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1. Introduction and preliminaries

This article is concerned with two problems on resolvents defined over locally
compact separable Hausdorff spaces; the generation of a strong Markov process
from the given substochastic resolvent (sections 3 and 4) and the representation
of excessive measures by means of minimal (or extreme) excessive measures
(sections 5 to 11). These problems are closely connected, and our approach to
them is based on the results of D. Ray [19] concerning resolvents over compact
metric spaces (see section 2) and the metric completion of the original locally
compact space with respect to the uniformity generated by a certain family of
bounded continuous functions. Two types of the metric completion will be intro-
duced; the completion of F. Knight [14] (in a specific way) in section 3 and the
completion of R. S. Martin in section 6.

In the rest of this section we will give some basic definitions as well as a brief
description of the first problem. Let (E, ®) be a measurable space and @, the
o-field formed by all universally measurable sets, tnat is, sets which, for each
finite measure u over ®, differ by at most a set of (u) measure zero from a set of ®.
A (nonnegative) real-valued function R,(r, A) defined for &« > 0, 2 € E and
A € ® is said to be a resolvent if the following conditions are satisfied. (B,) For
each a« > 0 and x € E, R.(z, -) is a measure over (E, ®). (B,) For each a > 0
and A € ®, R,(-, A) is measurable (®). (B;) The resolvent equation

(L1)  Ru(x,A) — Rs(z, 4A) + (a — B) f Ru(z, dy)Bs(y, 4) =0, a,8>0
is satisfied. The unspecified integral always means the integral over the whole
space E. (By) The substochastic condition

(1.2) aly(z, E) < 1 forevery a >0 and z €FE
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is satisfied. In particular, if the equality holds in (1.2) for every a > 0 and
z € E, the resolvent is said to be stochastic. Later (section 5), when % is locally
compact and ® is the o-field of all Borel sets, the notion of a generalized resolvent
is introduced by replacing the substochastic condition (&) by a more general
condition. For this reason the above defined “proper’’ resolvent is sometimes
called a substochastic resolvent. The measure R.(z, -) is extended naturally to the
sets of @. It is easy to show that, for each 4 of U, R.(-, A) is measurable ().

A function P,(zx, A) defined for t > 0, t € E and 4 € ® is said to be a
(measurable) transition function if the following conditions are satisfied. (P;) For
each fixed ¢ and z, P,(z, -) is a measure over (¥, ®) such that P,(z, E) < 1.
(P) P.(-, 4) is jointly measurable for each 4. (P;) The Chapman-Kolmogorov
equation

(1.3) Puplz, A) = ] Pz, dy)P,(y, A), ts>0
is satisfied. The Laplace transform of a transition function
(1.4) Ru(z, A) = ﬁ) ® Pz, A) di, a>0

is always a resolvent. In this case R.(z, 4) is stochastic if and only if P.(x, A) is
8o, that is, P:(x, E) = 1 for every ¢ and z.

Let (£, ®) be a measurable space for which each one-point set is measurable.
By a stochastic process (z¢, ¢, P) over £ we mean the following. The variable
¢(w) is called the terminal time of the process. It is a nonnegative random
variable (allowing the value infinity) defined over a probability space (2, &, P).
The variable z.(w) is defined for all 0 < ¢ < {(w) and takes values in ¥ for such ¢.
(If ¢(w) = 0, z:(w) is just an empty path.) Every set of the form {w; z,(w) € 4},
4 €® isin &

Consider a family of o-fields {F, ¢ > 0} such that F,( C ) is a o-field over
Q, = {¢t(w) > t} including all the sets of the form {z, € A}, A € ®, and such
that &, is relatively increasing with respect to ¢, that is, @, N §, C F, whenever
s < t. The process (z;, ¢, P) is said to be a Markov process with Pz, A) as its
transition function, if there is a family {F, ¢ > 0} (as above) such that, for each
s,t>0and 4 € ®,

(15) P{xs+t € Alge} = Pt(xsy A)

a.e. (= almost everywhere) on the set Q, = {r, € E}. Usually the Markov
process is determined by its transition function and its initial distribution. In
the present definition, however, the value of z; at { = 0 is not defined, so that
one can say nothing about its initial distribution.

If there is a substochastic measure u over & such that

(1.6) P{z, € A} = j w(dz)P(z, A), t>0, Aeca,

such x may be considered as the initial distribution of the process. But such u
does not exist in general. As a simple example, consider a uniform motion defined
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over (0, ), starting at the origin and proceeding to the right. Moreover, even if
the measure u as above does exist, it may fail to be an “appropriate” initial
distribution. Such circumstances will be made clear in the following two sections
in a certain general setting.

We will say that a system of substochastic measures {Q.(4), ¢t > 0} is a system
of absolule laws of the transition function Pz, A), if the equation

) Qui(4) = [ Qudr)P(x, 4), 5t>0, Ade@

is satisfied. If the process (z, ¢, P) is a Markov process with P(z, 4) as its
transition function, the system of absolute distributions

(1.8) Qi(4) = P{x, € A}

satisfies (1.7).

The strong Markov property is, roughly speaking, that the equation (1.5) is
still valid when s is a particular kind of random time called a “stopping time.”
A natural question arises: when does there exist a strong Markov standard
modification of the given Markov process? This problem has been studied by
many authors in various settings [1], [2], [8], [19], [23]. We will mention some
of them. Ray [19] gave the most general solution when E is compact. Chung ([2]
and earlier papers) and Yushkevich [23] solved the problem for Markov chains
(namely, when F is a denumerable space). Yushkevich was the first who ex-
plicitly indicated that for a reasonable wide definition of strong Markov processes
one must allow those processes whose sample paths may take values outside of
the original state space (or equivalently, may disappear) for ¢ of a random subset
of (0, {). This idea was developed by Ray [19] who stated that the theorem of
Chung and Yushkevich for Markov chains can be reduced to the theorem of Ray
for the compact case by using a completion of the original denumerable space.

Actually Ray’s proof was insufficient. The authors [unpublished] were able to
revise the proof by generalizing Ray’s results for compact spaces. That proof is
applicable to the case of arbitrary locally compact spaces and theorem 1 of the
present paper was obtained. Later the paper of F. Knight [14] came out and we
found that, as will be given in section 3, theorem 1 can be proved with a slight
modification of Knight’s completion within the framework of Ray’s original
results for compact spaces. Recently, Ray informed us that he had found out the
slip of his proof and succeeded in revising it by another method.

Knight [12], [13], [14] has studied in the most general setting the same kind
of problem, that is, what he calls “the regularization of Markov processes.” His
final result [14] tells us that if z, is a Markov process over a measurable space
(E, ®) with ® a o-field generated by countably many sets, and if the transition
function of x, separates points in E, there is a strong Markov process Z; over
certain metric completion E of E such that z; = z,, a.e. (P) at each ¢, except for
at most countably many {. Moreover, T; has some other nice properties, like the
right continuity of sample paths. Unfortunately, £ may not be measurable in
the extended space E. Knight (private communication) informed us of such an
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example. Therefore, what is really done by constructing Z, is not necessarily
evident. But if E is a locally compact separable Hausdorff space and if the transi-
tion function (or rather its associated resolvent) satisfies certain conditions, E is
measurable in E and Z; = x; a.e. (P) for each ¢ (with no exceptional set). From
this it follows that the process %;, when it is only observed over E, is strongly
Markov over E with the original transition function (theorem 1).

Finally let us state the strict definition of a strong Markov process. Let (&, &)
be a measurable space with respect to which each single point is measurable, £
a measurable subset of £, and ® the induced o-field £ N ®&. Let (z,, ¢, P) be a
stochastic process over £ and {F.; ¢ > 0}, a family of o-fields related to z, in the
previous sense. We assume that the process is measurable, namely, that every
(t, ) set of the form {(t, w);t < s, z.(w) € A}, A € ®, is in the product o-field
of §, with the o-field of linear Borel sets over (0, s] for every s > 0. (This kind of
measurability, which is stronger than the usual one [4], is called progressively
Borel measurable in [3].) A nonnegative random variable = is said to be a stopping
time (relative to {F.}) if {r <t < ¢} € F, up to a set of (P) measure zero for
each ¢ > 0. The o-field ,; is defined by the collection of subsets A of Q, =
{0 < 7 < ¢} such that theset A N {r < ¢ < ¢} isin ¥, up to a set of (P) measure
zero for each ¢ > 0. Let P.(x, A) be a transition function defined over E. The
process . is said to be strongly Markov over E with Pz, A) as its transition
Sfunction if, for each stopping time 7, £ > 0 and 4 € ®,

(1°9) P{xr-{-t € Algr-i-} = Pt(xn A)

almost everywhere over the set {x. € E}. This definition is equivalent to
Yushkevich’s of the almost strong Markov property [23].

The notions of measurability, stopping time, and strong Markov property
depend on the family {F,}. Indeed {F;} must be properly chosen in each case.
However, this is a routine matter, at least in those cases we will encounter in
later discussions. From now on we will use terminologies such as “strongly
Markov,” and so on, without indicating the family {}.

2. Ray’s results concerning resolvents over compact spaces

In this section we will summarize, and give some comments on, Ray’s results
[19] concerning resolvents over compact spaces, their associated transition func-
tions, and strong Markov processes (confining ourselves to the separable case).

Let E be a compact separable Hausdorff space and ® the o-field of all Borel
subsets of E. Let R.(x, A) be a resolvent defined over E. For a function f over &
we will write R.f(z) for [ f(y)R.(z, dy) if the integral is well defined. Denote
by C (resp. C*) the collection of all real (resp. nonnegative) bounded continuous
functions over E. Ray introduced the following hypothesis.

Hyporugsis (A). (1) For every a > 0, R.(x, A) maps C into itself as an
integral operator. In other words, R.f € C whenever f € C. (2) There is a countable
subcollection C, of C*, separating points in E and satisfying
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(21) aRa+lf S f, a > 0, f (S Cl.

This hypothesis is assumed throughout this section. We also assume that C,
includes a positive constant function, say 1 (= the function equal to 1 every-
where), with no loss of generality. In principle it is enough to consider the
stochastic case, for the substochastic case can be reduced to a stochastic case
without destroying hypothesis (A) by adjoining an absorption point to £ as an
isolated point. But to avoid irrelevant complication in later discussions, it will be
useful to formulate the results for substochastic resolvents.

The first conclusion is this.

(@) For each x of E, the measures aR.(x, -) converge weakly to a substochastic
measure u(x, <) when a = o, If f € Cand if g = [ f(y)u(-, dy), then

(2.2) [11@) = 9@lutz, dy) = 0 for every 2.
For every bounded measurable function f,
(23) Rf@) = [ Ri@u@d),  «>0, zck.

If u(z, -) is not the unit distribution at z, the point z is called a branching point.

(b) The following three conditions are equivalent to each other. (i) The point x
18 a branching point. (i) There is a substochastic measure u, either u(E) = 0 or
w({z}) < u(E), such that

(2.4) 1@ 2 [ f@utay), feG,
and such that

(25) Rf@) = [ R G)utdy), rec.
(1ii) There is a function g of the form

(2.6) : g =fAc=min (f(-),¢)

with f € C; and a rational number ¢ such that

@.7) 9@) > [ 9@)ule, dy).

Since the proof in [19] that (ii) implies (iii) looks somewhat insufficient (even
in the stochastic case), we will here supplement it. Suppose u satisfies the con-
dition (ii). If u(E) = 0, (iii) is evident because of 1 € C;. Assume u(E) > 0. It
is enough to show that there is a function g of the form g(-) = min {f(-), f(z)},
J € G, satisfying (2.7). From the assumption there is a point y,(7z) whose
arbitrary neighborhood has positive (1) measure. Let f be a function of C, sepa-
rating the points x and y,. The case of f (z) > f(yo) is proved in [19]. Now assume

f@&@) <f(). Then [ [f(y) — g(y)Iu(dy) = & > 0. Since aR..1g < g, and since
(2.5) implies that

(2.8) Rof@ = [ Rf )udy), a>0, feg,

one has
29)  aReng@) = [ aReng@n@y) < [ 9@udy) < @) — 5,
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so that
(2.10) [ 1@m(y) = lim aReng(@) < £@) = 9(@).

If R.(z, A) is stochastic and if u is assumed to be a probability measure, (2.5)
follows from the following weaker condition,

(2.11) Rif@ > [ R @udy), fecr

Then the statement (ii) is nothing but the definition of a branching point in [19].
The counterpart of the above condition for substochastic resolvents is this: for
any f of C and any constant ¢ > 0,

(212)  Rif(x) = cRaw, B) > [ Ref u(dy) — ¢ [ Raly, E)uldy).

Let E} denote the set of all branching points.
(c) The set Ey 13 a K,-set (= countable union of compact sets) and

(2.13) ulx,Ey) =0 for every .

The first conclusion of the above was not stated explicitly in [19]. The proof
follows from (iii) of the proposition (b). Take a function g of the form (2.6). Then
it is easily shown from aR,.1g < g that aR,.1g increases with a. Since aRqq1g 18
continuous, the function

(2.14) [ 9@, dy) = lim aResg
is lower semicontinuous. Therefore, the set

(2.15) B, = {z;9@) > [ ¢@u(z, dy)

is a K,-set. Since E, is the union of E, over all such g, it is also a K,-set.

The next group of conclusions are concerned with the transition function in-
duced by R.(z, A).

(d) There is a unique transition function P,(x, A) such that the function of t
defined ty

(2.16) Pi@ = [f@)P, dy), z€E, feC
8 right continuous and such that
(2.17) Ru(z, 4) = [0“’ etPy(z, 4) di, a>0.

(e) If t > 0, then P.(z, -) converges weakly to u(x, -).
(f) For every t > 0 and for x € E, one has P,(z, E;) = 0.

Let Q.(A) be a system of absolute laws of P.(x, 4), and let (£, ¢, P) be their
associated Markov process. It follows that there is a well -defined -limit

(2.18) z{w) = Iin;.f, (w) (r rationals)
ryt

for every 0 < ¢ < {(w) almost everywhere (P).
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Almost all sample paths of the new process x; have the following properties:
(i) the process z,(w), 0 < ¢ < ¢, is right continuous; (ii) right and left limits
exist at every 0 <t < ¢; and (iii) if {(w) < », there is a left-hand limit at
t = {(w). We will write zoy for lim; o x; and z;_ for limy4; z, if they are well
defined.

(g) The process x, is a standard modification of £, and strongly Markov over E
with P,(x, A) as ils transition function.

When f is a function over E, we will set f(x,) = 0if ¢ = 0 or ¢ > ¢ conven-
tionally.

Take a function f of C. From the strong Markov property we-have for ¢ > 0
and A € F,,

(2.19) B{f ) A} = B{Pf(@); A}.
Letting ¢t — 0, it follows that
(2.20) B(@); ) = B{ [ e a)f@); A}

Since (2.20) is true for every f of C, it is also true for every measurable function.
From (g) it follows that the distribution of z,, has no mass on the set £, and

it is the unique solution g of the equation

(2.21) Qi(A4) = [ w(dz)P.(z, A).

E—Ey

Moreover if » is an initial measure of Q.(A), that is, if » is a solution of the
equation

(2.22) Q) = [ v@)Pz, 4),
the above u is given by
(2.23) wA) = [ ¥, 4).

These facts may be expressed as follows.

(h) For any system of absolute laws of P.,(x, A), there ts the unique “appropriate”
initial measure.

(i) Let 7, be a sequence of stopping times increasing to the limit v, and let x,_ be
the left-hand limits of x.. for almost all sample paths of the set {0 < v < ¢}. Then
z, = x,_ almost everywhere over the set {0 < 7 < ¢,z € E — E,}.

This property, which is nothing but the property of Blumenthal [1] when there
is no branching point, was not proved in [19].

It is enough to prove it when 7 is finite a.e.(P). In the same way as f(z,), we
will set f (z,_) = 0if z,_ is undefined, that is, if = 0, + or ¢ > ¢. (Notice that
Z. exists when t = § < 4+=.) Take a function f of C. From (g), for A € F,,.+
and n > m,

229 BRaf @i A} = B [[" e (anr) di; A}

= E’{[: e~ot=mf () dt; A}-
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Since 7 is finite a.e., when n — « one gets

(2.25) E{R.f(x;.);A} = E {f; e~ 0f (z,) dt; A}
= E{R.f(z.); A}.
Multiplying o on both sides and letting o — «
@20 B{f ur, dsG); A} = B[ wta a0}

From (2.20) the right side equals E{f(z,); A}. Therefore, for any set A of the
o-field generated by U &.,+, we have proved

(2.27) E{ [ w5 A} =BG ).
Let A, denote the set {x,. € E — E;}. Then
2.29) B{f(@); A A = E{ [ ulene, a1 0); 4, Ao}

= E{f(xr); A’ AO}’

from which (i) can be obtained by the same argument as in ([18], pp. 5-08 to
5-09).

(G) Almost all sample paths x.(w), 0 < t < ¢, never reach the set K.

Since the proof in [19] is very difficult we will present a more understandable
proof which is based on the following general lemma.

LEMMA. Let E be a metric space, and let (x,, ¢, F4, P) be a stochastic process over
E, almost all sample paths of which are right continuous. If a subset A of E is open
or closed, then the hitting time to the set A defined by

(2.29) T4 =inf {t, z, € A} if z,€A forsome 0<t<¢
= ¢ otherwise

is a stopping time relative to {F.}.

First assuming the lemma we prove (j). Since E, is a K,-set, there is a count-
able family of compact sets K, such that E; = (U K,. Let 7 be the hitting time
for E;, and 7, the hitting time for K,. Evidently,

(2.30) {x,€E, forsome 0<t<¢} ={r<¢=U{m<é}

By the lemma, 7, is a stopping time, and it is enough to show that the set
{rx < ¢} has (P) measure zero. Since zo,. € E — Ej; almost everywhere (P), the
sets {r, < ¢} and {0 < 7, < ¢} have the same probability. By (2.20) and (e),

(2.31) PO0<7, <o} =Pz, €E,0<r1,<¢}

= E{u(xn, B5);0 <7, <{} =0,
so that (j) was proved.

To prove the lemma we will introduce 2 notation. Let F(w) be a real-valued
function of sample paths, say, G(z:(«w); 0 < t < ¢). (Actually the range of F(w)
may be an arbitrary space.) Then the value of the function for the path shifted
by s > 0 is denoted by F(6,w); that is,
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(2.32) F8w) = Gus(0); 0 < t < t+ s <¢).

(For a more sophisticated definition, see [6].)

It is well known (and easily proved) that r4 is a stopping time if 4 is open.
Let A be a closed subset of E, and A, a sequence of open sets decreasing to 4,
and 7, the hitting time for the set A,. Since 7, is increasing, the limit 7! of 7, is a
stopping time as well as 7,. For every countable ordinal a, we define a stopping
time 7¢(<74) by transfinite induction as follows: if @ is an isolated ordinal, then
w) = 7" Yw) + 7'(fw), and if ¢ is a limit ordinal, 72(w) = supsy<q 7%(w).
Since 4 is closed, one can see that 7¢ is strictly increasing until it becomes equal
to 74. From this observation one can conclude that there is some countable
ordinal @ (independent of w) such that r¢ = 7¢+! a.e. (P), and that for such a,
7% = 74 a.e. (P). This completes the proof of the lemma.

(k) For any Borel (or, more generally, analytic) set A, T4 is a stopping time of
the process ;.

If A is a subset of E — E, 74 is a stopping time by (i) : the same argument as
in [9] bolds. If A is not contained in £ — K4, 74 = 740 & —E,) almost everywhere
(P) because of (j).

ReEMARK. The most general result on the measurability of hitting times,
including the above lemma and proposition (k), is found in P. A. Meyer’s book

([24], p. 71).

3. The completion of F. Knight

Let E be a locally compact separable Hausdorff space, ® the o-field of all
Borel subsets of E, and B,(z, A) a resolvent over E. (Actually all the results of
this section hold when F is a o-compact Hausdorff space.) As in section 2, the
collection of all real (positive) bounded continuous functions is denoted by C
(C*). Throughout this section we assume that R,(r, A) satisfies hypothesis (A)
of section 2. We will derive a natural extension of R.(z, A) to certain enlarged
compact space and then apply it to the problem of finding a strong Markov
standard modification of the given Markov process over E.

First of all, we will state certain general facts on a completion of E based on a
family of continuous functions. Let D be a subfamily of C which separates points
in F and contains a countable dense subfamily, for the uniform norm. Consider
the uniformity a [11] generated by the family of pseudo-metrics |f(z) — f(y)|,
f €D and let E be the completion of E with respect to . It follows from the
condition on D that this is a metric completion. Let 3 be the uniform topology
of E and 3, the topology of the original space E. Since D is a subfamily of C, the
identity mapping (E, 5) — (E, 5) is continuous. From these observations it is
easy to prove the following lemma.

Lemma 3.1. (i) The space E ¢s compact metric. (ii) If A is a 3-compact subset
of E, it is 3-compact. (iii) If a function f defined over E is 3-continuous, the restrict-
ion f of f to E is 3-continuous. (iv) If A(C E) is a 3-Borel set, it is 3-Borel. (v) If
A(C E) is 3-Borel, then A = A N E is 3-Borel.
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Let B be the closed (in uniform norm) algebra of functions generated by D and
the constant function 1. Clearly, each funection f of B can be extended to a con-
tinuous function f over E. Conversely, if f over E is 3-continuous, its restriction
f to E is a function of B. This follows from the Stone-Weierstrass theorem.

Turning to the resolvent we now state the fundamental lemma.

LemMma 3.2 (Knight [14]). There is a closed subalgebra A of C which is invari-
ant under the operator R, and includes C,, and whose range B(A) by R, (independent
of &) includes a countable subcollection dense in uniform norm.

One such family A can be constructed by the same procedure as in ([14],
lemma, 1), starting with C, for S, there. In general there are many possibilities of
A. From now on we will fix one of them arbitrarily.

Take the family R(A) U C; for D at the paragraph preceding lemma 3.1 and
consider the corresponding completion E and closed algebra B. Since A D B,
and since R,; A — B, R,; B — B. Therefore, if f is a continuous function over E,
and if f is its restriction to E, R,f is extended to a continuous function E.f over E.
Let R.(x, 4), x € E, 4 € ®, be the measure over E determined by

3.1) R.f(z) = R.f().

This R.(z, 4), x € E, A € ®, defines a resolvent over E which maps € (= the
space of bounded continuous functions over E) into itself. Also E.(z, 4) is an
extension of the original resolvent R,.(z, A) in the following sense: if x € E, then
R.@x,E — E) = 0 and R,(z, A) = R.(z, A) for every Borel set A of E. To see
this, first note that, by definition

3.2) R.f(z) = R.f(2), zrekE feC.

Since the equation is closed under monotone convergence, it remains true when
f is bounded and 3-Borel. But then, since f is also 3-Borel by lemma 3.1 (with
f = 0 over £ — E conventionally),

(3.3) Rof(@) = Raf (@) = Ruf (@),

which implies our assertion.

Next consider a countable dense subfamily Ag of positive functions of A and
define C; by the collection of extensions f of f € C; U Ri(A¢), where Ri(Ag)
means the range of A" by the operator R,. Then, by definition of the completion,
C. separates points in Z and aR,1f < fover E for every function f € C,. Hence,
the extended resolvent B.(z, 4), z € E, 4 € ®, satisfies hypothesis (A) over
E, so that it determines its associated transition function P(z, 4) and strong
Markov process Z.

When z € E, R.(z, E — E) = 0 implies that P,(z, £ — E) = 0 almost all
t (with respect to the Lebesgue measure over (0, «)). But in general one cannot
assert that Pz, — E) = 0 for every ¢t > 0. In other words, the original
resolvent R,(z, A) cannot be necessarily expressed as the Laplace transform of
certain transition function over E. Such an example is obtained easily by restrict-
ing the uniform motion (mod 1) over [0, 1) to (0, 1).
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In particular, we will consider the case when there is a transition function
P,(z, A) over E whose Laplace transform is R.(x, A). Moreover, we assume that
P.f(x) is right continuous in ¢ > 0 for each x of E and for each f of C (or more
generally, the range of C by R,). Then if z € E and f € C,

(3.4) L P f(x) dt = Buf(z) = Raf (z) = ﬁ] ® e~=tP f (z) dt.

Notice that f is in the range of C by R,. Therefore, both P,f (z) and P,f (z) are
right continuous in ¢ > 0, so that P,f(z) = P,f(x) for every ¢ > 0. By an argu-
ment similar to R., P,(z, 4) is shown to be an extension of P;(z, 4) in the sense
thatifz € E, Py(x, E — E) = 0 and P,(z, A) = P,(r, A) for A € ®.

Consider a Markov process (£, ¢, P) over E with P,(x, A) as its transition
function. By lemma, 3.1 and the above result, £; may be considered a Markov
process over & with P,(z, 4) as its transition function. Hence, by the proposition
(g) of section 2, there is a strong Markov standard modification z, (of %) over
F with P,(x, 4) as its transition function. Again, from the fact that P, coincides
with P, over E, z, is strongly Markov over £ with P,(z, A) as its transition
function.

Thus we have proved the following theorem.

TaeoreEM 1. Let P.(x, A) be a transition function over E o locally compact
separable Hausdorff space, satisfying the following conditions: (1) the Laplace trans-
form of Py(z, A),

(3.5) Ru(z, A) = L ® etPy(z, A) dt

18 a resolvent satisfying hypothesis (A) in section 2. (2) For each x of E and each f of
C, P.f(z) is right continuous in t > 0. Let Q,(4) be a system of absolute laws of
Pyx, A), and let (&, ¢, P) be the Markov process over E with P,(x, A) as its
transition function and Q,(4) = P{&, € A}. Then there is a strong Markov
standard modification z, (of £;) with Pz, A) as iis transition function which takes
values in a “natural’ enlarged state space E. For any analytic set A, the hitting time
T4 18 a stopping time of the process x.. Moreover, P(z, A) can be extended naturally to
a transition function P,(x, A) over E, and the system of absolute laws Q,(A) can be
written in the form

(3.6) Q4) = [, u(dn)Pa, 4),

using a unique “appropriate’’ initial measure u over E.

The last assertion is evident, for Q,(4) is also a system of absolute laws of
P,(z, 4) (with Q,(F — E) = 0 conventionally).

Let A be the point at infinity of E. Define y, = z, if x;, € E and y, = A if
z; € E — E. Since this change has no effect on the behavior of z, inside E, y, is
another strong Markov standard modification of £ One may ask if y, is “sepa-
rable” over £ + {A} (= the minimal compactified state space). The separability
is taken with respect to the family of compact sets of £ + {A} in the same way
as in the real case [4]. Following [2], “well separable” means that any dense



142 FIFTH BERKELEY SYMPOSIUM: KUNITA AND WATANABE

subset in (0, «) is a separability set, and “‘a standard transition function’’ means
that P.(z, -) converges weakly to the unit distribution at 2 as { — 0 for each
z of E. The answer to the above question is negative in general. Indeed, if A
is compact in E the separability condition holds for any dense subset in (0, ),
because 4 is also compact in E and z, is well-separable over E. But if 4 is a
compact set including A, it creates a problem.

We can give an example of a nonstandard transition function for which y, is
not separable over £ + {A}. However, it seems very difficult to find a standard
transition function to which corresponds a nonseparable y.. It is known [2] that
if & is denumerable, and if P,(z, A) is standard (with respect to the discrete
topology of E), there is always a well-separable, strong Markov standard modi-
fication of &,. It remains open even in this simple case whether or not y, is well-
separable.

We now consider the problem of how to characterize the measure u in the
representation (3.6). More precisely, we want to find when and only when a
measure u over E is an initial distribution of the particular kind of system of
absolute laws @,(4) of P.(x, A) which has no mass over £ — E for every ¢ > 0.
Following the notation of [19], we will denote by Ex the set of points z of  such
that Ei(x, £ — E) = 0. Evidently Er D E. By the resolvent equation it follows
that B.(z, £ — E) = Oforevery a > 0. Suppose Q.(F — E) = Oforeveryt > 0
and

3.7) Q@) = [ u(dx)Puz, ).
Then

(38) @@ di = [ un) R, ),
so that

(3.9) /E w(dz)Ro,E — E) = 0.

Hence, the total mass of u must be concentrated on Ex. Conversely, assume
that Q,(A) is represented in the form (3.7) by a measure u over Ez. From (3.8)
it follows that Q,(F — E) = 0 almost all ¢. For any ¢ > 0, take s such that
Q..(E — E) = 0. Then

(3.10) QE - B) = [[C.@)P.0,E - B)

= '/;? Qt—a(dy)Ps(y) E - E) = O’

so that Q,(E — E) = 0 for every ¢ > 0. Hence, we obtained the characterization
of u in (3.6). Incidentally, if x € Eg, P.(x, E — E) = 0 for every t > 0.

Next we prove that almost all sample paths z.(w), 0 < ¢ < ¢, of the process of
theorem 1 never reach the set £ — Ep. To the contrary of the conclusion, assume
that P{rg—g, < ¢} > 0. Then, by a theorem of Hunt [9], there is a compact
set K such that K CE — Er and P{0 < 7¢ < ¢} > 0 for some ¢ > 0, where
7¢ is the first hitting time of the set K after e. This leads to a contradiction as
follows:
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311) 0= E{ fi e r-ne atf 2 E{ [ e n-mte) i}

= E{e"Ri(x,, E — Egr)} > 0,

where Ig_g, is the indicator function of the set £ — Ex.

Let us denote by E} the set of all branching points in Z. The results of the pre-
ceding two paragraphs can be summarized in the following: the set Er N (E — Ej)
s the ““real” entrance boundary as well as the “‘essential”’ range of sample paths of
the process x; in theorem 1.

4. An extension of theorem 1

Let C, be the collection of real continuous functions with compact support,
where a “function with compact support’’ means a function which vanishes
outside of a compact subset of E. We will introduce a hypothesis on resolvents
which is slightly weaker than hypothesis (A):

Hyroruisis (Ay). (1) If f € Cy, then R.f € C. (2) The same condition as
(2) of hypothesis (A).

TraEoREM 2. The conclusions of theorem 1 are still valid when Pz, A) is a
transition function over E a locally compact separable Hausdorff space, satisfying
the following conditions: (1) the Laplace transform R.(z, A) of Pz, A) is a re-
solvent satisfying hypothesis (Ao); (2) the same condition as (2) of theorem 1; and
3) for each z, Pi(x, E) — 1 (t — 0), or equivalently, aR.(z, E) — 1 (o — ).

From the argument preceding theorem 1, it is enough to prove the following
theorem.

TaEoREM 2'. Under the conditions of theorem 2 there is a space E with its sub-
space E, satisfying the following conditions: (i) the space E is the completion of E
based on a certain family D of section 3; (ii) there is an extension P,(x, A) over E
of P,(x, A); (iii) for each x of E and any continuous function f over E, P.f(z) is
right continuous in t > 0; (iv) E is a measurable subset of E, and if x € E — Ep,
P.(z, -) converges weakly to the unit distribution at z as ¢t — 0; and (v) for any
Markov process (&, ¢, P) over E with Pz, A) its transition function there is a
standard modification x, satisfying (g) to (k) in section 2 with Ey in place of B there.

In the present case lemma 3.2, which theorem 1 is based on, does not hold in
general, because it depends on the fact that C is invariant under the iteration
of R.. For the proof we will reduce our case to the case of hypothesis (A), using
certain transformations of Markov processes [7], [15].

Take a number oy > 0.

LemMA 4.1. There is a positive function ¢ such that R.¢ is strictly positive
everywhere and bounded continuous for every a > .

Consider a function of the form

CR) 6= 3 I f» €C8,

and assume ¢ is strictly positive everywhere. Then it follows from condition (3)
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that R.¢ is strictly positive everywhere for every a > 0. Choose f, so that
R..f.(z) < 2—»forevery z. Then R,f, € C,and when a > a9y, X -1 R.f.1s con-
vergent uniformly and belongs to C+.

Define
(4.2) Va(z, A) = Ruialz, A), a>0,
43) Vi, 4) = [Vb@]™ [, Vala, dy)Vedv), a>0,

where ¢ is the function obtained in lemma 4.1. These V,(x, 4) and V¢(x, A) are
resolvents as is easily shown.

LemmMa 4.2,  The resolvent Vi(z, A) satisfies hypothesis (A).

It is evident that VZ(z, A) maps C, into C, so that when f is in C+, VZf is lower
semicontinuous. We now calculate V&1;

(4.4) Vil(z) = [Vip(2)]"VaVos(x)
= [aVp(@)]H{Vip(x) — Vap(2)}
= [aRand’(x)]—l {Rm¢(x) - Rao+a¢(x)}:

which proves V¢1 € C+. Take a function f of C* which is dominated by 1. Then
both V&f and V(1 — f) are lower semicontinuous with their sum VE1 being
continuous. Therefore VEf must be continuous.

Next if f € C,, it satisfies

(4.5) oaVaif < aRogtat1f < (a0 + @)Reytatrf < f,

so that the function (f/Vu¢), as well as the function (f/Vop) A n, for each
positive integer n satisfies the equation aV$,19 < g. The C¢ denote the sub-
collection of C* of the form (f/Vip) A n,f € Ci,n = 1,2, - - - with the constant
function 1 added. This collection separates points in E, because C; includes 1
and separates points. Now the lemma is proved.

We apply the results of the preceding section to the resolvents Vi(z, A). Its
associated system of the completion space, the extension of Vi(z, 4), and the
transition function is denoted by {E, V¢(z, 4), T#(x, A)},2 € E,4 € ®. The
set of branching points is denoted by E¥. Let U#(A) be a system of absolute laws
of T#(z, A) and y? the process of (g) of section 2 determined by T¢(z, 4) and
U#(A). The latter U#(@) has the form [ »*(dz) T#(z, A) by means of a (unique)
measure »* over £ — E$, which is the distribution of y§..

In the following we will use the results on excessive functions [9], [16] and
their associated transformation [7], [15], [17]. For the moment, let R.(z, 4) be
a resolvent over a measurable space (£, ®). A nonnegative and (@) measurable
function £, allowing the value 4, is said to be excessive relative to Ra(z, A) if
aR.f <f, @ >0, and if limew aRef = f. If the resolvent R.(r, A) is the
Laplace transform of a transition function P,(z, A), the above definition is
equivalent to the condition that P,f < fand lim,o P.f = f. If only the condition
aR.f < f, @ > 0, is assumed, the function f is said to be quasi-excessive.
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We now evaluate VE(1/V0)(2);

46) (@ + ) [ Vi@ d) V)] = [Veb@)] (e + 9)Vals, B)

= [Vop(@)] (a0 + a)Ratalz, E)

< [Vop(x) ]
Since (a9 + @)Rey+e(z, E) > 1 as a — « by the condition (3) of theorem 2,
u = (1/V¢) is excessive relative to VE(z, A) and satisfies (ap + ) VEu < u. This
relation is stricter than that in the definition of an excessive function. Such v may
be considered an excessive function of negative exponent — ay.

Lemma 4.3. There is an excessive function U relative to VE(x, A) such that
u = (1/Vop) over E, and such that

4.7 (o +a)V0u <7 over E.

Set u = (1/V¢) and u, = u A n. Both u, and V?u, can be extended continu-
ously to E by the definition of the completion. We will write %, for the increasing
limit of the extension @, of u,. As is easily verified, if « is such that o, V¢l <
(m — n)/n, then

4.8) (a0 + @)V, < Un over E.
Hence, by continuity,

(4.9) (a0 + &) V¢h, = (ap + @) Veu, < Un over E.
Letting m — o, one has for every a > 0,

(4.10) (0 + @)V, < U, over E.

Letting n — «, it follows that %@, satisfies (4.7). From this, by an argument

similar to that in ([16], proposition 4.1), it follows that (a; + a) V%%, increases

to a limit % as « — « and V%4, = V¢u for every o > 0. This proves lemma 4.3.
Next define

1) Vule, @) = [@@] [, Vi, dyyat) if 0<ak) <=,
=0 if @wx)=0 or oo,
@12) T d) = [@@] [ T4, dyaw) if 0 <u@) <,

=0 if ux)=0 or o,
w13) U@ = [ [ a@wan) | [, Utapaw)
it 0< [ a@rds) <,
=0 it [@@w@z) =0 or w.

It is easily verified that T,(z, 4) is a transition function over E and V¢(z, 4)
and U,(4) are its associated resolvent and system of absolute laws. Also, any
system of absolute laws of T',(z, 4) can be obtained in the above way up to some
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constant multiple. (This is not evident. It follows, however, that [T(z)]! is
bounded on E — E¢, which implies our assertion.)

Let §; be a Markov process corresponding to 7.(z, 4) and U,(4). The terminal
time of 7 is denoted by 4. (In general, the basic probability space of §; is different
from that of y?. But . and y? can be always redefined to have the same proba-
bility space by taking the product probability space.) Then there is well-defined
yilw) = lim, ,; §.(w) (with r rationals) simultaneously for every 0 < ¢t < 9 for
almost all w (P). This process y. has the properties (i) and (ii) of the paragraph
preceding the proposition (g) of section 2. (The property (iii) might be lost.
That is, one cannot assert the existence y,_ on the set {n < »}. This, however, is
not important in the present discussion.) The distribution of yo+ is given by

(4.14) [ [ ﬁ(x)u¢(dx)]_l fz a@)* (dz).

In particular, it follows that aV.(z, -) converges weakly to a limit measure
as a — o for every z. If one defines branching points of V,.(z, 4) in terms of
those limit measures in the same manner as in section 2, it follows that the set
E, of all branching points of V.(z, 4) is B¢ U {z; w(x) = 0 or »}. With this
definition the process y. satisfies (g) to (k) in section 2. (For the proof of these
results, see [15] and [17], proposition 2.3.) Actually, in [15], the above results
are stated in a little weaker version. But they can be restated in the present form,
using the proposition of “Supplement’ of [15].

LeEmMA 4.4. The inequality Ty(z, E) < e~ holds for all x of E. Also U(E) <
et for any system of absolute laws of T(x, 4).

For the first statement, noting that 7T,(z, E) is right continuous in ¢ > 0, it is
enough to show that

(4.15) 0 Ly B < - 2 ( L ) n=01,-

do™ \ap + a

by the Bernstein theorem in Laplace transform. By a well-known formula on
resolvents, this is equivalent to

(4.16) Vetl(z, E) < (a0 + @)™,

which follows from

(4.17) Volz, E) = [a(@)]Veu(z) < (a0 + o)7L
Therefore,

(4.18) Ui(®E) = f U.(d2) Tz, E) < e—oat,

When s — 0, one gets U,(F) < e~
ProOF OF THEOREM 2. We set

(4.19) Pz, A) = =T (z, 4),
(4.20) Q) = e=U(A).

Then it is evident that P(z, 4) is a transition function over E, and @«(4) a
system of absolute laws of P,(z, 4). Any system of absolute laws of Py(z, 4) can
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be obtained in the above way up to a constant multiple. Let (&, ¢, P) be a
Markov process over E with P,(r, A) its transition function and Q.(d) =
P{z, € 4}. Apparently the functional e, defined for 0 < ¢ < n(w), is a right
continuous multiplicative functional of the process y. and satisfies

(4.21) E{ext;n >t} = Q,(4) L 1.

Hence the results of [15] apply also to the transformation by e*, 0 < ¢ < 1,
and an argument similar to that for the transformation by % leads us to the
conclusion that there is a standard modification z; of & satisfying (g) to (k) in
section 2 with E; the set of branching points of V,(z, 4). The assertions (iii)
and (iv) on P,(z, A) of theorem 2’ are implied in the construction of the process
X

It remains to prove that P,(z, 4) is an extension of the original transition
function P.(z, A) over E. Define T,(x, A) = et P,(z, A). It is enough to show
that T,(z, 4) is an extension of T',(z, A). To see this, first note that V(z, 4) is
an extension of V&(x, 4). Then since % = (1/Vy¢) over E, it is also easy to see
that V,(z, 4) is an extension of V,(z, 4). Let z be a point of E, and f a continuous
function over E and f, the restriction of f to E. Since both T,f (z) and T'.f (z) are
right continuous in ¢ > 0, and since their Laplace transforms V,f (z) and V,f(x)
coincide, we have T,f(z) = T.f(z) for every ¢t > 0, which proves that T(z, 4)
is an extension of T';(x, A) by the same argument as in section 3. Hence theorem
2’ is proved.

Let R.(z, A) be the Laplace transform of P,(z, 4). With no help of P,(z, 4),
we can easily prove that E,(z, 4) is an extension of R,(z, A). Therefore the con-
struction given in this section applies to any resolvent R.(z, 4) satisfying hy-
pothesis (Ao) and aR.(z, E) — 1 as o — « (without the assumption that R.(z, A)
is the Laplace transform of a transition function over E). This fact will be used
in later sections.

6. Generalized resolvents and excessive measures

Throughout the rest of the paper, we will be interested in the second problem,
the representation of excessive measures. The main results are stated in the next
section and their proofs are given in the later sections. In the present section we
will give some basic definitions as well as a preliminary theorem due to Hunt [9].

Let E be a locally compact separable Hausdorff space, and ® the o-field of all
Borel sets. The o-field @ of all universally Borel sets is defined as before. A
nonnegative function R.(z, 4) defined for « > 0, 2 € E, and 4 € ® is said to
be a generalized resolvent if it satisfies (By) to (R3) in section 1 and, in place of (R,),
the following condition: (GR,) [if A is compact, R.(-, A) is bounded on every com-
pact set for each a > 0 and R (z, A) — 0 as a — « for each z].

In particular, this condition implies that the measure R.(z, -) is finite on
every compact set for each « > 0 and z € E. From now on, to avoid confusion, a
resolvent in the proper sense is called a substochastic resolvent. From the resolvent
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equation there is always well defined the increasing limit R(x, 4) of R.(x, A)
as a — 0. Evidently R(z, -) is a measure over E, but in general, does not satisfy
any finiteness condition. If, for each compact set A, R(-, A) is bounded on every
compact set, the generalized resolvent R.(x, 4) is said to be integrable. Let f be a
function over £ and X\, a measure over E. We will use the following notations;

(5.1) Ref = [ Bol:, d)f @),
(5.2) Mo = [ M@D)R(z, -).

A o-finite measure v is said to be excessive relative to R.(x, A) if »(4) >
a(vR,)(4) for every a > 0 and if »(4) = lim,—,» a(vR,)(4) for every Borel set 4.
The first assumption implies that «(vR,)(-) increases with «. Therefore, when »
is finite over every compact set, the second condition is equivalent to the weak
convergence of measures a(vR,) to v. If only the first condition » > a(¥R.), a > 0,
is assumed, then » is said to be quasi-excessive relative to R.(x, A). When no con-
fusion is expected, the phrase ‘“relative to R.(z, A)”’ may be dropped. For the
moment, suppose that aR.f — f as a — « for each f of Cy. Then every quasi-
excessive measure which is finite on every compact set is excessive. In other
words, the second condition in the definition follows from the first condition.

Next consider the case in which R.(z, 4) is the Laplace transform of a transi-
tion function P,(x, A). In such a case, in order that a ¢-finite measure » is exces-
sive, it is necessary and sufficient that »(4) > vP,(A) = [ »(dx)P.(x, A) for
every t > 0 and »(4) = lim; o »P.(A) for every Borel set A. Therefore, if
P.f— fas t— 0 for each f of Co, and if » is finite on every compact set, then »
is excessive if and only if it satisfies » > vP,. This turns out to be the original
definition of Hunt [9].

Turvorem 5.1.  Suppose the generalized resolvent R.(x, A) is integrable. Then,
for any excessive measure v, there is a sequence of measures N, such that \, < nv and
such that \,R increases to v as n — .

The proof is similar to that of ([9], part I, p. 86). However, some additional
consideration is required, for R(x, A) is not necessarily a bounded operator.
Hence we will give a complete proof.

LemMA. There is a sequence of quasi-excessive measures v, such that v, increases
to v and such that, for each n, a(v.R.)(A) — 0 as a — 0 for every compact set A.

Take ¢ > 0 and set u, = n(v — nvR,,.). Then for a set 4 such that »(4) < =,
it is easy to see that

(5.3) #R(4) = n(R.)(4) < ¥(4).

Since » is o-finite, (5.3) remains valid for every Borel set A. Consequently, u.R.
increases to » as n — . Let {4.} be a sequence of Borel sets with compact
closure increasing to E and satisfying »(4,) < «. Let £, be a finite measure over
(£, ®) majorized by u., having no mass outside a compact set and satisfying

(5.4) £R(A4,) > paR(4,) — n L
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Then the sequence of measures », = min (v, 2.7 &R) is what is wanted, because
(5.5) a(fRR)(A) = £.R(A) — £R.(4) — 0, a—0,
for each compact set 4.

Proceeding to the proof of theorem 5.1 we will show that the measure A, =
n(v, — nv,R,) satisfies the conditions of the theorem. It is enough to prove that
MR(A4) increases to v(A) as n — o for any Borel set A with compact closure
such that »(4) < . From the resolvent equation it is apparent ‘“formally”
that

(5.6) MB(A) = n(vR.)(4).

But since ».R(A) may be infinite, a more careful evaluation is needed to verify
(5.6). By taking o > 0, then

(57) ”nRa(A) < a‘IV(A) < w,
(5.8) VaBuRa(4) = (n — &) v, Ra(A) — v.R.(4)}
< (n— a) " W,R.(A) for n>a>0,

(5.9 (rn — MaRL)RA(A) = {va — (n — Q)v Ry} Ra(4) — a(vR.R.)(A)
= rBu(4) — a(vaRuRa)(4).
However, by the preceding lemma,
(5.10) a(R.R)(A) < (n — &) la(r.R.)(4d) =0, a—0.

Also (v, — mw,R,) is a positive measure. Hence, letting « — 0 in (5.9), one gets
(5.6) up to the constant multiple n. By (5.6),

(5.11) MuR(A) = (n + DpapRap)(4) 2 n(vanR,)(4)
2 n(rR,)(4) = MRE(4).

Obviously,
(5.12) lim n(v.R,)(A) < lim n(vR,)(A) = »(4).
On the other hand, for any fixed integer k¥ and m
(5.13) Iim n(p.R.)(4) = m(mRn)(4).
n—w
Letting & — « first, and m — © next, one gets
(5.14) lim n(v.R,)(4) 2> v(4),

which proves lim, . \R(4) = »(4).

6. The completion of R. S. Martin

Throughout this section and the next two sections, we will assume that the
generalized resolvent R.(z, A) satisfies the following hypothesis.

Hyporuesis (B). (1) The generalized resolvent R.(x, A) is integrable. (2) For
every x, R(x, -) is a nontrivial measure, that is, 0 < R(z, E) < ». 3) If 2 = &’
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the measures R(z, ) and R(x’, -) are not proportional. (4) If f € Co, Rf is contin-
uous. (5) If f € Co, Rof ts continuous for each a > 0.

Similarly to condition (2) of hypothesis (A) or (A,), condition (3) in the above
can be replaced by a little weaker condition: (3)’ there is a countable collection
of nonnegative continuous functions such that each function f of the collection satisfies
aR.f < f, a > 0, and such that, whenever x % z’, there are certain functions f and
g of the collection, and its ratio (f/g) separates x and x’. For the simplicity we will
only discuss the case of condition (3).

A nonnegative function ¢ is said to be a reference function if R¢ is continuous
and if 0 < Re¢(z) < « for every z. That there exist many continuous reference
functions is proved in the same way as in lemma 4.1 (see the proposition (a)
following theorem 3). We fix a reference function ¢ and set

(6.1) Mz, A) = Bz, A)/Ré(x).

LemMma 6.1. When A s compact, M (-, A) is bounded.
For the proof we will introduce another kernel;

(62) Rz, 4) = [Re@)]™ [, R(z, dy)Ro(0)

~ [, MG, dRs().

Since R¢ is strictly positive and continuous, it is enough to show that R#¢(-, 4)
is bounded for each compact set 4. It is evident that B¢(-, 4) is bounded over 4.
Next we define

(6.3) R¥(z, 4) = [Re@)]~" [, Rolz, d)R().

An excessive function relative to a generalized resolvent is defined in the same way
as in the case of a substochastic resolvent (section 4). It is easily verified that
R¢ is an excessive function relative to R.(r, A) and that RZ(x, A) is a sub-
stochastic resolvent satisfying aR&(z, E) — 1 as a — « for each z. Evidently
Ré(zx, A), @ > 0, maps C, into C. Finally we will show that R&(z, A) satisfies
condition (2) of hypothesis (Ay). Let {f.} be a countable subcollection of Cg
dense in uniform norm. Then the collection of functions {R%f.} separates points
in E, for R¢(z, -) and R$(2’, -) defines different measures for z 5 z’ by condition
(3) of hypothesis (B).

Therefore, by the remark at the final paragraph of section 4, one can apply
the results of section 4 to this substochastic resolvent R%(x, A). Let E¢ be it as-
sociated completion of E. In particular, for each x of E, there is a right continuous
strong Markov process (z{2, ¢ @, P) defined over E¢ such that

(6.4) Ri(x, A) = E{j;w et 4 (z(™) dt}; a>0,
where I, is the indicator function of the sct A. Letting « — 0, one has

(6.5) Rz, 4) = E{ [ L) dt}-
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Let A be a compact set of E, and 7 the hitting time of A. By the strong Markov
property,

(6.6) Re(z, 4) = E{R*(, 4)}.

Since A is also compact in E¢, 2 is in A almost everywhere (P). Therefore,
the right side of the above equation is dominated (independently of z) by
sup R¢(y, A), y € A, which is known to be finite.

By condition (3), the measures M(z, -) and M (2, -) are different whenever
x # z'. Hence the family of functions, M (C,) = {MJf; f € Cy}, separates points
in E. By the preceding lemma, every function of M(C,) is bounded and con-
tinuous. We take M(C,) for D in section 3. The associated completion of £ is
denoted by E and called the Martin completion. For each z of E, Mf(x) defines
a linear functional over Cy, so that there is a unique measure M(x, 4) over ®
satisfying

(6.7) Mj@) = [ M@, dys ), f &G

The measure M (z, A) is an extension of M(x, 4) from £ X ® to £ X ®, that
is, M(z, -) = M(z, -) whenz € E.

An excessive measure v is said to be minimal (or extreme) if v cannot be ex-
pressed as the sum of two excessive measures which are not proportional to ».

Our main representation theorem is this.

TaeoreM 3. Under hypothesis (B) the following conclusions are true. (i) For
each z of B, M (x, -) s excessive relative to R.(x, A). (ii) Let E, be the set of points
z of E such that M (z, -) is minimal and satisfies [ M (z, dy)¢(y) < © and such
that, if there is some other point x’ for which M (z', -) is proportional to M (z, -),
then M(z, -) > M(z', -). Then, such E; exists uniquely. (iii) The set E, is a meas-
urable subset of E and

(6.8) / Mz, dy)o(y) > 1 for each z of E..

(iv) Any excessive measure v such that [ ¢(z)v(dx) < o« s represented uniquely in
the form

(6.9) »(A) = _[Elu(dx)ﬂ(x, 4), 4dea,
using a finite measure u over Ei.

The proof will be given in the next two sections.

In the rest of this section, assuming theorem 3, we will discuss several results
obtained from, or related to, the theorem.

(a) Let v be an excessive measure. Then the following three conditions are equiva-
lent. (i) The measure v is finite over every compact set. (ii) There is a continuous
reference function ¢ such that [ ¢(x)v(dz) < . (iit) There is a reference function
¢ such that [ ¢(x)v(dx) < .

Suppose (i) holds. Let A, be a sequence of open sets with compact closure
increasing to £. Choose f, of C¢ so that 0 < f, over 4,, fn» < 27" over E,
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Rf., < 27 over 4,, and [ f,(x)v(dx) < 2" Then the function ¢ = 3 f, satisfies
(ii). Evidently (ii) implies (iii). It follows from (6.9) that (iii) implies (i).

(b) If the reference function ¢ is continuous (or more generally, lower semi-
continuous), then the point x is in E; if and only if M(z, -) is minimal and
[ M(z, dy)¢(y) = 1. In this case, for any finite measure u over E, the measure
defined by

(6.10) v4) = [ )Mz, 4),

18 an excessive measure satisfying [ ¢(x)v(dz) < .

It is enough to show that Me¢(z) < 1 for every z of E; then (b) follows im-
mediately from theorem 3. If ¢ is lower semicontinuous, M¢ is lower semi-
continuous over E. Since M¢ = 1 over E, M¢ < 1 over E.

Theorem 3 can be restated in terms of the weak (or weak*) topology of
measures. We will just give the version of the conclusion (iv) for a continuous
reference function. Let &% be the space of minimal excessive measures e such that
[ ¢(z)e(dr) = 1 provided the weak topology. By (b), &% is homeomorphic to E,
(corresponding to the same ¢). Hence we have that

(c) if ¢ is a continuous reference function and if v is excessive and satisfies
J o(x)v(dz) < =, then v can be written uniquely in the form

(6.11) v = [, udere

using a finite measure p over & In particular, if there is a reference function ¢,
belonging to C&, the above conclusion holds for any excessive measure finite over
every compact set.

By (a), if [ v(dz)¢(z) < « for some reference function ¢, then [ »(dz)go(z) <
o, In this sense ¢, may be considered as a universal one of all reference functions.

7. Proof of theorem 3: a special case

In this section we will prove theorem 3 for a very special case, where the
generalized resolvent R,(x, A) and its associated reference function ¢ satisfy the
following conditions (S1). Conditions (1) to (4) of hypothesis (B) are salisfied. (S2)
The resolvent R.(x, A) is substochastic. (S3) If A is compact, R(-, A) is bounded.
(Sy) For each ¢ > 0, there is a compact set A such that R(x, E — A) < e for every x.
(Ss) For every « of E, one has Re¢(x) = 1.

For the convenience of later discussion (sections 8 and 9), condition (5) of
hypothesis (B) is not assumed explicitly. But as will be seen below, it is implied
by (S:) to (8y).

By (Sy), any function of R(C) (= the range of C by R(x, 4)) can be uniformly
approximated by some function of B(C,). In other words, the uniform enclosures
of R(C) and R(C,) are the same. This implies that R(z, 4) maps C into itself.
Hence, from a routine work (for instance, [9], part II, p. 352), it follows that
R.(x, A) maps C into itself for every a > 0 and R,(C) = R(C). Therefore, we
can take C for A in lemma 3.2. We will take a countable dense subcollection in
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R(C&) with the constant function 1 added for the corresponding C,. By (Ss),
(7.1) M=, A) = RB(z, 4),
so that the Knight completion based on R.(z, A) is the same as the Martin
completion  based on M (z, 4). Notice that R(z, 4) can be extended to R(z, 4)
over E in the same way as Ru(z, A) to R.(z, 4) for a > 0.
_ Lemwma 7.1, For each x of E, R(z, A) is a trivial extension of M (z, 4), that is,
R(x,E — E) = 0and R(z, A) = M(z, A) for A € ®.

For each f of C*+

(7.2) Mf(z) = Rf (z) for every z of E.

But when f, € Cg increases to f, Mf, increases uniformly over E to Mf, so that
for each z of E,

(7.3) Mf(z)

lim M7(z) = lim [ M, dy)fa(a)

n—rw

[ e, dyr ).

Let f be a function of C+, and f the restriction of f to E. Since f € C*, by (7.2)
and (7.3)

(7.49) Rf(z) = Mf (z), z €E,
which proves the lemma. (Use the same argument as in section 3.)

It follows from the lemma that any excessive measure relative to E,(z, 4) has
no mass over £ — E, and its restriction to  is excessive relative to R.(z, 4).
The converse statement that the trivial extension of any excessive measure
relative to R,(z, A) is excessive relative to E,(z, 4) is always true for any Knight
completion. In the rest of this section we will write B(z, A) for M (z, A).

We now proceed to prove theorem 3 in this special case.

Proor orF (i). R(z, 4) is excessive relative to R.(r, 4), so that E(z, 4) is
excessive relative to R.(z, 4).

Let E, be the set of branching points of E.(z, 4) and E ., the set of points z
such that [ B(z, dy)¢(y) = © andset 1 = E — E, U E..

Proor orF (iv). Let » be excessive relative to R.(r, A) and satisfy
J ¢(x)r(dx) < «. For the proof of the existence of the representation (6.9), it is
enough to show that » can be expressed as

(7.5) w(A4) = fE_Ebu(dx)I_f(x, 4), 4 ea.

for then it is evident that x has no mass over the set ..
Take {\.}, a sequence of measures over E such that AR increases to » (theorem

5.1). Then
(7.6) M(B) = [ M) [ Rz, dy)e)

= [ B)YAnew) < [ »d)e@) < =,

I
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so that a subsequence {\,/} of {\,} converges weakly over % to a measure \ over
E, namely, for each f € C (with f as its restriction to E),

@.7) [ Metdnt ) = [ M@ni@).

Since Bf € C,

(7.8) [rtayRr ) — [ A@Er@).

On the other hand,

(7.9) [ MR @) = [ OwR)@2)f @) — [ (d2)f @),
so that

(7.10) [ 1aa1@ = [ w).

Let a(z, -) be the limit measure of aR,(z, -) as a — «. Letting « — 0 in
(2.3), and using the proposition (c) of section 2,

@11 B ) = [;_p 50, d)Rf @),
Setting

(7.12) p= [Ek(dy)ﬂ(y, )

one gets

(7.13) [ @@ = [ { ;g m@RG, a1,

which proves (7.5).

For the uniqueness, suppose » is written in the form (7.5), using a finite
measure g over K — E,. (One need not assume [ »(dz)¢(z) < «.) Recalling that
for each z € E — Es, aR.f(z) — f(z) (boundedly) as a — « for every f € C,
and using the resolvent equation of E.(z, 4), one has for f € C,

18) [ w@f@ = lm [ u(dn) (oRf @)

= lim o [, u(d2){(Ff@) ~ «RFuf @)}

tim o { [ v@)f @) — « [ V@RS W)},

so that u is uniquely determined by ».

Proor oF (iii). The first half is evident. For the second half, to the contrary
of the conclusion, assume that [ B(z, dy)é(y) < 1 for some point = of E — E,.
Then, apply the same procedure as in the proof of (iv) to the excessive measure
v = R(z, -). The total mass A(E) of the corresponding limit measure A of A\
must equal E ¢(r) < 1. Hence, by (7.12), u(E) < 1, which is impossible, be-



RESOLVENTS 155

cause u must be the unit distribution at z according to the uniqueness of the
representation (7.5).

Proor orF (ii). For the moment let us denote by E, the set of points z of E
satisfying the conditions in (ii). We will prove E, = FE,. Assume z € E;,. Evi-
dently, [ R(z, dy)¢(y) < «. The minimality of the excessive measure R(z, -)
follows easily from the uniqueness of the representation (7.5). Suppose there is
some z' € E such that R(z, -) = cR(2/, -) with a positive constant ¢. Then, by
the resolvent equation, E,(z, -) = cR,(z’, -) for every a > 0. Consequently,
(7.15) 1 = lim aR,(z, E) = ¢ lim aR.(z', E) > ¢,
so that z € E,.

Conversely, assume r € E.. By the first two conditions and the conclusion
(iv), there is a (unique) point z’ of E, such that E(z, -) = cR(z’, -) with a
positive constant ¢. From the maximal property of both E(z, -) and E(z’, -), it
follows that E(x, -) = E(z/, -), which means z = z’.

8. Proof of theorem 3: reduction of the general case to the special case of
section 7

For a nonnegative function a(z) over E, define
(8.1) Me(w, 4) = [, M(z, dy)aty).

Lemma 8.1.  There is a strictly positive everywhere, bounded and continuous func-
tion a(x) such that M*(x, A) satisfies (S4) of section 7.

The proof is similar to that of lemma 4.1. Let {4,} be a sequence of open sets
with compact closures increasing to E such that the closure of 4, is included in
A1 Choose f,, so that f, > 0 over 4,, f» = 0 outside 4,44, f» < 27" everywhere
and Mf, < 2" everywhere. Then the function a(z) = 3 f.(z) is the desired one.

In the following we will assume that a(x) satisfies the condition a(z) < R¢(z)
for every x as well as the conditions in lemma 8.1.

Our reduction is based on the following

LemMa 8.2, There is a (unique) substochastic resolvent My(x, A) which con-
verges to M*(x, A) as a — 0. }

(Since Me(z, A) is a bounded operator, the uniqueness is evident.) Consider
R#(z, A) and R¢(z, A) defined by (6.2) and (6.3). For a nonnegative function
b(x), define

(8.2) Re4(z, 4) = [, Ré(z, dy)b(y).
When b(z) = a(2)/Re(z) (<1),
(8.3) Rz, A) = Ma(z, A).

We will show that, for any bounded nonnegative function d(z), there is a
substochastic resolvent such that
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8.4) Réb(x, A) = lim RE*(z, A).
a—0

In the proof of lemma 6.1, it was shown that the results of section 4 are appli-
cable to R¢(x, A). Its associated extended system is denoted by {£¢, Eé(xz, 4),
Pz, A)}, x € E%, A € &*. For each z of E*, let us denote by (z®, @, P) the
right continuous strong Markov process of theorem 2’ such that P{z{® € 4} =
B¢z, 4), A € ®*. Let b(z) be an extension of b(z) to E, bounded and non-
negative. Define

(85) 40, 0) = [ @ (@) ds,

8.6) T, w) = sup {¢; 0 < ¥ < ¢, A9, 0) <8,

8.7 Y (w) = 2@ (r@(t, w), w), 0<t<AD(E®, w),
(8.8) P#a, @) = P{yi” ¢ 4.

(In the definition of y{®, we used the notation 2™ (¢, w) for z{”(w).)
Then, by the Volkonsky theorem on random time change ({20], theorem 1.4),
P#*(x, A) defines a transition function over E¢. Set

(8.9) Bz, 4) = fou e=tP(x, A)dt = E {/: eI (y® (w)) dt}.
Therefore,

(8.10) lim ez, ) = B[ 17 (@) dt}

-E { |7 I3 @)b(w) dz}
= lim B¢(I7D)(x).
a—0

In particular, if z € E, setting A = AN E
(8.11) Ri(Iab)(z) = Ré(14b)(2),
so that E¢®(x, 4) has no mass over E¢ — E, which implies that R¢?(z, 4), the
restriction of B*(x, 4) to E, is a substochastic resolvent over E. By (8.10), this
resolvent RE’(z, A) satisfies (8.4).

LemMma 8.3. The measure v s excessive relative to R,(x, A) if and only if tle
measure v* defined by

(8.12) »(A) = [A »(dz)a(z)

18 excessive relative to M3(x, A).

Let v be excessive and {\.R} a sequence of excessive measures increasing to ».
Set A2(dz) = M. (dx)Ré(x). Then

(8.13)  MM(4) = [ M) [, MG, dy)ay)

= [ M@ [ R, dp)a@) 1 [, vdaty) = »(4),
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so that »* is excessive relative to Mg(z, A). The other half is proved in the same
manner.
ProoOF oF THEOREM 3. Set

8.14) Y(x) = ¢(x)/a(x).

It is easily verified that M2(x, A) and its reference function ¢¥(x) of (8.14) satisfy
(S1)—(Ss) of section 7. Hence, theorem 3 is valid for {Mi(z, A), ¢(x)}. We will
denote by {E° E%, M(r, A)} the system in the theorem corresponding to
{M(x, A), ¢(x)}. But, since M(Co) = M*(C,), E¢ is identical with E (as a
topological space). It is also evident that, for each z of E (= E?),

(8.15) Mo, 4) = [, M(z, dy)at).

Set E; = E3. Then all the assertions of theorem 3 are true for {M(z, 4), ¢(z)},
because they are invariant under transformation from {M<(z, A), ¢(z)} to
{M(z, 4), ¢(x)}. Such invariance follows easily from lemma 8.3 and the formula
(8.15).

9. Other sufficient conditions

We will now give two alternatives for condition (5) of hypothesis (B).

Hyrorresis (B’). Conditions (1) to (4) of hypothesis (B) and the following
condition are satisfied. (5') R.(x, A) is the Laplace transform of a transition func-
tion P(z, A) over E. Moreover, for each x of E, there is a right continuous and strong
Markov (with P.(-, -) as its transttion function) process (x{®, ¢@, P) defined over
E such that P{x{ € A} = Pyx, A). Here a ‘“right continuous” process over E
means that almost all sample paths i (w), 0 < t < ¢(w), are right continuous in E.

Hyporuesis (B””). Conditions (1) to (4) of hypothesis (B) and the following
conditions are satisfied. (5'") R(z, A) satisfies the “complete principle of the max-
tmum,” that is, if f € Co and if Bf < 1 over the set {z; f(x) > 0}, then Rf < 1
everywhere (over E).

As is easily seen, the above principle of the maximum is equivalent to either of
the following condition. (i) Let f be a function of Cy and ¢, ¢ nonnegative constant.
If Rf < c over the set {z; f(z) > 0}, then Rf < c¢ everywhere. (ii) Let f, g be func-
tions of C¢ and ¢, a nonnegative constant. If Rf < Rg + ¢ over {z; f(x) > 0},
then Rf < Rg + c everywhere.

The effect of the complete principle of the maximum in the theory of Markov
processes was discovered by Hunt ([9], part II, section 15). In his paper an
additional (but critical) assumption which is referred to as (v) is required. How-
ever, we need only a partial result of his, so that we can do without his as-
sumption (v).

Tueorem 3'. Under hypothesis (B') (resp. (B"")), lemma 6.1 and theorem 3
are valid for any reference (resp. continuous reference) function.

It is enough to prove lemma 6.1 and lemma, 8.2 in both cases; in other parts
we did not use condition (5) of hypothesis (B).
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CASE oF HYPOTHESIS (B’). Set

©.1) Pz, 4) = [Re@)]1 [, Pz, dy)Ro(w).

Since this is a transformation by the excessive funetion R¢, Pf(z, A) is a tran-
sition function and its Laplace transform is RE(x, A). By the theorem of [15],
for each x of E, there is a right continuous strong Markov (with P#(-, -) as its
transition function) process (¥, n®@, P), defined over E, such that
P{y® € A} = P#(, A). Then the proof of lemma 6.1 is carried out in the same
way as in hypothesis (B) by using the strong Markov property and the right
continuity of sample paths of the process (yi, n®, P). The proof of lemma 8.2 is
also similar to the case of hypothesis (B); to obtain the substochastic resolvent
R&%(x, A) in (8.4), it is enough to consider the random time change of (y{®, @, P)
by means of the function b(x).

Cask oF uypotHESIS (B”'). The proofs in this case stand on a different basis
from the previous cases.

To prove lemma 6.1 it is enough to show that the kernel M (x, 4) satisfies the
complete principle of the maximum. Take a function f of C; and assume

9.2) Mf<1 over the set {z; f(x) > 0},

which is equivalent to Rf < R¢ on the same set. Since ¢ is assumed to be con-
tinuous, there is a sequence of functions ¢, of C4 increasing to ¢. By the Dini
theorem, R¢, converges uniformly to B¢ on the set {z; f(z) > 0}. Therefore, for
any € > 0,

(9.3) Rf < R + ¢ on {z; f(z) > 0},

for sufficiently large n. By the complete principle of the maximum relative to
R(z, A), (9.3) holds everywhere. This proves

9.4) Rf < R¢p + ¢ everywhere.

Since ¢ is arbitrary, Rf < R¢ everywhere.

Next we will prove lemma 8.2. It is evident that M<(x, A) satisfies the com-
plete principle of the maximum. Moreover, since M4(z, A) satisfies (S,) of section
7, it is easily verified that Me(x, A) satisfies the complete principle of the maxi-
mum for those functions of C. Noting that M*(x, E) is bounded in z, we set

9.5) 0 < ay = [sup Me(z, E)],
2 EE
(9.6) Mz, A) = Igﬁ (— ) [Me]F+(z, A), 0<a<a,

where [M<]* (x, A) is the k-times convolution of M(x, A). As is easily seen,
Mi(x, A) is well defined and maps C into itself. We will show that M3i(z, A),
0 < a < ay, has the same properties as a substochastic resolvent. The resolvent
equation follows immediately from the definition. Take a function f of Ct. From
the resolvent equation

9.7) Ma(—f) = Me(aMf — ).
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Assume supzeg M2(—f)(x) = ¢ > 0. Then the complete principle of the maxi-
mum for those functions of C implies that there is a sequence of points z, of E
such that Mi(—f)(zx.) > c as n— o and aMif(x,) — f(x.) > 0 for every n.
This is impossible, so that Mi(z, 4) > 0for every A € ®. To prove aM3(z, E) =
aMi1(x) < 1for every z of E, assume that a! < ¢ = sup,cg M21(z). Then an
argument similar to the above, applied to the equation

(9.8) M = Me(1 — aM31),

leads to the contradiction that there must be a sequence of points x, of E such
that M1(z,) > ¢ > o' as n— o and 1 — aM21(z,) > 0 for every n. The
extension of the above M3(z, A) to arbitrary o > 0 is carried through by setting
induetively

9.9) Moz, A) = éo B — @) [ME]+i(z, 4), 0<a< 2B

Remark 1. We will note that hypothesis (B’) is stronger than hypothesis
(B”). For the proof, take a function f of C; and assume Rf < 1 over the set
{z; f(x) > 0}. Set A = the closure of {z; f(z) > 0}. By continuity, Rf < 1
over A. Let = be any point of E and 7, the hitting time for the set A of the
process z{”. By the strong Markov property,

9.10) Rf@) = E { [ 1) dt}

- B{[ sat") dt} + BRI
< BRI} < 1.

REmMARK 2. The use of the complete principle of the maximum gives us
another proof of lemma 8.2 under hypothesis (B). In fact the same argument as
above applied to the process associated with the extended system {E¢, R¢(x, 4),
P¢(z, A)}, leads us to the conclusion that that R%(x, A) satisfies the complete
principle of the maximum. Then the same proof as in hypothesis (B"') is valid.

10. Reference functions allowing the value infinity of R¢

In the definition of a reference function ¢ in section 6 we imposed that R¢ is
finite everywhere over E. We now remove the restriction, and we will again say
that a nonnegative function ¢ is a reference function if R¢(x) is strictly positive
everywhere and continuous, allowing the value infinity. We will show that
theorem 3 and theorem 3’ are still valid with a slight change of the definition of E.

Set

(10.1) E% = {z; Ré(x) = ©}, FE¢t=F—E

(E* has no relation with E¢, which appeared in the proofs of lemma 6.1 and
lemma 8.2).

LemMma 10.1. (i) For each x of E®, R(x, E$) = 0. (ii) Any excessive measure
v, such that [ ¢(z) v(dx) < =, has no mass over E%.
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Fix @ > 0 and z € E*¢. Then
(10.2)  ® > Ré() 2 o [ Rule, d)ROG) > o [, Rula, dy)RW),

so that R.(x, E%) = 0. Since R(x, E%) = lima—o R.(z, EE), R(z, E$) = 0. To
prove the second assertion, take \.R, a sequence of measures increasing to ».
Then

(10.3) [ M(dz) Ro(z) < f v(dz) $(x) < o,

so that \, has no mass on the set E$. Hence, by (i), \,R(E%) = 0, which proves
v(E$) = 0.

Since E% is a closed subset of E, E¢ is again a locally compact separable
Hausdorff space. By the above lemma the restriction of R.(x, A) to E* is also an
integrable generalized resolvent over E%. Moreover, a measure v excessive relative
to R.(x, A) such that [ »(dz) ¢(x) < = can be identified with its restriction »¢
to E¢, which is known to be excessive relative to the restriction of R.(z, A) to
E¢. We can now apply the previous results to the restricted generalized resolvent
R.(z, A), = € E*, A € ®* and obtain the representation of »* (and therefore,
of »).

THEOREM 4. Theorem 3 and 3’ are still valid for the reference function allowing
the value infinity of R¢ if one considers the Martin completion of E* (based on

M(C?)) for E.

11. Examples

Let E be a denumerable space carrying the discrete topology. Then conditions
(4) and (5) of hypothesis (B) are trivially satisfied for any integrable generalized
resolvent. Therefore, theorem 3 applies to any generalized resolvent R.(z, A)
satisfying (1) to (3) of hypothesis (B). In this special case, theorem 3 gives also
the representation of excessive functions relative to R.(z, 4), that is, nonnegative
functions f such that aR.f < f and lim,—» aR.f = f. To suggest the extension to
more general cases, we will use a too heavy formulation to dispose of the present
special case.

Let R.(z, A) be an integrable generalized resolvent. Let m(A4) be the uniform
measure over E and let 7.(z, y) (resp. r(z, v)), the density of R.(z, A) (resp.
R(z, A)) relative to m(4); that is, r.(z, y) = Ra(z, {y}) and r(z, y) = R(z, {y}).
Define Ri(z, A) = [4r.(y, x)m(dy). The resolvent Ri(x, A) is an integrable
generalized resolvent which satisfies

(11.1) [A RX(z, Bym(dz) = [B Ra(z, AYm(dz).

Let ®(A) be a measure such that 0 < [ r(z, y)®(dz) < = for every y. Such
®(A) is called a reference measure. Set ¢(x) = (d®/dm)(x) = ®({x}). This be-
comes a reference function for BX(x, A). For an excessive function f such that
[ f(x)®(dx) < o, define »(A) = [4f(x)m(dz). Then the measure » is excessive



RESOLVENTS 161

relative to Ri(x, A) and satisfies [ v(dz)é(x) < . The inverse correspondence
is also valid. Assuming that R%(x, A) satisfies (2) and (3) of hypothesis (B), we
apply theorem 3 to Ri(z, A). Its M-kernel is denoted by

(112 M*(, 4) = R*, A)/R*(@) = [, [0, 2)/ [ (2, 8@ Im(dy),

and its associated system in completion by (M*(z, A), E*, E?).

For each z of E*, set «(y, ) = (dM*(z, -)/dm)(y), which is an excessive func-
tion in y relative to R.(y, A) and, when x € E, coincides with the integrand of
the last side of (11.2). Since ¢ is trivially continuous, z is in Ef if and only if
(-, x) is a minimal excessive function and [ «(y, )®(dy) = 1. Thus the unique
representation of f is obtained;

(11.3) 7= [owaonC, o).

This generalizes to a considerable extent the result of [21]. Indeed, it is easily
verified that both R,(x, A) and its generalized co-resolvent Ri(x, A) satisfy
hypothesis (B) if R.(z, A) is the Laplace transform of a transient and standard
transition funetion P;(x, A). In [21] we studied the case when P.(z, A) is a
special type of transient and standard transition function.

The preceding argument to obtain the representation (11.3) of excessive func-
tions applies to more general cases. In those cases we need assume the existence
of the measure m and the generalized co-resolvent R}(x, A) satisfying (11.2).
Moreover, we assume that R%(x, A) satisfies either hypothesis (B), (B'), or (B”').
Then the kernels r(z, y) and r,(z, ) are uniquely determined in a certain way.
If the reference measure ® is absolutely continuous with respect to m, the class of
excessive functions f relative to B,(x, A) such that [ f(x)®(dz) <  is in one-to-
one correspondence with the class of excessive measures » relative to Ri(z, A)
such that [ »(dz)(d®/dm)(z) < « through the relation

(11.4) »(4) = /A 7 (@)ym(de).

We will note that (11.4) never involves the ambiguity of (m) measure zero on
f(z). This follows from the fact that f (z) is excessive. (For these discussions refer
to [16] and [17].) Consequently, we can obtain the Martin representation
theorem of excessive functions with respect to a smooth reference measure under
a weaker hypothesis than that in [16] and [17].

The Martin representations of excessive measures and excessive functions of
discrete parameter Markov chains were obtained by Doob [5] and Hunt [10].
It has been known, with no explicit mention in references, that the discrete
parameter case can be reduced, or rather essentially equivalent, to the special
continuous parameter case of [21]. So far, such reduction has not been so
important, for the previous methods [10], [21] can be applied in a parallel
way to both the discrete parameter case and the above-mentioned special con-
tinuous parameter case. However, our present method, involving the transfor-
mation of an unbounded operator to a bounded operator by time change, has no
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counterpart in the discrete parameter case. Hence, it will be useful to give a brief
description of such reduction.

Let P(z, A) be a one-step transition function and 6(x, A), the unit distribution
at the point z. Define ¢(x) = 1 — P(z, {z}) and II(z, A) = [¢(x)]"! P(x, A —
{x}). Then the system (g, II) satisfies the equation

(11.5) Pz, A) — 8(z, A) = q(z){l(x, A) — 8(z, 4)}.

We will denote by G (z, A) the above operator. The system (g, IT) is the unique
solution of the equation (11.5), with the additional condition II(z, {z}) = 0.
Then the equation

(11.6) (@ — Q)Ru(z, A) = 6(z, A), a>0
has the unique solution R.(x, A). This R,(x, A) satisfies also the adjoint equation
(11.7) R.(a — Q)(z, A) = 8(z, 4), a>0.

Moreover, R,(z, A) is a substochastic resolvent satisfying conditions (2), (3) and
(5’) of hypothesis (B’).

The corresponding continuous parameter transition function is standa,rd We
will denote by 7 the hitting time of the set E — {z} of the process (z?, {©®, P).
Then [¢(z)]* = E{r} and H(z, A) = P{z® € A}. A measure » or a non-
negative function f, is excessive relative to R.(z, 4) if and only if it is excessive
relative to P(x, A), namely, if v(4) > [ »(dx)P(x, A), or respectively f(z) >
[ f @) P(z, dy). The proofs of all the above results are given in [21]. In particular,
if P(x, A) is transient, then conditions (1) and (4) of hypothesis (B) are also
satisfied and

(11.8) R(z, 4) = lim Ru(z, 4) = io Pr(z, A).
Therefore,
(11.9) M@, 4) = £ P, )/ [ £ P dew)]
n=0 n=0

which is nothing but the Martin dual kernel corresponding to the transition func-
tion P(x, A) in [5], [10]. Moreover, the integrand of the last side of (11.2) turns
out to be

(11.10) = Prw,2)/ T [ P a)ad2),

which is the Martin kernel of P(z, 4).

The above argument applies to discrete parameter Markov processes (that is,
one-step transition functions) over general state spaces. Their corresponding
continuous parameter Markov processes are right continuous and strongly
Markov and proceed with only simple jumps [22]. Eventually we can conclude
that the Martin representation theorem of excessive measures relative to the
discrete parameter transition function P(z, A) over a locally compact separable
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Hausdorff space is valid if P(z, A) is transient and if the kernel > 7_, P*(z, A)
maps C, into C.

Finally we will consider the case when E is a group. If an integrable generalized
resolvent is invariant under translation, namely, R.(z, A) = R.(xy™!, Ay™Y),
conditions (4) and (5) of hypothesis (B) are always satisfied. In particular, if
R.(z, A) corresponds to a standard continuous parameter transition function
P(z, A), or to a discrete parameter one, P(z, A), conditions (2) and (3) are also
satisfied. Therefore, the Martin representation theorem of excessive measures is
valid for every spatially homogeneous transient Markov process either with
continuous parameter or discrete parameter.
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