ALFRED RENYI, IN MEMORIAM

On their return from the United States at the end of June, 1969, Catherine
and Alfréd Rényi visited me in Vienna, and we spent a beautiful evening together
by the Danube-Oder canal. Kato Reényi told us that she thought her health
was improving. But within weeks the news came of her death. On January 5,
1970, I received a letter from Alfréd Rényi in which he wrote of plans to visit
Vienna again, and he incidentally added that he was not feeling well and had
trouble with his glands. On February 2nd, Professor M. Csorgo of McGill
University, who was then visiting at the Mathematic Institute of the University
of Vienna, relayed the news that the Hungarian radio had announced that Alfréd
Rényi had:died the day before. Hungary, a country which had bred many
mathematicians, had now lost one of its most remarkable.

Born on March 20, 1921 in Budapest, Alfréed Rényi had a heritage of learned
men. His father had been an engineer and his maternal grandfather a professor
of philosophy at the University of Budapest. When he married Catherine, he
added another mathematician to his family.

When Reényi finished the gymnasium, the fascist administration of the Horty
regime did not grant him permission to enroll at the university. Thus, he went
to work in a factory, and it was only after he won a prize in a mathematics
contest that he was allowed to enter the University of Budapest, where he was
allowed to study from 1939 to 1944. Rényi almost fell victim to the last rage of
fascism. He was sent to a labor camp, but he managed to escape. The next year
he obtained his doctorate at the University of Szeged. The year 1946 was of
decisive significance for Rényi’s career, for it was then that he obtained a post-
graduate fellowship at the University of Leningrad and came in contact with
Yu. V. Linnik. On Rényi’s return to Budapest, he was made assistant professor
at the University of Budapest for 1947-1948. In 1948, he became privatdozent
at Budapest, and later that year he was nominated professor at the University
of Debrecen for two years. From 1950 through 1970, he was director of the
Mathematical Institute of the Hungarian Academy of Sciences, Budapest. In
1952, he was nominated professor of mathematics at the Eo6tvos Lorand
University, Budapest, and head of the chair of probability theory. These two
full time jobs with their heavy administrative responsibilities did not seem to
hinder his productive scientific work. On the contrary, his scientific work ex-
panded while he took care of numerous students. This feat was possible because
Rényi worked frequently through the night enveloped in tobacco smoke and
the odor of coffee.

His great intellectual capacity and his love for mathematics insured his
enormous success. Besides his many books, he authored and coauthored some
200 scientific papers. Nevertheless, that was not the most demanding part of
Rényi’s activities. He also travelled frequently, attended countless meetings,
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gave lectures across the world, and spent many years as a visiting professor. In
1960 he was at Stanford University, in 1961 at Michigan State University, in
1964 at the University of Michigan, in 1966 again at Stanford, in 1968 at
Cambridge University and the University of Erlangen, and finally in 1969 at the
University of North Carolina.

Rényi was editor or coeditor of many mathematical journals in addition to
Hungarian journals. He'was a member of the Hungarian Academy of Sciences,
of the Presidium of the J. Bolyai Mathematical Society, vice president of the
International Statistical Institute, fellow of the Institute of Mathematical Statis-
tics, and overseas fellow of Churchill College, Cambridge.

Frequently I had the pleasure of meeting Rényi—in Hungary or Austria, or
elsewhere, and I could not help admiring his many interests and thorough
education. Rényi was concerned with art, politics, and the whole of culture. His
English, German, and Russian were fluent, he knew some French, and he still
remembered classical Greek from school. Rényi, with all his language ability,
was capable of clever and caustic humor. He was an impressive man, full of
genuine humanism. He always pleaded for peace and for friendship between
different nations.

RENYI'S WORK

To many people Rényi was a specialist in probability theory. But actually
he was a mathematician with diversified interests. He had an extensive knowledge
of mathematics at his disposal which allowed him not only to work in many
areas of mathematics, but also to see new relationships between different mathe-
matical disciplines. Many of his papers demonstrate his ability to carry the
methods of one field in mathematics over to another. His many skills become
apparent from the variety of his papers which range from axiomatic investi-
gations to the careful consideration of details. Certainly his main interest was
concentrated on concrete problems. When Rényi made Archimedes say: “One
hasto be a dreamer of dreams to apply mathematics with real success,” in [139],
he certainly did this against the background of his own experiences.

Rényi’s scientific work belongs to the following subjects : real analysis, number
theory, probability theory, information theory and mathematical statistics, com-
plex analysis, graph theory and combinatorial analysis, geometry of convex
bodies, applied mathematics, and didactic of mathematics, the enumeration
being more or less arbitrary.

We shall now give a short evaluation of the most important papers of Rényi
and in doing so, try to see them in connection with related literature. His first
publication [1], as well as his thesis which was only partially published later
[27], is concerned with classical analysis. It deals with Tauberian conditions for
the Abel summability of series and is related to some work of O. Szasz (I). His
thesis, as far as it was published, is concerned with the C'-summability of
Cauchy-Fourier series. Rényi often returned to related problems such as the
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theory of orthogonal series and the theory of summability [10], [32], [38], [39],
[64], [114], [134]. Paper [114] illustrates in a simple way our remark about his
ability to switch from one subject in mathematics to another. He starts with the
simple observation that all summability procedures that are based on positive
matrices with row sums 1 may be interpreted almost obviously in the framework
of probability theory. Using this idea, he gets interesting results on the Hausdorff
and Henrikson summability procedures, the first being related to the binomial
distribution, the second to the Poisson distribution. These investigations were
carried on by L. Schmetterer (II) and quite recently by J. G. Kemeny and
J. L. Snell (IIT). Papers [38]. [39], which are concerned with a version of the
Stone-Weierstrass theorem for measurable functions also deserve special
attention. Let { f,},0 < f,(x) £ 1, be a sequence of measurable functions defined
on [0, 1]. Suppose that the functions f, separate points with probability 1 with
respect to Lebesgue’s measure L on [0, 1]. Then for every essentially bounded
function f on [0, 1] and for every ¢ > 0 and § > O there exists an element
g which belongs to the algebra generated by the set {f,} such that
L{z:|fx) — g(x)| < &} > 1 — §. Obviously, this theorem follows from the
Stone-Weierstrass theorem by an application of Lusin’s theorem but in [38] an
independent short proof is given which also provides a proof of the Stone-
Weierstrass theorem (even for arbitrary compact spaces).

Later on Rényi [176] took a fancy to pointing out the effectiveness of prob-
abilistic methods in real and complex analysis. He considered for instance
probabilistic proofs for Wiman’s theorem on the maximum modulus of entire
functions, for the Cartan-Thullen theorem on domains of regularity of analytic
functions of several complex variables, for the construction of power seriés which
are uniformly but not absolutely convergent on the unit circle, and so on. Among
the earliest publications of Rényi are his number theoretic investigations which
are based on Linnik’s large sieve [5], [7]. His results are concerned with the
famous problem of Goldbach and can be considered a breakthrough in this
field. He shows that there exists a fixed natural number ¢ (which may be very
large) such that each integer is the sum of a prime number and an integer that
has at most £ prime factors. Many mathematicians have tried to improve the
statement about the nature of /. After fundamental work by A. I. Vinogradov
(IV), K. F. Roth (V) and E. Bombieri (VI), A. A. Buchstab (VII) and inde-
pendently W. Jurhat, H. E. Richert, and H. Halberstam (VIII) obtained £ = 3
as the best result so far. Rényi discovered very soon that the large sieve admits
a probabilistic interpretation. Essentially the problem is the following. Let N
be a natural number and #;, 1 < i < k, be integers satisfying 1 < n, < 2, <
-+ < m £ N. Let p be a prime number and Z(p, &) the number of such #;
which belong to the residual class & (mod p). Denote £52§ (Z(p, k) — k/p)* by
D(p). The problem is to find an upper bound for X,y pD(p) (where X is for
instance of the form X = N* with 1 < « < %).

It may be remarked that Rényi’s method is powerful if « is near }, while
Linnik’s method gives good estimates if « is near { and even equal to 3.
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But E. Bombieri (VI) has discovered that the important result of Rényi,
Z,<nus pD(p) = O(kN) is also correct for a < 3.

As Rényi remarked, Linnik’s approach [IX] to this problem can be
described, roughly speaking, in the following way: for ‘almost every’ prime
number p < \/Z_V ‘almost every’ residue class mod p is represented among the
numbers n;, 1 <4 < kif k/N is ‘not too small’. Rényi discovered that the distri-
bution of the n; in ‘almost’ all residue classes is ‘almost’ uniform for ‘almost’ all
prime numbers p < N% a < 4. For a more precise formulation see [11], [20].
Regarding the fact that the distributions of the #; in the residue class mod p and
mod g with p # g prime numbers, are ‘almost’ independent if p and g are small
compared with N, the way was open to a probabilistic approach to the large
sieve. He was developing this idea in his papers [22] and [98] and gave it its final
form in [106] and [107]:let &, £,, - - - be an arbitrary sequence of (real valued)
random variables and let M({;, ¢;) be the Gebelein maximal correlation co-
efficient of {; and ;. Let # be any random variable and suppose that there exists a
C 2 1 such that

Z M(éifj)xixj =C Z xlz
15i,j<w i=1

for all real numbers x;, z,, - - - . Then it follows that £2, K7 (1) < C, where
K,.(n) is the correlation coefficient of 7 on £; in the sense of Kolmogorov. This
result also gives an interesting insight into the relation between some measures
of dependence for random variables. This last subject has been treated by Rényi
from an axiomatic point of view in paper [112] which inspired others in their
further investigations in this field. Let us only mention papers by P. Csaki and
J. Fischer (X), (XI), (XII). Let us finally mention that in one of his last papers
together with P. Erdds [183], Rényi returned to the problem of the large sieve.
Introducing random sets of natural numbers #;, they show for instance, that
some results of P. X. Gallagher (XIII) cannot be very much improved.

It is not astonishing that as early as 1948 Rényi [8] returned his interest to
another topic which ranges between number theory and probability theory. It
starts with E. Borel’s theorem (XIIIa) on the uniform distribution of the decimal
digits of almost all real numbers. Rényi [68] (see also [100]) generalized this
result to Cantor series. Rényi’s most important results in this direction are
perhaps contained in paper [87] (see also [86]). He considers the f-expansions
of real numbers which were studied for the first time by B. H. Bissinger (XIV)
(and C. L. Everett (XV)) for a decreasing (increasing) homeomorphism f from
[1, ] ([0, ©]) onto [0, 1]. Let x be any real number and define

go(x) = [x], rolx) = x — [x],
eur1(@) = [fT1(ra@)],  masil@) = fTHra(@)) = [f 7 (ral))],

n = 0. Then the f expansion of x is of the form

x = go(@) + fley(x) + flea(®) + fles(x) + -+ )
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Let us consider for simplicity the case of a decreasing f only. Define by
induction

Ji(y1) = f(y1), Y1
fn(yl’ L Ya) = fn—l(yl) S Yn-2Yn-1 + f(yn))’ n

’

2.

v v

Assume that |f(y2) — f(y1)| < |y2 — y1] for 1 < y; < y, and that |f(y,) —
f@)| < Ay, — yy| for 1 + f(2) < y; < y,. The real number A satisfies 0 <
A < 1. Assume furthermore that

swp L f01@), tas (@), @) + 1)
o<t<1 é C,
Oil;lﬁl ‘%.ﬁl(sl(x)’ T, sn—l(x)7 sn(x) + t)

where C is independent of n and . (Note that t — f,(¢,(x), - * -, &, 1 (), &,() + £)
has a derivative almost everywhere.) Rényi proves that under these assumptions
x = f~Y(x) — [f~}x)] is an ergodic transformation 7. This is also valid if N
is an integer >2, f is a decreasing homeomorphism from [1, N] onto [0, 1],
and f(x) = 0 for x > N, the other conditions remaining the same.

Analogous results have been obtained by Rényi for the case of an increasing
homeomorphisms. Choosing f(x) = z/g for 0 £ x < ¢q, ¢ an integer =2,
f(x) = 1 for x > q, one gets the g-adic expansion of the real numbers and the
well-known result that Tx = xg — [xzq] is an ergodic transformation. With
f(x) = 1/, x = 1, one obtains the continued fraction representation of the
real numbers which has been treated earlier in this context, for instance, by
C. Ryll-Nardzewski (XVI)and S. Hartman (X VII). Rényi also considers in paper
[87] a special transformation of a somewhat different type namely f(x) = /B,
0=z =<4 flx) =1, > B, where f is a real number > 1 and not an integer.
While he was able to show that the transformation fx — [fx] is ergodic, he
did not give an explicit formula for the (unique) normalized invariant measure.
This has been done later on by W. Parry (XVIII) and by A. O. Gelfond (XIX)
and along with a more general investigation by P. Roos (XX).

Rényi’s interest in ergodic theory was not limited to number theory. Starting
with a paper [28] whose results were generalized later by A. N. Kolmogorov
(XXI), he finally introduced the following concept [92]. Let (R, 8, u) be an
arbitrary measure space where 4 is not necessarily a finite measure. A sequence
{4,}, A, € 8, is called strongly mixing with density @, 0 < a < 1, if forany Be S
with u(B) < oo the relation lim,_, , u(4, N B) = au(B) holds. It is easy to see
that this concept is closely related to the definition of strongly mixing for a
measure preserving transformation if u(R) < co. Using a lemma related to the
fact that the closed unit sphere in a Hilbert space is weakly sequentially compact,
Rényi proves that a sequence {4,} with 4, = R, u(d,) =1, u(4,) > 0, is
strongly mixing with density o if and only if lim,., u(d,|4) =, k =
0,1,2,---. From the Radon-Nikodym theorem, it follows immediately that
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lim,_, , @(4,) = a, where @ is any probability measure which is absolutely con-
tinuous with respect to u. Using the mixing property of sums of independent
random variables, he concludes that the limit distribution (if it exists) of the
normed sums under g is left invariant when considered under @. This is essenti-
ally the content of [28].

In [145], a slight generalization of the concept of strongly mixing events {4,}
is introduced. Let P be a probability measure on (R, ) and suppose that
lim,_, , P(4,n B) = Q(B) exists for every B € S. Then {4,} is called a sequence
of stable events by Rényi. The limit @ is a measure which is absolutely con-
tinuous with respect to P. Let us denote the corresponding density by f.
Assuming that f is equal to a P-almost everywhere, one gets back the definition
of a strongly mixing sequence. The sequence {4,} is stable if and only if
lim,_, , P(4, |Ak) exists for k = 1. It follows that any sequence of exchangeable
events {4} is stable. This has been used in [92] to deduce B. de Finetti’s theorem
(XXII) on exchangeable events and to give a generalization: namely, there exists
a random variable f such that P(4;, n---n4;, | f) = £ almost surely, j 2 1,
i, # &, 1 # k. This was proved later by D. G. Kendall (XXIIa) also by a
martingale argument. Rényi’s definition and theorems on strongly mixing events
have been generalized by L. Sucheston (XXIII). An elementary and illuminating
proof of these results has been given by J. Neveu (XXIV).

I do not doubt that one of the most important achievements of Rényi in prob-
ability theory, namely, the axiomatic approach to conditional probability
[56], [75], was motivated by Rényi’s interest in the application of probability
(see, for instance, [78]) and by number theoretic ideas. If #"is the set of all
natural numbers, of the power set of A, # < .o the set of all finite nonempty
sets and v the counting measure on &/ then

v(4 N B)

PA|B) = = 5=

Aed,Be B,

defines a conditional probability on (A, <, %) in the sense of Renyi

It is true that similar attempts to establish an axiomatic theory of conditional
probability have been made earlier. (See, for instance, H. Jeffreys (XXV),
F. I Good (XXVI), G. A. Barnard (XXVII), and B. O. Koopman (XXVIII).)
Furthermore, Rényi himself reports in [56] (Acta Math. Acad. Sci. Hungar.,
Vol 6 (1955)) that he was informed in June 1954 by Gnedenko “‘that Kolmogorov
has put forward the idea to develop his theory in such a manner that conditional
probability should be taken as the fundamental concept but he never published
his ideas regarding this question.” But it is obvious that Rényi’s considerations
are the only ones which give a satisfactory approach in the framework of
measure theory.

Let R be a nonempty set and let o/ be a g-algebra of subsets of R. Let % be a
nonempty subset of /. Let (4, B) » P(4 | B) be a mapping from &/ x 2 in the
nonnegative real numbers satisfying the following conditions:
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(i) P(B|B)=1,Be%,;

(ii) 4 - PA IB) is a g-additive measure on & for every Be #;

(iii) whenever A € o/, Be o,C € #, and B n C € %, then P(4 |B N C)P(Bl C) =
P(A nB|0).

Such a mapping is called a conditional probability on (R, </, #). It follows
easily from axioms (i)-(iii) that the empty set cannot belong to 4. If P is a prob-
ability measure on (R, &) in the usual sense, then clearly the mapping (4, B) —»
P(A nB)/P(B), A € o, Be B, satisfies axioms (i)-(iii), where # = {B: Be «,
P(B) > 0}. Of course, essentially new results were to be expected only when
conditional probability, in the sense of Rényi, could not be represented by such
a quotient with a finite measure P.

The interesting question—under which conditions can a conditional prob-
ability on (B, %, o) be represented as such a quotient with a fixed measure—
has been partly answered by Rényi. A more complete result in this direction has
been obtained by A. Csaszar (XXIX). For every conditional probability space
in the sense of Rényi there exists a set J of indices a so that this space can be
realized by a set of measures {y1,},.;: that is, to every B € & there exists at least
one a € J with 0 < p,(B) < o0 so that P(4|B) = p,(A N B)/pu,(B), A € /. The
set J may have the same power as the set 4. Now, the problem is under which
assumptions does J contain only one element. Csaszar shows that this is the case
if and only if the following conditions for the conditional probability space are
satisfied: (1) whenever n =2 1, A;e o/, Be #, A, B;nB;,, 1 £i < n,

Bn+1 = Bl’ then n n
l_[1 P(4;|B) = iH P(4;|B;.,);
i= =1

(2) P(BnB*|B) and P(B N B*|B*), B, B* € # are always both 0 or >0.

Rényi also introduced the concept of a Cavalieri space anticipating some
aspects of the modern theory of the disintegration of measures. Furthermore,
he considers in paper [56] (Acta Math. Acad. Sci. Hungar., Vol. 6 (1955)) con-
ditional ergodicity of Markov chains. Let (p{")), 4, j, integers, n = 1, be the n
step transition probabilities of a homogeneous Markov chain whose state space
is, say, the set of all integers. If there exist positive real numbers ¢;, i = 0,
4+ 1, - -, such that

== forall h,i,j,k=0+1,+2 -,
2o pik 9k

then the Markov chain is called conditionally ergodic. Clearly, every ergodic
Markov chain is conditionally ergodic. P. Erd6s and K. L. Chung (XXIXa) have
shown that under some weak conditions a class of Markov chains of the random
walk type is conditionally ergodic. Later F. J. Dyson and K. L. Chung showed
that not every Markov chain is conditionally ergodic (XXX). Using the
generalization of Kolmogorov’s inequality given by J. Hajek and Rényi [65],
which is interesting in itself, a conditional law of large numbers is presented in
paper [56] (Acta Math. Acad. Sci. Hungar., Vol. 6 (1955)). Subsequently, the
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Hajek-Rényi inequality was generalized to semimartingales by Y. S. Chow
(XXXI). It is apparent that the conditional probability in the sense of Rényi is
of importance also for the number theoretic equidistribution in locally compact
spaces (which are not compact). That is dealt with in more detail in (XXXII)
(see also E. Schnell (XXXIII)). Rényi’s work on conditional probability spaces
has also been transferred to measures on Boolean algebras by P. H. Krauss
(XXXIV).

I have mentioned that Rényi was greatly interested in the application of prob-
ability theory to other fields such as biology [76], [187], [194]; chemistry [52],
[61]; operations research [42], [46], [54], [71], [122], [157]; and physics [45],
[78], [89]. Therefore, it is not surprising that he often was concerned with the
Poisson process. In this field Rényi came to a quite remarkable result in paper
[177]. Let # be the semiring consisting of the real intervals of the form [a, b)
and let & be the ring generated by #. Assume that { is a random additive set
function defined on # with the following property: for every E e £ and
n=20,1,2,---, the relation

(ME)
n!

(%) P({(E) = n) = e *P

holds, where A is a nonatomic Radon measure defined on the Borel sets of
Euclidean R,. Then { is a Poisson process. This proves that assumption (%)
already implies the independence of the random variables {(¥;), E;€ #,E; N E; =
B, i#4,j=1,,k k=2 In this paper, Rényi questioned whether the
theorem stated above remains valid if £ is replaced by £. P. A. P. Moran (XXXYV)
and L. Shepp (see J. R. Goldman (XXXVI)) and P. M. Lee (XXXVIa) have
shown that the answer to this question is no.

In [72], Rényi gave a characterization of the Poisson process. Consider a
renewal process, that is, a sequence of events which occur in the random points
0 =t, <t <t <---sothattherandom variablest; — ¢;,_,, = 1, are inde-
pendentally and identically distributed with distribution function F. Let A =
1/[& xdF(x) be the (positive) intensity of the process. Now one applies a trans-
formation T, to the renewal process which has the following significance. Replace
t; by qt;, 0 < g < 1 and cancel the events independently of each other with
probability 1 — g. Rényi shows that only the Poisson process is invariant if T,
is applied and that an arbitrary renewal process beccmes a Poisson process with
intensity Aasg — 0. Thisresult has attracted great attention. Soon K. Nawrotzki
(XXXVII) proved even the following theorem. If the set of the renewal processes
is replaced by the set of all homogeneous point processes, then the statement
remains valid with the compound Poisson processes substituted for the Poisson
processes. Let me add that (XXXVII) is one of the first papers of a whole series
of the probability theoretical school in the German Democratic Republic. More-
over, I shall only mention a paper by D. Szasz (XXXVIII) to outline the further
development of this subject.

We shall describe another characterization of the Poisson process by Rényi
using information theoretical tools later on. Finally, we mention a limit theorem
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by Rényi [80] on the asymptotic behavior of the sum of a random number of
independent random variables which is frequently quoted in the literature. Let
¢y, &2, + -+ be a sequence of independent random variables with E(£;) = 0 and
E(?) = 1. Define s, = &, + -+ + &, n = 1. Let v(t) be a positive integer
valued random variable for every ¢ > 0 which converges in probability to o as
t = co. The asymptotic behavior of s,,, as ¢ = o0 has been quite thoroughly
investigated by R. L. Dobrusin (XXXVIIIa) already in 1955, but with the re-
striction that v(¢) is independent of all £,, » = 1. A result without this restriction
has been given by F. J. Anscombe (XXXIX). Rényi generalized this investigation
and gave the following result which will be presented in a form given later by
J. R. Blum, D. L. Hanson, J. I. Rosenblatt (XL) and independently by J.
Mogyorodi (XLI). Suppose that v(£)/t converges in probability to a positive
random variable as ¢ — c0. Then s,(¢)/(v())"/* has an asymptotic normal distri-
bution. Subsequently, H. Wittenberg (XLII) studied the corresponding problem
for the Kolmogorov-Smirnov distance and obtained the above mentioned result
as a special case.

We proceed to describe the many and important contributions of Rényi to the
theory of information. In paper [77] Rényi and J. Balatoni consider the defini-
tion of entropy for arbitrary random variables (on the real line). Let £ be such a
random variable and define é® = [n&]/n. If Hy(£™), the Shannon entropy of
E™ exists, then for every n

If

exists, then d(¢) is called the dimension of ¢. Furthermore,
H,(§) = lim [Ho(¢®) = d log, n]

is called the d dimensional entropy of ¢ (if it exists). If £ is a random variable of
the discrete type then it has dimension 0 and its 0 dimensional entropy coincides
with the classical Shannon entropy. If £ has a density (with respect to Lebesgue’s
measure), then ¢ has dimension 1 and H, () coincides with the usual definition
of entropy. (Of course, the last two statements only make sense if the entropies
are well defined.) More precisely, the following statement holds (see I. Csiszar
(XLIII)). The limit

lim (Hy(E™) — log,n) 2 —

exists for every random variable ¢ with Hy([£]) < co. The distribution of ¢ is
absolutely continuous (with density f with respect to Lebesgue’s measure) if

Ho([£]) < o andif
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+ o 1
f(x)log ——dx > —o0.

lim (Ho(¢™) — log; n) = f @)

Then and only then H, (&) exists.

These definitions can be transferred in a trivial way to multidimensional vari-
ables and, as Rényi pointed out in [104], also to random elements in a pre-
compact metric space. This last generalization is of course closely related to
Kolmogorov’s (XLIV) work on the g-entropy. Based on the results of Rényi,
M. Rudemo (XLV) has developed these ideas for some stochastic processes. His
arguments exemplified on purely discontinuous processes are as follows.

Let X(¢, w), t € [0, ©), w € R, be such a process. Let be 7 > 0 and denote
by 0 < ¢ (w) < t(w) < *** < ty(w) the positions of the jumps in the interval
(0, T'). Furthermore, suppose that the sample functions of the process are almost
surely continuous from the right. Then X(t, w) is determined almost surely on
(0, T') by the process

UT) = (8y, ) tyery X(40), X(2; + 0), -+ -, X(tyery + 0)).
Define g,(T) = P(N(T) = n) and let
én(T) = (tl’ sty by X(+O)’ X(tl +0),---, X(tn + O))9

n 2 0, be the (2n + 1) dimensional random variable whose distribution is the
conditional distribution of {(T) given N(T') = n. The dimension of {(T) is then
defined by T2, q,(T) d(£,(T)) and the entropy by Zi% o q.(T)Hy(ET)) (if they
exist). These have been used by Rényi [155] to prove essentially the following
result. Among all homogeneous point processes with given intensity 4 > 0, the
Poisson process has the greatest (A7 dimensional) entropy in every interval
o, T).

A. Ja. Khintchin (XLVI) and D. K. Fadeev (XLVII) have given well-known
characterizations of Shannon’s entropy (for discrete probability distributions).
Axiomatic studies of the concept of entropy play an important part in Rényi’s
scientific work. [118], [119]. We make use of a formulation which goes back to
Z. Daréezy (XLVIII). (See, also, J. Aczél (XLIX).) Let {p;," -, p,},n 2 1, be
an arbitrary finite set of positive numbers with Z{_, p; < 1. Define

M=
=
=8

=

M=
=

-

—
Q

3]

N

1
Ha(pla'”7pn) = 1 — «

x
]
-

foranyreal « # 1 and Hy(py, ", Pn) = —Zk=1 D& log pu(Zh=y p) " tifa = 1.
Let H be a function defined on all sets {p,, - - - , p,} with the following properties.
The map p, — H(p,) is continuous in 0 < p, < 1. Furthermore, H(}) = 1 and

H(plql"” y P> """ s P19ns T ’pnqn) = H(ply'” s Pn) + H(q-b"' > Qn)s
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g; > 0, Z{_, ¢; < 1. Finally, it is supposed that there exists a real homeo-
morphism g so that

H(pl’ IR TR ST !qn)

.Z pig(H(py, - . pn) + Z q:9(Hqy, ", q,))

n

Z +Zq.

— g1

for all {py, -, p,} and {g;, ", q,} with T}, p; + Z}.; ¢; S 1. If g(x) =
ax + bthen H = H,,if g(x) = a2 9 + bthen H = H,, a # 1. Daroczy also
gives an affirmative answer to the question raised by Rényi whether the axioms
cited above imply that g can only be one of the mentioned functions. Rényi’s
paper [118] had a great impact and it is impossible to enumerate even partly the
literature based on this work. We only mention 1. Csiszar (L), D. G. Kendall
(LI), and J. Aczel and P. Nath (LII).

Finally, it is worth remarking that Rényi gave in [118] the first information
theoretic proof for the ergodicity of Markov chains. Rényi uses in his proof a
theorem of matrix theory. That can be avoided as has been shown by Csiszar
(LIII). Kendall (LIIIa) has adapted Rényi’s method to the case of Markov chains
with countably infinite states. The idea of using information theory to prove
limit theorems goes back to Linnik (LIV). Many papers [175], [178] by Rényi
are concerned with the information theoretic point of view on statistics. Inspired
by a paper of D. V. Lindley (LV), he considers an » dimensional random variable
{, ‘the sample’ and a discrete random variable 6 ‘a parameter’ assuming only
the values 8,, - - -, 6,, » = 2. He defines the standard decision A({) by A({) = 6,
if P(0 = 6,|{) = max, <jsr PO = 6;]0). If D({) is any other Borel measurable
function from Euclidean R, in the set {0,, -, 6,}, then min, P(D({) # 6) =
P(A() # 6). Moreover P(A({) # 6) < 1 — 27EHOID) where H(0|{) is the con-
ditional entropy of 8 given {. If { = (&,,---, &,), where &,, -+, &, are inde-
pendently and identically distributed, then there exist an 4 > 0 and a g with
0 < g < 1 (which do not depend on the a priori distribution of ) such that
E(H(0|{)) < Aq". 1. Vincze (LVI) has extended this information theoretic Bayes
approach to a continuous parameter 6.

Rényi was also interested in other aspects of mathematical statistics such as
nonparametric tests [55]. In particular, he was working on the theory of order
statistics [51], [563], [568]. He reduced the problems to the theory of Markov
chains which are defined by sums of independent random variables. For this
purpose the essential fact used is that a random variable £ has an exponential
distribution if and only if the equation P(¢ > z + y|& > y) = P(¢ > x)issatis-
fied for arbitrary positive numbers z, y. These relationships have been observed
simultaneously by B. Epstein and M. Sobel (LVII), too, but a systematic investi-
gation is given only by Reényi. Rényi’s method has frequently been used, very
recently by M. Csorg6 and V. Seshadri (LVIII). A very well-known result is
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the central limit theorem of Lindeberg type for samples from a finite population
[109]. Later this topic has been treated thoroughly by Héjek (LIX).

I would like to mention Rényi’s investigations on search theory [165], [190].
He based his theory on the following concept. Let S be a finite set with =
elements, n = 2. The problem is to find an unknown element x of 8. A system
Z of ‘known’ functions defined on 8§ is given. One makes a successive choice of
functions f; € & in order to determine x. It is supposed that the f; separate the
points of 8. Introducing an equidistribution in §, the functions f € # become
random variables whose entropy H( f)is well defined. Then it is easy to show that
Ziesg H(f) 2 log n. If # is a finite set, then an equidistribution is defined for the
elements of #. Functions f;, f,, - - -, fy are chosen independently and in every
case the value f(x) is determined. The probability that the sequence
fix), - -+, fy(x) determines x uniquely is decisive in connection with the duration
of this random search procedure. The importance of this approach is demon-
strated by many examples (see also [129]).

In the last 10 years of his scientific work Rényi was also concerned with another
field of mathematics, namely, with graph theory which has developed very
quickly in the last decades. Rényi’s work on graph theory can be split up roughly
into two directions. On the one hand he applied probabilistic methods; on the
other hand he wrote several papers on enumerative problems in graph theory.
“The area of probability arose from a theorem of Ramsey which may be simply
explained as follows. Among any six people at a gathering there will always be
three mutual acquaintances or three mutual non acquaintances” (quoted from
Erdds (LX); for Ramsey’s paper see (LXI)). Rényi’s papers on probabilistic
graph theory are mostly written together with P. Erdés. In [117] a simple count-
ing measure has been introduced in the set of all undirected finite graphs (without
multiple edges and loops) with N edges and = labeled vertices such that every
graph of this set has probability inversely proportional to the number of ways of
selecting N objects out of (3). The probability of certain properties (connected-
ness, number of components, being a tree) of a random graph is studied if N =
N(n)and n — 0. In spite of the simplicity of this idea, it proved very useful. Let
us illustrate some of the results which in many cases were substantially better
than previously known ones.

A random graph almost surely consists of trees if N(n) = o(n). The above
mentioned set of graphs contains trees of order k if N(n) ~ n*~2/*~1) Interest-
ing results on the structure of the components of a random graph are also
obtained. Paper [101] contains the following result. Let P,(n, N) be the prob-
ability that a random graph consists of a connected component and k < n
isolated points. If N(n) = [4nlogn + cn] and ¢ is a real number, then
lim,, ,, P(n, N(n)) is a Poisson distribution with mean value e . (See also
[127].

One) of the earliest results in enumerative graph theory was the Cayley formula
(LXII) on the number 7'(n) of labeled trees with n points stating that 7'(n) = n"~2.
Rényi was very interested in the theory of trees. In one of his first papers on
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graph theory [108], he gave a new proof of this formula. Cayley has stated in
(LXII) that the number of graphs on z labeled points consisting of k < n dis-
joint trees so that the first & points all belong to different trees is kn" %~ . Rényi
gave a proof of this statement also. He used in paper [108] the method of
H. Priifer (LXIII). This method was originally created in order to show that
there exist 2"~ 2 possibilities to generate the permutations of n elements by n — 1
transpositions. Following a suggestion by I. Schur, Priifer has already interpreted
this problem in terms of graph theory. In [203] Rényi, together with C. Rényi,
studied Priifer’s method thoroughly and expanded it. It is worth mentioning
paper [142] in which the degree of asymmetry A[ @] of an undirected graph G
(without loops and multiple edges) is introduced. Consider an asymmetric graph
G (that is, the automorphism group of @ is the identity). Delete r edges and
adjoin s new ones such that the new graph has a nontrivial automorphism.
Define A[ G] by min (» + s). Further,let 4(n) = max A[G], where the maximum
extends over all graphs with » vertices. It is shown that lim,_, , A(n)/n = 4.

In [171], a problem was considered which according to G. Katona and E.
Szemerédi (LXIV) permits the following interpretation. ‘‘There are n airports.
Any ordered pair 4, B of these airports is connected by at most one directed
flight from 4 to B. How many directed connections have to be established to
assure the possibility to fly from every airport to any other by changing planes
at most once?”’ Rényi thought highly of these investigations in combinatorial
analysis. He reported some of these investigations in [173] for the first time and
pointed out the many applications (for example, the Ising model of ferro-
magnetism). He also had planned to compose another comprehensive present-
ation, yet he was not to carry out this plan.

A description of Rényi’s work would be certainly incomplete without a short
consideration of his papers in classical theory of complex functions. In his first
papers [19], [91], he was concerned with the famous conjecture of Bieberbach
on the coefficients a,, of schlicht functions. For functions close to convex of type
B,0 < B < 47, he proves the following variant of this conjecture: |a,| < 1 +
(2B/m)(n — 1), @y = 1. The same result has been found by O. M. Raede (LXV).
Let us mention that W. K. Hayman (LXVI) has proved lim sup,, , |a,|/n < 1
without any additional assumption.

Paper [103] is also of interest. Suppose that f(z) = 2., ¢,2™ is analytic and
unbounded in |z| < 1. The point ¢” is called B-singular for f if f is unbounded
in|z| < 1,0 — ¢ < arg z0 + ¢ for every ¢ > 0. If f has Hadamard gaps, then
all points of the circumference of the unit circle are singular (see D. Gaier and
W. Meyer-Koénig (LXVII)). Erdds (LXVIII) has constructed an f with n,, ; —
n, = o0 such that z = 1 is the only B-singular point for f. By a simple prob-
ability theoretical device, the existence of a class of such functions is established
in [103]. Of course, these considerations are related to summability problems
for series.

The other papers of Rényi in complex theory of functions are mostly concerned
with entire functions. In [161], the following problem is considered. Let f, g
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be entire nonconstant functions. Under which conditions is fog periodic? If g is
a polynomial of degree = 3, then f. g cannot be periodic. The special case g(z) =
2", k 2 3, was treated earlier by C. Rényi (LXIX). If g is not periodic and f any
polynomial of degree =1, then fog is not periodic. The simple proof of this
statement is based on clever application of the maximum principle. This last
result has been generalized later by I. N. Baker (LXX): if f is an entire function
of order <3 (or of order § and minimal type) and g is not periodic then f.g is
not periodic.

As far as the papers [70], [81] are concerned, let us only mention the following
interesting result which is related to the Whittaker constant w, (see below). If
[ is an entire function of order « = 1, g(r) = log max, -, |f(2)|, then

i SN0 ¢ fy 1)

k- a

where N,(f) is the number of zeros of f® in the unit circle. (This result has been
improved later by Ju. K. Suetin (LXXI).) It follows for functions of finite ex-
ponential type that w, = p/e, where w, is defined as follows: if f is an entire
function of exponential type 7 < oo, then w, = max, {w > t: if f9, i =
0, 1, 2 - - - has at least p zeros in the unit circle then f = 0}. Later H. Wilf (LXXII)
sharpened this lower bound for w,. '

Of Rényi’s publications in book form, Probability Theory [57], which com-
prises all properties of his mathematical creativeness, is perhaps the most out-
standing. ‘“This book has its origin in a series of lectures which the author gave
at the University of Budapest, beginning in 1948. The present form of Rényi’s
book reflects his particular mathematical interests. It appears that the author is
not only an expert in probability theory but also in many fields of analysis and
in the theory of numbers. Applications of probability theory, especially in
physics and chemistry, also belong to the sphere of interests of the author. This
wide scope of interests is reflected in the numerous problems that are added to
each chapter.” (Quoted from L. Schmetterer (LXXIII).)

Rényi also wrote a series of witty essays in form of dialogues [139], [191].
The dialogue between Mrs. Niceolini, Galileo and Torricelli was influenced to
some extent by a drama of Ladislaus Németh as Rényi himself indicated. Un-
doubtedly, his acquaintance with the Hungarian mathematician-historian
A. Szabo has stimulated his Socratic dialogue. The dialogues show Rényi’s deep
understanding of the position of mathematics in general. In these, the extent to
which Rényi’s didactic skill and powerful imagination extended beyond the field
of mathematics is at once clear.

L. SCHMETTERER

REFERENCES

(I) O. SzAsz, “Verallgemeinerung eines Littlewoodschen Satzes iiber Potenzreihen,”
J. London Math. Soc., Vol. 3 (1928), pp. 254-262.

(II) L. SCHMETTERER, ‘Wahrscheinlichkeitstheoretische Bemerkungen zur Theorie der
Reihen,” Arch. Math. (Basel), Vol. 14 (1963), pp. 311-316.



RENYI, IN MEMORIAM XXXix

(IIT) J. G. KEMENY and J. L. SNELL, ‘“Markov chains and summability methods,” Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete, Vol. 18 (1971), pp. 17-33.
(IV) A.I. ViNograDOV, ‘“The density hypothesis for Dirichlet L-series,” Izv. Akad. Nauk.
SSSR, Ser. Mat., Vol. 29 (1965), pp. 903—934. (In Russian.)
(V) K. F. RotH, “On the large sieve of Linnik and Rényi,” Mathematika, Vol. 12 (1965),
pp- 1-9.
(VI) E. BoMBIERI, “On the large sieve,” Mathematika, Vol. 12 (1965), pp. 201-225.
(VII) A. A.BucHaSTAB, “Combinatorial strengthening of the sieve of Eratosthenes method,”
Uspehi Mat. Nauk., Vol. 22 (1967), pp. 199-226. (In Russian.)
(VHI) W. Jurkat, H. E. RicHERT, and H. HaLBERsTAM, ‘“‘Un nouveau résultat de la
méthode du crible,” C. R. Acad. Sci. Paris Sér. A-B, Vol. 264 (1967), pp. 920-923.
(IX) Yu.V.LINNIK, “‘The large sieve,” C. R. Acad. Sci. URSS, Vol. 30 (1941), pp. 292-294.
(X) P. Csik1 and J. FiSscHER, “On bivariate stochastic connection,” Publ. Math. Inst.
Hungar. Acad., Vol. 5 (1960), pp. 311-323.
, “Contributions to the problem of maximal correlation,” Publ. Math. Inst.
Hungar. Acad., Vol. 5 (1960), pp. 325-337.
, “‘On the general notion of maximal correlation,” Publ. Math. Inst. Hungar.
Acad., Vol. 8 (1963), pp. 27-51.
(XIII) P. X. GALLAGHER, “The large sieve,” Mathematika,” Vol. 14 (1967), pp. 14-20.
(X1Ila) K. BoreL, “Sur les probabilités dénombrables et leurs applications arithmémtiques,”
Rend. Circ. Mat. Palermo, Vol. 26 (1909), pp. 247-271.
(XIV) B. H. BisSINGER, ‘A generalization of continued fractions,” Bull. Amer. Math. Soc.,
Vol. 50 (1944), pp. 868-876.
(XV) C. L. EvVERETT, ‘‘Presentations for real numbers,” Bull. Amer. Math. Soc., Vol. 52
(1946), pp. 861-869.
(XVI) C. RyLL-NaARDZEWSKI, ‘‘On the ergodic theorem II: Ergodic theory of continued
fractions,” Studia Math., Vol. 12 (1951), pp. 74-79.
(XVII) S. HARTMANN, “‘Quelques propriétés ergodiques des fractions continues,” Studia
Math., Vol. 12 (1951), pp. 271-278.
(XVIII) W. PARRY, “On the f-expansion of real numbers,” Acta Math. Acad. Sci. Hungar.,
Vol. 11 (1960), pp. 401-416.
(XIX) A. O. GerLronD, Uber eine allgemeine Eigenschaft von Zahlsystemen,” Izv. Akad.
Nauk. SSSR Ser. Mat., Vol. 23 (1959), pp. 809-814. (In Russian.)
(XX) P. Roos, “Interierte Resttransformationen von Zahldarstellungen,” Z. Wakrschein-
lichkeitstheorie und Verw. Gebiete, Vol. 4 (1965), pp. 45-63.
(XXI) A. N. KoLMoGgoROV, “A theorem on the convergence of conditional mathematical
expectations and some of its applications,”” Comptes Rendus du Premier Congrés des
Math. Hongrois. Budapest, 1952, pp. 367-386. (In Russian.)
(XXII) B. pE FINETTI, “Funzioni caratteristica di una fenomeno aleatorio,” Mem. Rend.
Acc. Naz. dei Lincei, Vol. 4 (1930), pp. 85-133.
(XXIIa) D. G. KENDALL, “On finite and infinite sequences of exchangeable events,” Studia
Sci. Math. Hungar., Vol. 2 (1967), pp. 319-327.
(XXIII) L.SucHESTON, ‘‘Note on mixing sequences of events,” Acta Math. Acad. Sci. Hungar.,
Vol. 11 (1960), pp. 417-422.
(XXIV) J. Neveu, “Une démonstration élementaire du théoréme de récurrence,” Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete, Vol. 4 (1965), pp. 64-68.
(XXV) H. JerrrEYS, Theory of Probability, Oxford, Clarendon Press, 1948 (2nd ed.).
(XXVI) F. I Goobp, Probability and Weighing of Evidence, London, 1950.
(XXVII) G. A. BARNARD, ‘‘Statistical inference,” J. Roy. Statist. Soc. Ser. B, Vol. 11 (1949),
pp. 115-139.
(XXVIII) B. O. KoorMaN, “The axioms and algebra of intuitive probability,” Ann. of Math.,
Vol. 41 (1940), pp. 269-292.
(XXIX) A.CsAiszAR, “Sur la structure des espaces de probabilités conditionelles,” Acta Math.
Acad. Sci. Hungar., Vol. 6 (1955), pp. 337-361.

(XI)

(XII)



x1 SIXTH BERKELEY SYMPOSIUM: SCHMETTERER

(XXIXa) P. ErDSs and K. L. CHUNG, “Probability limit theorems assuming only the first
moment, I,” Mem. Amer. Math. Soc., Vol. 6 (1952).

(XXX) K. L. CruNg, “Renyi, Alfréd: On a new axiomatic theory of probability,” Math.
Review, Vol. 18 (1957), pp. 339-340.

(XXXI) Y. S. CHow, “A martingale inequality and the law of large numbers,” Proc. Amer.
Math. Soc., Vol. 11 (1960), pp. 107-111.

(XXXII) P. GerL, “Relativ Gleichverteilung in lokalkompakten Riumen,” Math. Z., Vol.
121 (1971), pp. 24-50; Monatsh. Math., Vol. 75 (1971).

(XXXIII) E. ScHNELL, “On a conditional limiting distribution theorem,” Publ. Math. Inst.
Hungar. Acad. Sci., Vol. 4 (1959), pp. 3-10.

(XXXIV) P. H. Krauss, ‘“Representation of conditional probability measures on Boolean
algebras,” Acta Math. Acad. Sci. Hungar., Vol. 19 (1968), pp. 229-241.

(XXXV) P. A. P. MoraN, “A non-Markovian quasi-Poisson process,” Studia Sci. Math.
Hungar., Vol. 2 (1967), pp. 425-429.

(XXXVI) J. R. GoLDMAN, ‘‘Stochastic point process: Limit theorems,” Ann. Math. Statistics,
Vol. 18 (1967), pp. 771-779.

(XXXVIa) P. M. LEE, “Some examples of infinitely divisible point processes,” Studia Sci. Math.
Hungar., Vol. 3 (1968), pp. 219-224.

(XXXVII) K. Nawrotzki, “Ein Grenzwertsatz fiir homogene zufillige Punktfolgen,” (Verall-
gemeinerung eines Satzes von A. Rényi) Math. Nachr., Vol. 24 (1962), pp. 201-217.

(XXXVIII) D. Szasz, “General branching process with continuous time parameter,” Studia Sci.
Math. Hungar., Vol. 2 (1967), pp. 227-247.

(XXXVIIIa) R. L. DoBruSIN, “Lemma on the limit of compound random functions,” Uspehi

Math Nauk. SSSR, (N.8.), Vol. 102 (1955), pp. 5-8. (In Russian.)

(XXXIX) F. J. ANSCOMBE, ‘‘Large sample theory of sequential estimation,” Proc. Cambridge
Philos. Soc., Vol. 48 (1952), pp. 600-607.

(XL) J. R. BLum, D. L. Hanson, and J. I. ROSENBLATT, “On the central limit theorem for
the sum of a random number of independent random variables,” Z. Wahrschein-
lichkeitstheorie und Verw. Gebiete, Vol. 1 (1963), pp. 389-393.

(XLI) J. MogYORODI, ‘“‘A central limit theorem for the sum of a random number of inde-
pendent random variables,” Publ. Math. Inst. Hungar. Acad. Sci., Vol. 7 (1962),
pp. 409-424.

(XLII) H. WITTENBERG, ‘‘Limiting distributions of random sums of independent random
variables,”” Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, Vol. 3 (1964), pp. 7-18.

(XLIII) 1. CsiszAR, “Some remarks on the dimension and entropy of random variables,”
Acta Math. Acad. Sci. Hungar., Vol. 12 (1961), pp. 399-408.

(XLIV) A. N. KoLMOGOROV, “On the Shannon theory of information transmission in the
case of continuous signals,” IRE Trans. Information Theory, Vol. 1 (1956), pp.
102-108.

(XLV) M. RupeEmo, “Dimension and entropy for a class of stochastic processes,” Publ.
Math. Inst. Hungar. Acad. Sci., Vol. 9 (1964), pp. 73-88.

(XLVI) A. Ja. KHiNTcHIN, “The concept of entropy in the theory of probability,” Uspehi
Matem, Nauk., Vol. 8 (1953), pp. 3-20. (In Russian.)

(XLVII) D. K. Fapggv, “On the concept of entropy of a finite probabilistic scheme,” Uspehi
Mat. Nauk., Vol. 11 (1956), pp. 227-231. (In Russian.)

(XLVIII) Z. Daréczy, Uber die gemeinsame Charakterisierung der zu den nicht vollstindigen
Verteilungen gehérigen Entropien von Shannon und von Rényi,” Z. Wahrschein-
lichkeitstheorie und Verw. Gebiete, Vol. 1 (1963), pp. 381-388.

(XLIX) J. AczéL, “Zur gemeinsamen Charakterisierung der Entropien a-ter Ordnung und
der Shannonschen Entropie bei nicht unbedingt vollstindigen Verteilungen. Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete, Vol. 3 (1964), pp. 177-183.

(L) 1. CsiszAr, “Information-type measures of difference of probability distributions and
indirect observations,” Studia Sci. Math. Hungar., Vol. 2 (1967), pp. 299-318.



RENYI. IN MEMORIAM xli

(LI) D. G. KexNpaLL, “Functional equations in information theory,” Z. Wahrschein-
lichkeitstheorie und Verw. Gebiete, Vol. 3 (1964), pp. 225-229.
(LII) J. AcztL and P. NaTH, ‘““Axiomatic characterization of some measures of divergence
in information,” Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, Vol. 21 (1972),
pp. 215-224.
(LIII) I. Cs1szAr, “Eine informationstheoretische Ungleichung und ihre Anwendung auf
einen Beweis der Ergodizitat von Markovschen Ketten,” Publ. Math. Inst. Hungar.
Acad. Sci., Vol. 8 (1963), pp. 85-108.
(LIIIa) D. G. KENDALL, “Information theory and the limit-theorem for Markov chains and
processes with a countable infinity of states,” Ann. Inst. Statist. Math., Vol. 15 (1963),
pp. 137-143.
(LIV) Yu. V. LINNIK, “An information theoretical proof of the central limit theorem on
Lindeberg conditions,” Teor. Verojatnost. i Primenen, Vol. 4 (1959), pp. 311-321.
(In Russian.)
(LV) D.V.LINDLEY, “On a measure of the information provided by an experiment,”” Ann.
Math. Statistics, Vol. 27 (1956), pp. 986-1005.
(LVI) 1. ViNczE, “On the information-theoretical foundation of mathematical statistics,”
Proc. Collogquium Inform. Theory, Debrecen 1967, (1968), pp. 503-509.
(LVII) B. EpsTeIN and M. SoBEL, “‘Life testing,”” J. Amer. Statist. Assoc., Vol. 48 (1953),
pp. 486-502.
(LVIII) M. Cs6ra6 and V. SEsHADRI, “Characterizing the Gaussians and exponential laws
via mapping onto the unit interval,” Z. Wahrscheinlichkeitstheorie und Verw. Gebiete,
Vol. 18 (1971), pp. 333-339.
(LIX) J. HAsEx, “Limiting distributions in simple random sampling from a finite popu-
lation,” Publ. Math. Inst. Hungar. Acad. Sci., Vol. 5 (1960), pp. 361-374.
(LX) P. ErpGs, Applications of Probabilistic Methods to Graph Theory. A Seminar on
Graph Theory, New York, Holt, Rinehart and Winston, 1967, pp. 60-69.
(LXI) F. P. RaMsEY, “On a problem of formal logic,” Proc. London Math. Soc. Ser. 2,
Vol. 30 (1929), pp. 264-286.
(LXII) A. CaYLEY. ‘“A.theorem on trees,” Quart. J. Math., Vol. 23 (1889), pp. 376-378.
(LXIII) H. PRGFER, ‘“‘Neuer Beweis eines Satzes iiber Permutationen,” Arch. Math. Phys.,
Vol. 27 (1918), pp. 742-744.
(LXIV) G. Karoxa and E. SzeMEREDI, ““On a problem of graph theory,” Studia Sci. Math.
Hungar., Vol. 2 (1967), 23-28.
(LXV) O. M. RAEDE, ‘‘The coefficients of close to convex functions,”” Duke Math.J., Vol. 23
(1956), pp. 459-462.
(LXVI) W. K. Haymaxn, Multivalent Functions, Cambridge, Cambridge University Press, 1958.
(LXVII) D. Gaigr and W. MEever-KONie, “Singulire Radien bei Potenzreihen,” Jber.
Deutsch. Math.-Verein, Vol. 59 (1956), pp. 36-48.
(LXVIII) P. ErpSs, Uber eine Fragestellung von Gaier und Meyer-Konig,” Jber. Deutsch.
Math.-Verein., Vol. 60 (1957), pp. 89-92.
(LXIX) C. RiNy1, “On periodic entire functions,” Acta Math. Acad. Sci. Hungar., Vol. 8
(1957), pp. 227-233.
(LXX) I. N. BAKER, “On some results of A. Rényi and C. Rényi concerning periodic entire
functions,”” Acta Sci. Math., Vol. 27 (1966), pp. 197-200.
(LXXI) Ju. K. SNETIN, “On the zeros of sequences of derivatives of entire functions,” Uspehi
Mat. Nauk., Vol. 17 (1962), pp. 197-199. (In Russian.)
(LXXII) H. WiLF, “Whittaker’s constant for lacunary entire functions,”” Proc. Amer. Math.
Soc., Vol. 14 (1963), pp. 238-242. )
(LXXIII) L. SCHMETTERER, “A. Rényi, Wahrscheinlichkeitsrechnung, mit einem Anhang iiber
Informationstheorie,” Book review Ann. Math. Statistics, Vol. 35 (1964), pp. 1828-
1831.



xlii SIXTH BERKELEY SYMPOSIUM: SCHMETTERER

PUBLICATIONS OF ALFRED RENYI

[1] ““Ona Tauberian theorem of O.Szasz,” Acta Sci. Math. (Szeged), Vol. 11 (1946), pp. 119-123.
[2] “Integral formulae in the theory of convex curves,” Acta Sci. Math. (Szeged ), Vol. 11 (1947),
pp. 1568-166.
[3] “On a new application of Vinogradov’s method,”” Dokl. Akad. Nauk. SSSR, Vol. 56 (1947),
pp. 675-678. (In Russian.)
[4] “On the minimal number of terms of the square of a polynomial,” Acta Math. Acad. Sci.
Hungar., Vol. 1: 2 (1947), pp. 30-34.
[5] “On the representation of even numbers as sums of a prime and an almost prime number,”
Dokl. Akad. Nauk. SSSR, Vol. 56 (1947), pp. 455-458. (In Russian.)
“On the representation of even numbers as sums of a prime and an almost prime number,”
Izy. Akad. Nauk. SSSR Ser. Mat., Vol. 12 (1948), pp. 57-78. (In Russian.)
“On the representation of even numbers as sums of a prime and an almost prime number,”
Amer. Math. Soc. Transl. Ser. 2, Vol. 19 (1962), pp. 299-321.
[6] ‘“On some hypotheses in Dirichlet’s theory of characters,” Izv. Akad. Nauk. SSSR Ser. Mat.,
Vol. 11 (1947), pp. 539-546 (with Yu. V. Linnik). (In Russian.)
[7] “Proof of the theorem that every integer can be represented as the sum of a prime and an
almost prime,” Math. Centrum Amsterdam, (1948).
[8] “Simple proof of a theorem of Borel and of thé law of the iterated logarithm,” Matematisk
Tidsskrift, B (1948), pp. 41-48.
[9] ‘“Generalization of the ‘large sieve’ of Yu. V. Linnik,” Math. Centrum Amsterdam, (1948).
[10] “Remarque & la note précédente,” (notes on the paper of G. Alexits, “Sur la convergence
des séries lacunaires”) Acta Sci. Math. (Szeged), Vol. 11 (1948), p. 253.
[11] “Un nouveau théoréme concernant les fonctions indépendantes et ses applications & la
théorie des nombres,” J. Math. Pures Appl., Vol. 28 (1948), pp. 137-149.
[12] ““On the zeros of the L-functions of Dirichlet,” Math. Centrum Amsterdam, (1948).
[13] “Thirty years of mathematics in the Soviet Union, I: on the foundations of probability
theory,” Mat. Lapok, Vol. 1 (1949), pp. 27-64; pp. 91-137. (In Hungarian.)
[14] “Some remarks on independent random variables,” Acta Math. Acad. Sci. Hungar., Vol.
1: 4 (1949), pp. 17-20.
[15] ““On the measure of equidistribution of point sets,” Acta Sci. Math. (Szeged), Vol. 13 (1949),
pp. 77-92.
[16] “Probability methods in number theory,” (inaugural lecture for attaining venia legendi at
the University of Budapest), Publ. Math. Collective Budapest., Vol. 1 (1949), pp. 1-9.
[17] “On the representation of the numbers 1,2, - -, N by means of differences,” Mat. Sb.,
Vol. 24 (1949), pp. 385-389 (with L. Rédei). (In Russian.)
[18] “On a theorem of Erd8s and Turan,” Proc. Amer. Math. Soc., Vol. 1 (1949), pp. 1-10.
[19] “On the coefficients of schlicht functions,” Publ. Math. Debrecen, Vol. 1 (1949), pp. 18-23.
[20] ““Sur un théoréme général de probabilité,” Ann. Inst. Fourier (Grenoble), Vol. 1 (1949), pp.
43-52.
[21] “Some problems and results on consecutive primes,” Simon Stevin, Vol. 27 (1950), pp.
115-125 (with Pal Erdds).
[22] ““On the large sieve of Yu. V. Linnik,” Compositio Math., Vol. 8 (1950), pp. 68-75.
[23] ““On the geometry of conformal mapping,” Acta Sci. Math. (Szeged), Vol. 12B (1950), pp.
215-222.
[24] “On the algebra of distributions,” Publ. Math. Debrecen, Vol. 1 (1950), pp. 135-149.
[25] “On the mathematical theory of chopping,” Epitéanyagipari tudomdnyos egyesiilet
(Budapest), Vol. 1 (1950), pp. 1-8. (In Hungarian.)
[26] “On Newton’s method of approximation,” Mat. Lapok, Vol. 1 (1950), pp. 278-293. (In
Hungarian.)
[27] “On the summability of Cauchy-Fourier series,” Publ. Math. Debrecen, Vol. 1 (1950), pp.
162-164.
[28] “On a new generalization of the central limit theorem of probability theory,” Acta Math.



RENYI, IN MEMORIAM xliii

Acad. Sci. Hungar., Vol. 1 (1950), pp. 99-108. (In Russian.)

[29] “On a theorem of the theory of probability and its application in number theory,” Casopis
Pést. Mat. Fys., Vol. 74 (1950), pp. 167-175. (In Russian.)

[30] ‘“Remarks concerning the zeros of certain integral functions,” Comptes Rendus de I’ Acaémie
Bulgare des Sciences (Bilgarska akademiia na naukite, Sofia Doklady), Vol. 3 (1950), pp. 9-10.

[31] “On composed Poisson distributions, 1.”” Acta Math. Acad. Sci. Hungar., Vol. 1 (1950),
Pp. 209-224 (with J. Aczél and L. Janossy).

[32] “Stochastic independence and complete systems of functions,” Magyar Matematikai
Kongresszus Kozlemenyei (Budapest) (Comptes Rendus du premier congrés des matématiciens
Hongrois), Vol. 1 (1950), pp. 299-316. (In Hungarian and Russian.)

[33] ““On some problems concerning Poisson processes,” Publ. Math. Debrecen, Vol. 2 (1951),
pp. 66-73.

[34] ““Sur I'indépendance des domaines simples dans P’espace euclidien & n-dimensions,” Collog.
Math., Vol. 3 (1951), pp. 130-135 (with Catherine Rényi and J. Suranyi).

[385] “On problems connected with the Poisson distribution,” Magyar Tud. Akad. Mat. Fiz.
Oszt. Kézl., Vol. 1 (1951), pp. 202-212. (In Hungarian.)

[36] ‘“Two proofs of a theorem of L. Janossy,” Magyar Tud. Akad. Mat. Fiz. Oszt. Kozl., Vol. 1
(1951), pp. 369-370 (with P. Turan). (In Hungarian.)

[37] “On composed Poisson distributions, 1,” Acta Math. Acad. Sci. Hungar., Vol. 2 (1951),
Pp. 83-98.

[38] “On the approximation of measurable functions,” Publ. Math. Debrecen, Vol. 2 (1951),
146-149 (with L. Pukanszky).

[39] “On a conjecture of H. Steinhaus,” Annales de la Société Polonaise des Mathématiques,
Vol. 23 (1952), pp. 279-187.

[40] ““New results in probability theory,” Magyar Tud. Akad. Mat. Fiz. Oszt. Ké21., Vol. 2 (1952),
pp. 125-139, 140-144. (In Hungarian.)

[41] ‘“On projections of probability distributions,” Acta Math. Acad. Sci. Hungar., Vol. 3 (1952),
pp. 131-142.

[42] “Détermination probabilistique du besoin d’énergie électrique d’usines de construction
mécanique ainsi que de leurs coéfficients de simultanéité,” Prob. Math. Inst. Hung. Acad.
Sci., Vol. 1 (1952), pp. 85-104 (with T. Szentmartony). (In Hungarian.)

[43] “On the mathematical work of Karoly Jordan,” Mat. Lapok, Vol. 3 (1952), pp. 129-139.
(In Hungarian.)

[44] ““Jénos Bolyai, a great revolutionist of science,” Mat. Lapok, Vol. 3 (1952), pp. 173-178.
(In Hungarian.)

[45] ““Sur les processus d’événements dérivés par un processus de Poisson et sur leurs applications
techniques et physiques,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 1 (1952), pp. 139-146
(with L. Takacs). (In Hungarian.)

[46] “Dimensionnement rationnel des compresseurs et des reservoirs d’air pour fournir aux
usines I’air comprimé,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 1 (1952), pp. 105-138.
(In Hungarian.)

[47] ““On the zeros of polynomials,” Acta Math. Acad. Sci. Hungar., Vol. 3 (1952), pp. 275-285
(with P. Turén).

[48] “Remarques concernant un traité de P. Gombas et R. Gaspar,” Publ. Math. Inst. Hung.
Acad. Sci., Vol. 1 (1952), pp. 393-397. (In Hungarian.)

[49] ‘“The significance of the viewpoint of the geometry of Bolyai-Lobacevsku,” Magyar Tud.
Akad. Mat. Fiz. Oszt. Kézl., Vol. 3 (1953), pp. 253-273. (In Hungarian.)

“The ideological significance of the geometry of Bolyai-Lobacevsku,” dasopis Pést. Mat.,
Vol. 78 (1953), pp. 149-168. (In Czech.)

“The ideological significance of the geometry of Bolyai-Lobatevsku,” Acta Math. Akad.
Sci. Hungar., Vol. 5 suppl. (1954), pp. 21-42. (In Russian.)

[50] “Remark on the angles of a polygon,” Casopis Pést. Mat., Vol. 78 (1953), pp. 305-306.
(In Czech.)




xliv SIXTH BERKELEY SYMPOSIUM: SCHMETTERER

[561] “Eine neue Methode in der Theorie der geordneten Stichproben,” Berich iiber die Tagun
Wakhrschesinlichkeitsrechnung und Mathematische Statistik, Berlin, 1954, pp. 7-15.

[52] ‘“Betrachtung chemischer Reaktionen mit Hilfe der Theorie der stochastischen Prozesse,”
Publ. Math. Hung. Acad. Sci., Vol. 2 (1953), pp. 83-101. (In Hungarian.)

[53] “On the theory of order statistics,” Acta Math. Acad. Sci. Hungar., Vol. 4 (1953), pp. 191-231.
“On the theory of order statistics,” Proceedings of the International Congress of Mathe-
maticians, 1954, Amsterdam, Vol. 1 (1957), pp. 508-509.

[54] “Uber die Erganzung des Lagervorrats, I,”” Publ. Math. Inst. Hung. Acad. Sci., Vol. 2 (1953),
pp. 187-201, (with I. Palasti, T. Szenrmartony, and L. Takécs). (In Hungarian.)

[55] ‘“Neuere Kriterien zur Vergleich zweier Stichproben,” Publ. Math. Inst. Hung. Acad. Sci.,
Vol. 2 (1953), pp. 243-265. (In Hungarian.)

[56] “New axiomatic foundation of probability theory,” Magyar Tud. Akad. Fiz. Oszt. Kozl.,
Vol. 4 (1954), pp. 369-428. (In Hungarian.)

“On & new axiomatic theory of probability,” Acta Math. Acad. Sci. Hungar., Vol. 6 (1955),
pp. 285-335.

“On a new axiomatic foundation of the theory of probability,” Proceedings of the Inter-
national Congress of Mathematicians, 1954, Amsterdam, Vol. 1 (1957), pp. 506-507.
“Axiomatischer Aufbau der Wahrscheinlichkeitsrechnung,” Bericht tiber die Tagung
Wahrscheinlichkeitsrechnung und Mathematische Statistik, Berlin, 1954, pp. 7-15.

[57] Valészintiségszamitds (Probability Theory). Tankonyvkiado, Budapest (University text-
book), 1954; 1966. (In Hungarian.)

Wahrscheinlichkeitsrechnung, mit e Anhang dber Informationtheorie (Hochschulbiicher
fir Mathematik, Vol. 54), VEB, Deutscher Verlag der Wissenschaften, Berlin (1962).
Calcul des Probabilités, Paris, Dunod, 1966.

Probability Theory, in print. (In Czech.)

Probability Theory, Akadémiai Kiadd, Budapest; North-Holland, Amsterdam (North-
Holland Series in Applied Mathematics and Mechanies, Vol. 10), 1970.

[58] “Elementary proofs of some basic facts in the theory of order statistics,” Acta Math. Acad.
Sci. Hungar., Vol. 5 (1954), pp. 1-6 (with G. Hajos).

[59] A short review of the history of probability calculus,” Magyar Tud. Akad. Mat. Fiz. Oszt.
Kozl., Vol. 4 (1954), pp. 447-466. (In Hungarian.)

[60] “Basic problems of the calculus of probabilities in the light of dialectical materialism,”
Casopis Pést. Mat., Vol. 79 (1954), pp. 189-218. (In Czech.)

[61] “Mathematical investigation of chemical countercurrent distributions in case of incomplete
diffusion,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 3 (1954), pp. 81-97 (with P. Medgyessy,
K. Tettamanti, and I. Vincze). (In Hungarian.)

[62] “Uber die Schlichtheit des komplexen Potentials, I,” Publ. Math. Inst. Hung. Acad. Sci.,
Vol. 3 (1954), pp. 353-367 (with Catherine Rényi). (In Hungarian.)

[63] ““On a combinatorial problem in the hybridization of wheat,” Mat. Lapok, Vol. 6 (1955),
pp- 151-163. (In Hungarian.)

[64] ¢On the completeness of certain trigonometric systems,” Magyar Tud. Akad. Mat. Fiz. Oszt.
Kézl., Vol. 5 (1955), pp. 391-410 (with J. Czipszer). (In Hungarian.)

[65] ‘‘Generalization of an inequality of Kolmogorov,” Acta Math. Acad. Sci. Hungar., Vol. 6
(1955), pp. 281-283 (with J. Hajek).

[66] ‘“On the density of certain sequences of integers,” Publ. Inst. Math. (Belgrade), Vol. 8 (1955),
pp. 157-162.

[67] “On an inequality concerning uncorrelated random variables,” Czechoslovak Math. J.,
Vol. 6: 81 (1956), pp. 415-419 (with E. Zergényi).

[68] ““On the distribution of the digits in Cantor’s series,” Mat. Lapok, Vol. 7 (1956), pp. 77-100.
(In Hungarian.)

[69] “On some combinatorial problems, in memoriam Tibor Szele,” Publ. Math. Debrecen,
Vol. 4 (1956), pp. 398-405 (with P. Erdss).




RENYI, IN MEMORIAM xlv

[70] *On the number of zeros of successive derivatives of analytic functions,” Acta Math. Acad.
Sci. Hungar., Vol. 7 (1958), pp. 125-144 (with P. Erdés).

[71] “On the regulation of prices,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 1 (1956), pp. 325-335
(with A. Brody). (In Hungarian.)

[72] “A characterization of Poisson processes,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 1 (1956),
pp. 519-527. (In Hungarian.)

[73] ‘“Monte-Carlo methods as minimax strategies,”” Publ. Math. Inst. Hung. Acad. Sci., Vol. 1
(1956), pp. 529-545 (with I. Palasti). (In Hungarian.)

[74] “On the limit distribution of sums of independent random variables on bicompact com-
mutative topological groups,” Acta Math. Acad. Sci. Hungar., Vol. 7 (1956), pp. 11-16
(with K. Urbanik and A. Prékopa). (In Russian.)

[75] “On conditional probability spaces generated by a dimensionally ordered set of measures,”
Teor. Verojatnost. i Primenen, Vol. 1 (1956), pp. 61-71.

[76] ““The probability of synaptic transmission in simple models of interneuronal synapses with
convergent coupling,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 1 (1956), pp. 83-91 (with
J. Szentigothai). (In Hungarian.)

[77] “On the notion of entropy,” Publ. Math. Inst. Hung. Acad. Sci., Vol. I (1956), pp. 9-40
(with J. Balatoni). (In Hungarian.)

“Uber den Begriff der Entropie,” Arbeiten tiber Informationstheorie, Vol. 1 (1957), pp.
117-134.

[78] “A new deduction of Maxwell’s law of velocity distribution,” Bulgarska Akademiia na
Naukite, Sofia, Izvestia, Vol. 2 (1957), pp. 45-54.

[79] “Probabilistic proof of a theorem on the approximation of continuous functions by means
of generalized Bernstein Polynomials,” Acta Math. Acad. Sci. Hungar., Vol. 8 (1957), pp.
91-98 (with M. Arato).

[80] ““On the asymptotic distribution of the sum of a random number of independent random
variables,” Acta Math. Acad. Sci. Hungar., Vol. 8 (1957), pp. 193-199.

[81] ‘“On the number of zeros of successive derivatives of entire functions of finite order,” Acta
Math. Acad. Sci. Hungar., Vol. 8 (1957), pp. 223-225 (with P. Erdds).

[82] “On the independence in the limit of sums depending on the same sequence of independent
random variables,” Acta Math. Acad. Sci. Hungar., Vol. 8 (1957), pp. 319-326 (with
A. Prékopa).

[83] ‘Probabilistic approach to some problems of diophantine approximation,” Illinois J. Math.,
Vol. 1 (1957), pp. 303-315 (with P. Erdds).

[84] “‘Mathematical notes, II: on the sequence of generalized partial sums of a series,” Publ.
Math. Debrecen, Vol. 5 (1957), pp. 129-141.

[85] “Remark on the theorem of Simmons,”” Acta Sci. Math. (Szeged ), Vol. 18 (1957), pp. 21-22.

[86] “On some algorithms concerning the representation of real numbers,” Magyar Tud. Akad.
Mat. Fiz. Oszt. Kézl., Vol. 7 (1957), pp. 265-293. (In Hungarian.)

[87] “Representations for real numbers and their ergodic properties,” Acta Math. Acad. Sci.
Hungar., Vol. 8 (1957), pp. 477-493.

[88] “On the distribution function L(z),”” Publ. Math. Inst. Hung. Acad. Sci., Vol. 2 (1957), pp.
43-50. (In Hungarian.)

[89] “Investigation by means of probability theory of the conductivity of certain resistances,”
Publ. Math. Inst. Hung. Acad. Sci., Vol. 2 (1957), pp. 247-256. (In Hungarian.)

[90] “Quelques remarques sur les probabilités des événements dépendants,” J. Math. Pures
Appl., Vol. 38 (1958), pp. 393-398.

[91] “Some remarks on univalent functions, II,” International Colloguium on Complex Function
Theory (1958), pp. 1-17.

“Some remarks on univalent functions, II,”” Ann. Acad. Sci. Fenn. Ser. A, Nos. 250, 259
(1958).
[92] “On mixing sequences of events,” Acta Math. Acad. Sci. Hungar., Vol. 9 (1958), pp. 215-228.



xlvi SIXTH BERKELEY SYMPOSIUM: SCHMETTERER

[93] ““On a one-dimensional problem concerning random space filling,” Publ. Math. Inst. Hung.
Acad. Sci., Vol. 3 (1958), pp. 109-127. (In Hungarian.)
[94] “On Engel’s and Sylvester’s series,” Ann. Univ. Sci. Budapest, Sect. Math., Vol. 1 (1958),
pp. 7-32 (with P. Erd6s and P. Sziisz).
[95] “On a theorem of Erdds-Kae,” Acta Arithmetica (Warsaw), Vol. 4: 1 (1958), pp. 71-84
(with P. Turan).
[96] ““On Cantor’s products,” Collog. Math., Vol. 6 (1958), pp. 135-139.
[97] “On mixing sequences of random variables,” Acta Math. Acad. Sci. Hungar., Vol. 9 (1958),
pPp. 389-393 (with P. Révész).
[98] ‘‘Probabilistic methods in number theory,” Proc. International Congress of Math. Edinburgh
(1958), pp. 528-539.
“Probabilistic methods in number theory,” Acta Mathk. Sinica, Vol. 4 (1958), pp. 465-510.
(In Chinese.)
[99] ““Some remarks on univalent functions,” Publ. Acad. Bulgare des Sci., Vol. 3 (1959), pp.
111-119.
[100] ‘“Some further statistical properties of the digits in Cantor-series,” Acta Math. Acad. Sci.
Hungar., Vol. 10 (1959), pp. 21-29 (with P. Erdés).
[101] “On random graphs, I,” Publ. Math., Vol. 6 (1959), pp. 290-297 (with P. Erdds).
[102] “On a theorem of Erdds and its application in information theory,” Mathematica (Cluj),
Vol. 1 (1959), pp. 341-344.
[103] ““On singular radii of power series,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 3 (1959), pp.
159-169 (with P. Erdés).
[104] “On the dimension and entropy of probability distributions,” Acta Math. Acad. Sci.
Hungar., Vol. 10 (1959), pp. 193-215.
[105] “Dimension, entropy and information,” Transactions Second Prague Conference on
Information Theory, Statistical Decision Functions, and Random Processes, Liblice, 1959,
PP. 545-556.
[106] “On the probabilistic generalization of the large sieve of Linnik,” Publ. Math. Inst. Hung.
Acad. Sci., Vol. 3 (1959), pp. 199-206.
[107] “New version of the probabilistic generalization of the large sieve,” Acta Math. Acad. Sci.
Hungar.’ Vol. 10 (1959), pp. 217-226.
[108] “Some remarks on the theory of trees,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 4 (1959),
Pp- 73-85.
[109] “On the central limit theorem for samples from a finite population,” Publ. Math. Inst.
Hung. Acad. Sci., Vol. 4 (1959), pp. 49-61 (with P. Erdds).
[110] “On Cantor’s series with convergent X 1/q,” Ann. Univ. Sci. Budapest, Sect. Math., Vol. 2
(1959), pp. 93-109 (with P. ErdGs).
[111] “On serial and parallel coupling of autoclaves and on the theory of mixing,” Publ. Math.
Inst. Hung. Acad. Sci., Vol. 4 (1959), pp. 155-165. (In Hungarian.)
[112] “On measures of dependence,” Acta Math. Acad. Sci. Hungar., Vol. 10 (1959), pp. 441-451.
[113] “On connected graphs, I,”” Publ. Math. Inst. Hung. Acad. Sci., Vol. 4 (1959), pp. 385-388.
[114] “Summation methods and probability theory,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 4
(1959), pp. 389-399.
[115] “On the central limit theorem for the sum of a random number of independent random
variables,” Acta Math. Acad. S8ci. Hungar., Vol. 11 (1960), pp. 97-102.
[116] “Additive properties of random sequences of positive integers,” Acta Arthmetica (Warsaw),
Vol. 6 (1960), pp. 83-110 (with P. ErdGs).
[117] “On the evolution of random graphs,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 5 (1960),
pp. 17-61 (with P. Erdés).
“On the evolution of random graphs,” International Statistics Institute, 32nd Session, Tokyo,
(1960), Vol. 119, pp. 1-5 (with P. Erdds).
[118] “On measures of entropy and information,” Proceedings of the Fourth Berkeley Symposium

I3



RENYI, IN MEMORIAM xlvii

on Mathematical Statistics and Probability, Berkeley and Los Angeles, University of
California Press, 1961, Vol. 1, pp. 251-282.

{119] “On some fundamental questions of information theory,” Magyar Tud. Akad. Mat. Fiz.
Oszt. Kézl., Vol. 10 (1960), pp. 251-282. (In Hungarian.)

[120] ‘“Bemerkung zur Arbeit ‘iiber gewisse Elementenfolgen des Hilbertschen Raumes’ von K.
Koncz,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 5 (1960), pp. 265-267.

[121] “Limit theorems concerning random walks problems,” Magyar Tud. Akad. Mat. Fiz. Oszt.
Kézl., Vol. 10 (1960), pp. 149-170. (In Hungarian.)

[122] “On some inventory problems,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 5B (1960), pp.
494-506 (with M. Ziermann). (In Hungarian.)

[123] “On a classical problem of probability theory,” Publ. Math. Inst. Hung. Acad. Sci., Vol. 6A
(1961), pp. 215-220 (with P. Erdds).

[124] “On random subsets of a finite set,” Mathematica (Cluj.), Vol. 3 (1961), pp. 355-362.

[125] ““A general method for the proof of some theorems of probability theory and its applications,”
Magyar Tud. Akad. Mat. Fiz. Oszt. Kézl., Vol. 11 (1961), pp. 79-105. (In Hungarian.)

[126] “On random generating elements of a finite Boolean algebra,” Acta. Sci. Math. (Szeged ),
Vol. 22 (1961), pp. 75-81.

[127] ““On the strength of connectedness of a random graph,” Acta Math. Acad. Sci. Hungar.,
Vol. 12 (1961), pp. 261-267 (with P. Erdés).

[128] “Statistical laws of accumulation of information,” Bull. Inst. Internat. Statist. Paris., Vol.
33 (1961), pp. 1-7.

[129] “On a problem of information theory,” Publ. Math. Inst. Hung. Acad. Sci. Ser. B, Vol. 6
(1961), pp. 505-516. (In Hungarian.)

[130] “On Kolmogorov’s inequality,” Publ. Math. Inst. Hung. Acad. Sci., Ser. A, Vol. 6 (1961),
pp. 411-415.

[131] “Legendre polynomials and probability theory,” Annales Univ. Sci. Eétvés, Sect. Math.,
(Budapest), Vol. 3-4 (1960-1961), pp. 247-251.

[132] “On the statistical laws of the information-accumulation,” Magyar Tud. axad. Mat. Fiz.
Oszt. Kozl., Vol. 12 (1962), pp. 15-33. (In Hungarian.)

[133] ““On a problem in the theory of graphs,” Publ. Math. Inst. Hung. Acad. Sci. Ser. B, Vol. 7
(1962), pp. 623-641 (with P. Erdds). (In Hungarian.)

[134] “On a problem of A. Zygmund,” Studies in Mathematical Analysis and Related Topics,
Stanford University Press, 1962, pp. 110-116 (with P. Erdds).

[135] “On a new approach to Engel’s series,” Annales Univ. Sci. EGtvés Sect. Math. (Budapest),
Vol. 5 (1962), pp. 25-32.

[136] “On the outliers of a series of observations,” Magyar Tud. Akad. Mat. Fiz. Oszt. Kozl.,
Vol. 12 (1962), pp. 105-121. (In Hungarian.)

[187] “Three new proofs and a generalization of a theorem of Irving Weiss,” Publ. Math. Inst.
Hung. Acad. Sci., Ser. A, Vol. 7 (1962), pp. 203-214.

[138] “Théorie des éléments saillants d'un suite d’observations,” Ann. Fac. Sci. Univ. Clermont-
Ferrand, Vol. 8 (1962), pp. 1-13.

[139] “Dialogue on mathematics,” Valésdg, Vol. 3 (1962), pp. 3-19. (In Hungarian.)
“Un dialogue,” Les Cahiers Rationalistes, Vol. 33 (1963), nos. 208-209.
‘A Socratic dialogue on mathematics,” Simon Stevin, Vol. 38 (1964-1965), pp. 125-144.
“A dialogue on the applications of mathematics,” Ontario Mathematics Gazette, Vol. 3
(1964), pp. 28-40.
“A Socratic dialogue on mathematics,” Canad. Math. Bull., Vol. 7 (1964), pp. 441-462.
“A dialogue on the applications of mathematics,”” Simon Stevin, Vol. 39 (1965), pp. 3-17.
“Sokratischer Dialog,”” Neue Sammlung, Vol. 6 (1966), pp. 284-304.
“Dialogue on mathematics,” Stiintifica, Bucharest (1966). (In Roumanian.)
“A Socratic dialogue on mathematics,” Gazeta de Matematica, Vol. 26 (1967), pp. 59-71.
(In Portuguese.)



xlviii SIXTH BERKELEY SYMPOSIUM: SCHMETTERER

“Mathematics—a Socratic dialogue,” Physics Today, Vol. 17 (1964), pp. 24-36.
Dialogues on Mathematics, Akademiai Kiao, Budapest, 1965.

Dialoge tiber Mathematik, VEB Deutscher Verlag der Wissenschafte, Berlin, 1966.
Dialogues on Mathematics, San Francisco, Holden-Day, 1967.

Dialogues on Mathematics, MIR, Moscow, 1960. (In Russian.)

[140] “On two problems of information theory,” Publ. Math. Inst. Hung. Acad. Sci., Ser. A,
Vol. 8 (1963), pp. 229-243.

[141] “On random matrices,” Publ. Math. Inst. Hung. Acad. Sci., Ser. 4, Vol. 8 (1963), pp. 455—
461 (with P. Erdés).

[142] ““Asymmetric graphs,” Acta Math. Acad. Sci. Hungar., Vol. 14 (1963), pp. 295-315 (with
P. Erdés).

[143] “Remarks on a problem of Obreanu,” Canad. Math. Bull., Vol. 6 (1963), pp. 267-273 (with
P. Erdés).

[144] “Uber die konvexe Hiille von # zufallig gewdhlten Punkten, I, I1,” Z. Wahkrscheinlichkeits-
theorie und Verw. Gebiete, Vol. 2 (1963), pp. 75-84 (with R. Sulanke); Vol. 3 (1964), pp.
138-147 (with R. Sulanke).

[145] “On stable sequences of events, Sankhyd, Ser. 4, Vol. 25 (1963), pp. 293-302.

[146] “On the distribution of the values of additive number-theoretic functions,” Publ. Math.
Debrecen, Vol. 10 (1963), pp. 264-273.

[147] “A study of sequences of equivalent events as special stable sequences,” Publ. Math.
Debrecen, Vol. 10 (1963), pp. 319-325 (with P. Révész).

[148] ““On ‘small’ coefficients of the power series of entire functions,” Annales Univ. Sci. E6tvis

Sect. Math. (Budapest), Vol. 6 (1963), pp. 27-38 (with Catherine Rényi).

[149] ““An elementary inequality between the probability of events,” Math. Scand., Vol. 13 (1963),
pp. 99-104 (with J. Neveu and P. ErdGs).

[150] “On the amount of information concerning an unknown parameter in a sequence of
observations,”” Publ. Math. Inst. Hung. Acad. Sci., Ser. A, Vol. 9 (1964), pp. 617-625.

[151] “On the amount of information in a frequency count,” Thirty-fifth Session International
Statistics Inst., Belgrade, 1965, pp. 1-8.

[152] “On the amount of information in a random variable concerning an event,” J. Math. Sci.,
Vol. 1 (1966), pp. 30-33.

[153] “‘Sur les espaces simples des probabilités conditionnelles,” Ann. Inst. H. Poincaré, Sect. B,
Vol. 1 (1964), pp. 3-19.

[154] “Additive and multiplicative number-theoretic functions,” mimeographed notes, Ann
Arbor, 1964.

[155] “On an extremal property of the Poisson process,”” Ann. Inst. Statist. Math., Vol. 16 (1964),
1-2; 129-133.

[156] “A generalization of a theorem of 1. Vincze,” Publ. Math. Inst. Hung. Acad. Sci., Ser. 4,
Vol. 9 (1964), pp. 237-239 (with R. Laha and E. Lukacs).

[157] “On two mathematical models of traffic on a divided highway,” J. Appl. Probability,
Vol. 1 (1964), pp. 311-320.

[158] “Blaise Pascal, 1628-1662,” Magyar Tudomdny, Vol. 8 (1964), pp. 102-108. (In Hungarian.)

[159] “On the foundations of information theory, Rev. Inst. Internat. Statist., Vol. 33 (1965),
pp- 1-14.

[160] “Probabilistic methods in group theory, J. Analyse Math., Vol. 14 (1965), pp. 127-138 (with
P. Erdés).

[161] ‘‘Some remarks on periodic entire functions,” J. Analyse Math., Vol. 14 (1965), pp. 303-310
(with Catherine Rényi).

[162] ““On the mean value of nonnegative multiplicative number theoretical functions,” Michigan
Math. J., Vol. 12 (1965), pp. 321-338 (with P. Erdés).

[163] “On certain representations of real numbers and on sequences of equivalent events,” Acta
Sci. Math. (Szeged), Vol. 26 (1965), pp. 63-74.



RENYI, IN MEMORIAM xlix

[164] ““A new proof of a theorem of Delange,”” Publ. Math. Debrecen, Vol. 12 (1965), pp. 323-329.

[165] ““On the theory of random search,” Bull. Amer. Math. Soc., Vol. 71 (1965), pp. 809-828.

[166] “Les repercussions de la recherche mathématique sur ’enseignement,” Textes originaux des
conférences faites au seminaire organisé par la CIEM & Echternach (G-D de Luxembourg)
été 1965, Echternach, 1966.

[167] “Lectures on Probability,” Stanford University, summer 1966, mimeographed notes.

[168] ‘‘Combinatorial applications of finite geometries, I,” Mat. Lapok, Vol. 17 (1966), pp. 33-76.
(In Hungarian.)

[169] “On the amount of missing information and the Neyman-Pearson lemma,” Festschrift for
J. Neyman (edited by F. N. David), New York, Wiley, 1966, pp. 281-288.

[170] ““On the existence of a factor of degree 1 of a connected random graph,” Acta Math. Acad.
Sci. Hungar., Vol. 17 (1966), pp. 359-368 (with P. Erdds).

[171] “On a problem of graph theory,” Studia Sci. Math. Hungar., Vol. 1 (1966), pp. 215-235
(with P. ErdGs and V. Sos).

[172] “‘Sur la théorie de la recherche aléatoire, Programmation en Mathém. Numériques,” Actes
Collog. Internat. CNRS, No. 165 Besan¢on, 1966; Paris, 1968, pp. 281-287.

[173] “New methods and results in combinatorial analysis, I, I1,” Magyar Tud. Akad. Mat. Fiz.
Oszt. Kézl., Vol. 16 (1966), pp. 78-105; 159-177. (In Hungarian.)

[174] “On the height of trees,” J. Australian Math. Soc., Vol. 7 (1967), pp. 497-507 (with
G. Szekeres).

[175] “On some basic problems of statistics from the point of view of information theory,”
Proceedings of the Fifth Berkeley Symposium on Mathematical Statistics and Probability,
Berkeley and Los Angeles, University of California Press, 1967, Vol. 1, pp. 531-543.

“On some basic problems of statistics from the point of view of information theory,” Proc.
Colloquium on Information Theory, Debrecen (1967), J. Bolyai Math. Soc. Budapest (1968),
pp. 343-357.

[176] “Probabilistic methods in analysis, I, II,” Mat. Lapok, Vol. 18 (1967), pp. 5-35, 175-194.
(In Hungarian.)

[177] “Remarks on the Poisson process,” Studia Sci. Math. Hungar., Vol. 2 (1967), pp. 119-123.

[178] “‘Statistics and information theory,” Studia Sci. Math. Hungar., Vol. 2 (1967), pp. 249-256.

[179] “On some problems in the theory of order statistics,” Thirty-Sixth Session International
Statistics Inst., Sidney, 1967.

[180] ““On a group of problems in the theory of ordered samples,” Magyar Tud. Akad. Mat. Fiz.
Oszt. Kozl., Vol. 18 (1968), pp. 23-30. (In Hungarian.)

[181] “Information and statistics,” Studies in Mathematical Statistics, Akadémiai Kiado,
Budapest, 1968, pp. 129-131.

[182] “Zufillige konvexe Polygone in einem Ringgebiet,” Z. Wahrscheinlichkeitstheorie und
Verw. Gebiete, Vol. 9 (1968), pp. 146-157.

[183] ‘““‘Some remarks on the large sieve of Yu. V. Linnik, Annales Univ. Sci. EGtvés Sect. Math.
(Budapest), Vol. 11 (1968), pp. 3-13 (with P. Erdds).

[184] “On quadratic inequalities in the theory of probability,” Studia Sci. Math. Hungar., Vol. 3
(1968), pp. 351-358 (with J. Galambos).

[185] “On random matrices, II,” Studia Sci. Math. Hungar., Vol. 3 (1968), 459-464 (with
P. Erdés).

[186] ¢“On the distribution of numbers prime to n,”” Abhandlungen aus Zahlentheorie und Analysis,
zur Erinnerung an E. Landau, Veb Deutscher Verlag der Wissenschafter, Berlin, 1968, pp.
271-278.

[187] “‘Stochastische Prozesse in der Biologie,” Proc. Biometrical Symposium, Budapest, 1968.

[188] “On random entire functions,” Zastosowanic Math., Vol. 10 (1969), pp. 47-55 (with
P. Erdds).

[189] ‘“Measures in denumerable spaces,” Amer. Math. Monthly, Vol. 76 (1969), pp. 494-502
(with H. Hanisch and W. Hirsch).



1 SIXTH BERKELEY SYMPOSIUM: SCHMETTERER

[190] “Lectures on the theory of search,” Department of Statistics, University of North Carolina
at Chapel Hill, Mimeo Series No. 600, 1969.

[191] Notes on Probability, Akadémiai Kiadd, Budapest, 1969. (In Hungarian.)
Briefe tber die Wahrscheinlichkeit, Basel, Stuttgart, Birkhduser, Deutscher Verlag Wissen-
schaften, 1969.

[192] “Remarks on teaching of probability,” First CSMP International Conference, Southern
Illinois University, 1968, Carbondale, 1969.

[193] ““On the enumeration of trees,” Proc. Calgary International Conference on Combinatorial
Structures and Their Applications, 1969.

[194] ‘“Mathematical models of biological processes,” Proc. Kingston Conference, 1969.

[195] “Applications of probability theory to other areas of mathematics,” Twelfth Biennial Int.
Seminar Canadian Math. Congress, Vancouver, 1969.

[196] Foundations of Probability Theory (edited by E. L. Lehmann), San Francisco, Holden-Day,
1970.

[197] “On the enumeration of search codes,” Acta Math. Acad. Sci. Hung., Vol. 21 (1970), pp.
21-26.

[198] ‘On the number of endpoints of a k tree,” Studia Sci. Math. Hung., Vol. 5 (1970), pp. 5-10
(with P. Erdds).

[199] “Lezioni sulla Probabilita e 'Informazione,” Lezione e Conferenze Universita di Trieste,
Institute of Mechanics, 1970.

[200] On the Mathematical Theory of Trees, Akadémiai Kiadd, Budapest; North-Holland,
Amsterdam, 1970.

[201] “Ars mathematica,” Festschrift in Honour of Herman Wold (edited by T. Dalenius, G.
Karlsson, and S. Malmquist), Uppsala, Almqvist and Wiksells, 1970. (In English.)

[202] “On a new law of large numbers,” J. Analyse Math., (with P. Erdés).

[203] “The Priifer code for k-trees,” Combinatorial Theory and Its Applications Colloquium,
Amsterdam, North-Holland, Bolyai J. Math. Soc. (with Catherine Rényi).

[204] “Uniform flow in cascade graphs,” (edited by M. Behara), Berlin, Springer, 1971.

[205] “On random fluctuations,” Studia Sci. Math. Hungar., Vol. 6 (1971) (with P. Erdds).



