that

(2.8) E®(A*) < cED(f*), fed,
(2.9) EQ(Tf) < cEQ(ki |d,,|>, fe

The choice of c, ) depends only on the parameters of the assumptions, that is,
on the quasilinearity constant y, py, ¢(1.3), C2.6)> C(2.8) A4 C(2.9).



226 SIXTH BERKELEY SYMPOSIUM: BURKHOLDER, DAVIS, AND GUNDY

REMARK 2.1. Conditions (2.8) and (2.9) are necessary for (2.7). This follows
from A* < 2yT**f, from Tf < T**f, from f* < £2_,|d,|, from (1.3), and from
the fact that ® is nondecreasing. To prove the first inequality, notice that

(210) A, =TT =T(f" = 77 S p(If" + T £ 2T

THEOREM 2.2. Let0 < py < 0. Suppose that T is a local, quasilinear, sym-
metric, and measurable operator on M such that

2.11) AP (f* > 2) £ | T*f|5

forall A > 0 and fin M. If ® is a convex function as in Theorem 1.1, then

(2.12) E®(f*) < cED(T*f)

for all f in M provided that

(2.13) E®(d*) < cED(T*f), fe A,

(2.14) Tf<c i AR fed
k=1

The choice of ¢ .12, depends only on 7y, pg, (1 3y, C2.11)> €(2.13) OB C(3.14)-

Since d* < 8(f) £ T2 |di|, the operator S satisfies (2.13) and (2.14) and
it is elementary to check that S satisfies all of the conditions of Theorems 2.1
and 2.2 with p, = 2. Therefore, Theorem 1.1 follows from inequalities (2.7)
and (2.12). More generally, consider any operator M of matrix type:

o n 2172
(2.15) Mf = [ Y (lim sup| Y aj d,,|) ] :
j n—> k=1

i=1

Here a; , is an & _; measurable function and

(2.16) c < Z a2, £ C, k

v

1.

TuroreM 2.3. If M is an operator of matrix type and @ is a convex function
as in Theorem 1.1, then

(2.17) cEO(M**f) < ED(f*) £ CED(M*f)

for all f in M. The choice of ¢ and C depends only on ¢, 3), C(2.16)> and C(3.16)-
This generalizes the first part of Theorem 6.1 in [2], which should be con-
sulted for further discussion and examples.
Proor. We prove the left side first, and, indeed, a little more. Letting

® 271/2
(2.18) M***f = [ Y (sup | Z a; kdk|> ]
j=1 Sn<w k=1
we have that

(2.19) EQ(M***f) < cED(f*).
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Only the right side of (2.16) is needed for (2.19). Let T' = M ***; then T is local,
sublinear (y = 1), symmetric, and measurable. Condition (2.9) holds; in faet,
the stronger condition (2.14) holds, since

o0 2
(Z|%J@0
1 \k=1

(£ atulad) (£ 1) = o £ 1al)

by the right side of (2.16). Therefore, (2.8) holds also, since A, = T(""f") £
c|d,| £ of* by (2.14). Finally, using the fact that {Z}_, a;, d;,n = 1} is a
martingale, we have that

) n 2 L) n 2
y E(sup| Y aj,kdk|> <4y supE(Z ;. dk>
j=1 n k=1 j=1 n k=1

J

M8

(220)  (Tf)* <

i

It

IIA
s

J

(2.21) 77113

4y Y Eal,d¢ < OIS} < clf3
j=1k=1

1 M8

This implies (2.6) for p, = 2, and (2.19) follows from Theorem 2.1.
Turning to the proof of the right side of (2.17), we note that M satisfies (2.14),
since Mf < M***f. By the left side of (2.16),

0 1/2
(2.22) c|d,| < (Z |aj,,,d,,|2> = M(f" — f"°Y < 2M*f
i=1
so that d* < cM*f and (2.13) is satisfied. Also,
<] n 2
em =53 (5 o)
ji=1 \k=1
= 3 X Bajid? z el S, = el
so that
(2:24) AP(f* > 2) = sup |[f13 £ o M¥f(3,

which is (2.11) with p, = 2. The right side of (2.17) now follows from Theorem
2.2,

ExampLE 2.1. Here is an operator satisfying the conditions of Theorem 2.1,
but not all the conditions of Theorem 2.2:

(2.25) f- I:ki [E(] dklldh—l)]z:lllz'

In fact, the conclusion of Theorem 2.2 need not hold. These statements are
proved in Section 6, where an application of this operator to the theory of
random walk is presented.
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3. Preliminary results

The next section contains the proofs of Theorems 2.1 and 2.2. Here we develop
the necessary tools, some of which are interesting in their own right.

TueoREM 3.1. Let 0 < py < 0. Suppose that U and V are local, quasilinear,
symmetric, and measurable operators on M such that

(3.1) APP(Vf > ) £ c|U*f| 58

forall A > 0 and f in #. Let ® be a convex function as in Theorem 1.1 and f a
martingale in M. Suppose that w, is an o, _ | measurable function satisfying

(3.2) Uer='f" = w,
and A, = V(" f"),n = 1.
Then
(3.3) E®(V*f) < cEQU*f) + cE®(A*) + cED(w*)

with the choice of c depending only on yy and yy, the quasilinearity constants of
U and V, respectively, and on ¢ 3y, C(3.1), and po.

Actually, much less than the convexity of ® is needed for this theorem; the
precise condition is described below. We need the following lemma. Let
Y=7Yv VvV Vv

LemMa 3.1.  Suppose that U and V satisfy

(3.4) uf < Vf, fe
in addition to the conditions of Theorem 3.1. Let o = 1 and B > y°. Then

(3.5) P(V*f > 1) £ cP(cU*f > 1) + cP(cA* > 1) + cP(w* > 4)

for all A > 0 satisfying

(3.6) P(V*f > 1) £ aP(V¥f > BA).

The choise of c3 s, depends only on , B, 7, po, and ¢ y).

The proof is similar to, but simpler than, the proof of Theorem 4.1 in [2].
We need two elementary facts. First, if 7 is a local, quasilinear, and symmetric
operator on .# and 7 is a stopping time, let 7,f = T,f on the set {t = n},
0 £ n £ ©. Then
(3.7) yTITf < TfF < VTS,

This is Lemma 2.1 in [2]. Second, if 4 is a nonnegative ./ measurable function,
A € o, and a and b are positive numbers such that

(3.8) L h > 2aP(4) and L h? < b2P(A),
then

b 2
(3.9) P) < (;> Ph > a).

See Chapter 5, Section 8.26 of Zygmund [5]. In our application, 4 = {V*f > A}.
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Proor. We first examine the case in which U("~'f") is uniformly bounded.
(a) Let o = 1 and B > y*. Suppose that (3.6) and

(3.10) ue-n < 4, w21,
are satisfied. Then
(3.11) P(V*f > A) < cP(cU*f > A) + cP(cA* > A).
Let 6 = £(By~* — 1). Either
(3.12) P(V*f > A) < 20P(V*f > PA, A* < 0))
or
(3.13) P(V*f > A) £ 2aP(A* > 0A).

The latter possibility leads directly to (3.11); assume the former. Let
inf {n: V,f > 4},
inf {n: V,f > pi},

and g = ¥f". Since V is a measurable operator, u and v are stopping times. If »
is a positive integer, then

(3.15) Vaf = V"™ + 774" S 9(Vaoof + A,

so that V,f < y(4 + A*) on the set where y is finite. On {V*f > B4, A* < 64},
Usv <o,

(316) i< V,f S yV(f* + @) S P(Vuf + Vg) S v*(A + 04 + V),
and so

(3.17) Vg > (By™* — 1 — 0)A = 04.

Therefore, by (3.12),

(3.18) P(Vg > 04) = P(V¥ > BA, A* < 04) = cP(V*f > A).

u

(3.14) ,

Since U is a local operator,
(3.19) (V¥4 < 4} = {u = 0} < {s(g) = 0} = {U*g = 0},
so that, by (3.1), we have the lower estimate
*q\P0 — * || PO
@200 [ W = Ul

c(BA)°P(Vg > 04) = cAPP(V*f > A).

1\

To obtain an upper estimate, consider U*g. Since p < v, we have U*g =
U*(f* — f*) < 2y2U¥f. On {v = oo}, by (3.4) and the definition of v, U¥f <
V¥f < BA. On {v = a}, n a positive integer,
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UXf = UX = U* "' + "1,
U:—lf é Vn*-lf < ﬂli

by (3.10), U*("~'f") = U(""'f") < 4, so that UX*f £ y(BA + 4). Therefore,
U*g < 2y*(B + 1)4, and we have the upper estimate

(3.21)

(3.22) [ @ = |U*gliz
(VS >4}

< cA?PP(V*f > A).
Applying (3.9) with A = {V*f > i} and b = (U*g)™, we obtain
(3.23) P(V*f > A) £ cP([U*g]% > cir).

Since U*g £ 2y2U*f, inequality (3.11) follows.
(b) We now complete the proof of Lemma 3.1 by reducing the general case
to that considered in (a). It follows from (3.6) that either

(3.24) P(V¥ > 2) < 20P(V¥f > BA, w* < A)
or
(3.25) P(V¥f > 1) < 20P(w* > A).

The latter possibility implies (3.5). Assume the former and let A = f, where ¢
is the stopping time

(3.26) o =inf{n 2 0:w,.; > A}.
Note that, by (3.2),
(327) U(n—lhn) — U(n—lfn/\a) é ,},Ua(n—lfn) é yw, é ,y)”

so that % satisfies (3.10) with 4 replaced by A, = yA. We now show that £ satisfies
(3.6) with A replaced by Ay, @ by 2a, and B by B, = Py~ 2. Since V*h < yVI¥f <
YV,
(3.28) P(V*h > Ag) £ P(V¥f > A)

< 20P(V*f > BA, w* < A)

= 20P(V¥f > PA, 6 = ©)

< 20P(yV*h > BA)
Therefore, by (a), P(V*h > Ag) < cP(cU*h > Ag) + cP(cA§ > o). Here,
Ao, = V(*"'A") < yA, and U*h < yU*f so that

(3.29) PV*f > A) < 20P(V*h > Polo) £ 20P(V*h > Ao)
< cP(cU*f > A) + cP(cA* > A).

This completes the proof of Lemma 3.1.
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Lemma 3.2. Let Y be a nonnegative measurable function on the real line
satisfying [ , Y(t) dt < oo for some real number a. If B = {t: Y(t) < rp(t + 1)}
for a real number r > 1, then

(3.30) r Y dt < —"—j Wit + 1)dt.
—w© r—1]Jg

The proof of this is straightforward; see [2].

Now consider a convex function ® from [0, o) into [0, o) with ®(0) = 0.
As usual, set ®(00) = lim,_, , ®(4). It follows that there is a nonnegative non-
decreasing function ¢ on (0, o) such that

(3.31) ®(b) = fo"q)(x) di, 0<b< o

(See Zygmund [5], Chapter I, Section 10.11.) Furthermore, if ® satisfies the
growth condition (1.3), then ¢ satisfies

(3.32) 0 (24) £ cp(d), A>0.
This follows from

4 2
(3.33) 210 (24) < fu o(t) dt < O(44)

< 2O(A) = ¢? f:q)(t) dt < Fap(d).

The converse also holds [2]. Since ® is nondecreasing,
1
(3.34) ®(§ [a + b]) < O(a) + O(b).

Therefore, the growth condition (1.3) implies that
(3.35) ®(a + b) < c[D(a) + D(b)]

for all @ and b in [0, oo].

Proor or TuEoREM 3.1. In the proof we may assume that relation (3.4)
holds. For if (3.4) does not hold, replace U by U* and Vf by U*f v Vf. Then
the new pair of operators satisfies both (3.4) and the conditions of Theorem 3.1.
Furthermore, by (3.35), the inequality (3.3) for the new pair implies (3.3) for
the original pair.

The proof is now similar to the proof of Theorem 3.2 in [2]. Let k& be the
least positive integer j such that 2/ > 95, B = 2¥ and b = log B. Let

Y(t) = bB'@(B)P(V*f > BY),

(3.36) B = {t:y(t) < 2y(t + 1)},

and notice that

0 1
(3.37) f_w Y() dt = fo PAP(V* > 2)di < ®(1) < oo,
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so that, by Lemma 3.2, (3.31), and Fubini’s theorem,
(3.38) Emwv)=ﬁfmnmvv>zmz=ff¢umt

< 2f Wt + 1)dt.
B
If t € B, then A = f' satisfies
(3.39) bAQAP(V*f > A) < 2bBA@(BAP(V*f > BA).

In particular, ¢ (BA) = @(2*A) < c*@(A) by the growth condition, so that (3.6)
holds with & = 2B¢*. Also, 2y/(t + 1) £ af(t), since P(V*f > BA) < P(V*f > A).
Therefore, by Lemma 3.1,

(3.40) EQ(V¥) < a L.//(t) dt

1A

« [7 bBo(BIG(B) dr.

where G(4) is the right side of (3.5). This implies (3.3).

ReMARK 3.1. It is clear that Theorem 3.1 holds for any ® satisfying (3.31),
(3.32), and ®(1) < oo, for some nonnegative function ¢. If 0 < p < 0o, the
power function ®(1) = AP satisfies these conditions so convexity is not required.
Convexity is required in the next theorem.

THEOREM 3.2. Let ® be a convex function as in Theorem 1.1 and let

2y, 25, ' * - be a sequence of nonnegative o/ measurable functions. Then
LY £
(3.41) Ecb( Y E(zk|dk_l)) < cE<D< Y zk),
k=1 k=1

and the choice of ¢ depends only on c, 3.

The function 2, need not be & measurable.

ProoF. Let w, = E(z |, _,), let W, = Zi_, w,, and let Z, = Z;_, 2, for
1=n = 0.

For each integer j, let

p; =inf {n: W, > 2/ or w,,, > 2971},
(3.42) . -, -
v; =inf {n: W, > 27" or w,,; > 2771}
Then y; £ v; £ ;4 and letting
A; = {W, > 2/ w* < 2771}
BJ' = {Woo > 2j}v
we have that 4; = B;, both

(3.43)

(3.44) Wi= Y Iy <k = v)w



OPERATORS ON MARTINGALES 233

and

=1
vanish off B;, and
(3.46) Wiz 2"‘11(Aj).

As a consequence, we have that if %; is the smallest o-field containing B; and
its complement, then, on B;,

(3.47) E(27|®)P(B)) = f ziap

=EZ’ = k; E[I(y <k £ v)E(z| 1))

= EW 2 2/7'P(4)).
Here, we have used (3.46) and the fact that I(y; < k < v;) is &, _, measurable.
Note that, by (3.31) and (1.3),

(348) EO(W,) = f”” WP(W, > A)dA
j-—oo

< Y @HPEB) s R
j=-o
where ¥(j) = ®(2/)P(B;). By the obvious a,na,logue of Lemma 3.2 (and which
is implied by it),

(3.49) D V) S2 T UG+
j=—w

whereJ = {j: Y (j) < 2¢(j + 1).Ifje J,then P(B;) £ aP (B, )and 2¢(j + 1) <
ay (j) with & = 2¢(y 3), so that either

(3.50) P(B;) £ 2aP(4))
or
(3.51) P(B)) £ 20P(w* > 2/71).
Therefore, J = J, U J,, where J, and J, correspond to the two possibilities, and
(3.52) EO(W,) c]Z V() + ¢ ; ¥ (j)
71 T2

Suppose that j € J,. Then, by (3.47),

) 40E(Z1| B)),

(3.53) 2JI(B,) < 2/I(B;) 20 Py <

and, using Jensen’s inequality for conditional expectations, we have that
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(3.54) O(2)(B;) < D(4aE(Z7| ;)

< c®(E(Z7|B)) < cE[(Z)| %

Taking expectations of both sides, we obtain (I)(2j)P(Bj) < cE®(ZY).

We now need to use the superadditivity of the convex function ®@: ifa,, a,, - - -
are nonnegative numbers, then

(3.55) i ®(a,) < (I>(i a,,).
k=1 k=1

This is an immediate consequence of the easy special case: if @ and b are non-
negative and finite, then

(3.56) ®(a) < D(a + b) — O(b).

By superadditivity,
(3.57) YY) S cE Y ®(Z)) < cE(D( Y Zf> < cE®(Z ).

jeJ1 jeJ1 j= -

Considering the other sum in the bound on E®(W ), we have that

(3.58) Y ¥ £ 2a Y O2HPw* > 2i71)
jeJ2 J'er
<% Y f (AP dw* > 29*1) dA
j=—o

< 20EQ(dw*) £ cED(w*).

Using ®(w*) = 232, ®(w,), Jensen’s inequality, and superadditivity, we
obtain

(3.59) EOw*) < 3 EOw,) < Y Ed() < EV(Z,).
k=1 k=1

This completes the proof of Theorem 3.2.
LemMmA 3.3. Under the conditions of Theorem 2.1,

(3.60) E®(T**f) < cE’(D( 5 |dk|), fe
k=1

Proor. Since ®(T**f) < ®(T*f) + O(Tf), we need to prove only

(3.61) E®(T*f) < cEd)(i Idk|>’
k=1

and this only for martingales in . satisfying f = f" for some positive integer
N. Except for the trivial case in which ® vanishes identically, ®(c0) = 00, and
this implies that T*f < oo : by (2.9),

N N n
(3.62) EQT*f)<E Y ®T.f)< ) cE(D( y |d,,|> < ©
n=1 k=1

n=1

assuming, as we may, that the right side of (3.61) is finite.
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Let 1o = 0;if j = 1 and 7;_, is a stopping time, let
(3.63) =inf{n > 1,_: T,f > 29°T,,_ f}.

Then 7; is a stopping time and the finiteness of 7*f imples that Q = U7, 4;,
where

(3.64) AJ = {T} < OO, Tj+l = CD}.
On A,, T*f = 0. Let j = 1. Then, on 4;, and in fact on {r; < oo},
(3.65) 29°T,,_ f < T, f SyT(f%' + k)

é ys[th_lf + Th}]:

where A; is the martingale f started at 7;_; and stopped at 7;. Therefore, on 4,
T,,_.f < Th;and, since 7;,,; = oo implies that 7*f < 2y°T, f, we have

(3.66) T* < 2y6[T,j_1f + Th;] < 4°Th;.
Therefore, by (1.3), (2.9), and (3.55), we have

(3.67)  E®(T*f)

,-; L, O(TH) < cj; , Ok

¢y E(I)( Y I, <k < zj)|dk|) < cEd)( Y |dk|),
j=1 k=1 k=1

proving (3.61) and completing the proof of the lemma.

liA

4. Proofs of the main results

Proor oF THEOREM 2.1. If fis in 4, then f = g + k, where g and % in .#
are defined by

Q
3
|
M=
)
£
I

5t - Bl o)

=
L]
-

(4.1) " »
by = kZ1 by = Zl [z + E(| #i-1)],
with
Y = dk1(|dh| = 2d1’<k-1)7
(4.2)

zk = dkl(‘dk| > 2d’,‘k_ 1),

and df = supy<;<i |dj| with dy = 0. This decomposition was introduced in
[3]. Note that |y,| < 2d¥_, so that y, = 0 and
(4.3) o] < 4df_,,

a bound which is 7, _, measurable. For k = 2, E(d; | #-) = 0, which implies
that E(y, | #-1) = —E(z| &-,), so that
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(4.4) Yol = ¥ lad + X E(la]| H-y).
K=1 k=1 k=1
On the set {|d;| > 2d¥_,},
(4.5) |de| + 2dF_; < 2|d,| = 2dF.
Therefore,
(4.6) Y lal £ Y 20F - df-y) = 24 < 4f*,
k=1 k=1
and, by (3.35) and Theorem 3.2, we have
(4.7) E(D( Y |bk|> < cE<I>< y |z,,|>
k=1 k=1

IIA

cE®(d*) £ cED(f*).

This implies, by Lemma 3.3, that EQ(T**h) < cE®(f*). To complete the proof
of the theorem, we show that

(4.8) E®(T**g) < cED(f*).

Let Uf = f* and V = T. Note that U(" 'g") = |a,| < 4d}_,, so that, by
Theorem 3.1 and (2.8) applied to g,

(4.9) E®(T*g) < cED(g*) + cED4d*).

Since d* < 2f*, the last term is dominated by cE®(f*). Since g* = (f — h)* <
f* + k* and h* < T2, |b,|, we have, by (4.7), that

(4.10) E®(g*) < cED(f*).
Therefore,
4.11) E®(T*g) < cED(f*),

which is not quite (4.8). To complete the proof, we may assume that ® does
not vanish identically and that E®(f*) < co. Then, by (4.10), g* < o0 and
this implies that

4.12) Tg < y’T*g

as we now show. Clearly, (4.11) and (4.12) imply (4.8). Let A > 0,

(4.13) t = inf {n: |g,| > A or d} > A},

and G = g". Then, by (4.3) and the definition of 7, G* < 54, so that ¢/ converges
almost everywhere and there exist n; < n, < - - - such that

(4.14) l*|5e = @79, jzl

Therefore, by (2.6),
(4.15) P(T(™@) > 277) < 27/
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and lim;_, , T("G) = 0 almost everywhere. Since

(4.16) TG = T(@g" + Q) £ V*[Tinn,9 + T(MQ)],
it follows that TG < y*T*g.
Moreover,
(4.17) Tg = T(G + *9) < y[TG + T(9)].
so that Tg < y*T*g on the set
(4.18) {T(g) =0} = {t =0} ={g* £ 4,d* =1},

which converges almost everywhere to Q as A increases. This gives (4.12) and
completes the proof of the theorem.

ProoF oF THEOREM 2.2. Here let U = T and Vf = f*. Again, for any fin
M, let f =g + h, where g and & are defined as in (4.1). By (2.14) applied to
"~1g" and by (4.3),

(4.19) UCg") = T(""'g") < c|a,|

and

(4.20) V("Tlg") = |a,| < 4dy .
Therefore, by Theorem 3.1 applied to g, we have

(4.21) E®(g*) < cE®(T*g) + cE®(d¥).

By (2.14) applied to A,

(4.22) T S T + T ST + e 3 b,

and so, by (4.7), we obtain E®(T*g) < cED(T*f) + cED(d*).
Since h* < T, |b,|, we also have E®(h*) < cED(d*). An application of
(2.13) now gives

(4.23) EO(f*) < cE®D(g*) + cEDOh*) < cED(T*f),

completing the proof of the theorem.

5. Quadratic variation of right continuous martingales

Let X = {X(t),0 < ¢t < 1} be a right continuous martingale and
o 1/2
(8.1) §; = [X(tm)z + Z (X(tj,k) - X(tj,k—l))z] ,
k=2

where 0 = t; ; < t;, <+ =1 for j = 1. Note that 8; = S(f;), where f; =
(fi.1,fj,2, -+ ) is the martingale defined by f;, = X(¢;,). We assume that

tjx = 1fork = k;, and

(5.2) sup (4, — tjk-1) 2 0

28k<wo
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as j increases. Let X* denote the maximal function of the process X: X* =
SUPo << |X(1)].

TuEOREM 5.1.  The sequence {S;} convergesin L, if and only if X* is integrable.

We need the following elementary lemma.

LeMMa 5.1. Let Y = 0 be an integrable random variable. Then there is a
convex function ® from [0, o) into [0, 0), with ®(0) = 0, satisfying the growth
condition (1.3),

O(A)

. lim —~ = oo,
(6.3) zl-»n:o A ®
and
(5.4) E®(Y) < .

Proor oF THEOREM 5.1. Suppose that X* is integrable. Choose @ to satisfy
Lemma 5.1 with ¥ = X* By Theorem 1.1, we then have

(5.5) E®(S)) £ cEO(f¥) < cED(X*),

which implies the uniform integrability of {S,}. Since, by a result of Doléans
[4], {S;} converges in probability, the convergence in L, follows.

To go the other way, we note that if {S;} is uniformly integrable or converges
in Ly, then sup; ES; < oo. Therefore, since X* = lim,_,,, f by right continuity,
we have

(5.6) EX* < lim inf Ef* < csup ES; < 0.
J?© J

Here, we have used the right side of (1.4) for the special case of ® the identity
function, the case treated in [3].
ProoF oF LEMMA 5.1. Choose 0 = a, < a; < a, < - to satisfy (a) a; —
a;_1 > 2a;_, forj =2 1 and (b) E(YI(Y 2 a;)) £ 27/EY forj 2 0. Let ®(1) =
& @(t) dt be defined by ¢ = j on [a;_,, ;). Since ¢ is increasing, ® is convex,
and since lim, , ,, ¢(4) = o equation (5.3) is satisfied. By (a), if 1 € [a;_,, ;)
then 24 < a;, 4, so that @(21) £ (j + 1//)e(4) £ 2¢(A) for all 1 > 0, and thus

22 A A
(6.7) ®@24) = fo o(t)dt = 2f0 0(20)dt < 4f0 o(t) dt = 4®(2).

Also note that ®(1) < jA if A < a;, since ¢(4) £ jif A < q;.
Therefore,

(5.8) E®(Y)

S BO(YIia,_, < Y < a)
i=1
= EGYIY 2 a;_,)

= +1
,Z‘z Q-1
@ -2—j+1EY
<Yy L f1<w,
ji=2 a

completing the proof.
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6. Further applications and remarks

Let 2
6.1) )= [ £ walloor]

for f in . This is the operator mentioned at the end of Section 2. Let @ be a
convex function as in Theorem 1.1. Then
(6.2) E®(r(f)) £ cED(f*), fe

and the choice of ¢ depends only on ¢, 3,. We check that the conditions of
Theorem 2.1 are satisfied. Since r(f) < s(f), the operator r is local and satisfies
(2.68) for py = 2:

(6.3) (113

IA

st = § ez
sup |43 < |53

Clearly, r is sublinear, symmetric, and measurable. Since
[e]

(6.4) r(f) = kZ E(| dyf| 1),

=1

IIA

we have, by Theorem 3.2, that condition (2.9) is satisfied. To check (2.8) note
that

6.5) (""" = E(|d,|| #u-1)
Sdf o+ E@dF - d:—lldn—l) Sd* + Z E(d;f - dl?—ll'dk—l)
k=1

so (2.8) follows from Theorem 3.2 and the fact that d* < 2f*. Therefore, (6.2)
follows from Theorem 2.1.

The formula (6.2) has a simple consequence in the theory of random walk.
Let X be a martingale in 4 and write X, = Z}_, x;, for » = 1. Assume that
there is a positive number § such that

(6.6) E(|2i|| i-1) 2 6, k2l
For example, this condition is satisfied if x = (x;, ,, - - *) is an independent
sequence of identically distributed random variables with Ex, = 0, E|x,| > 0,
and <, is the smallest g-field with respect to which x,, - - - , 2, are measurable
(xg = 0), k = 0. Let 7 be a stopping time and f = X*. Then

(6.7) B(|di]| 1) = I(v Z RE(|zil| Fi-1) 2 0l(z 2 k)

so that r(f) = 4t'/2 and, by (6.2),

(6.8) E®(t'?) £ cEO[(X")*].

The choice of ¢ in (6.8) depends only on ¢ and ¢, 3,. See Section 5 in [2] for
related results.
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REMARK 6.1. Here we show that the conclusion of Theorem 2.2 need not
hold for the operator r. Consider ®(A) = A and an independent random variable
sequence d = (d,,d,, - - ) satisfying P(d, = —1) = P(d, = 1) = (2k)"! and
Pd, =0)=1— k™. We assume that o/ is generated by d,, - -, d; with
do = 0. Then

@© 1/2
(6.9) E(Idklldk_l) = E|dk| = k™! so that Er*(f) = ( Z k_2> < 0.
k=1

Suppose that (2.12) holds here. Then Ef* < oo, which implies that f converges
almost everywhere. Hence, d converges almost everywhere to 0. But this con-
tradicts the fact, which follows from the Borel-Cantelli lemma, that, with prob-
ability one, |d;| = 1 for infinitely many k. If n 2 2, then r("~'f") = n™! but
|d,| = 0 on a set of positive measure. Therefore, r fails to satisfy (2.14).

REMARK 6.2. Suppose that (Q, &, P) is nonatomic. Then the growth con-
dition ®(24) £ c®(A) is a necessary condition for either side of the conclusion
of Theorem 1.1. For example, suppose that the left side holds and % is a mar-
tingale satisfying ||S(2)||,, > 2 and ||h*||, =1 so that a = P(S(k) > 2) > 0.
Then, for A > 0 and f = Ak, we have

(6.10) a®(21) = O®2A)P(S(f) > 24)
< E®(S f)) < cBO(f*) = c®(4).

Such an % exists. Let x = (x,, ,, * * ) be an independent sequence satisfying
P, =—-1)=Px,=1)=14%k ; 1, X the martingale with difference sequence
x,and t = inf {n: |X | = 2}. Then » = X" satisfies »* = 1and ||S(h),, = .
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