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ABSTRACT. Casazza and Christensen [Canad. Math. Bull., 51 (2008), 348
358] introduced and studied the reconstruction property in Banach spaces.
In this paper, we discuss different types of convergence of series related to
the reconstruction property in Banach space. First we discuss the uniform
convergence of series associated with the reconstruction property in Banach
spaces. Necessary and sufficient conditions for the uniform convergence of
certain series related to the reconstruction property in Banach spaces are given.
A sufficient condition for a Banach space to be finite dimensional in terms of
the uniform convergence of a series related to the reconstruction property in
Banach spaces is obtained. Motivated by a series of papers by Casazza, we
discuss unconditional convergence of series associated with the reconstruction
property in Banach spaces. A necessary condition in this direction is given. An
absolute type reconstruction property in Banach spaces is also discussed which
depends on the absolute convergence of series related to the reconstruction
property in Banach spaces.

1. INTRODUCTION

Let H be a real (or complex) separable Hilbert space with inner product (., ).
A sequence {fr} C H is called a frame (or Hilbert frame) for H, if there exist
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numbers A, B > 0 such that
AIFIP < I fd Mz < BILFI? for all f € H. (1.1)

The scalars A and B are called lower and upper frame bounds of the frame,
respectively. They are not unique. The inequality in (1.1) is called the frame
inequality of the frame. The operator V : £2 — H defined as

V({er}) = Z crfr, {er} € 6,

k=1

is called the pre-frame operator (or synthesis operator) and its adjoint operator
V* :H — (2, which is called the analysis operator is given by

VE(f) = {{f, fi)} for all f e H.

Composing V' and V*, we obtain the frame operator S = VV* . H — H defined
by
S(f) =Y _{f fu)fi for all f € H.
k=1
The frame operator S is a positive, self-adjoint and invertible operator on H.
This gives the reconstruction formula for all f € H,

f=S57f = Z ANy ( =SS ) R
k=1

The scalars {(S7Lf, fx)} are called frame coefficients of the vector f € H. The
representation of f in the reconstruction formula need not be unique. Today,
frames play important roles in many applications in mathematics, science and
engineering. In the theoretical direction, powerful tools from the operator theory
and Banach spaces are being employed to study frames. An excellent approach
towards the utility of frames in different directions in applied mathematics is
given in the book by Casazza and Kutyniok [!] and in the paper by Heil and
Walnut [22].

Duffin and Schaeffer in [13] while working in nonharmonic Fourier series devel-
oped an abstract framework for the idea of time-frequency atomic decomposition
by Gabor [19] and defined frames for Hilbert spaces. Due to some reason the
theory of frames was not continued until 1986, when the fundamental work of
Daubechies, Grossmann and Meyer published in [I4]. Grochenig, generalized
Hilbert frames to Banach spaces in [20]. Before the concept of Banach frames
was formalized, it appeared in the foundational work of Feichtinger and Grochenig
[17, 18] related to the atomic decompositions. Atomic decompositions appeared
in the field of applied mathematics providing many applications [2]. An atomic
decomposition allow a representation of every vector of the space via a series ex-
pansion in terms of a fixed sequence of vectors which we call atoms. On the other
hand, Banach frame for a Banach space ensure reconstruction via a bounded
linear operator (or synthesis operator). During the development of frames and
expansions systems (redundant building blocks), in the later half of twentieth
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century, Coifman and Weiss in [12] introduced the notion of atomic decompo-
sition for function spaces. Later, Feichtinger and Grochenig extended this idea
to Banach spaces. This concept was further generalized by Grochenig [20], who

introduced the notion of Banach frames for Banach spaces. Casazza, Han and
Larson discussed a deep analysis on frames and atomic decompositions and Ba-
nach frames in [2]. Furthermore, Han and Larson [21] defined a Schauder frame
for a Banach space X to be an inner direct summand (i.e. a compression) of a
Schauder basis of X'. Since a series is associated with the basis (Schauder) of the
underlying space, a natural question about its unconditional convergence arises.
This is discussed in a series of papers by Casazza and Casazza et al. (e.g. see
6, 7, 9]):

Recently, the reconstruction property in Banach spaces was introduced and
studied by Casazza and Christensen in [I1]. The reconstruction property in
Banach spaces were further studied in [26, 28, 30]. The reconstruction property
is an important tool in several areas of mathematics and engineering. As the
perturbation result of Paley and Wiener preserves the reconstruction property, it
becomes more important from an application point of view. The reconstruction
property is also used to study the geometry of Banach spaces. In fact, it is related
to the bounded approximated property (BAP) as observed in [2] and references
therein. In [1 1], Casazza and Christensen gave some perturbation results. In fact,
they develop a more general perturbation theory that does not force equivalence
of the sequences. Some new results regarding perturbation of the reconstruction
property in Banach spaces were discussed in a paper by Kaushik, Khattar and
Vashisht [26]. Casazza and Christensen in [ 1] gave a result which depends on
the unconditional convergence of a series which is related to the reconstruction
property in Banach spaces. More precisely, they characterize the embedding of
the space ¢y in the dual of a Banach space which has the reconstruction property
together with the unconditional convergence of the series related to it. Khattar
and Vashisht in [28] gave a type of the reconstruction property in Banach spaces
which is generated by the Toeplitz matrices and call it the Toeplitz reconstruction
property. They proved in [28] that the standard reconstruction property in a
Banach space can generate the Toeplitz reconstruction property from a given
Toeplitz matrix but not conversely. Furthermore, sufficient conditions on infinite
matrices to have the reconstruction property for a discrete signal space can be
found in [28].

1.1. Plan of the work. The convergence (and mode of convergence) of series
associated with redundant building blocks is important in applied mathematics.
For example, the series associated with frames (reconstruction formula) given in
(1.2) is unconditionally convergent, i.e., convergence independent of the ordering
of frame vectors. The series associated with the sampling formula [5] converges
badly. In particular, it is not absolutely convergent in general. The reconstruction
property (which a redundant system) in Banach spaces provides a series expan-
sions of each vector in the underlying space. It would be interesting to know
about various mode of convergence of series associated with the reconstruction
property in Banach spaces. In this paper, we obtained some new results which
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depends on the mode of convergence of series related to the reconstruction prop-
erty in Banach spaces. We organize the paper as follows: In Section 2, we give
basic definitions and results which will be used throughout the paper. Section 3
deals with the uniform convergence of series associated with the reconstruction
property in Banach spaces. Necessary and sufficient conditions for the uniform
convergence of certain series related to the reconstruction property in Banach
spaces are given. A sufficient condition for a Banach space to be finite dimen-
sional in terms of uniform convergence of a series related to the reconstruction
property in Banach spaces is given. Motivated by a series of papers by Casazza,
a few important among those are [3, 4, 6, 7, 8, 9], we discuss unconditional con-
vergence of series associated with the reconstruction property in Banach spaces
in Section 4. A necessary condition which concerned with the unconditional
convergence of series related to the reconstruction property in Banach spaces is
obtained. In Section 5, we introduce the notion of the absolute reconstruction
property in Banach spaces. Necessary and sufficient conditions concerned with
the absolute reconstruction property in Banach spaces are obtained. Construc-
tion of Banach frames for a class of compact operators on the underlying space
from the reconstruction property are discussed in Section 6.

2. PRELIMINARIES

Throughout this paper X will denote an infinite dimensional separable real (or
complex) Banach space and X* the conjugate space (topological) of X. For a
sequence { fi} C X, the closure of linear span of { f;} in the norm topology of X
is denoted by [fi]. The map 7 : X — X** denotes the canonical mapping from
X into X**. The collection of all bounded linear operator from a normed space
X into a normed space Y is denoted by B(X,Y). By K(X) we denote the family
of all compact linear operator on X. The permutation on N = {1,2,3,---} is
denoted by p. The sign of a scalar (real or complex) denoted by signa is defined
as signa = S—‘ for o # 0 (@ denote the conjugate of «) and signa = 0 for v = 0.

Definition 2.1. [20] Let & be a Banach space and let X,; be an associated Banach
space of scalar valued sequences indexed by N. Let {f}} C X* and S : X; — X
be given. The pair ({f;},S) is called a Banach frame for X with respect to Xy,
if

(1) {fi(f)} € Xy forall feX.

(2) There exist numbers 0 < A < B < oo such that

Allfllx < I{f (N Hx, < Bl fllx for all f e X (2.1)
(3) S is a bounded linear operator such that

SHfE(f)}) = florall feX.

The scalars A and B are called lower and upper frame bounds of the Banach
frame ({f;},S) , respectively. The operator S : X; — X is called the reconstruc-
tion operator (or pre-frame operator) and the inequality (2.1) is called the frame
inequality of the Banach frame. The Banach frame ({f;},S) is called tight, if



CONVERGENCE RELATED TO THE RECONSTRUCTION PROPERTY 257

A = B and normalized tight if, A = B = 1. If for all j € N, there is no re-
construction operator S; such that ({fx}rxj, S;) is a Banach frame for X*, then
({fi},S) is called an exact Banach frame for X.

An F space is a topological space if its topology is induced by a complete
invariant metric.

Proposition 2.2. [15] (pp. 53) Let U, be a continuous map of an F space X
into an F' space Yy, where a is in a set A. If |Us(f +9)| < |Ua(f)| + |Ua(g)| and
\Ua(tf)] = [tUL(f| for all f,g € Xy and for allt > 0. Then, if for each f € X,
the set {U, : o € A} is bounded, the limit ]lciné Un(f) = 0 exists uniformly for all

o€ A.

Proposition 2.3. [10](pp. 27) Let {f,} C X and let Y 7, [, be a series of
vectors in X. Then, the following are equivalent.

(1) If p(.) is any permutation of N; > 0 | fomy = f, f € X.

(2) For each € > 0, there is a finite set Q@ C N such that < €,

f= > 1

J€Qo

whenever Qg C N is finite set such that g D €.

Definition 2.4. [I 1] Let X' be a separable Banach space . A sequence {f;} C X*
has the reconstruction property for X with respect to a sequence { fi} C X if

F=Y_fi(f)fiforal fex
k=1

In short, we will also say that the pair ({fx},{f;}) has the reconstruction
property for X'. More precisely, we say that ({fx},{f;}) is a reconstruction
system for X.

Remark 2.5. An interesting example for the reconstruction property is given in
[11]: Let {f;} C ¢ and {f;} is unitarily equivalent to the unit vector basis
of (2. Then, {f}} has the reconstruction property with respect to its own pre-
dual (that is, expansions with respect to the orthonormal basis). But this family

cannot have the reconstruction property with respect to ¢!, which is the pre-dual
of (.

Definition 2.6. [2] A separable Banach space X" has the A\-Bounded Approzima-
tion Property (i.e. A-BAP), if there is a sequence of finite rank operators {7;}
defined on X such that ||T;]| < A for all ¢ and for every f € X, T;f — f in norm.
We say that X' has the Bounded Approzimation Property (denoted by BAP) if X
has the A-BAP, for some .

The notion of the reconstruction property in Banach spaces is related to the
Bounded Approximation Property(BAP). If {f;}) has the reconstruction prop-
erty for X with respect to ({fx}, then X has the bounded approximation property.
Conversely, if X has the bounded approximation property then there exists a Ba-
nach space A D X with a basis and by using a projection P : A — X we can
find a sequence {g;} C X* such that {g;} has reconstruction property for X with
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respect to { P(e)}x. So, X is isomorphic to a complemented subspace of a Banach
space with a basis. The reconstruction property is also used to study geometry of
Banach spaces [2]. For more results on the bounded approximation property one
may refer to [2] and references therein. An interested reader for approximation
property in Banach spaces may refer to [10, 23, 21].

Definition 2.7. Suppose that {f;} has the reconstruction property for X with
respect to {fi}. Then, ({fi}, {fi}) is said to be

(1) pre-shrinking, if [fi] = X™*.

(2) shrinking, if ({f;},{fx}) has the reconstruction property for X*.

Regarding the existence of Banach spaces which have a reconstruction system,
Casazza and Christensen proved the following result.

Proposition 2.8. [11] There exists a Banach space X with the following proper-
ties:
(1) There is a sequence {fi} such that each f € X has a expansion f =
et @i

(2) X does not have the reconstruction property with respect to any pair

({7}, {hi})-

3. UNIFORM CONVERGENCE RELATED TO THE RECONSTRUCTION
PROPERTY IN BANACH SPACES

In this section, we discuss uniform convergence of series related to the recon-
struction property in Banach spaces. First we discuss the uniform convergence
of a series associated with the reconstruction property on bounded subsets of the
underlying space. In this direction the following theorem gives a necessary and
sufficient conditions for the uniform convergence of a certain series related to the
reconstruction property in Banach spaces.

Theorem 3.1. Assume that {fi} has the reconstruction property for X with
respect to {fr.}. Then, the series

> RN () (3.1)

s uniformly convergent on each bounded set M C X, for all f* € X* if and only
of
lim sup |f*(f) =0,

=0 feMNX™
where X™ = fri1 @ fui2 @ ... (n € N).

Proof. Assume first that the series given in (3.1) is uniformly convergent on each
bounded set M C X, for all f* € A*. Let ¢ > 0. Then, by hypothesis, we can
choose a positive integer n, such that for n > n. and that

sup < €.

feM

> RO

k=n+1




CONVERGENCE RELATED TO THE RECONSTRUCTION PROPERTY 259

Now

> RO

k=n+1

sup [f*(f)] = sup
feMnxn femMm

< €.

Therefore, for every bounded set M C X', we have
lim sup [ f(f)] = 0.

N0 feMNx™

For the reverse part, let f* € X* be arbitrary and assume that
lim sup ()] = 0. (3.2)

—O feMnxn

Define

Ro(f)= > i(H)fs fE€X (neEN).

k=n+1
Then, each R, is a continuous linear operator on X. By using the Banach-
Steinhaus Theorem, we have

sup ||Rn| < oc.
1<n<oo

It follows that for any bounded set M in X', there is a bounded set Q C X such
that R,(M) C Q. This gives R,(M) C QN X". Therefore, by using (3.2), for
each € > 0, there exists a positive integer n, such that

sup |f*(f)] <eforalln>n,.
feonan

We compute

ST RO

sup = sup | f*(Ra(f))]
FeEM k2 feM
= sup [f*(g)]
gERR (M)
< sup [f*(9)|
gGQﬁX"
< €.
Therefore, > 7~ fr(f)f*(fx) is uniformly convergent on each bounded set M C X
for all f* € X*. O

The following proposition gives a type of representation of the conjugate T
of the operator T which is associated with the uniform convergence of a series
related to the reconstruction property in Banach spaces.

Proposition 3.2. Suppose that { f;} has the reconstruction property for a Banach
space X with respect to {fr} and let {gx} C X. Let T' € B(X™*, X*) be given by

T(f) =Y [ (fe — o) fi
k=1
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and let "2 f*(fx — gr) fi converges uniformly on the unit ball Sy~ C X*.
Then

Tomp =Y () — 9r),
k=1

where 7y is given by wp(f*) = f*(f) for all f* € X*.

Proof. By using uniform convergence of the series Y-, f*(fi — gx) f5 on Sy, we
have

sup
fr*ESyx

— 0 as m,n — o0. (3.3)

S - gn)fi
k=m

By using (3.3), we conclude that ">, f(f)(fx — gx) converges for each f € X.
By using the Banach-Steinhaus Theorem, the operator © : X — X" given by

Of) =Y fi(H(fi — o)

1S continuous.
We compute

The proposition is proved. O

3.1. The reconstruction property in finite dimensional Banach spaces.
Now we discuss the reconstruction property in finite dimensional Banach spaces.
It is well known that a finite dimensional Banach space has the reconstruction
property indexed by a finite set. Furthermore, we can construct an infinite se-
quence {f*} in the conjugate space of a given finite dimensional Banach which
admits the reconstruction property with respect to some {f,} in the underlying
space. More precisely, let X be a real (or complex) finite dimensional Banach
space. Then, we can construct an infinite sequence {f} C X* such that {f}
has the reconstruction property for X with respect to some {f,} C X. Indeed, if
dimX < oo, then there exist sequences {h;}? ; C X and {h}}_; C X* such that

f= ihf(f)hz for all f € X. (3.4)
i=1
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Now we define two infinite sequences {f,} C X and {f}} C X* as follows:

1

Jtn2tinye = mhg t=20,1,2,...;
. . [=0,1,....n—1; £E=1,2,...,n
ftn2+ln+§ = hé

Let f € X be arbitrary. Then, by using (3.4), we have

00 oo n—1 n
Z iD= Z Sin2tinse () fin2ine
i=1 t=0 1=0 &=1
o0 n 1
=2 1> g helhe
t=0 ¢=1
= hi(f)he
e=1
— f.

Hence {ff} C X* has the reconstruction property (infinite) for X with respect to
(£},

On the other hand, if X is a Banach space which have the reconstruction
property, then dimension of X need not be finite. It would be interesting to
know what condition(s) we should impose on the reconstruction property for the
Banach space X, so that dimension of X be finite. The answer in this direction
is based upon the uniform convergence of the certain series associated with the
reconstruction property for the underlying space. More precisely, if a certain
series related to the reconstructed property (for X') converge uniformly on the
unit ball of the Banach space X', then dimension of X is finite. The following
lemma provides a sufficient condition for the dimension of Banach spaces (which
possesses the reconstruction property) to be finite.

Lemma 3.3. Assume that {f;} has the reconstruction property for X with respect
to {fx} and with the property that the series i Fi(f) fe converges uniformly on
the unit ball Sxy = {f € X : ||f|| <1}. Then, kd:i;nension of X is finite.

Proof. For each n € N, define ©,, : ¥ — X by

O.(f)=>_ filhfe fEeX.
k=1

Let I : X — X be the identity operator.
We compute

1 = Ol = sup |[f = > fi(F)f
Hﬁ;l k=1
=sup || Y fil(f)f
Hffesxl k=n+1




262 G. KHATTAR, L.K. VASHISHT

— 0 as n — oo.

Now, dim ©,,(X) = dim[f|}_,, which is finite for all n € N. Thus, each O, is
compact, so I is compact. Therefore, the unit ball Sy =I(Sy) is compact. Hence
dimension of X is finite. O

Corollary 3.4. Suppose that { f} has the reconstruction property for the infinite

dimensional Banach space X with respect to {fi}. Then, the series Y fi(f)fx
k=1
never converges uniformly on the unit ball Sx of the Banach space X .

Remark 3.5. Karlin in [27], first observed the result given in Lemma 3.3, in
the context of uniform bases in Banach spaces. Here we generalize it to the
reconstruction property in Banach spaces.

3.2. The reconstruction property and convergence in the w*-topology.
Casazza and Christensen gave a result in [l 1] regarding convergence of series
associated with the reconstruction property in the w*-topology. For completeness
we include its proof.

Proposition 3.6. [L1] Suppose that ({fr},{fi}) has the reconstruction property
for a Banach space X. Then, for all g € X*, we have that the sequence

{Z g(fk)f;?} (3.5)

converges to g € X* in the w*-topology.
Proof. Let f € X be arbitrary. Then,

Jim [{Zg(fk)fl:} (f)] = nh_{{)lozg(fk)f;(f)
k=1 k=1
= lim g (Z f;;"(f)h)
=9 (T}LQOZfZ(f)fk>

=9(f).
The proposition is proved. O

Let us have a look at the weak*-convergence of the sequence given in (3.5). For
all g € X*, we have

g=w"—lim > g(fi)fy
k=1

= w' = i Y (W) 0)

k=1
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where W = 7y, for all £ € N. That is, all the coefficient functionals appearing
in the sequence (3.5) are weak*-continuous. This is not true, in general, for the
reconstruction property for the conjugate space of the underlying space. More
precisely, assume that {W;*} has the reconstruction property for X* with respect
to {fi}. Then, in general, the sequence {¥;*} is not weak*-continuous. That
is, there is no sequence {f;} C X such that 7y, = U;* for all £ € N. This is
discussed in the following example.

Example 3.7. Let X = (co,||.||) and let x; = {0,0,---, 1 ,0,0,0,---} k €

kth
N. Consider a sequence {¥;*} C X** which is defined as follows:

() &+§j Ve £ =g} A,

and

V(") =&, ke N\ {1}, f*={§} c A
Then, {U;*} has the reconstruction property for X* with respect to {f;'}, where

fl X1, fk_( )k+1X1+Xk7 keN\{l}
Indeed, let f = {{;} € X* be arbitrary. Then, for all n € N, we have

n

Z \D;*(f* (61 + Z > X1+ ij ]+1X1 + Xj)
- Z@x] ( Z (— 1)j€j> X1 (3.6)

Jj=n+1
Since f* = {¢;} € A, by using (3.6) we have

=) WU (3.7)
k=1

Therefore, { U}*} has the reconstruction property for X* with respect to { f;'}. But
the system of coefficient functionals appearing in (3.7) is not weak*-continuous.
The reason is that ¥i* is not in 7(X).

4. UNCONDITIONAL CONVERGENCE RELATED TO THE RECONSTRUCTION
PROPERTY IN BANACH SPACES

Definition 4.1. Suppose that {f;} has the reconstruction property for X with
respect to {fp}. We say that ({fc}, {f}) is unconditional, if the series

> R
k=1

is unconditionally convergent for all f € X. That is, if > 7, f;(k)( f)foey con-
verges for all f € X, where p(.) is any permutation of N.
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Example 4.2. Let X = L'(Q,, i), where ©, = N and p is the counting measure
0

and let xx ={0,0,---, 1 ,0,0,0,---} (k € N).
kth
Define {f;} C X* by
&1

fi) =50 =5 F={&} e,

2
and

filf) =&, k>2, f={§ ek

Choose f1 = fo = x1 and fr = xx-1,k > 2. Then, {f;} has the reconstruction
property for X with respect to {fx} which is unconditional.
Indeed, let f = {¢;} € X be arbitrary. Then, for n,p € N, we have

n—+p

=) [&l-
k=n

Now the series Y, |&| converges unconditionally, so is Y, fi(f)fx. Hence
{f#} has the unconditional reconstruction property for X with respect to ({fx}.

n+p

> R

Example 4.3. Consider the Banach space X' = (cg, ||.||0)-
Define {f;} C &* by

fl:(f)z{oa()a()? 75197_5164-17070"”}7 f:{gj}ex (k’GN)

For each k € N, choose f, = Zle Xk, where {x;} is the sequence of canonical
unit vector given in Example 4.2. Then, {f;} has the reconstruction property for

X with respect to {fi}. To show ({f.},{f’}) is not unconditional. Let f € X
be arbitrary. Then, for n,p € N, we have

n+p n+p
S HDA| = sw Zﬁm«
k=n N =

Choose fy = {0,%,0,%,..} € X. Then, for this fy, the series Y .o, f#(fo) is
conditionally convergent. Therefore, the reconstruction system ({f.},{f¥}) is

not unconditional.

Casazza and Christensen proved in [I1] that we can get the reconstruction
property with respect to X*, if the reconstruction property for X holds with
unconditional convergence. More precisely, they characterize the embedding of
the space ¢y in the dual of a Banach space X which has the reconstruction property
together with the unconditional convergence of the series > -, fr(f)fi for all

feXx.

Proposition 4.4. [11] Assume that ({fc}, {fi}) has the reconstruction property
for X and that the series Y-, fi(f)fi converges unconditionally for all f € X.
Then, the following are equivalent.
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(1) For all g € X*, we have

Zg fi) fr-
k=1

(2) ¢, does not embed into X*.

We now discuss necessary conditions for the reconstruction property to be
unconditional. First we give a necessary condition which is related to the conver-
gence of a particular type of the series, derived from the unconditional reconstruc-
tion property. More precisely, assume that { f;} has the unconditional reconstruc-
tion property for X with respect to {fy} and let {£{x} be a sequence of scalars.
It is difficult to say about the convergence of the series (X) = > 7 & f*(fi)]
(f* € X*). A special type of sequence of scalars can be generated by the ac-
tion of {f{} on a certain sequence in X, so that the series (M) converges for all
f* e &*. The following theorem gives a necessary condition in this direction for
the unconditional reconstruction property in Banach spaces.

Theorem 4.5. Assume that {f} has the unconditional reconstruction property
Jor X with respect to { fx}. Let {gn} C X be a sequence such that sup | gn|| < o0

1<n<oo
and let {&} be a sequence of scalars given by & = lim, o fi(gn) (k € N). Then,
the series

DIt (fo)l (4.1)

converges for all f* € X*.

Proof. Let O, = > iy & f*(fi)fF, where ¢, = 1 (i =1,2--- ,n), n € N. First
we show that

(*)

1On.c.

<C, (i=1,2---,n), neN.

Define

n

Ua(f) = D I () (), fe€X (neN).

i=1
Then, for all f,g € X, we have

\Un(f + 9)] fi(f+9)

< VU] + V(g m € N
Similarly for all @ € K, o > 0 and for all f € X, we can show that
[aUn(f)| = [Un(ef)], n € N.

Now {f{} has the unconditional reconstruction property for X with respect to
{fx}. Therefore, for every f* € X*, the series Y oo, f*(fi)fr is o(X*, X) is
unconditionally convergent to f*. Thus, for each f € X, {U,(f) : n € N} is
bounded. Therefore, by Proposition 2.2, limy_,o U, f = 0 exists uniformly in X
for all n € N. Thus, there exists a constant C' > 0 such that
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Z|f (fOfEHI < Ol f|l for all f € X and for all n € N. (4.2)

Since

1©n.c.

— ZQ £:) Zcf (fi)f
< ng%fi)f
i=1

where (; = 1,{{ =0ife =1and (; =0, =1ife,=—-1(:=1,2,3---n),n € N.
Therefore, by using (4.2) in (4.3), we obtain

||®n,ez-|| <C (i: L2 7”); n € N.

Thus, (%) is proved.
For arbitrary f* € X, by using (%), we have

Zm fZI—ZIf (e:&if)

= (signf*(£)&) f(H)E
= lim 3" (signf*(£)&) £ (S ()

n

Z (signf*(fi)ew) f*(fi) fi

=1
( sup (el )
1<k<oo

< lim
k—o00

gl

n

Z (signf™(f:)&) [ (fi) fi

=1

<C sup gl
1<k<o0

< 0.

Therefore, for all f* € X*, the series Y p | |&xf*(fx)| (glvenin (4.1)) is convergent.
The theorem is proved. O

The convergence of a series related to the frames or the reconstruction system
on the unit ball of the underlying space is always interesting. The following
theorem provides a necessary condition for the reconstruction property for X to
be unconditional in terms of the convergence of a certain sequence generated by
the given reconstruction system, over the unit ball of X*. We use certain ideas
developed in [6, 9, 16, 25, 29].
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Theorem 4.6. Assume that {f} has the unconditional reconstruction property
for X with respect to { fr}. Then, for every f € X

lim  sup Z ()] ()] =0
n_wofeX*in—&-l

Proof. Let € > 0 be given. Since {f}} has the unconditional reconstruction
property for X with respect to {f,}. By Proposition 2.3, there exists a finite
subset €2 of N such that

If =" (A < , for all finite subsets Q' C N (€' c Q). (4.4)

e

Define sets

NU(f)={ie{n+1,n+2,---n+m}:Realf*(f;)f7(f) >0}
and

Q(f)={iec{n+1,n+2,---n+m}: Realf*(f;)fi(f) <0},

where n > ng = maxi , m > 1 and f* € Sk~ is arbitrary. Then, by using (4.4),

we have e
n+m
> IRealf*(£:) £ (f)]
i=n-+1

Jj=1 iEQj(f )
2
= Realf* | Y f(f
Jj=1 i€Q;(f)
2
SN DS K
j=1 1€Q;(f)
< F= > FWORE|+F= Do O
j=1 1€Q;(fHuR 1€Q; (fHUQ
< % or all f € Xand for all f* € Sy.. (4.5)
Similarly we can show that
n+m
Z T f*(f:) £ ()] < € for all f € X and for all f* € Sy«. (4.6)
i=n+1

By using (4.5) and (4.6), the theorem is proved. O
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5. ABSOLUTE TYPE RECONSTRUCTION PROPERTY IN BANACH SPACES

Definition 5.1. Suppose that {f;} has the reconstruction property for X with
respect to { fy}. We say that ({fi}, {fi}) is absolute, if the series

el
k=1

is absolutely convergent for all f € X. That is, if >~ || f#(f)fx] converges in
R (the set of all real numbers) for all f € X.

Example 5.2. Let X = L*(Q,, 1), where ©, = N and p is the counting measure
and let y, = {0,0,---, 1 ,0,0,0,---} (k € N).
kth

Define {f;} C &* by

fi(f) =0and fi(f) = &1,k > 1 (f ={} € X).
Choose f; = x1 and fr = xx—1,k > 1. Then, {f;} has the reconstruction property
for X with respect to ({fx} which is absolute.

Example 5.3. Let X = (¢, ||.||o) and let {xx} C X be the sequence of canonical
unit vectors given in Example 5.2. Define {f}} C X* by

fi(f) = & and for k> 1, fi(f) =&, f={§ e X

Choose f; =0 and fr = xx—1,k > 1. Then, {f;} has the reconstruction property
for X with respect to {fx} which is not absolute.

Definition 5.4. Suppose that ({fx}, {f;}) has the reconstruction property for a
Banach space X'. Then, ({fi}, {fi}) is said to be

(1) pre-positively confined, if there exist positive constants « and 3 such that
a < || fell < B for all k € N.

(2) post-positively confined, if there exist positive constants a® and b° such
that

a® < ||fE| <b° for all k € N.
(3) positively confined, if it is both pre and post-positively confined.

The following theorem provides necessary and sufficient conditions for the pre-
positive confined reconstruction property in a Banach space to be absolute.

Theorem 5.5. Assume that {ff} has the reconstruction property for X with
respect to { fi} which is pre-positively confined. Then, ({fi},{fi}) is absolute if
and only if the series Y oo |fi(f)| converges for all f € X.

Proof. Since ({fx},{f}) is pre-positively confined, we can find positive constant
ap and [y such that 0 < ag < || fx]| < G for all k € N.
Suppose first that ({fx}, {fi}) is absolute. Then, for all f € X', we have

S = 30|
k=1 =1 | fxll
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1
<aZ||fk Dl (= 2)

< Q.

For the reverse part, assume that the series >~ | f¥(f)| converges for all f € X.
We compute

Zka fk||—Z|fk ) el

<ﬁOZ|fk )| — 0, as m,n — oc.

Therefore, Y2 || f5(f)fkll converges in R for all f € X. Hence ({fx},{fi}) is
absolute. O]

Remark 5.6. The condition that the reconstruction system ({fx},{fs}) is pre-
positively confined in Theorem 5.5 can not be relaxed.

Remark 5.7. Assume that { f;} has the reconstruction property for X with respect
to {fx} which is positively confined. Then, dual version of Theorem 5.5 can be
proved, provided the dual space of the underlying space admits the reconstruction

property.

The following theorem gives a necessary condition for the reconstruction sys-
tem to be absolute. More precisely, a topological isomorphism can be set up
between the underlying space and ¢, provided {fi} is w-linearly independent,
where ({fx}, {f;}) has the absolute reconstruction property for a Banach space
X. Recall that a sequence {fr} C X is said to be w-linearly independent if
Y rey lex| > 0 is impossible, whenever Y2 ¢ fr = 0.

Theorem 5.8. Suppose that {f;} has the absolute reconstruction property for X
with respect to {fr}. If {fx} is w-linearly independent, then there is a topological
isomorphism of £ onto X .

Proof. Define © : /' — X by

gkfk; 1
O({&}) Z [T {&} el

Then, for all {&.} € ¢*, we have

IO{& I =

= & fi
2 A
<> &l (= & Hle)

< 00.

Therefore, © is a bounded linear operator. Furthermore, Ker® = {0} (where
Ker© denote the kernel of ©) is follows from the fact that {fx} is w-linearly
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independent. To show the ontoness of O, let f € & be arbitrary. Then, f =
Y ore s fi(f) fe. Choose np = f(f)|Ifx]] for all & € N. Then, since ({f¢x},{f;}) is

absolute, we have

Z || = Z £ () fill < o0

Therefore, {n;.} € ¢* is such that

Mk fre
Oltm}) = thn

SO el
I.fx]

M8iM8i

fe () f

—_

I
=T

Thus, © is onto. Therefore, by using the Open Mapping Theorem, O~ is also
bounded. Hence O is a topological isomorphism of ¢ onto X. O

Remark 5.9. If there is a topological isomorphism from a Banach space X onto ¢!,
then X has the reconstruction property. Indeed, let ©g : £! — X be topological
isomorphism. Let {xx} be the canonical unit vector basis (Schauder) for ¢'.
Choose fr, = O¢(xx) and fi(f) = & for all k € N, where f € X and {&} is
the sequence of scalars which appear in the infinite linear expansion of ©5'(f).
Then, {f;} has the reconstruction property for X with respect to {f}.

Remark 5.10. If ({fx}, {f;}) has the absolute reconstruction property for a Ba-
nach space X', then it is unconditional.

The following theorem shows that if X and ) are Banach spaces with absolute
type reconstruction property, then their product X x ) with suitable norm also
has the absolute reconstruction property.

Theorem 5.11. Suppose that ({fx}, {fi}) and ({gr},{g;}) has the absolute re-
construction property for Banach spaces X and Y, respectively. Then, there exists
a sequence {h}} C (X x Y)* such that {h;} has the absolute reconstruction prop-
erty for X x Y with respect to some {hy} C X x Y.

Proof. Let h = (f,g) € X x Y be arbitrary, where f € X, g € Y. Define
{hg} X xYand {hi} C (X xY)Db

h2k—1 - (fk?o) ’ 7

hor(fr 9) = gi(9)
{@kxﬂmz ) e
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Then
h=(f9)
- (Z RGISS g,t(g)gk)

[
(]2 .

k=1

I
NE

hy(h)hy for all h € X x ).

e
Il

1

Thus, {h;} has the reconstruction property for X x ) with respect to {hy}.
Now ({fi},{fi}) and ({gr},{g;}) are the absolute reconstruction property
for X and ), respectively. Therefore, the series Y o || f7(f)fx|l converges for
cach f € X and the series Y~ ||9x(9)gx|| converges for each g € Y. Thus, by
the nature of construction of the system ({hg}, {h;}), the series Y =, [|hi(h)hy|
converges for all h € X x ). Hence {h}} has the absolute reconstruction property
for X x ) with respect to {hy}. O

To conclude the section, we discuss a special type of perturbation of the re-
construction property in Banach spaces. Suppose {f;} has the reconstruction
property for X with respect to {fx}. Then, in general, {f; + (o)} does not has
the reconstruction property for the underlying space with respect to any system
{gr}. The following proposition provides a sufficient condition for a particular
type of a perturbed system to be the reconstruction property for the underlying
space with respect to a certain system.

Proposition 5.12. Assume that { f;} has the reconstruction property for X with
respect to { fr.}. Let € > 0 be arbitrary and let {gi} C X* be a sequence given by

1 1
G = fo— = foiq forall k € N,
g |fk(f0)|+6 g |fk+1(f0)|+€ i
where fo € X is fized. Then, {g;} has the reconstruction property for X with
respect to

k=1

{Z(f;i(fo) + e)fk} ,

Srgi(f)

mgnﬁO as n — oo in the norm for all f € X.
n+1

provided

Proof. Choose g, = Y, (fi(fo) +€)fx for all n € N. Then, for all f € X, we

have

N
29N = 2 SN = e S

— f in the norm as n — oc.
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Therefore, f =3 12, g5(f)gx for all f € X. Hence {g;} has the reconstruction
property for X with respect to {gx}. O

6. FRAMES RELATED TO THE RECONSTRUCTION PROPERTY IN BANACH
SPACES

The reconstruction property in Banach spaces is a source of other types of asso-
ciated redundant reconstruction systems and frames. For example, if ({ fx}, {fi})
has the reconstruction property for X', then we can find a reconstruction operator
S such that F = ({f;},S) is a Banach frame for X. The Banach frame F is
known as a Banach frame associated with ({fx}, {f;}). It would be interesting to
know whether the reconstruction property (may be with additional hypotheses)
provides frames or reconstruction systems for a wider class of Banach spaces. At
present, we focus on the reconstruction property for a Banach space X which is
pre-shrinking. It is observed that this special type of the reconstruction property
is responsible for the existence of Banach frames for a class of compact operators
on the underlying space. Recall that IC(X') denote the family of all compact linear
operators on X. We give a result which provides a construction of Banach frames
for the conjugate of IC(&X') from the pre-shrinking reconstruction property for the
Banach space X.

Theorem 6.1. Assume that X has the pre-shrinking reconstruction property.
Then, there exists a reconstruction operator © such that ({mw(Ag)},©) (where
{Ax} C K(X)) is a Banach frame for IC(X)*.

Proof. Suppose that {f;} has the pre-shrinking reconstruction property for X
with respect to {fi}. Let h € X be a non-zero vector and let f* € X*. Define a
one-dimensional operator T': X — X" by

T(f)=[(fh fei.

Since the reconstruction property ({fi},{fs}) is pre-shrinking, for each ¢ > 0,
we can find index n and 7 such that

€
R
and

€

7= 21 < o
For 7,n € N, define a system of operators 7}, : X — X by
Tin(f) = i (f)fns [ € X
By using (6.1) and (6.2) for all f € X, we have
[ Tin(f) = T(OI = 1117 () fu = f (PRI
=157 fn = FE DR+ [ ()R = (A
< (N = BRI LS = £71D 1]

(6.2)

€

< . € } € h ‘
< ([nf I+ g1l e HhH) 11
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Thus, for all ,n € N, we have
| T — T < 2e.

Therefore, the family of operators {7;,}:, on X is dense in the set of all one-
dimensional operators on X. Also, the span of one-dimensional operators is the
family of all finite-dimensional operators on X. But the family of all finite-
dimensional operators on X is dense in K(X). Therefore, we can find a sequence
{Ar} € K(X) such that Z; = {{m(Ax)(A*)} : A* € K(X)*} is a Banach space
with the norm given by

Hm(AR) (A Hl iz, = [[A Iy A € K(&X)"

Define © : Z; — K(X)* by ©({m(Ax)(A*)}) = A*, A* € K(X)*. Then, © is a
bounded linear operator such that ({Ax}, ©) is a Banach frame for £(X)*. O

Remark 6.2. If {f;} has the pre-shrinking reconstruction property for a Banach
space X with respect to {fi}, then exists a system {A;} C K(X)* and recon-
struction operator S : 24, — K(X) such that ({A}},S) is a Banach frame for
K(X') with respect to Zg,.

To conclude the paper we show that a frame type inequality is satisfied by the
reconstruction property in Banach spaces.

Theorem 6.3. Suppose that {f}} has the reconstruction property for a Banach
space X with respect to {fx} . Then, there exists finite positive constants Ay, By
such that

>

k=1

Aol [l < sup

1<n<oo

< Byl|f*|| for all f* e X*.

Proof. For arbitrary f* € X*, we compute

= sup [P/l

1<n<oco
< sup [Pl (/7]
1<n<oo

= sup [Pl [I/7]

1<n<oo

= Boll./*l, (6.3)

where {P,} is a sequence of finite rank operators on X defined by P,(f) =
Yoy i () fis f € X and By = sup [Py < oo.

1<n<oco
Let € > 0 and f* € X* be arbitrary nonzero functional. Then, we can find f € X

such that || f|| =1 and || f*]| —e < |f*(f)| (note that f < f. +).
For this f, we compute

IS < 1 ()] + €

A (fj f;i‘(f)h)

sup
1<n<oo

S U
k=1

+e€
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n—oo

= lim | > f(fi)fi | ()| +e
k=1

1<n<oo

< swp ([ SSrU0f ) ()] +e
k=1

< sup | US| I+ €
k=1

1<n<oo
= sup Zf"‘(fk)f,;k +e. (6.4)
1<n<oo k=1

Note that (6.4) is also true for f* =0
Since € > 0 and f* € X* were arbitrary. Therefore, by using (6.4), we have

[f*]] < sup e || - (6.5)
! k=1

<n<oo

By using (6.3) and (6.5), with Ag =1 and By = sup ||P,||, we have

1<n<oco

Aol < sup (1Y F () fi|| < Boll £l for all f* € &,

1<n<oo k=1
The theorem is proved. [l
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