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CO-EP BANACH ALGEBRA ELEMENTS

JULIO BENITEZ!, ENRICO BOASSO*2 AND VLADIMIR RAKOCEVIC?

Communicated by M. S. Moslehian

ABSTRACT. In this work, given a unital Banach algebra A and a € A such
that a has a Moore-Penrose inverse af, it will be characterized when aat —afa
is invertible. A particular subset of this class of objects will also be studied.
In addition, perturbations of this class of elements will be studied. Finally, the
Banach space operator case will be also considered.

1. INTRODUCTION AND PRELIMINARIES

A square matrix A is said to be EP if N (A) = N (A*). This notion was in-
troduced in [34] and since then many authors have studied EP matrices. Since a
necessary and sufficient condition for a matrix A to be EP is the fact that A com-
mutes with its Moore—Penrose inverse, the notion under consideration has been
extended to Hilbert space operators and C*-algebra elements, see for example
14, 11, 18, 19, 20, 15, 16, 1].

In the context of Banach algebras the notion of Moore-Penrose inverse was
introduced by V. Rakocevi¢ in [31] and its basic properties were studied in [31,
32, 26, 6]. In the recent past EP Banach space operators and EP Banach algebra
elements, i.e., Moore—Penrose invertible operators or elements of a Banach algebra
such that they commute with their Moore—Penrose inverse, were introduced and
characterized, see [6, 7, 8, 27].

The main object of this work is to study a complementary class of object,
the co-EP Banach algebra elements, i.e., the Moore-Penrose invertible elements
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a € A such that aa' — a'a is nonsingular, where A is a Banach algebra, a € A
and a' denotes the Moore-Penrose inverse of a. This class of objects were studied
for matrices ([2, 4]), for C*-algebras ([3]) and for rings ([5]). In section 2, co-EP
Banach algebra elements will be characterized. In addition, it will be also given
necessary and sufficient conditions that ensure the nonsigularity of aa’ + a'a,
a € A, A a unital Banach algebra. Moreover, co-EP Banach space operators
defined on finite and infinite dimensional Banach space will be also studied. On
the other hand, in section 3 a particular set of co-EP Banach algebra elements
will be characterized and in section 4 perturbations of co-EP elements will be
considered.

It is worth noticing that since aa’ and a'a are idempotents, characterizing co-
EP elements is related to the following problem: given two idempotents p and ¢,
find conditions that ensure the nonsingularity of p — ¢. This problem was studied
in different frames and by many authors, see for example [36, 30, 12, 13, 21, 22,
23, 24].

It is also important to observe that due to the lack of an involution on a
Banach algebra, and in particular on the Banach algebra of bounded and linear
maps defined on a Banach space, the results presented in this work give a new
insight into the cases where the involution does exist. In fact, the results and
proofs presented do not depend on a particular norm, the Euclidean norn, but
they hold for any norm. In particular, the results considered in this work also
apply to co-EP matrices defined using an arbitrary norm on a finite dimensional
vector space.

From now on X will denote a complex Banach space and £(X',)) the Banach
algebra of all bounded and linear maps defined on X with values in the Banach
space ). As usual, when X =), £(X,)) will be denoted by £(X). Let I denote
the identity map of £(X). In addition, if 7" € £(X,)), then N(T) C X and
R(T) C Y will stand for the null space and the range of T respectively.

On the other hand, A will denote a unital complex Banach algebra with unit
1 and A~! will stand for the set of all invertible elements of A. If a € A, then
Ly, A — Aand R,: A — A will denote the map defined by left and right
multiplication respectively:

L,(z) = az, R.(x) = xa, (x € A).

Moreover, the following notation will be used: a=(0) = N (L), aA = R(L,),
a_1(0) = N(R,) and Aa = R(R,). Observe that a € A~! if and only if L, €
L(A)~L.

Recall that an element a € A is called regular, if it has a generalized inverse,
namely if there exists b € A such that

a = aba.

Furthermore, a generalized inverse b of a regular element a € A will be called
normalized, if b is regular and a is a generalized inverse of b, equivalently,

a = aba, b = bab.
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Note that if b is a generalized inverse of a, then bab is a normalized generalized
inverse of a. What is more, when b € A is a normalized generalized inverse of
a € A, ab and ba are idempotents and the following identities hold:

abA = aA, (ab)~1(0) = b1(0), Aab = Ab, (ab)-1(0) = a_(0),
baA = bA, (ba)~1(0) = a1(0), Aba = Aa, (ba)-1(0) = b_1(0).
Recall also that
(1 —ab)A = (ab)~1(0), A(1 — ab) = (ab)_1(0),
(1= ba)A = (ba)~1(0), A(1 = ba) = (ba)_1(0).

Next follows the key notion in the definition of the Moore—Penrose inverse in
the context of Banach algebras.

Definition 1.1. Given a unital Banach algebra A, an element a € A is said to
be hermitian, if || exp(ita) ||= 1, for all t € R.

As regard equivalent definitions and the main properties of hermitian Banach
algebra elements and Banach space operators, see [10, 17, 25, 28 35]. In the
conditions of the previous definition, recall that if A is a C*-algebra, then a € A
is hermitian if and only if a is self-adjoint, see [10, Proposition 20, Section 12,
Chapter I]. Furthermore, H = {a € A: a is hermitian} C A is a closed linear
vector space over the real field ([35], [17, Theorem 4.4, Chapter 4]). Since A is
unital, 1 € H, which implies that a € H if and only if 1 — a € H.

Now the definition of Moore-Penrose invertible Banach algebra elements will
be recalled.

Definition 1.2. Let A be a unital Banach algebra and consider a € A. If there
exists © € A such that x is a normalized generalized inverse of a satisfying that
ax and xa are hermitian, then x will be called the Moore—Penrose inverse of a,
and it will be denoted by af.

Recall that according to [31, Lemma 2.1], given a € A, there is at most one
x € A satifying the conditions of Definition 1.2. In addition, recall that even for
matrices with an arbitrary norm, the Moore-Penrose inverse could not exist (see
(6, Remark 4]). Let A" denote the set of all Moore-Penrose invertible elements
of A. As regard the Moore—Penrose inverse in Banach algebra, see [0, 26, 31, 32].
For the original definition of the Moore—Penrose inverse for matrices, see [29].

Given a € A such that af exists, a € A is said to be EP, if aa’ = a'a. EP
elements in Banach algebras have been considered in [6, 7, 8, 9, 27]. Next the
objects that will be studied in this article will be introduced.

Definition 1.3. Let A be a unital Banach algebra and a € Af. The element a
will be said to be co-EP, if aa' —afa € A7

Given a unital Banach algebra A, the set of all co-EP elements of A will be
denoted by AZP. Co-EP elements have been studied in [2, 3, 4].
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2. Co-EP ELEMENTS

In this section co-EP Banach algebra elements and Banach space operators will
be characterized. Co-EP matrices were studied in [2, 4] and co-EP C*-algebra ele-
ments in [3]. However, in order to characterize co-EP elements, some preparation
is needed.

Proposition 2.1. Let A be a unital Banach algebra, a € AT, and A\, u € C\ {0}.
The following statements hold.
(1) Lawspor (1 — aat)A) = Ly((1 — aa') A) C aal A.
(i) Latpat (1 = a'a)A) = Lyi((1 - afa)A) C a'aA.
(iii) The following statements are equivalent:
(iii.a) (1 —aa')AN (1 —a'a)A = 0;
(ii.h) N (Lygspat) N (1 — aa’)A = 0;
(iii.c) N(Lynapat) 1 (1 — afa) A = 0.
(iv) If a' € (1 — aa")A + (1 — a'a)A, then Ly, ,q1((1 — aa’)A) = La((1 —
aa")A) = aal A.
(v) Ifa € (1 —aa") A+ (1 —ala)A, then Ly, 0t ((1 — a’a)A) = Lyi((1 —
ala)A) = a’aA.

Proof. (i). Let x € A. The equalities (Aa + pa’)(1 — aa’)x = Xa(1 — aa’)x and
a(l — aa")z = aa'a(l — aa’)z prove (i).

(ii). Apply an argument similar to the one used in the proof of statement (i).

(iii.a) = (iii.b) follows from (1 — aa’)A = (aa’)~1(0) = (a’)71(0) and (1 —
ala)A = (a'a)~1(0) = a7 1(0).

(iii.b) = (iil.a). Let x € (1 —aa’)AN(1—afa)A. Since x € a=*(0) N (a’)~1(0),
2 € N(Lygipat) N (1 —aa’)A=0.

The equivalence (iii.a) < (iii.c) can be proved in a similar way.

(iv). Let ¢, d € A such that a' = (1 — aal)c + (1 — a'a)d. In particular, if
r € A, then aa'z = a(1 — aa’)cx = (Ma + pa®)(1 — aal)e(A\1x).

(v). Apply an argument similar to the one used in the proof of statement
(iv). O

In the following theorem, co-EP Banach algebra elements will be characterized.
Note that this theorem is stronger than [5, Theorem 2.

Theorem 2.2. Let A be a unital Banach algebra, a € A" and \,u € C\ {0}.
The following statements are equivalent.
(i) aa® —ala € A71;
(i) A=adDalA and.A:Aa@AaT;
(i
i
(

i) A
ii) Aa+ pa’ € A7! and aANalA=0;

(iv) Xa + pa' € A~ and exists and idempotent h such that ha = a, ha' = 0;
V) Lyatpats R,\aﬂmf € L(A) are right invertible and aANa'A = 0;

(vi) aa’ +a'a € A7' and aANal A = 0;

(vii) Aa + pa’ € A7Y and exists and idempotent k such that ak = a, a'k = 0;

(viii) aa' 4+ afa € A7! and Aan Aa® = 0;
(ix) Aa + pal € A7 and Aan Aa’ = 0.
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Proof. (i) < (ii). According to [22, Theorem 3.2], statement (i) is equivalent to
A=ad'A®a'aAd=aADa'Aand A= Aaa! ® Aa'a = Aa" © Aa.
(ii) = (iii). According to [22, Lemma 2.1], A = (1 — aa')A @ (1 — a'a).A. Since
A =aa'A® a’aA, according to the proof of Proposition 2.1(i)-(ii),

Lyaipat: (1 —aad)A® (1 —a'a)A — aal A @ alaA,

Lya
has the following matricial form: g . Therefore, according to Proposi-

0 Ly
tion 2.1(iii)-(v), Lygtat is invertible, equivalently, Aa+pa’ € A~!. The remaining
identity is clear.
(iii) = (iv). Let = (Aa + pa’)~!. Since 1 = a(\z) +af(ux), A = a A+ a’ A and
by hypothesis, A = aA @ alA. Now, (iv) follows from [22, Lemma 2.1].
(iv) = (ii). As in the previous implication, the condition Aa + ua’ € A~! implies
A=aA+a' A= Aa+ Aal. Consider any z € aANa'A. There exist u,v € A
such that 2 = au = av, which leads to hau = ha'v, hence au = 0, and thus,
r = 0. It has been proved that aANafA = 0. Now consider y € Aa N Aaf,
ie., y = wa = ta' for some w,t € A. Since \a + pa’ € A7, exists z € A
such that (Aa + pa’)z =1 (in fact, z is the standard inverse of Aa + pa'). Now,
h = h(Aa + pa')z = Xaz, and thus pa'z = 1 — h. Since yz = waz = talz,
yz = AN lwh = p='(1 — h), which by postmultiplying by & leads to yz = 0. By
using z € A7%, y = 0. As a result, Aa N Aa’ = 0.
(iii) = (v). Clear.
EX) 1:> (iif). If Lygipat and Rygy et € L£(A) are right invertible, then Aa + pa' €
(ii) = (vi). Recall that A = (1 —aa’)A ® (1 — a'a)A ([22, Lemma 2.1]) and
consider Lggiyqtq: A — A. Let x € A such that (aa’ + a’a)r = 0. As a result,
aa’r € aANa'A = 0. Similarly, afax = 0. Consequently, z € (aa')~1(0) N
(a'a)™1(0) = (1 —aa") AN (1 —a'a)A = 0, i.e., N(Lgat yata) = 0. On the other
hand, given z € A, there exist y, 2 € A such that = (1 — aa’)y + (1 — a'a)z.
Then,

aa'r = aa'(1 — aa')y + aa'(1 — a'a)z = aa'(1 — a'a)z = (aa’ + a'a)(1 — a'a)z.
As a result, aa’ A C R(Lagi1atq). Similarly,
a'ax = a'a(l — aal)y + a’a(l — a'a)z = a’a(1 — aal)y = (aa’ + a'a)(1 — aa')y,

which implies that a’a A C R(L,at1ata). Since A = aa’ A ® a'a A, R(Lagtiate) =
A. Therefore, aa’ + a'a € A7

(vi) = (ii). If aa' + afa € A1) then A = aA + afA and A = Aa + Aal. By
hypothesis, A = aA ® a'A. Now, [22, Lemma 2.1] assures the existence of an
idempotent h such that ha = a and ha' = 0. To prove (ii), it is sufficient to prove
Aan Aa' = 0 (this is rather similar to the proof of (iv) = (ii)). If y € AaN Aal,
there exist w,t € A such that y = wa = ta'. Let 2z = (aa’ + a'a)™!. Since
h = h(aa'z + a'az) = aa’z and (aa’ + a'a)z = 1, a'az = 1 — h. Therefore,
a'h = a'z and az = a(1 — h). Since y = wa = ta', yz = waz = ta'z, and thus
yz = wa(l — h) = ta'h. Thus, yz = 0 and using the invertibility of z, y = 0.
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(i) < (vi), (vii), (viii) or (ix). Condition (i) is invariant under the reversal of the
algebra multiplication. Precisely speaking, apply each of these conditions to the
algebra (A, o), where x o y = yx, and then reinterpret the results in the original
algebra. Conditions (iii), (iv), (vi) and (ii) yield that (i) is equivalent to any of
the conditions (vi), (vii), (viii) or (ix) respectively. O

The next result deals with a weaker condition than the invertibility of aa’ +a'a
when a € A'. It is noteworthy that aa! — afa € A~! implies aa’ + a'a € A~!
(see Theorem 2.2 or [21, Theorem 3.5]). Also, in [21, Theorem 3.3] the authors
characterized the invertibility of aa’ 4+ a'a. Furthermore, for b € A, observe that
L, is injective if and only if the condition bx = 0 implies z = 0 when z € A (i.e.,
b satisfies a kind of left cancellation property).

Proposition 2.3. Let A be a unital Banach algebra and consider a € A'. The
following statements are equivalent.
(1) Laatata 1S injective.
(ii) a'aANaa’(1 —a'a)Ad =0 and a=1(0) N (a")~1(0) = 0.
Proof. (i) = (ii). Let » € a'a.ANaa’(1 — a'a)A. There exist u,v € A such that
¢ =a'u=ad (1 - ala). (2.1)
Now,
(aa'+a'a)r = aa'z+atar = aa'aa’ (1—a'a)v+a'aatu = aal(1—a'a)v+a'u = 22.
Hence
2(aa’ + a'a)(1 — a'a)v = 2aa' (1 — a'a)v = 22 = (aa’ + a'a)z.

The hypothesis implies 2(1 — a'a)v = z, and thus 2aa’(1 — a'a)v = aa’z. By
using (2.1), 2z = x, hence z = 0.

Let y € a=*(0)N(a’)71(0), i.e., ay = aly = 0. It is evident that (aa’+a'a)y = 0,
and the hypothesis leads to y = 0.
(ii) = (i). It is evident that Luutiete((1 — aa’)A) C afA and Lygt gia((1 —
a'a)A) C aA. Thus, if L; and Ly are the restrictions of Lyt qate to (1 — aal).A
and (1 — a'a).A respectively, then

Li:(1-aa)A—d' A and  Ly:(1—d'a)A — aA.
Let # € N(Lggt1ata). Since z = x — aalz — a’ax = (1 —aal)x + (1 — ala)z — z, if
u=(1—aa")z and v = (1 —a'a)z, then 2z = u + v, and thus 0 = L (u) + Lo (v).
Moreover,
Ly(v) = (aa' +a'a)(1 — a'a)r = aa'(1 — a'a)x € aa’(1 — a'a)A
and
Ly(v) = —Li(u) € a' A = a'aA.
By hypothesis, Ly(v) = 0, and thus L;(u) = 0. Therefore,
0 = (aa' 4 a'a)v = (aa’ + a'a)(1 — a'a)z = aa’(1 — a'a)x = aa'v,

which by a premultiplication by af leads to 0 = a'v. In other words, v € (a")~1(0).
It is evident that av = a(1 — a’a)z = 0. Thus, v € a~1(0) N (a")~1(0) = 0. In a
similar way it is possible to prove that u = 0. Since 2z = u + v, x = 0. O
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In the following proposition the surjectivity of the operator Lygi,q4t,: A — A
will be characterized.

Proposition 2.4. Let A be a unital Banach algebra and consider a € A'. Then,
the operator Lygtyate € L(A) is surjective if and only if aa’ + a'a is reqular and
(aa’ +a'a)_1(0) = 0.

Proof. Assume that Lg,i,t, is surjective. Since 1 € Lygiiqtq(A), there exists
u € A such that (aa' + a'a)u = 1. This, obviously, implies that aa' + a'a is
regular. Also, if 2 € A satisfies 0 = z(aa’ + a'x), then by a postmultiplication
by u, 0 = x.

To prove the converse, consider b € A such that (aa + a')b(aa’ + a'a) = aa’ +
ata. Since [(aa’+a'a)b—1](aa’ +a'a) = 0, (aa’+a’a)b—1 € (aa’+a'a)_1(0) = 0.
Hence (aa' + a'a)b = 1. Now, if y € A, then Lyut,q4te(by) = y. This proves the
surjectivity of L.t qtq- O

As a corollary of Propositions 2.3 and 2.4, conditions that characterize the
invertibility of aa’ + afa will be given.

Theorem 2.5. Let A be a unital Banach algebra and consider a € A'. Then,

necessary and sufficient for aa' + a'a € A7t is that aa’ + a'a is reqular, (aa’ +
ata)_1(0) =0, a'laANaa’(1 —a'a)A =0 and a=1(0) N (a’)~1(0) = 0.

Proof. Apply Propositions 2.3 and 2.4. O
Next co-EP Banach space operators will be characterized.

Proposition 2.6. Let X be a Banach space, T € L(X) be Moore-Penrose in-
vertible, and A\, € C\ {0}. The following statements are equivalent.

(i) T is co-EP;
(i) AT + pTT € L(X) is invertible and R(T) N R(TT) = 0;
(iii) AT + uTt € L(X) is invertible and there exists an idempotent P € L(X)
such that R(T) C R(P) and R(TT) C N(P);
(iv) TTT +T'T € L(X) is invertible and R(T) N R(TT) = 0;
(v) NT + pTV € L(X) is invertible and there exists an idempotent Q € L(X)
such that R(I — Q) C N(T) and R(Q) C N(TT);
(vi) TT'+T'T € L(X) is invertible and R(I — TT) NR(I —T'T) = 0;
(vii) AT + pTT € L(X) is invertible and R(I — TTT)NR(I — T'T) = 0.

Proof. Observe that under any of the hypotheses we have £(X)T + L(X)TT =
L(X) and TL(X) +TTL(X) = L(X). Note that according to [22, Lemma 5.1],
TTTL(X)NTITL(X) =TLX)NTTL(X) =0 if and only if R(T) NR(TT) = 0.
Moreover, according to [22, Lemma 5.1] and [22, Lemma 2.1], an equivalent
condition for L(X)TTTNL(X)TTT = L(X)TTNL(X)T = 0is that R(I —TTT)N
R(I —TTT) = 0. To conclude the proof, apply Theorem 2.2. O

To end this section, co-EP Banach space operators defined on finite dimensional
Banach spaces will be considered.



34 J. BENITEZ, E. BOASSO, V. RAKOCEVIC

Remark 2.7. Let X be a finite dimensional Banach space and consider T' € L(X).
If T is co-EP, then dim X = 2dim R(T') = 2dim N (7). In fact, since T' is Moore—
Penrose invertible, dim N'(T) + dim R(T") = dim X = dim N (T") + dim R(T).
In addition, since dim N (T) + dim R(T) = dim X, dim N (T) = dim N(T") and
dimR(T) = dimR(T"). Now well, according to [22, Theorem 5.2], dim X =
2 dim R(T) = 2 dim N(T).

Proposition 2.8. Let X be a finite dimensional Banach space and consider T' €
L(X) such that T is Moore—Penrose invertibe. The following statements are
equivalent.
(i) T is co-EP;
(i) R(T)NR(TT) =0 and N(T) NN (TT) = 0;
(iii) X = R(T) + R(T") and X = N(T) + N(T").

Proof. (i) = (ii). According to Proposition 2.6, R(T) N R(TT) = 0. In addition,
since T — TT € L(X) is invertible, N'(T) "N (T") = 0.

(ii) = (i). Let x e N(TTT —TTT), i.e., TT'(x) = T'T(x). Thus, z = TT'(z) =
T'T(z) € R(T) NR(TT) = 0. As a result, z € N(T) NN (TT) = 0.

(i) = (iii). Apply [22, Theorem 5.2].

(iii) = (ii). Since T is Moore-Penrose invertible, dim N'(T) = dim N'(T") and
dimR(T) = dim R(TT). Let n = dim X, r = dim R(T), s; = dim[R(T) N R(T")]
and sy = dim[N(T) N N(TT)]. According to the hypotheses, n = 2r — s; and
n=2(n —r) — sy. Hence s; + so = 0, which leads to s; = s5 = 0. O

3. HERMITIAN CcO-EP ELEMENTS

Given a unital Banach algebra A, if a € A is co-EP, then according to [22,
Theorem 3.2], there exist h, k € A, h = h* and k = k?, such that hA = aA, (1 —
h)A = a' A, Ak = Aa' and A(1—k) = Aa (the idempotents h and k are unique).
Next a particular class of co-EP elements, the ones that their idempotents h and
k are hermitian, will be introduced.

Definition 3.1. Let A be a unital Banach algebra and let a € A such that a is
co-EP. Then, a will be said hermitian co-EP if the above considered idempotent
h is hermitian.

To characterize hermitian co-EP Banach algebra elements some preparation is
needed.

Remark 3.2. Let A be a unital Banach algebra and consider a € A a Moore—
Penrose invertible element.

(i) Note that a € A is hermitian co-EP if and only if a' is hermitian co-EP.

(ii) Suppose that a € A is co-EP and consider the aforementioned idempotents
h, k € A. In particular, ha' = 0, ha = a, a'k = a' and ak = 0. Hence
h(aa'—a'a) = aa’ and (aa'—a'a)k = aa', which implies that h = aa'(aa’—a'a) ™
and k = (aa’ — a'a)taal.

In the following theorem hermitian co-EP Banach algebra elements will be
characterized. Compare with [2, Theorem 2.9 and Corollary 2.10], [3, Section 3]
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and [5, Section 4]. Note that given a unital Banach algebra A, a € A will be said
to be bi-EP, if the idempotents aa’ and a'a commute, see for example [14].

Theorem 3.3. Let A be a unital Banach algebra and consider a € A'. Then,
the following statements are equivalent.

(i) a is co-EP and h is hermitian;

ii) a is co-EP and h = aa';

—_.

v) Aa = a_1(0);
i) a is co-EP and k = aa';
i) a is co-EP and k is hermitian;
viil) a is co-EP and k = h;
ix) a is co-EP and a* = 0;
x) alA = (a')72(0);
xi) Aa' = (a)_1(0);
xii) a is co-EP and bi-EP.

Proof. (i) = (ii). Consider Ly, Lyt € L(A). Since hA = aA = aa' A, R(Ly,) =
R(Lget). Now well, since h and aa’ are hermitian, according to the proof of
[6, Theorem 5 (ii)], Ly and Lg,: are hermitian idempotents in £(.A). Therefore,
according to [28, Theorem 2.2], h = aa'.

(ii) = (iii). Since (1 — h)A = a'A = a'aA, R(L1-1) = R(L4ia), where Li_p,
Lo € L(A). However, according to the hypothesis and to the proof of [6,
Theorem 5 (ii)], Ly and Lgi, are hermitian idempotents in £(.A). Consequently,
according to [28, Theorem 2.2], 1 — aa’ =1 — h = ala.

(iii) = (iv). According to the hypothesis,

aA=ad' A= (1-a'a)A = (a'a)"'(0) = a"*(0).
(iv) = (v). Since aa’ and a'a are idempotents and
aa' A =aA=a""(0) = (a'a)"*(0) = (1 — a'a) A,
it is not dificult to prove that
aa'(l1 —a'a) =1—d'a, (1—a'a)aad’ = ad,
which in turn implies that
a_1(0) = (aa")_1(0) = (1 — a'a)_1(0) = Ad'a = Aa.

(v) = (vi). Since (aa’ — 1)a = 0, aa’ — 1 € a_,(0) = Aa. Hence, there exists
u € A such that aa’ — 1 = ua, and thus, 1 = (—u)a + aa’ € Aa + Aa', which
proves A = Aa + Aa'. Now it will be proved that Aa N Aa' = 0. To this end,
note that the hypothesis implies that a? = 0. If x € Aa N Aa', then there exist
y,z € A such that x = ya = zal. So, 0 = ya®a’ = zalaa’ = za" = z. Thus,
A= Aa® Aa'.

Using an argument similar to the one in the proof of (iv) = (v), it is not
difficult to prove that Aa'a = A(1 — aa'), which leads to a'a(1 — aa’) = a'a and
(1—aa")a'a = 1—aa'. In particular, a=1(0) = a.A. As in the previous paragraph
it is possible to prove that A = aA @ a' A. By Theorem 2.2, a is co-EP.
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Since Aaa' = Aa’, A(1 —aa’) = a_;(0) = Aa and the idempotent k is unique,
k= aal.
(vi) = (vii). Clear
(vii) = (viii). Since Ak = Aa' = Aaa', an argument similar to the one used to
prove that statement (i) implies statement (ii) proves that k = aa’. In addition,
since k is hermitian and A(1 — k) = Aa = Aa'a, according [28, Theorem 2.2],
1—aa' = 1—k = a'a, equivalently, aa’+a'a = 1. Since aa' A = a A, (1—aa’)A =
ataA = a' A and the idempotent h is unique, h = aal = k.
(viii) = (ix). Since a € aA = hA = kA and a € Aa = A(1 — k), there exist
u,v € A such that a = ku and a = v(1 — k). Hence a® = v(1 — k)ku = 0.
(ix) = (iv). Since a®* =0, aA C a~*(0). Let z € a~'(0). Since a is co-EP, from
Theorem 2.2, such = can be written as z = au+a'v. Thus, 0 = ax = a®>u+aa’v =
aa'v, hence 0 = a'v. So, z = au € aA.
(iv) = (i). Since (iv) = (vii) = (viii), A is hermitian.
(i) < (x) (respectively (xi)). Since a is hermitian co-EP if and only if a' is
hermitian co-EP, the equivalence between statments (i) and (x) (respectively
between statments (i) and (xi)) can be derived applying the Theorem to a' using
the equivalence between statments (i) and (iv) (respectively between statments
(i) and (v)).
(viii) < (xii) Note that according to Remark 3.2 (ii),

h=k <= ad'(aa’ —a'a)™ = (aa' —a'a) taal

— (ad' —d'a)aa’ = aa'(aa’ — a'a)
< (aa")(a'a) = (a'a)(aa').
0J

Remark 3.4. Let A be a unital Banach algebra. Recall that an element a € Af
is said EP when aa' — a'a = 0 and a is said co-EP when aa’ — a'a € A7'. What
is more, according to Theorem 3.3, a € A is hermitian co-EP if a'a + aa’ = 1.
However, the situation aa' —afa = 1 is impossible. In fact, assume aa! —afa = 1.
By postmultiplying it by a one gets afa? = 0, hence a®> = 0. By premultiplying
aa' —a'a = 1 by a one has a = 0, which is unfeasible in view of aa’ — afa = 1.

4. CONDITION (P) AND THE PERTURBATIONS OF CO-EP ELEMENTS

In this section the condition (P) will be introduced and the perturbations of
co-EP elements will be studied. The condition (P) resembles the condition (W)
studied for perturbations of Drazin invertible elements ([33], [37]).

Let a € A be Moore-Penrose invertible. The element b € A will be said that
obeys the condition (P) at a if

b—a=aa'(b—a)ala and |a'(b—a)| < 1.
Note that the condition
b—a=aal(b—a)d'a

is equivalent to

b—a=uad (b—a)=(b—a)da (4.1)
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Basic auxiliary results are summarized in the following lemma.

Lemma 4.1. Let A be a unital Banach algebra and consider a € A, a Moore—
Penrose invertible element. If b € A obeys the condition P at a. Then

(i) b=a(l+al(b—a))

(i) b= (1+(b—a)al)a;

(iii) 1+af(b—a) and 1+ (b —a)a’ are invertible, and

(1+a'(b—a))ta" =a'(1+ (b—a)a")™". (4.2)
Proof. To prove (i) and (ii) observe that by (4.1)
b=a+(b—a)=a+aa'(b—a)=a(l+al(b-a))

and
b=a+(b—-a)=a+(b-a)da= 1+ b—a))a.
Clearly, the condition ||af(b—a)|| < 1 implies that 1 +af(b— a) is invertible, and
so 1+ (b — a)a' is invertible. Finally, (4.2) follows by direct verification. O
Now the main results of this section will be proved.

Theorem 4.2. Let A be a unital Banach algebra and consider a € A, a Moore—

Penrose invertible element. Ifb € A obeys the condition P at a, then b is Moore—

Penrose invertible, bb' = aa’, b'b = a'a and bt = (1 + af(b —a))tal = a(1 +

(b—a)a’)~1L.

Proof. By Lemma 4.1 (iii), 1+ a'(b — a) and 1 + (b — a)a' are invertible and
(1+a'(b—a)ta' =a'(1+(—a)a)™

Set b = (1 +af(b— a))ilaT = a'(1+ (b — a)a’)"t. Then, b is Moore-Penrose

invertible and that b" = b. In fact, by Lemma 4.1 (i),

bb=a(1+a'(b—a))(1+a(b—a)la’ = aal (4.3)
and by Lemma 4.1 (ii),
bb=a'(1+ (b—a)a) (1 + (b—a)ah)a = dla. (4.4)
Hence, by (4.3) and Lemma 4.1 (i),
bbb = (aah)b = (aata)(1 4+ a'(b—a)) = a(1 +a'(b—a)) =b. (4.5)

Furthermore, by (4.4),
bbb = (ata)at(1+ (b—a)ah)™! = (alaa)(1+ (b—0a)a") ™ = af (14 (b—a)a)?

!

(4.
Finally, by (4.3), (4.4), (4.5) and (4.6), b is Moore-Penrose invertible with bt
b.

D
~—

ol

The following corollary consists in a direct application of Theorem 4.2.

Corollary 4.3. Let A be a unital Banach algebra and consider a € AEP. If
b € A obeys the condition P at a, then b € AEF, bbl = aa’ and bTb = ala.

co 7’
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Corollary 4.4. Let A be a unital Banach algebra and consider a € A, a Moore—
Penrose invertible element. If b € A obeys the condition P at a, then b is Moore—
Penrose invertible and

o —atl _ e~ a)|

. | (4.7)
ol 1 —|laf(b—a)]
Proof. By Theorem 4.2
b —al = (1+al(b—a))ta’ — af
= [(1+af(b—a)™t — 1’
= —(1+d'(b—a)(a'(b - a))a.
Hence
16" = af [l < (1 + a (b — @) llla’ (b — a)][[|a"|
=)l i,
T l—afb—a) "
and (4.7) holds. -

Corollary 4.5. Let A be a unital Banach algebra and consider a € A, a Moore—
Penrose invertible element. If b € A obeys the condition P at a, then b € A is
Moore—Penrose invertible and

aT (ZT

e < M S T (48)

Proof. By Theorem 4.2,
b= (14 al(b—a))"al,
hence
a' = (1+a'(b—a))b
Now
6] < 11+ a6 — ) af]) < — M9
o= )l
ol < NI+ at (6 — )T < (1+ [}t (6 — @)1,

which proves (4.8). O

Corollary 4.6. Let A be a unital Banach algebra and consider a € A, a Moore—
Penrose invertible element. Ifb € A obeys the condition P at a and ||a’(b—a)|| <
1/2, then b is Moore—Penrose invertible and a obeys the condition P at b.
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Proof. By Theorem 4.2, bb' = aa’ and b'b = a’a. Hence a — b = bb'(a — b)bb'.
Again, by Theorem 4.2,
6" (@ = b)ll = [[(1 + a' (b — a))"al (a = b)]|
<[l +a(b—a)7la'(a - D)
la’(a —0)|
~ 1= |laf(b—a)]
This completes the proof. O

< 1.

Corollary 4.7. Let A be a unital Banach algebra and consider a € A, a Moore—
Penrose invertible element. Ifb € A obeys the condition P at a and ||a'||||b—al <
1, then b is Moore—Penrose invertible and
Io" —afll _ — Es(a)][b = all/]la]
lafll = 1 = ke(a)[I(b = a)ll/[lal

where
k(a) = [lalll|al|

1s defined as the condition number with respect to the Moore—Penrose inverse.

To finish this section, some algebraic properties of the Moore—Penrose inverse
will be considered. Recall that if a,b € A are Moore—Penrose invertible, then ab
is not necessary Moore—Penrose invertible, and if ab is Moore—Penrose invertible,
then in general (ab)" # bfa’. In the next proposition, it will be shown that if b
obeys the condition P at a, then it is possible to give precise characterizations.

Proposition 4.8. Let A be a unital Banach algebra and consider a € A, a
Moore—Penrose invertible element. If b € P obey the condition P at a, then the
following statements hold.

(i) ab' has Moore—Penrose inverse and (ab’)l = ba'; moreover a € AEF implies
ab’ € AEP.

(i) b'a has Moore—Penrose inverse and (b'a)' = a'b; moreover a € AEF implies
bla € AEF.

(iii) ba’ has Moore-Penrose inverse and (ba')" = ab'; moreover a € AEF implies
ba' € AEF.

(iv) a' has Moore-Penrose inverse and (a'b)" = bTa; moreover a € AEF implies
a’b € AEP.

Proof. 1t is enough to prove (i) and (ii). To prove (i) recall that by Theorem 4.2
bb' = aa'. Hence

(ab)(ba') = a(b'b)a’ = a(a’a)a’ = aa (4.9)
and
(ba")(ab") = b(a'a)b’ = b(bT)b" = bbT = aa'. (4.10)
Further,
(ab")(ba")(ab") = aa’(ab') = (aa’a)b’ = ab'. (4.11)
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Finally,

(ba") (ab") (ba") = (baM)aa’ = b(aTaa’) = ba'. (4.12)

Now by (4.9), (4.10), (4.11) and (4.12), (i) holds. Statement (ii) can be proved
similarly. O
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