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ABSTRACT. In this paper, we prove that if X is a separable space and X* is a
locally 2-uniform convex space, then for any 0 < € < 1, there exist sequences
{z, 1102y and {z}, 5}5% of strongly extreme points such that
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is a ball-covering of X*. Moreover, we also prove that if (1) X is a separable

space; (2) X is a locally 2-uniform convex space; (3) X is a uniformly nonsquare

space, then there exists a sequence {z,}52; of strongly extreme points such

that (EJol B(zy,ry) is a ball-covering of X.
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1. INTRODUCTION AND PRELIMINARIES

Let (X, -]]) be a real Banach space. S(X) and B(X) denote the unit sphere
and unit ball, respectively. By X* denote the dual space of X. B(z,r) denote the
open ball centered at o and of radius r > 0. C denote closed hull of C. dist(z, C)
denote the distance of z and C. Let N, R and R™ denote the sets of natural
number, reals and nonnegative reals, respectively.

The study of geometric and topological properties of unit balls of Banach spaces
plays a central rule in the geometry of Banach spaces. Almost all properties
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of Banach spaces, such as convexity, smoothness, reflexivity and the Radon—
Nikodym property, can be viewed as properties of the unit ball. We should
mention here that there are many topics studying behavior of ball collections.
For example, the Mazur intersection property, the packing sphere problem of
unit balls, the measure of non-compactness with respect to topological degree,
and the ball topology have also brought great attention of many mathematicians.

Starting with a different viewpoint, a notion of ball-covering property is intro-
duced by Cheng in [3].

Definition 1.1. A Banach space is said to have the ball-covering property if its
unit sphere can be contained in the union of countably many balls off the origin.

In [2], Cheng proved that if X is a locally uniformly convex space and B(X*)
is w*-separable, then X has the ball-covering property. In [4], Cheng and Liu
proved that by constructing the equivalent norms on [*°, there exists a Banach
space (I°°, || - ||°) such that (I°°,]| - ||°) has not the ball-covering property. In [7],
it was established that for every € > 0 every Banach space with a w*-separable
dual has an 1 4 e-equivalent norm with the ball-covering property.

Let us recall some geometrical notions which will be used in the further part
of the paper.

Definition 1.2. A Banach space X is said to be uniformly nonsquare if for any
x,y € S(X), there exists § > 0 such that min{||z + y||, ||z —y||} <2 —0.

Definition 1.3. A point z € S(X) is said to be a strongly extreme point if for
any {z,}2, C X, {yn}22, € X with ||z, — 1, ||lyn|| — 1 and 22 = z,, + y,,
there holds ||z, — y»|| — 0 as n — oo. The set of all strongly extreme points of
B(X) is denoted by SEztB(X).

F. Sullivan defined the locally k-uniform convex spaces in [14]. 1. Singer defined
the k-strictly convex spaces in [13].

Definition 1.4. A Banach space X is said to be locally k-uniform convex if for

any © € S(X), € > 0, there exists d,. > 0 such that xy,--- ,z, € S(X) and
|lz+x1 + - +xkl| > k+1— 0, implies
1 1 1
Az, 21, ,x5) = sup zi(z) aj(w) -0 27(w) <e
sreS(X")
e | ap(r) ap(en) oo wp()

Definition 1.5. A Banach space X is said to be k-strictly convex if for any
k+ 1 elements xy,z9,- -+ , 2541 € S(X), if |21 + 22 + -+ + 2k 41]| = £+ 1, then
X1, To, - ,Try1 are linearly dependent.

It is well known that if X is locally k-uniform convex, then X is k-strictly con-
vex. Clearly, every separable space has ball-covering property, but the converse
version is not true. Moreover, there exists a separable space X such that X* is
not separable. It is very natural to ask in which separable Banach spaces X, X*
has the ball-covering property. In this paper, we prove that if X is a separable
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space and X* is a locally 2-uniform convex space, then for any 0 < ¢ < 1, there
exist sequences {z}, ;}o2; and {z, ,}72, of strongly extreme points such that

) 1 1 Ty, + @y,
S(X*) C U S B(zh,,1—2e) UB(a),,1 — —e) UB(———"2¢) ¢ .
n=1 ’ 8 8 2
Moreover, we also prove that if (1) X is a separable space; (2) X is a locally
2-uniform convex space; (3) X is a uniformly nonsquare space then there exists

a sequence {x,}> | of strongly extreme points such that U B(zp,ry) is a ball-

covering of X. The topic of this paper is related to the toplc of [1]-[12].

2. MAIN RESULTS

Theorem 2.1. Suppose that X is a separable space and X* is a locally 2-uniform
convex space. Then for any 0 < & < 1, there exist sequences {w}, }7°, and
{2 40, of strongly extreme points such that

Sy c O {B(x;;,lﬂ S UB( n2,1—%5)UB(W,5)}.
Proof. (a) First we will prove that for any € S(X), if 2} () — 1, then {z}}>°,
has a Cauchy subsequence. Suppose that {z}}>°, has not Cauchy subsequence.
Then {z}}7°, is not relatively compact. Hence there exists g > 0 such that
{z}}22, has not finite gg—net. Pick 2* € A(z) = {z* € S(X*) : z*(x) = ||z|]| =
1}. We claim that there exist x7,; € {x;};, and 27, € {7, };2, such that

diSt<IT,27span{$*vxil}) > Z

Otherwise, for any z, we have dist(x},span{z*, 27)} < £0/4 whenever n > 2.
Then there exists y! € span{z*, x7} such that
£
g — vl = dist( spane*. a7)) < 2.
It is easy to see that {y}}>2, is a bounded sequence. Then {y}}>, is relatively
compact. This implies that {y*}>°, has a finite gg/4—net. By |z} — v}| <
€0/4, we obtain that {z}}>°, has a ﬁmte go—net, a contradiction. Hence there
exist 3, € {a7}ol, \ {#],,27,} and 23, € {xn} 21\ {271,272} such that
dlst(:rm,span{:c T3.}) > 50/4

] * * | OO * * * * * *
Generally, there exist zj,; € {zx}>0\ {x1,1»$1,2ax2,17x2,2’ e 7In—1,17‘rn—1,2}
* * o0 * * * * * *
and Tpo € {z 30\ {551,1» L12:T21:%292," " s Tp—11> xn—l,Z} such that
€o

dist (1, span{a”, 25, 1) > 2.

* o)
Hence we define two sequences {an}n:1 and {%72}”:1. Moreover, we may as-
sume that

n1t :1:;2H > x"(z) + ;1 (7) + 1 5(x) — 3 as n — o0,

riHah,|| — 3 asn — oo Since {2},}32, has not
Cauchy subsequence, there exists 7 > 0 such that n = inf {||z} — 2*|| : n € N}.



LOCALLY 2-UNIFORM CONVEXITY AND BALL-COVERING PROPERTY 45

By Hahn-Banach theorem, there exist x", € S(X**) and z;%, € S(X**) such that

x;kz*l('r*) =0, 151*1*1@;1) > (2.1)
and
xn,Q(x ) - 07 mn,Q(zn,l) = 07 wn,Q(xnﬂ) > Z (22)
Therefore, by (2.1) and (2.2), we have
1 1 1 -
%% * *ok * ok * o * 0
A($ 7xn,27xn,3) Z xn,l(‘r ) xn,1<xn,1) xn,l(xnﬂ) Z ZT/a
Tho(z*) mh(an ) 2nh ()

contradicting the locally 2-uniform convexity of X*.

(b) Let {2;}%2, C A(z). Then zj(x) = 1. By the proof of (a), we obtain that
{z:}%2, has a Cauchy subsequence. Moreover, it is easy to see that A(x) is a
closed set. Hence A(z) is compact.

We will prove that for any = € S(X), the set A(x) is a line segment or a
singleton. In fact, for any z] € A(x), 5 € A(x) and 2§ € A(z), we have

[T + 25 + w3 = (2] + 23 + 23)(2) = 3 = [Ja7]| + [l + (3]l -
Hence ||z} 4+ x5 + 25| = ||z7||+ |5 +|25]]. Since X* is locally 2-uniform convex,
X* is 2-strictly convex. Hence we may assume that x5 = t127 + te25. Thus
1 =zi(x) = (trx] + terd)(x) = tyz](x) + taxs(x) =ty + to.
Since A(z) is compact, there exist yf € A(x) and y; € A(x) such that

d(z) = sup {[|lz* —y*|| - 2" € A(z),y" € A(x)} = |y — wall -

For clarity, we will divide the proof into two cases.

Case I. Let yf = y5. Then A(x) is a single-point set.

Case II. Let yj # y3. Then, for any y* € A(z), if yf = ty* + (1 — t)y3,
then ¢ # 0. Otherwise, we have y; = y5. Hence, for any y* € A(z), we have
y* = ayi + (1 — a)y;. Suppose that a < 0. Then

* * * * 1 * -
y:ay1+(1—a)y2:>y2=my +1—ay1
Hence
* * * 1 * —« * —« * * * *
b —wall = lvi = T—ov" — 7o ¥i|| = 7= Wi — 'l < llyi = w7l

a contradiction. Similarly, we have 1 — a > 0. Thus « € [0, 1]. This implies that
for any x € S(X), there exist z7 , € A(x) and 3, € A(x) such that

Alx) = [21 5,05, = {27 27 = Awp, + (1 = Mag,, A € 0, 1]}
(c) We will prove that for any n € N, zj, , and z;, , are strongly extreme points.

Let 2z} | = y; + z;, lim [Jy;|]| =1 and lim ||2{]| = 1. Since
’ k—o0 k—o0

2 = 95, () = vi(ea) + 2 (en), Jim il = Land Jim 2] =1, (23)
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we have

2 = limsup(yz(z,) + 25(z,)) < limsupy;(z,) + limsup z;(z,) < 2. (2.4)

k—00 k—oo k—o0
Therefore, by (2.3) and (2.4), we have limsupy;(z,) = 1. Hence there exists a

k—o0

subsequence {k;} of {k} such that lim y; (z,) = 1. By the proof of (a), there

exists a subsequence {k;} of {k;} such that {y; }72, is a Cauchy sequence. Let
Yy = llim Yi,- BY 27, = yi + 2, we obtain that {2} }12, is a Cauchy sequence.
—00

Let z* = zllglo zy,- Then [[y*|| = [|2*|| = 1 and 22}, , = y* + 2*. Since

2= 2:(;7*171(1'”) =y (zn) + 2% (zn) <14+ 1=y (z,) = 2" (x,) = 1,
we have y* € A(z,) and 2* € A(z,,). By A(z,) = [z, 1,7}, 5], we have y* = 2* =
z, 1. Then klim Yi = ;1. Otherwise, there exist § > 0 and a subsequence {n;} of
—00

{n} such that Hy};j -5 H > . By the previous proof, there exists a subsequence

*
n,1»

{nn} of {n;} such that f}inso Yr, = Tn1, a contradiction. By 2z, = y; + zj;, we

have lim z; =z ;. Hence 7 ; is a strongly extreme point. Similarly, we obtain

k—oo
that z7, , is a strongly extreme point.

(d) For any 0 < e < 1 and n € N, we define open balls

* *
wn,l + xn,Q 1

, =E).

B
(@ 2 2

1 1
w1 L — ZE)’ B(z) 4,1 — 15) and B(

n,2’

We claim that if lim sup dist(A(z,,), y*) < £/16, then

n—oo

0o 1 1 l':; 1T x;kL 5 1
* Bz, 1—- Bz, 1— - B(———=, - .
ve BBt - jU B - 1 u B o)
In fact, since lim sup dist(A(z,),y*) < £/16, there exists natural number ny such

n—oo

that dist(A(x,,),y*) < e/12. Since A(z,,) is compact, there exists z5 € A(z,,) =
(%7015 Ty o] such that dist(A(zn,),y") = |ly* = zll < /12, TF [lz5 — (27,1 +

xh9)/2]] <e/4+¢e/11, then
x;o,l + 1:;;072 x:lO;l + x;0:2
2 2

This implies that y* € B((leo’1 —i—x;‘m,z)/Q, £/2). Since z§ € [9520,17 (1’20714—1’;072)/2]

or z5 € [(z, 1+ 25, 2)/2, 2}, 0, ], We may assume that 25 € [z} 1, (25 +25,5)/2].

* * * * * 3
mol — Tnoo|| < 2, we have H:pno,l — (xno’l—l—xnog)/QH < 1. Hence, if

25— (a1 + x;072)/2H > e/4+¢/11, then

Y- < ly" = zoll + ||z0 —

|
—_
\\}
=~
—_
—_
Do M

Since Hw

|

« {lf* 71_‘_3:* 72 .’L'* 71 —|—£B* 72 £ &
(B = 9520,1—% _ Z;_% <1---—
This implies that
ly™ — @l < Nl = 2l + |2 = 2pa | S 5 +1 -2 == <1— -
no, = nos i — 19 4 11 4

Hence y* € B(x;, ,,1—¢/4).
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(e) Let d(z) = sup{||z* — y*|| : 2* € A(z),y* € A(x)} and d = sup{d(x) : = €
S(X)}. Tt is easy to see that there exist dy,ds, ..., d,, € (¢/32,d) such that
€ € €

(dy — (32)2,d1 - W)U’ s U(dy, — @, m + (32)2) D (3—2,d)
Put
H: _ {IE* = A(qj),dZ — (32)2 < d(l’) <d; + @},
H, = {:L‘ € S(X):d; — (32)2 <d(z) <d; + (32)2}
and

H= {xES(X):d(x) < ;—2}

for any 1 <1i < m. It is easy to see that H, U...UH,, UH = S(X). Next we will
prove that for any y* € A(x), we have
00 1 1
(TS U {B(x* 1- 15) U B(x,5,1 — 15) U B(

n,1»

I;,l +$2,2 1 )
5 158)
For clarity, we will divide the proof into two cases.
Case I. Let = € H;, where i € {1,2,...,m}. By the proof of (b), we have
A(r) =[] ., ¥5.,]. We define a open set

* g
UA(ac): U B(l‘ s )

2
T*EWYT LoY5 . (32)

Since {x,}>°, is a dense subset of S(X), there exists a subsequence {z,;}7>; of
{xn}22, such that {z,,,;}>°, is a dense subset of H;. We may assume, without loss
of generality, that z,,; — 2 as n — oo. Then there exists natural number N; such
that A(z,;) C Uaw) whenever n > N;. Otherwise, there exists a subsequence
{nx} of {n} such that A(x,, ;) € Usw). Then there exists y; ; € A(zy, ;) such
that y» ; & Ua). Since

‘y;kz(x) - 1‘ = ‘y;kz(x) - Z/;kz<xnw)|
< Mynill llens — |
< |lzp,i —z|]| =0 as k— oo,
by the proof of (a), there exists a subsequence {y;; ;}72, of {y; ;}2, such that

{yn,i}i21 converges to a point of A(x). Which contradict y;;, ; & Ua(,). We claim
that lim sup dist(A(2,,), y7 ,) < €/16. Otherwise, there exists a subsequence {n; }

n—oo

of {n} such that klim dist(A(zn,.i), ¥7 ,) > €/16. Hence we may assume that
o |

| i
Then A(xy, i) = (Y7 (1), ¥5..(n1)] C Uag). According to the definition of Uy,
there exist 27, € [yf,,¥5,] and 25, € [y ., ¥5 ] such that

|

Vi =)l 2 150 i - )] 2 15 and om> N (25)

(2.6)

o=l < gz a0 o= i) < o
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Therefore, by (2.5) and (2.6), we have

2t = vitall 2 iatm) = vl = 12t = wiato)] > 15 - (3;2
and
||Z;,x - yix” > Hy;,x(nl) - yiazH - ||Z;,x - ny H fe 32)

By zf, € [Yi . ¥5.) and 23, € [y} ., ¥5,.], we may assume, without loss of gener-

ality, — Y.l — ’ — 21 ,||- Hence
* * * * * * € € £
} Rz — Z2,:p‘ = 1”2 — Y12|| — | Na — A1z } <d;+ @ - (1_6 - (32)2>‘ (2.7)
Therefore, by (2.6) and (2.7), we have
Hyix(nl) y2x n || < Hyix<n1) - Zim” + Hzix - z;,xH + H’Z;,x - y;,z(n1>H
< L+d.+L_(i_ < )‘l— <
T2 T (32 16 (327 (32)°
< di—=.
32
ByxEHandH*:{ ot € Alx),d; —e/(32)? < d(z) < d; +¢/(32)%}, we
have ||y;,(n1) (m)|| > di — 6/ 32 , a contradiction. Similarly, we have
2

Y.z
lim sup dist(A (:cm) ) <¢e/16. Since A(xnyi) is compact, by

lim sup dist(A(2,,), 97 ,) < % and limsup dist(A(zn,), ¥5,) < 186
there exist y, ; € A(z,;) and y, , € A(z,,;) such that
: * * € . * *
limsup ||ys 1 — yi.|| < = and limsup||yi, —vs.|| < =- (2.8)
n—00 16 N—00 16
Moreover, for any y* € A(z), there exists a € [0, 1] such that
v =y, + (1= a)ya, (2.9)
Therefore, by (2.8) and (2.9), we have
lim sup Hay;km + (1 - O‘)QZ,Q -y
= limsup [|ay;; + (1= )y, —ayi, + (1 —a)y;
< limsup Hyzl = yfo + limsup(1 — «) Hy;g - nyH
£ € €
< a—t(l-a)— ==
S TR TR T:
By ay; , + (1 —a)y; 5 € A(2n,), we have limsup dist(A(z,.:),y*) < €/16. By the

n—oo

proof of (d), we obtain that if y* € A(z) = [y] ,, %5, then there exists n € N
such that

1 1 Tpa+ 2oy 1
B 1— B 1—- B(———=, —¢).
y € (n17 4 )U (n27 4E)U ( 2 726)
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Case II. Let € H and A(z) = [} ,, 23 ,]. We define a open set

UA(J:) - U B(I*7 2)'

arel=] 1025 .

3
(32)

Since {z,}7°, is a dense subset of S(X), there exists a subsequence {y,}2°, of
{z,}5, such that {y,}°, is a dense subset of H. We may assume, without loss
of generality, that vy, — = as n — oo. Then there exists natural number Ny such
that A(y,) C Ua(y) whenever n > N,. Moreover, by the definition of Ua,y, it is
easy to see that

£

lim sup dist(A(yn), 21 ,) < 16_6 and  limsup dist(A(yn), 25 ,) <

Analogous to the proof of Case I, we obtain that if y* € A(z) = [2],, 25 ,], then
there exists n € N such that
xZ,l +x;2 1 )
5 1 5€)-
(f) It is easy to see that for any 0 > 0, there exists n € (0,1) such that
(25(1—m))/(4(bn —1)) <6. If 2 € {z* € X* : ||z" —nz*|| < (1 —n)/4}, then
(5n—1)/4 < ||z*|| < (3n +1)/4. Hence

y* € B(z,

n,1»

1 . 1
1-— 4—15) U B<mn,27 1-— ZE) U B(

* * * *

‘ z A< ’ 2 x '+’ x .
—z*|| < - —x
[l [Fead | [l | [Edl
N ES NP IR
[Ecad | |l | [Ecad | N[l | [l
1 1 1
= — I =n" |+ (=m0 + (G — D llz"|
2% [Ecal | | E
1—n 4 4 4
< —1 (- + 1
S R Sl Sl Sl e Y
25(1 —
= 2501 =) 77)<5.
4(5n —1)

By Bishp-Phelp theorem, there exist 2 € X* and 2z, € S(X) such that zi(z9) =
25|l and 25 € {z" € X* ¢ ||z —na*|| < (1 —n)/4}. Let y5 = 25/||25]]. Then
yo(z0) = 1 and ||z* — y§|| < . This implies that for any z* € S(X*), there exists
a sequence {y:}>, C S(X*) such that y; — z* as n — oo, where y is norm
attainable on S(X). For any n € N, we define open balls
1 1 Tyt @,
B(‘T:; 1 1- _€>> B(‘x:;Qa 1— _8) and B(M’&?)
’ 8 ’ 8 2
By the previous proof, we obtain that for any z* € S(X*), there exists z* € S(X*)

such that ||z* — 2*|| < /16, where z* € S(X*) is norm attainable on S(X).
Moreover, by the previous proof, there exists £ € N such that

* *
Tpa T T 1

z 6B<xk71a1_15)UB($k,271_Zg)UB( 5 ,25)
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Hence, if 2* € B(x} ;,1 —¢/4), then

[ +Hx*—z*H<1—§+i<1—§.
ol - e 416 8
Similarly, we obtain that if z* € B(z},, 1 — €/4), then ||z}, — 2*|| < 1 —¢/8.
Moreover, if 2* € B((z}; + 7;5)/2,€/2), then
Tpi T Tho Tpi T T, « €
5 < 5 2+ |le” — 27| 5t 16 <¢

This implies that

. 1 1 Tyq + 2,
S(X)c U {B(x;l, 1= 28) UB(,5,1 - ce)U B(M,e)} .

2
This completes the proof. O

By Theorem 2.1, it is very natural to ask whether for any separable space X,
if X* is a locally 2-uniform convex space, then there exists a sequence {z}°° , of

strongly extreme points such that fjl B(z},r,) is a ball-covering of X*. Unfor-

tunately, it is not true.

Example 2.2. Let (B2 [I],) = {(z,y) : 2,y € R,[[(z,y)ll, = |z + |y} and
(R%||ll) = {(x,y) - 2,y € R, ||(z,y)|, = max(|z|, |y|])}. It is easy to see that
(R%||I1)* = (B3, |I]l.) and (R%,]|-|l..) is locally 2-uniform convex. Moreover, it
is easy to see that

{(1’ 1)7 (1? _1)7 (_17 _1)7 (_L 1)} = SE:L‘t(B((RQ, HHOO)))

Suppose that there exist 0 <r; <1, 0<r, <1, 0<7r3 <1and 0 <ry <1 such
that

S((R% ) € B((1,1),m1) U B((1, =1),75) U B((=1, =1),73) U B((=1,1),74).
It is easy to see that

(0,1) ¢ B((1,1),m)UB((1,—1),r9) UB((—=1,—-1),73) U B((—1,1),74),
a contradiction.

We next will prove that in which Banach spaces, there exists a sequence {7},
of strongly extreme points such that ole B(x},ry,) is a ball-covering of X*. First
n=

we define a geometric constant

H(X) = sup {a” — y']| 12" € Ala).y" € A(w))

Proposition 2.3. Banach space X is smooth if and only if H(X) = 0.

Proof. By the definition smooth space, it is easy to see that the Proposition is
true. This completes the proof. OJ
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Theorem 2.4. Suppose that
(1) X is a separable space;
(2) X* is a locally 2-uniform convex space;

(3) H(X) < 2

Then there ezists a sequence {x}}>° | of strongly extreme points such that S(X*) C
OleB(:c;,rn) and sup{r,} < 1.

Proof. Let 2h = H(X) < 2 and A(x,) = [z}, 1,7}, 5], where {z,,}72, be a dense
subset of S(X). By Theorem 2.1, we obtain that x;, and z, are strongly
extreme points. For any n € N we define open balls

3 3 1
We claim that if limsup dist(A(xn),y*) < (1- h)/16, then there exists n € N
such that o 31 31
B(z —h)U B(x —h).
In fact, since limsup d1st(A(xn),y ) < (1—h)/ 16, there exists natural number

n—oo

ngo such that dist(A(zy,,),y*) < (1 — h)/15. Since A(x,,) is compact, there exists
2* € Axp,) = [xF 4,28 5] such that dist(A(z,,),y*) = ||z —y*|| < (1 —h)/15.

no,17 ““ngp,2

Then g
z* = nolH <3 +3h or :LOZH <§+§h
Otherw1se ”Z _In = n2|| = 2/3+h/3. Noticing that
Hxno 1 n071H + HZ — ) 4|, we have
H(X> = Hxnol ’:,0,2“
- no,lH + HZ* - 55;072”
2 1 2 1
> §+§h+§+§h>2h,
o 1” < 2/3+h/3. Then
X « 1—h 2 3 1
y =l <y - [ Ly < <i+3h
This implies that
3 1 3 1
y* € B(z n01,4+1h)uB( n02,4+4h)

Analogous to the proof of Theorem 2.1, we obtain that if y* € S(X*) is norm
attainable on S(X), then there exists n € N such that
3 1
—h).
+10)

3 1
y EB( n17_+ h’)UB( n2’4

4 4
Analogous to the proof of Theorem 2.1, we obtain that

4 4 1
X* B(x h)U B(x —h).
S( )CU (n1,5—|—5)U (n275+5)

This completes the proof. O
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Theorem 2.5. Suppose that
(1) X is a separable space;
(2) X is a locally 2-uniform convex space;
(3) X is a uniformly nonsquare space.
Then there exists a sequence {x,}5°, of strongly extreme points such that S(X) C

OleB(:cn,rn) and sup{r,} < 1.

Proof. Since X is uniformly nonsquare, we obtain that X is reflexive. By Theo-
rem 2.4, we just need to prove that H(X*) < 2. Since X is a uniformly nonsquare
space, then for any z,y € S(X), there exists 0 > 0 such that min{||z — y||, ||= + y||}
< 2 — 6. Moreover, for any z,y € A(xz*), we have

22 |z 4yl =z 2"z +y) =2"(z) +27(y) = 2.

Then
H(X")= sup {|lz —y| :x € A(z"),y € A(z")} <2- < 2.
rreX*
This completes the proof. Il
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