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ABSTRACT. Let X be a Banach space and let Y be a separable Lindenstrauss
space. We describe the Banach space P (Y, X) of absolutely summing operators
as a general ¢1-tree space. We also characterize the bounded approximation
property and its weak version for X in terms of the space of integral operators
I(X,Z*) and the space of nuclear operators N (X, Z*), respectively, where
Z is a Lindenstrauss space, whose dual Z* fails to have the Radon-Nikodym

property.

1. INTRODUCTION

A Banach space is called a Lindenstrauss space (or an Li-predual) if its dual
space is isometrically isomorphic to an L;(u) space for some measure p. The
class of Lindenstrauss spaces contains the C'(K') spaces and, more generally, the
M-spaces, but it is a much wider class than the latter (see, e.g., [L8], [20], [12],
or [19, Part II, Chapter 4]).

The main aims of this paper are to describe absolutely summing operators on
Lindenstrauss spaces and to demonstrate how any Lindenstrauss space whose
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dual fails the Radon-Nikodym property can be used to characterize the classical
bounded approximation property. This naturally leads us to study operators from
and to the space L]0, 1].

In [13], we planted two-trunk trees in a Banach space X and described the
Banach space of absolutely summing operators P(C10, 1], X) from C[0,1] to X
as an f1-tree space on X of two-trunk trees. In Section 2 of the present paper, we
extend this description from C[0, 1] to an arbitrary separable Lindenstrauss space
Y: the space P(Y, X) will be described solely in terms of the space X itself as
a general /1-tree space on X. In fact, every separable Lindenstrauss space gives
rise to some kind of trees in an arbitrary Banach space X. In particular, the nice
structure of classical Lindenstrauss spaces such as C'(A), where A C [0, 1] is the
Cantor set, or C[0, 1] helps us to plant nice simple trees such as dyadic trees or
two-trunk trees.

Recall that a Banach space X is said to have the approxzimation property (AP)
if there exists a net of finite rank operators (S,) C F(X,X) such that S, —
Iy, the identity operator on X, uniformly on compact subsets of X. If (S,)
can be chosen with sup,, ||S.] < A for some A > 1, then X has the A-bounded
approzimation property (A-BAP). According to [16], we say that X has the weak
A-bounded approximation property (weak A-BAP) if for every Banach space Y
and every weakly compact operator 7' € W(X,Y) there exists a net of finite rank
operators (S,) C F(X,X) such that S, — Ix uniformly on compact sets in X
and limsup,, ||T'S.| < AT

In [15], we characterized the \-BAP and the weak A\-BAP in terms of the
space of integral operators Z(X,C[0,1]*) and the space of nuclear operators
N (X, C[0,1]*), respectively. In Section 3, we show that C[0,1] can be replaced
by any Lindenstrauss space Z such that Z* fails to have the Radon-Nikodym
property and we still obtain characterizations of the A-BAP and the weak A-
BAP. It is well known that C[0, 1]* contains L]0, 1] as a subspace (in fact, as an
L-summand), but L;[0, 1] is not a dual space. Nevertheless, we prove that in the
above-mentioned characterizations, C[0, 1]* can be replaced by L]0, 1].

In Section 4, motivated by the main Theorem of Section 3 (Theorem 3.3) and
applying results and ideas from Sections 2 and 3, we shall look at some structure of
the spaces Z(X, Z*), where Z is a Lindenstrauss space, and Z(X, L]0, 1]). In par-
ticular, we give reasonable formulas for computing respective integral norms of op-
erators. We also show, e.g., that Z(X, L,]0, 1]) is an L-summand in Z(X, C[0, 1]*).

Our notation is standard. We consider Banach spaces over the real field R.
A Banach space X will be regarded as a subspace of its bidual X** under the
canonical embedding jx : X — X**. We denote by £(X,Y) the Banach space
of all bounded linear operators from X to Y. Besides the operator ideal P
of absolutely summing operators, we also need the ideals Z and N of integral
operators and of nuclear operators. Absolutely summing, integral, and nuclear
norms of operators are denoted by || - ||», || - ||z, and || - ||ar, respectively. For P,
Z, and N, we refer to the books by Diestel, Jarchow, and Tonge [5], Pietsch [27],
and Ryan [28].
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2. ABSOLUTELY SUMMING OPERATORS ON A SEPARABLE LINDENSTRAUSS
SPACE AS A TREE SPACE

Although separable Lindenstrauss spaces seem not to have a transparent func-
tional representation, they admit a useful description which is due to Lazar and
Lindenstrauss [| 1] and Michael and Pelczyniski [21] (see [12] or, e.g., [19, p. 165]).

Theorem 2.1 (Lazar, Lindenstrauss, Michael, Pelczyriski). Let Y be a separable
Banach space. The following statements are equivalent.

(a) Y is a Lindenstrauss space.

(b) Y = U E, with E, C E,1 and E, isometrically isomorphic to {2 for

every n.
(c) Y = U F, with F,, C Fo41 and F, isometrically isomorphic to (2" for
every n cmdsomemo<m1 <My < - <My < Mg < 000

There are important separable Lindenstrauss spaces Y which can be repre-
sented as in (c) in such a way that the spaces [}, have simple useful bases (i)
and the system ((yxn )iy )02, has a nice tree-like structure. (In fact, as we shall
see below, any separable Lindenstrauss space gives rise to some tree-like struc-
ture.)

Example 2.2. Denote by ¢,.[0,1] the Banach space of bounded functions on
0,1]. Consider the system ((yxn)ie;)S%o in £o]0,1], where ;o = X[0,1), Y11 =

X[0,1/2)s Y2,1 = X[1/2,1)s Y1,2 = X[0,1/4)s Y22 = X[1/4,1/2)s Y32 = X[1/2,3/4) Y4,2 =
X[3/4,1), and so on, i.e., Yp, = X[kt k) forn=0,1,... and k = 1,...,2". Then

((Yrn)221), is a dyadic tree in £,.[0, 1], since
Yk = Y2k—1,n+1 T Y2kt

foralln=0,1,...and £k =1,...,2™
Denote F,, = span{yg, : k =1,...,2"} and M = U° ,F), C (][0, 1]. Since
S o Yk = Xpo,1) and Ykl = 1, it easily follows that

1<k<on

2n
1D Agiall = max |l
k=1

for all scalars (\)7_;.
Note that we can also consider M C L..[0, 1].

Example 2.3. Let Y = C(A). Let y10 = XA, Y11 = Xan0,1/3) Y21 = XAn2/3.1]»
Y12 = XAn0,1/9), Y22 = XAn[2/9.1/3]s Y32 = XAn[2/3,7/9], Y42 = XAn[s/9,1], and so on.
Then ((Yxn)ie;)>, is a dyadic tree in C'(A), since we have

Ykn = Y2k—1,n+1 T Y2knt1-
Denoting F,, = span{yz, : k = 1,...,2"}, we have C(A) = U2 F,. Since
Ziil Yk = Xa and |[yen| = 1, it easily follows that

2n
I ; MYkl = nax, | Ak

for all scalars (A\y)7_;.
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Example 2.4. Let Y = C]0,1]. Let F,, denote the space of all linear splines on
[0, 1] with knots {k/2": k=0,1,...,2"}. Asin [13, Example 2.2], let (g2 )7,
be the basis for F), defined by the conditions

gon(57) =1 and guan(55) = 0 j # k.

e., gron are linear B-splines. Denote i, = gx—127, n = 0,1,... and k =
1,...,2" + 1. Then ((ypn)iot')2, is a two-trunk tree in C’[O 1] (for a definition
of a two-trunk tree in a Banach space, see [13] or Remark 2.10 below). We also
have C[0,1] = U2 F,, Zk J{ Yen = X[01] [Uknll =1, and

2m 41
1D Megenll = | _maxc A

for all scalars (A\)7_t".

Example 2.5. Let Y be any separable Lindenstrauss space. Reformulating its
representation (b) of Theorem 2.1, there exist subspaces F,, C F,1; with F,

isometrically isomorphic to ¢% for every n = 0,1,.... By [21] or [12, p. 179]
(see, e.g., [19, p. 166]) there exist bases (y,)it] in F, and a triangular matrix

A= ((apn)it e, with 3770 |agna| < 1,7 =0,1,... such that

Yen = Ykl T Gk nYni2ntl

foralln=0,1,...and k=1,...,n 4+ 1. Moreover

n+1
1Y Ml = (Jpax Al
for all scalars (A\;)7F]. Such a matrix A was associated to Y in [12] and was

called a representing matriz of Y. The representing matrix is not uniquely deter-
mined. For a study of representing matrices and their connections with under-
lying separable Lindenstrauss spaces, the reader is referred to [12] (see also [19,
pp. 165-169]).

Concerning Examples 2.2 and 2.3 above, let us point out the following connec-
tion.

Proposition 2.6. There exists an isometric isomorphism between the spaces M

and C(A).

Proof. Denote by ((Fr.n)ie;)%, the dyadic tree in M defined in Example 2.2.
And let ((yrn)i-,)2%, be the dyadic tree in C(A) defined in Example 2.3.

We shall denote F, = span{yg, : k=1,...,2"} C C(A) and G,, = span {gx, :
k=1,...,2"} ¢ M. Forn =0,1,..., 1et Hn : G, — F, be the linear isometry
which carries g, t0 Ykn, K =1,...,2". Then 0,11|q, = 0, because

Ont1(Uen) = Ons1(Yok—1n+1 + Yo2knt1) = Yoh—1n+1 + Y2kl = Ykms k= 1,...,2"

It follows that 6,,|q, = 0, whenever m > n.
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We can now define 0 : Uy (G, — U2 F), by 0z = 0,z whenever z € G, for
some n. The mapping 6 is well-defined and linear. Clearly 6 is an isometry. The
desired isometric isomorphism will be the extension by continuity of 6. OJ

Let Y be a separable Lindenstrauss space with a general structure as in Theo-
rem 2.1 (c) above. Since F, is isometric to ¢7», looking at the isometric copy of
the unit vector basis, we see that there exists a basis (y,)pry in F,, such that

| ; M|l = | max ||
for all scalars (A;)}'",. Extending [12, p. 179] (or [19, p. 165]), we call such a basis
of F,, admissible. If (yy,),r, is an admissible basis in F,,, then its coordinate
functionals in F}; are of norm one. Hence there exist y; , € By, k= 1,...,my,
such that ((yYx.n)rrys (Ykn)ie) is a biorthogonal system.

We can now describe absolutely summing operators on separable Lindenstrauss
spaces and calculate their norms (see Theorems 2.7 and 2.11 below). Recall that
a linear operator T : Y — X is said to be absolutely summing if there exists a
constant C' > 0 such that

D Tyl < Csup{d _ly"(w)l = v* €Y7, Iyl < 13
k=1 k=1

for every choice of elements ¥, ...,y, in Y. The minimum value of the constant
C' is called the absolutely summing norm of T and is denoted by ||T||p.

Theorem 2.7. Let X be a Banach space. Let Y = U F,, be a separable Lin-
denstrauss space with a structure as in Theorem 2.1 (c). Let (ypn)pry be an
admissible basis in F, and let (y,’;n);ﬂnjl C By~ be functionals forming a biorthog-
onal system together with (ygn)pry C Y. If T € P(Y,X), then

Ty = lim > Uin @) Tyin
k=1

forally €Y and

ITlle = sup Y 1 Tyeal =lim D [Tyl
k=1 k=1
The proofs of Theorem 2.7 and Theorem 2.11 below will develop ideas from

our paper [13, proof of Theorem 3.2] and they will use the following (folkloric)
lemma (see [13, Lemma 3.1]).

Lemma 2.8. Let X and Y be Banach spaces, and let T, € P(Y,X). If the
sequence (T,) is bounded in P(Y, X) and for every y € Y the limit Ty :=lim T,y
ezists, then T' € P(Y,X) and ||T||p < sup, |T.]»-

Proof of Theorem 2.7. Define P, : Y — Y by P, =3 ", Yhn @ Yk Then P, is
a projection with ran P, = F,, and || P,|| = 1. In fact,

[Pyl = max |y . (y)| < y]-

1<k<my,
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Since we also have Y = Ug° jran P, and ran P,, C ran P, for m < n, the
following conditions hold:
P,P, =P, form<n and P,y —yforyeY.
Since
[T Eallp < | Tllwl[Eall = I Tll»
for all n and TP,y — Ty for all y € Y, it follows from Lemma 2.8 that

IT]lp < sup [T E]l.

But from P,P,, = P,, when m < n, we get
1Tl = sup |TFyllp = lim [Ty |.

We have TP, = 2" yi, @ Typn. Hence,

Ty =lm TP,y = lim Z Yo )T Y
k=1

for all y € Y. We also get

ITPalle < 1> ¥in @ Tokally <D 1 Tykall.

k=1 k=1

On the other hand,

ZIITyanI<IIT||7> sup Zly Ykl = TP sup Zly Yin)|

By« %21 Y E€BR: 1

Since (yk n)pry is an admissible basis in F,,, we get for any y* € Bp. that
>l 1y (Ykn)| < 1. Hence,

ITPulle < > ITyeall < ITle,

k=1
and therefore

ITlle = tim 3 [ Ty
k=1
]

Definition 2.9. Let Y = U2 [, be a separable Lindenstrauss space with a
structure as in Theorem 2.1 (c¢) and let (yx,),; be an admissible basis in F,,
n=20,1,.... Let M,, n=20,1,..., denote the matrix whose k-th row is formed
by the coefﬁments of ypn in (y; n+1)m”+1 The matrix M, is of order m,, X my 1.
Let X be a Banach space. A system ((xj,)i" ), of elements in X is called a
tree related to ((Ygn)pry ), if for alln =0,1,. ..

(xk,n);n:nl = Mn (x],n+1)mn+1'

The corresponding ¢1-tree space on X is defined as
éﬁree(X) = {(2n)nz0 € Lo (67" (X)) : 20 = My - 251}
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with the norm from ¢ (¢7""(X)).

By Definition 2.9, ((yxn)i )2, is a tree related to itself, and £57°¢(X) is a linear
subspace of £, (¢7" (X)) consisting of all trees in X related to ((yy, n)?"l) . Next,
we prove that ¢1°(X) is isometrically isomorphic to P(Y, X), hence Etree(X ) is a
closed subspace of £ (€7 (X)).

Remark 2.10. A two-trunk tree (introduced and studied in |
related to the system of linear B-splines ((yYx.n)ie; )%y C
ple 2.4. And the space £4"¢(X) of two-trunk trees from [13]

¢tree(X) from Definition 2.9.

]) is precisely a tree
C10,1] from Exam-
is the corresponding

Theorem 2.11. Let X be a Banach space. Let Y = UX F, be a separable
Lindenstrauss space with a structure as in Theorem 2.1 (c) and let (Ypn)pry be an
admissible basis in F,, forn =0,1,.... Then P(Y, X) is isometrically isomorphic
to the (y-tree space (°¢(X) related to ((Yrn)p,)o, by the mapping

T = ((Tyen)iZy)Jnzo, T € P(Y, X).
The inverse mapping

((@en)et)nzo = T
18 given by

Ty=1m  yi,(y)2en y €Y,
k=1
where (y; )iz C By« are functionals forming a biorthogonal system together
with (yx, n)k ,CY.

Proof. Due to Theorem 2.7, it remains to show the claim about the inverse map-
ping. So let 2 = ((Zrn )iy oo € £17°(X). Define T,, = > /™ v, @ Tp,n- Then

|Tnllp < (| Thllv < Z lzenll < ll2ll, n=0,1,....

k=1
We want to show that the sequence (7,)5°,, converges pointwise in L£(Y, X).
Since the sequence (7,):2, is bounded and the functions yx;, [ = 0,1,..., k =

1,...,my, span a dense subspace of Y, it suffices to prove that lim,, T,y exists
for every yi;. By the definition of 7}, we have Tjy,; = zy,; for all { = 0,1,... and
k=1,...,m;. Denote the matrix M; = (mj ), so that

miy1

_ l
Yk = E My iYj,i+1

and
mi4+1
1
Lkl = E My, 25,141
Jj=1
foralll =0,1,...and k =1,...,my. Since Tj11yj 141 = Tj 141, We get

mi41 mi41

. l _ l _
Tl+1yk,l = Tl+1( E mk,jyj,lﬂ) = E My, ;Tjl+1 = Tkl
Jj=1 j=
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Since Tiy2Yj1+1 = Tj141, we have
mi41
Tz+29k,1 = Tl+2(z m§g7jyj,l+l) = Tk,l-
j=1
Continuing similarly, we get that for each n > [

Toyky =Tk, k=1,...,my.

Hence, lim,, T,,yx; = xx; for all = 0,1,... and £k = 1,...,m;. It follows that
(T)>2, converges pointwise to an operator T € L(Y, X). By Lemma 2.8, T €
P(Y,X) and T — z because Tyy; = Tj. O

Remark 2.12. Theorems 2.7 and 2.11 can be applied to all Examples above. For
instance, one can calculate ||T||p for T € P(Y, X) using the trees ((yen)ir)os,
described in the Examples. However, for the representation of T € P(Y, X), we
need to know about functionals on Y forming biorthogonal systems together with
trees. Let us indicate below some appropriate systems of such functionals.

In Example 2.2, we have Y = M C MI0,1]. We may take y;, = dp_1)/2n
(Dirac functionals), k = 1,...,2" Then [y /| =1 and

Yk (Yjn) = Onj-

If we consider Y = M C Lu[0, 1], then we may define the biorthogonal func-
tionals y , € By by

Yrn(y) = 2”/C y(t)dt, y € M.

k-1
2n

In Example 2.3, we have Y = C(A). We may take yj, = do/s0, ¥5; = oy,
Ys1 = O2/31, Yo = Ou/32, Yso = 0232, Y30 = O6/32, Yio = Og/32, and so on. Then
147/l = 1 and

YenWin) = 0k kyj=1,...,2"

In Example 2.4, we have Y = C[0, 1]. In this case we may take y; = dx_1/2n,

k=1,...,2" +1. Then |ly; .|| =1 and

. k—1
Yen(Yin) = gj-120(57=) = Gjie
In this special case Theorem 2.11 reduces to [13, Theorem 3.2].
In Example 2.5, Y is any separable Lindenstrauss space. In [32], Zippin explic-

itly defined a sequence of functionals (¢)3, C ext By-. It follows from Zippin’s
results that ((yxn)pt1, (dx)771) is a biorthogonal system.

3. THE A\-BAP IN TERMS OF LINDENSTRAUSS SPACES AND OF L,[0, 1]

In [13, Theorems 1.3 and 1.4], we characterized the A-BAP and the weak -
BAP in terms of C[0,1]. In this section (see Theorems 3.3 and 3.4 below), we
shall show that C[0, 1] can be replaced by many other spaces and we still obtain
characterizations of the A-BAP and the weak A-BAP. An important feature of
these spaces is the failure of the Radon-Nikodym property.
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By a well-known theorem of Stegall [31] (see, e.g., [0, p. 198]), X* has the
Radon-Nikodym property if and only if every separable subspace Y of X has
a separable dual Y*. We shall need a reformulation of this result in terms of
ideals. Recall that a closed subspace Y of X is an ideal in X if Y admits a
norm-preserving extension operator ¢ € L(Y*, X*) (i.e., (vy*)(y) = y*(y) and
ley*|| = |ly*|| for all y* € Y* and y € Y'). This is equivalent to the annihilator
Y+ of Y being the kernel of a norm one projection on X*.

Proposition 3.1. Let X be a Banach space. Then X* has the Radon-Nikodym
property if and only if every separable ideal Y in X has a separable dual Y*.

Proof. Due to Stegall’s theorem, we only need to prove the “if” part. Let W be
a separable subspace in X. By a result of Heinrich and Mankiewicz [9] or Sims
and Yost [29] (see, e.g., [3, p. 138]), we can find a separable ideal Y in X such
that W C Y. Now, Y* is separable and W* is a quotient space of Y*, so W* is
separable. Hence, X* has the Radon-Nikodym property. 0

Proposition 3.2. Let Z be a Lindenstrauss space such that Z* fails the Radon-
Nikodym property. Then Z is isometrically universal for all separable Banach
spaces.

Proof. By Proposition 3.1, there exists a separable ideal Y in Z such that Y* is not
separable. Since Y is an ideal in a Lindenstrauss space, it is also a Lindenstrauss
space (see [7, Proposition 3.4]). Now since Y* is non-separable, by a result of
Lazar and Lindenstrauss (see [12, Theorem 2.3] or [19, Proposition I1.4.18]), C(A)
embeds isometrically in Y. Since C'(A) is isometrically universal for all separable
spaces the result follows. |

Theorem 3.3. Let X be a Banach space and let A € [1,00). Let Z be a Linden-
strauss space whose dual space Z* fails the Radon-Nikodym property. Then the
following statements are equivalent.

(a) X has the \-BAP.
(b) For every T € IZ(X,Z*) there exists a net (S,) C F(X,X) such that
S — Ix pointwise and

lim sup | TS|z < M|z

(c) For every T € T(X, L1[0,1]) there exists a net (S,) C F(X, X) such that
S — Ix pointwise and

lim sup || TSz < M|z

Theorem 3.4. Let X be a Banach space and let A € [1,00). Let Z be a Linden-
strauss space whose dual space Z* fails the Radon-Nikodym property. Then the
following statements are equivalent.
(a) X has the weak \-BAP.
(b) For every T € N(X,Z*) there exists a net (S,) C F(X,X) such that
Sy — Ix pointwise and

limsup | TSy < ATl
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(c) For every T € N(X, L1]0,1]) there exists a net (S,) C F(X, X) such that
S — Ix pointwise and

limsup | TSy < ATl

Remark 3.5. Theorems 1.3 and 1.4 in [15] assert that the equivalences (a) < (b)
of Theorems 3.3 and 3.4 hold in the particular case when Z = ('[0,1]. In the
above characterizations of the A-BAP and the weak A\-BAP, one may, e.g., take
Z to be any separable Lindenstrauss space whose dual space is non-separable, in
particular, one may take Z = M or Z = C'(A). Comparing characterizations (b)
and (c) of the weak BAP and the BAP in Theorems 3.3 and 3.4, it seems to be
significant that L;[0,1] is a rather “small” space which is not even a dual space.
In (c) of Theorem 3.4, L1[0, 1] can be replaced by even a much “smaller” space
¢y (see [11, Proposition 4.1]).

In the proof of Theorem 3.3 we shall use the following lemma.

Lemma 3.6. Let X be a Banach space, let Y C X be an ideal, and let A € [1,00).
If for every T € I(X,L[0,1]) there exists a net (S,) C F(X,X) such that
Sa — Ix pointwise on X and

limsup ||TSallz < ATz,

then for every T € Z(Y,L1]0,1]) there exists a net (S,) C F(Y,Y) such that
Sy — Iy pointwise on'Y and

limsup [|T'Sallz < A T'|z.

Proof. Let T' € Z(Y, L1[0,1]), let ¢ : Y* — X* be a norm-preserving extension
operator, and let iy : Y — X be the natural embedding. Since integral operators
are weakly compact, we have T** = jp 1¢t, where ¢ denotes T™* considered
with values in L1[0,1]. Then (see, e.g., [28, p. 65]) t € Z(Y**, L,]0,1]) and
1tz = stz = 1Tl = 1T llz-

Let ' C Y be a finite set and let ¢ > 0. We have t¢*|x € Z(X, L]0, 1]), so
there exists S € F(X, X) with ||Sy —y|| < e for all y € F and

[te*Sllz < (A +e)l[te”jxllz < (A + &)l T]|z-

Since ||te*Siy ||z < ||t S|z, we may (simply renaming Siy to S) assume that
S € F(Y,X). All we need to show is that there exists V € F(Y,Y) such that
|Vy —yl|| <eforally € F and

1TV lz < (1 +)llte"S||z,
because then also
[TVz < (1 +e)(A+e)||I Tz
It is known (see, e.g., [28, p. 176]) that for a finite rank operator, acting to a
space with the 1-BAP, its integral norm coincides with its projective tensor norm
| |l=- Hence, [TV ||z = |TV || and |[t*¢*S||z = |[te* S|+ in Y*&®,L1[0,1].
Denote

C={TV:VeFY,)Y),|[Vy—vyl <e Vye F} CY"® L[0,1]
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and
B = (1+¢)|lte*SllxBy-¢, £4j0,1-
We need to show that C'N B # (). Observe that C'is convex and not empty (take,
e.g., any projection V' € F(Y,Y) onto span (F)).
If CN B = (), then there exists U € (Y*®,L,[0,1])* = L(Y*, L]0, 1]*) with
|U|| = 1 such that
infC(U, TV) > (14 ¢)|[te*S||x.

TVe

Let S=5%" vy Qu;, E =span (F, (z;)",) C X, and H = span (T*Uy;)", C
Y*. Choose n > 0 such that ||Sy — y|| < (1 +n)~'e for all y € F. Using
a local characterization of ideals (see, e.g., [20, Corollary 3.3]), there exists an
operator ¢ : E — Y with [[¢|| < 1+ n such that ¢y = y for y € ENY and
y*(vx) = (py*)(x) for all y* € H and = € E.

Define Vi, = > yf @ Y, € F(Y,Y). Then Vj, = ¢S and for y € F we get

Vyy —yll = WSy — byl < (L +0)[Sy —yll <e.
Hence, T'V,, € C and therefore

(L+ o)t S|lx < (U TVy) = > (Uyi)(Topa;) = Y (T Uy;) ()
i=1 i=1
=Y _(Uy)(te ;) = (U, te"S) < [[t"S ||,
i=1
which is a contradiction. O

Proof of Theorems 3.3 and 3./. The implications (a) = (b) and (a) = (c¢) hold by
14]

(b) = (a). An examination of the proofs of Theorems 1.3 and 1.4, (b) = (a),
in [15] reveals that they go through if C[0, 1] is replaced by any Banach space Z
which is isometrically universal for all separable Banach spaces and such that Z*
has the 1-BAP. By Proposition 3.2, Z is isometrically universal for all separable
Banach spaces. Z* being an L;(u) space, has the 1-BAP.

(¢c)=(a). 1. We shall show that if (¢) of Theorem 3.3 is satisfied, then for
every T' € Z(X, C[0,1]*) there exists a net (S,) C F(X,X) such that S, — Iy
pointwise and lim sup,, ||7'S,||z < A|T||z. Then [15, Theorem 1.3] or Theorem 3.3,
(b) = (a), will give the result.

By using Lemma 3.6 and [15, Theorem 3.1] (which is a reformulation of [11,
Proposition 4.3 and Theorem 2.2] and asserts that X has the A-BAP if and only
if every separable ideal of X has the A-BAP), we can assume that X is separable.

Let T € Z(X,C|0,1]*), let F be a finite subset of X, and let ¢ > 0. By
definition (see, e.g., [, pp. 95, 97]), there is a factorization

X =5 Loo(v) =5 Li(v) = C[0, 1]

such that T' = aiyb, ||la]| = 1, and ||b|| < ||T||z + ¢ for some probability measure
v on Byx«. Since X is separable, By« is a separable metric space in the weak*
topology. Thus we may assume that L, (v) is separable (see, e.g., [1, p. 102]). But
then L;(v) is linearly isometric to ¢1(I") @1 L0, 1], where I" is at most countable
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(see [10, p. 128]). Thus there exists an isometry (into) ¢ : Li(v) — L;]0,1].
The image ¥ (Li(v)) is an Li-space, hence it is complemented by a norm one
projection R (see [10, p. 162]).

We have ¢ib : Z(X, L1]0,1]). Suppose S € F(X, X) with ||Sz — z|| < ¢ for all
xr € F and ||9i10S||7 < (A + €)||vi1b]|z. Since ¥ ~' Ry is the identity, we get

1SNz < [101bSllz = ¥~ BypisdS|lz < [[v ™" Rl[l|i1bS| |z
<A+ e)l[pndllz < A+ e)llbll < (A+e)(ITlz +¢)

which is all we need.

2. For the proof of (¢) = (a) in Theorem 3.4, we shall show that if (c) is satisfied,
then for every T' € N(X, 1) there exists a net (S,) C F(X, X) such that S, — Iy
pointwise and limsup, [|T'Sa||x < A|T||ar- Then [11, Proposition 4.1] will give
(a).

Let T € N (X, £1). Tt is well known that L;[0, 1] contains a one-complemented
copy of ¢1. Let ¢ : ;1 — L]0, 1] be an isometry (into) and let R be a norm one
projection onto t(¢;). We have T € N (X, L;]0,1]). Let (S,) C F(X,X) be a
net for ¢T" as in (c¢). Since T = ' RyYT,

lim sup |T'Sa Ly < limsup [[WTSa | < AWl < ATy

as needed.

3. Let us remark that the proof of (¢)=-(a) in Theorem 3.4 can also be done
similarly to the proof of (¢) = (a) in Theorem 3.3 by factoring T € N (X, C[0, 1]*)
through /., and ¢;, and then using that ¢; is isometric to a subspace of L]0, 1].

Indeed, let T € N (X, C[0,1]*) and & > 0. It is well known (see, e.g., [0, p. 111])
that there is a factorization

X 5 e - o, 1

such that T'= aM,b, ||a|| = 1, ||Mx|x = 1, and [|b|| < | T||x + €.

We have v M\b € N(X, L1]0,1]), where ¢ : {; — L41]0,1] is an into isometry.
An argument similar to the argument we used above in the proof of Theorem 3.3
completes the proof. O

Concerning Theorems 3.3 and 3.4 and other characterizations of the A-BAP
and the weak \-BAP (see, e.g., [14], [15], [13], [17], [23]), we should add that by
[22] (see [25] for a simple proof), the weak A-BAP and the \-BAP are equivalent
for a Banach space X whenever X* or X** has the Radon-Nikodym property.
It remains open whether the weak A-BAP is strictly weaker than the \-BAP. If
they were equivalent, then, by [10], the answer to the long-standing famous open
problem (Problem 3.8 in [2]), whether the AP of a dual Banach space implies
the 1-BAP, would be “yes”. For a recent survey on bounded approximation
properties, see [2].

It is well known that a Banach space X has the Radon-Nikodym property if
Z(C[0,1], X) = N(CI0,1], X) (as sets) (see, e.g., [3, p. 523]). And, X* has the
Radon-Nikodym property if Z(X, L1[0,1]) = N(X, L1[0, 1]) (as sets) (see, e.g., [3,
p. 524]). Our Theorem 3.8 below shows that the Radon-Nikodym property can
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be tested for by other single spaces than C[0, 1] (for the Radon-Nikodym property
of X) or L]0, 1] (for the Radon-Nikodym property of X*).

Lemma 3.7. Let X and Y be Banach spaces. If T(X,Y) = N(X,Y) (as sets)
and Z is an ideal in X, then Z(Z,Y) =N (Z,Y) (as sets).

Proof. Let ¢ : Z* — X* be a norm-preserving extension operator and let 17" €
Z(Z,Y). Since integral operators are weakly compact, we have (using proper-
ties of integral operators as in the proof of Lemma 3.6) T*¢*|x € Z(X,Y) =
N(X,Y). Write T**¢p*z = ) xk(2)yn, © € X, where > [|2}||[|yn]| < co. Then
for all z € Z we get

Tz=T"0"2 =Y ()0 = > _ 3| 2(2)tn-

Thus T' =), zi|z @y, € N(Z,Y). O

Theorem 3.8. Let X be a Banach space and let Z be a Lindenstrauss space
whose dual Z* fails the Radon-Nikodym property.

() If I(Z,X) = N(Z,X) (as sets), then X has the Radon-Nikodgm property.
(b) If I(X, Z*) = N(X, Z*) (as sets), then X* has the Radon-Nikodym prop-
erty.

Proof. (a) By Proposition 3.2, C[0,1] C Z. But any Lindenstrauss space is an
ideal in every “superspace”’ (see [7, Proposition 3.4]), in particular, C|0,1] is
an ideal in Z. Since Z(Z,X) = N(Z,X), by Lemma 3.7, also Z(C[0,1],X) =
N(CI0,1], X). Hence, X has the Radon-Nikodym property.

(b) This follows when we apply (a) to X*. Indeed, let 7" € Z(Z, X*). Then T* €
T(X*,Z%) and T*jy € I(X,Z*) = N(X, Z*). Hence, (jx)T™ € N(Z*,X")
and (jx)*T™jz € N(Z,X*). But (jx)*"T*jz = (jx)jx-T =T. O

4. THE SPACES Z(X,Z*), WITH A LINDENSTRAUSS SPACE Z, AND
Z(X, L1[0,1])

Let X be a Banach space and let Z be a Lindenstrauss space. In Theorems 3.3
and 3.4, we characterized the A-BAP and the weak \-BAP of X in terms of
I(X,Z*) and Z(X,L41]0,1]), and of N (X, Z*) and N (X, L1]0, 1]), respectively.
In particular, the corresponding norms of operators were used. It is rather well
known how to calculate nuclear norms in the latter spaces, since N(X, Z*) =
N(X, Li(p) = X*®,L1(n) = Li(p, X*), an X*-valued Lebesgue-Bochner space
for some measure p, and similarly, N (X, L1[0,1]) = Ly([0, 1], X*) (see e.g., [28,
pp. 76, 29]). This seems not to be the case for the former spaces. In this section,
applying results and ideas from Sections 2 and 3, we shall look at the structure of
the spaces Z(X, Z*) and Z(X, L;[0,1]). In particular, we shall indicate formulas
for computing respective integral norms.

4.1. Computing norm in Z(X,Z*). Let X and Z be Banach spaces. Using
basic properties of integral operators (see, e.g., [28, p. 65]), it is straightforward
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to verify that Z(X, Z*) is isometrically isomorphic to Z(Z, X*) by the mapping
T +— T*jz. Indeed,
1Tzl < 1Tz = 1Tz = 32T dxllz < 13271z = 1 T"5z1z
meaning that | 7%jz||z = ||T||z for all T € Z(X,Z*). On the other hand, if
S eI(Z,X"), then
S=7jx58"jz = (5)x)"Jz
In the case when Z is a Lindenstrauss space, by a result of Stegall [30], one has

I(Z,X) = P(Z,X) as Banach spaces. Hence, the following is immediate from
Theorems 2.7 and 2.11.

Theorem 4.1. Let X be a Banach space. Let Z = U2 F,, be a separable Lin-
denstrauss space with a structure as in Theorem 2.1 (c) and let (yxn)pr, be an
admissible basis in F,, forn =0,1,.... ThenZ(X,Z*) is isometrically isomorphic
to the (y-tree space 0°(X*) related ((Yxn)iry)o, by the mapping

T (T"ykn )52 a0, T € T(X, Z7),

n=0"
and
Mn mn
1Tz =sup } [T yrnll = 1175112 1T Ykl
k=1 k=1

n

In Theorem 4.7 below, we shall deduce a similar formula for ||T'||7 when T €
I(Xa L1[07 1])

4.2. T(X, L1[0,1]) as an L-summand. The first result concerning the structure
of Z(X, L1]0,1]), Theorem 4.5, is that it is an L-summand in Z(X, C[0, 1]*). The
proof relies on a corresponding structure result on Z(Z, X) = P(Z, X ), where Z
is a Lindenstrauss space (see Theorem 4.3).

From the definition of the absolute summing norm the following result follows.

Lemma 4.2. Let X and Z be Banach spaces and let S € P(Z,X). Then there
exists a separable subspace Y C Z such that || S||p = [|S|y||»-

Theorem 4.3. Let Z be a Lindenstrauss space and let X be a Banach space. If
T € P(Z,X) and P is an L-projection on X, then

ITllp = [[PT]lp + I(I = P)T|p.

Proof. The inequality || T'||p < ||PT||p + ||[({ — P)T||p is trivial. In order to prove
the converse, by the lemma above, there exists a separable subspace Y C Z such
that |PT||p = ||PT|yl|l» and ||(I — P)T||p = ||(I — P)T|y|lp. As in the proof
of Proposition 3.1, we may assume that Y is an ideal in Z. But then Y is a
separable Lindenstrauss space.

As in Theorem 2.7, we may choose a sequence of admissible bases ((Yk.n ) )no
for Y = U (F,. Then, by Theorem 2.7, we get

mn mn

ITlle > I Tly P = lim Y [ Tyeal =M} I PTyxall + D I = P)Tyxall)
k=1 k=1 k=1

=[PTlyllp + (1 = P)T|y|lp = [[PTl[p + (I = P)T||p.
O
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Proposition 4.4. Let X and Y be Banach spaces and assume that Y is one-
complemented in its bidual. Let P be an L-projection on Y. Then

Tz = [IPT|z + (I = P)T||z
for every T € Z(X,Y).

Proof. Let T € Z(X,Y) and let ¢ > 0. Since Y is one-complemented in its
bidual, by [0, p. 235], T" is Pietsch integral. By [0, p. 168], T" admits a factoriza-
tion through a C'(K) space, where K is compact Hausdorff. That is, for ¢ > 0
there exist a norm one operator R : X — C(K) and an absolutely summing
operator S : C(K) — Y such that T = SR and ||T|z < ||S]l» < |||z + €.
Since P(C(K),Y) = Z(C(K),Y) with equal norms (see [0, pp. 169, 235]), from
Theorem 4.3 we get

1Slle = [[PS]l» + (I = P)S|l» = |PSliz + (I = P)S||z.

Hence,
1Tz +e = [IS]lp = [[PS]lz + |({ = P)S|z
> [|PSR[z + [|(I = P)SR|lz = [|PT|lz + (I = P)T|z
so that ||T||z = ||PT||z + ||[(I — P)T||z. O

The dual space C[0, 1]* can be identified with the space of regular Borel mea-
sures on [0,1]. It is well known that L;[0,1] is an L-summand in C]0, 1]*.
This comes from the fact that if u € C|0,1]*, then its Lebesgue decomposi-
tion pt = flac + fsing Satisfies ||p|| = ||ftacll + [[1singl. By the Radon-Nikodym
theorem, we can write du,. = fdt, where dt is the Lebesgue measure on [0, 1]
and f € L1]0,1]. And, ||gac]| = || f]l. The L-projection P onto L]0, 1] is given by
Pup = f. By Proposition 4.4, we now can state the following theorem.

Theorem 4.5. Let X be a Banach space. Then (X, L1[0,1]) is an L-summand
in Z(X,C|0,1]%).
4.3. The space Z(X, L;[0,1]). As in Example 2.2, see Section 2, let

Yk = X[%,%)
forn=0,1,...and k =1,...,2". While convenient, we consider yy,,, as elements
of L1[0,1] or of Ly[0,1] = L]0, 1]*.

The main result of this subsection is Theorem 4.7. It gives a reasonable formula
for computing ||T'||z of T' € Z(X, L1[0,1]) in terms of yx, € Loo[0,1]. As a by-
product, we shall also calculate the norm in £(L4[0, 1], X') (see Theorem 4.6).

Below, we shall use the following notation.

Let (h;)32, be the Haar basis in L,[0, 1]. With the definition as in [1], we have
hy =1and, forn=20,1,2,...and ¢ =1,...,2",

h ;] — 2i—2 2i—1 - 2i—1 21 — . - ; .
on g X[2ﬁ+1’25+1) X22+1v2n11) Y2i—1n+1 — Y2in+1

Let (h})22, denote the coordinate functionals of the Haar basis (h;)52,;.
Denote
W, = span (hk)izl = span (ylc,n)Z:l C L1[07 1]7
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and let P, : L1[0, 1] — W), be the natural projection in L;[0, 1], associated to the

basis (h;)2,, i.e., P, = Z?; h% @ h;. Since the Haar basis is monotone, we have

|P.l=1forn=0,1,2,....
We shall need the following description for the extreme points of By, :

ext By, = {£2"yp,n : 1 <k <27}, (4.1)

This comes from the fact that the map 6,, : W,, — (3" defined by 6,,(2"yx.n) = ex
is a linear isometry and ext Ben = {£ey: 1 <k < 2"}

Theorem 4.6. Let V € L(L41[0,1], X). Then

Vil= su V(2" yrn)|| = lim max ||V (2"yi..)||.
V= s V)l = lim s V0]

Proof. Let V' € L(L1]0,1], X). Then
VP 2 VP2 Yn) | = IV (2 Yk I
On the other hand, using (4.1), we get

VP, = sup [[VP,f]| < sup [[VP.f]
I flI<1 | Pn flI<1

= = = 2n .
IV Iw. | gEeiggwnHVgH  max V(2" yn) |

Hence,
VPl = max [[V(2"yp)||

1<k<2n
For f € L4]0,1] we have VP,f — Vf. Hence, ||V| < supl||[VF,]|. Since
[V < [[VEual <[V, we get

VI =lm |[VE,[[ = sup [[V(2"yxn)ll

n>0,1<k<2n

O

In the proof of the next theorem we shall use the following simple formula for
the projections (P,)5

on

Pu =" 4n © 29 (4.2)
k=1

Since (2"y.n )2, is a basis of W, and (2"Yk.n, Ykn )iy (With i, € Loo[0,1] =
L4]0,1]*) is a biorthogonal system,

2n
Pnf = Z yk,n(Pnf)Qnyk,n
k=1

for all f € L]0, 1]. Hence,
271

Py =Y Plyin ®2"Yin.
k=1
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But P}yk.n = Yk.n, because ykn(h) = 0 whenever j > 2" implying that

for all f € L;]0,1].
Theorem 4.7. Let T € Z(X, L1[0,1]). Then
on on
1Tz = SUPZ T yrnll = 1{{“2 1T Ysnl|-

" k=1 k=1
Proof. Let T € Z(X, L,[0,1]) € Z(X, L1[0,1]*) = F(L,[0,1], X)*. EV = ¢* &
x € F(L4]0,1],X), then VP, = Pl¢g* ® z. Since

(T,V) =¢"(Tz) = ¢*(lim P, Txz) = lim(P;g*)(Tx) = im(T,V P,),
we have
(T, V) = lim(T, VP,)

for all V' € F(L4[0, 1], X).
Let € > 0. Choose V' € F(L1]0,1], X) with ||V]| < 1 and choose n € N such
that

Tz —e < (T,VP,).

By (4.2) we can write

(T,V Py, Zyk n @ V(2 "n)) = (T Yn) (V(2 )
k=1

<[V Z 1T Yl < Z 1Tyt
k=1 k=1

Thus we get
27L

|71z < sup > 1T yinll-
" og=1

On the other hand, by Theorem 2.7,
on 2n

Tz = 1Tz = 1T"lp = 7" mllp = sup D T yinll = 11}312 1T yre .l
k=1 k=1

where M C L0, 1] is as in Example 2.3 (see Section 2). O

We can write ((yk,n)iil)ffzo as a sequence Y1, Y11, Y21, Y12, - .. Then yg, is
the element of number 2™ + k — 1.

Proposition 4.8. For every T € Z(X, L]0, 1]),

lim max | T"yxq| = 0.
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Proof. By [5, Theorem 5.19], there exists g € L;[0, 1] such that T'(Bx) C [—g, 9],
where [—g, g] is the order interval. We have

HT*yk,n“ = Sup yk,n(T'x) < yk,n(g)
r€Bx
Write g = >°7%, ashi. Let g = 3207, aihi. We get [Yrn(9—9m)| < l9—gmll —m
0. Thus, it suffices to prove that yx ,(gm) —n 0 for a fixed m.
Fix m. If 1 <k < 2", then

m 1
en(gm)] < 3 Jad / s (0)] e ()]
=1

m 1 1 m
< Zw/ﬁ Y (1) dt = 272\@4 —, 0.
i=1 =1

O

Defining hy = hy and h, = 2™ 'h,, where 27"! < n < 2™ and n € N, one

~

obtains the normalized Haar basis (h,,)>; for L0, 1]. Its coordinate functionals
are (h,)>, C Ly[0,1].

Lemma 4.9. LetY be a Banach space with a basis (y,,)>>, and with the coordinate
functionals (y2)22,. If T € Z(X,Y) CZ(X,Y*) = F(Y, X)* and V € F(Y, X),
then

o0

(T V) => (T*ys) (Vi)

n=1
Proof. 1t clearly suffices to prove the claim for V = y* ®@ x € F(Y, X). Then we
get

e}

(T, V) =y*(T) = y* O yn(Tx)yn) = Y (T*y3) () ¥ (yn)

n=1 n=1
oo

= (T Y)W (w)x) = D> (T y) (V).

n=1

0J
Corollary 4.10. Let T € Z(X, L1]0,1]) and V' € F(L4[0,1], X). Then we have

o0 o0

(T V)= (T"h)(Vhy) = > (T*h3) (V).

n=1 n=1

Remark 4.11. Note that, in general, |[Vh,| - 0 in Corollary 4.10. Indeed, take
V = ¢* ® x, where x € Sx and g* € L0, 1] is defined as follows:
hs(t) it t e [0,1/2),
) ho(t) if ¢ € [1/2,3/4),
9 () = his(t) if t € [3/4,7/8),

and so on.
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Then
~ ~ 1 ~ 1 ~
[V hom ]| = |g" (hom—1))] :/ 9" (O)hem_1)(t) dt = / ham_1(t)hom 1 (t) dt = 1.
0 0

Hence, ||V h,| - 0 and h, - 0 weakly.

4.4. The Haar basis and Z(X, L,[0,1]). Let n € N. Both (hg)?_, and (yr..)2-,
are bases for W,,. Thus, there exists a 2" x 2" matrix C,, such that

hy Yin Yin hy
D=0 and Lo =G
hgn Yon Yom n hgn
If 1 <27, then

k/2" 1 k-1

k—1)/2n 2n 2n
Thus we get
on on
1 k—1 -+ 1. k-1
i=1 i=1
It follows that | _
C_l — —iLZ _
n (21’L ( 2TL ))7

where k is the row number and 7 is 4the column number.
In (4.3) we can apply at points (£:1)2", and we get

2n /j=1

. 2n .

Jg—1 1. k-1 Jg—1
Opj = = —h; h; :
b = Yhn () 22 (5 hi(5)

Hence, we get
k—1
Co = ((“5)),

where ¢ is the row number and £ is the column number. Moreover,
27L

E—1
h; = Z hz(2—n>ykn
k=1

Let us give two examples.

Cl—<1 _}) and 01—1_(

-
B[00 | =
\/

1 1 1 1 11 1 9

1 1 —1 -1 . 1 —% 0
=11 4 o of md &=t 1 § 1
S 1

0O 0 1 —1 2= 0 -3

From Theorems 4.6 and 4.7 we now get the following formulas which connect
the norms of the operators with the entities we used in Corollary 4.10.
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Theorem 4.12. Let V € L(L4]0,1], X) and T € I(X, L1]0,1]). Then

|IV|| = lim max || Zh Vh |, and

1<k<2n
ITllz = hm—ZHZh DT h|
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