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LINEAR MATRIX EQUATION RESTRICTIONS
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ABSTRACT. Matrix rank and inertia optimization problems are a class of dis-
continuous optimization problems in which the decision variables are matrices
running over certain matrix sets, while the ranks and inertias of the vari-
able matrices are taken as integer-valued objective functions. In this paper,
we establish a group of explicit formulas for calculating the maximal and
minimal values of the rank and inertia objective functions of the Hermitian
matrix-valued function A; — B; X B} subject to the common Hermitian solu-
tion of a pair of consistent matrix equations Bo X B5 = Ay and B3 X Bj = Ags,
and Hermitian solution of the consistent matrix equation B4 X = Ay, respec-
tively. Many consequences are obtained, in particular, necessary and suffi-
cient conditions are established for the triple matrix equations B; X B} = A,
ByXB3 = Ay and BsXB; = Az to have a common Hermitian solution,
as well as necessary and sufficient conditions for the two matrix equations
B XBf = A; and B4 X = Ay to have a common Hermitian solution.

1. INTRODUCTION

The matrix approximation problem is to approximate optimally, with respect
to some criteria, a matrix by one of the same dimension from a given feasible
matrix set. Assume that A is a matrix to be approximated. Then a conventional
statement of general matrix optimization problems of A from this point of view

Date: Received: 13 March 2013; Accepted: 30 May 2013.
2010 Mathematics Subject Classification. Primary 15A24; Secondary 15B57, 49K30, 65K10,
90C11, 90C22, 47A62.
Key words and phrases. Matrix-valued function, matrix equation, rank, inertia, optimization.
148



RANK AND INERTIA FORMULAS 149

can be written as
minimize p( A — X ) subject to X € S, (1.1)

where p(-) is certain objective function, which is usually taken as the determinant,
trace, norms, rank, inertia of matrix, and S is a given feasible matrix set. A best-
known case of (1.1) is to minimize the norm || A — X ||% subject to X € S.

In this paper, we take two matrix sets as

T ={XeC} | BsX =A4A4}, (1.3)
where A; € C}*, B; € C™*" Ay, By € C™*™ are given, i = 2, 3, and X € C}}
is a variable matrix, and study the following constrained optimization problems.

Problem 1.1. For the Hermitian matrix-valued function A; — B1 X B}, where
A € C* and By € C™*" and the matrix set in S in (1.2), establish explicit
formulas for calculating

I}{lggcr(Al — B XBy), (1.4)
minr( A — BIXBY), (1.5)
r)l(qeigz'i(Al — B1XBy), (1.6)
I§1€1rslzi( Ay — B1XBy). (1.7)

Problem 1.2. Establish necessary and sufficient conditions for the following
three linear Hermitian matrix equations

[BiX By, BoXB;, BsX B3| =[Ai, Ay, As] (1.8)
to have a common Hermitian solution, and establish necessary and sufficient
conditions for the Lowner partial ordering matrix inequalities
A — B XB} >0, A — B XB; >0, Ay — B1XB] <0, Ay — B1XB; <0 (1.9)
to hold respectively for an (all) X € S in (1.2).

Problem 1.3. For the Hermitian matrix-valued function A; — By X B}, where
Ay € Cf* and By € C™*" and the matrix set 7 in (1.3), establish explicit
formulas for calculating

I)I(léi?)g’f‘(Al — B1XBy), (1.10)
gl(leigr(Al—BlXBi“), (1.11)
r)r(léx%(ii(Al — B1XB7]), (1.12)
E?Ei{}ii(Al — B XBy). (1.13)

Problem 1.4. Establish necessary and sufficient conditions for the following two
matrix equations

[BIXB!, ByX ] = [ Ay, A4] (1.14)
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to have a common Hermitian solution and positive semi-definite solution, respec-
tively, and establish necessary and sufficient conditions for the Lowner partial
ordering matrix inequalities

A~ BXB: >0, A — BIXB: >0, A, — BLXB: <0, A, — BXB: <0 (1.15)
to hold, respectively, for an (all) X € 7 in (1.3).

Throughout this paper,

Cm™*™ and Cj} stand for the sets of all m x n complex matrices and m x m

complex Hermitian matrices; respectively;

AT A* r(A), Z(A) stand for the transpose, conjugate transpose, rank

and range (column space) of a matrix A € C™*", respectively;

I,,, denotes the identity matrix of order m;

[ A, B]| denotes a row block matrix consisting of A and B;

A >0 (A > 0) means that A is Hermitian positive definite (Hermitian

positive semi-definite);

two A, B € CJ} are said to satisfy the inequality A > B (A > B) in the

Lowner partial ordering if A— B is positive definite (positive semi-definite);

the Moore-Penrose inverse of A € C™*", denoted by A, is defined to be

the unique solution X satisfying the four matrix equations AXA = A,

XAX = X, (AX)* = AX and (XA)* = X A, which satisfies AAT = ATA

if A= A*

a matrix X is called a Hermitian g-inverse of A € Cj}, denoted by A~ if

it satisfies both AXA = A and X = X*;

E, and Fj stand for E4 = I, — AA" and Fy = I,, — AT A, and the ranks

of F4 and F4 are given by r(E4) = m —1r(A) and r(Fa) =n — r(A);

it (A) and i_(A), usually called the partial inertia of A € C}}, are defined

to be the numbers of the positive and negative eigenvalues of A counted

with multiplicities, respectively, which satisfy r(A) =i (A) +i_(A).

Once close-form formulas for the extremal ranks and inertias of a matrix-valued

function are established, they can directly be used to describe some behaviors of
the matrix-valued function, for example,

(I) the maximal and minimal dimensions of the row and column spaces of the
matrix-valued function;

IT) nonsingularity of the matrix-valued function when it is square;

IT) solvability of the corresponding matrix equation;

V) rank, inertia and range invariance of the matrix-valued function;

V) semi-definiteness of the matrix-valued function, etc.

(
(I
(I
(
On the other hand, matrix rank and inertia optimization problems are NP-hard
in general due to the discontinuity and combinational nature of rank and inertia
of a matrix and the complexity of algebraic structure of the given matrix set S.

Mappings between matrix spaces with symmetric patterns can be constructed
arbitrarily, but the matrix-valued function ¢(X) = A— BX B* is the simplest case
among all matrix-valued functions with symmetric patterns. This function is the

starting point in dealing with various complicated matrix-valued functions with
symmetric patterns. In recent years, the present author and his coauthors gave
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a comprehensive study on the ¢(X) and its algebraic properties, and obtained
many fundamental results. The work done includes:

(i) establishing expansion formulas for calculating the (global extremal) rank
and inertia of ¢(X) when X running over Cfj, and the matrix X such that
the objective rank and inertia functions attain the global extremal ranks
and inertias, see [17, 27, 39];

(ii) characterizing nonsingularity, positive definiteness, positive semi-definiteness,
rank and inertia invariance, etc., of ¢(X), see [27, 39];

(iii) establishing canonical forms of ¢(X) under generalized singular value de-
compositions and characterizing their algebraic properties, see [17];

(iv) deriving solutions and least-squares solutions of the matrix equation ¢(X) =
0 and characterizing their algebraic properties, see [14, 18, 31, 33, 30];
(v) deriving solutions of the matrix inequalities ¢(X) > 0(=> 0, < 0, < 0)
and characterizing their properties, see [27];
(vi) minimizing tr[ ¢(X)e*(X)] s.t. 7[¢(X)] = min, see [30];
(vii) establishing formulas for calculating the extremal ranks and inertias of
(X)) under the restrictions r(X) < k and/or £X > 0, see [32];

(viii) establishing formulas for calculating the extremal ranks and inertias of
(X)) subject to a consistent matrix equation CXC* = D, see [10].

This seminal work was also extended to some general matrix-valued functions
with symmetric patterns, such as,

A— BX — (BX)", A— BXB*—CYC*, A—BXC — (BXC)",

where X and Y are (Hermitian) variable matrices of appropriate sizes, see, e.g.,
[ ) ) ) ) ) ) ]

We shall use some pure algebraic operations on matrices to derive two groups
of closed-form formulas for calculating the global extremal values of the objective
functions in (1.4)—(1.7) and (1.10)—(1.13), and then to present a variety of valuable
consequences of these formulas.

Since variable entries in a matrix-valued function are often regarded as con-
tinuous variables in some feasible sets, while the objective functions—the rank
and inertia of the matrix-valued function take values only from a finite set of
nonnegative integers. Hence, (1.4)—(1.7) and (1.10)—(1.13) can be regarded as
continuous-integer optimization problems subject to equality constraints. This
kind of non-smooth optimization problems cannot be solved by using various op-
timization methods for solving continuous or discrete cases. There is no rigorous
mathematical theory for solving a general rank and inertia optimization problem
due to the discontinuity and nonconvexity of rank and inertia of matrix. In fact,
it has been realized that rank and inertia optimization problems have deep con-
nections with computational complexity, and are regarded as NP-hard in general;
see, e.g., [1, 2,3, 4,6, 7,8, 10, 11,20, 21, 22, 23, 25]. Fortunately, some special
rank and inertia optimization problems now can be solved analytically by pure
algebraical methods.
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2. PRELIMINARIES

The following are some known results for ranks and inertias of matrices and
their usefulness, which will be used in Sections 3 and 4.

Lemma 2.1 ([27]). Let H be a matriz set in Cj}. Then, the following hold.
(a) H has a matriz X > 0 (X < 0) if and only if

I)?g%(u(X) =m (r)r(lgﬁz_(X) = m) :

(b) All X € H satisfy X > 0 (X < 0), namely, H is a subset of the cone of

positive definite matrices (negative definite matrices), if and only if

min iy (X) = m (min i (X) = m) .

XeH XeH

(¢) H has a matriz X > 0 (X < 0) if and only if

)1}161%2,()() =0 (g{nel%er(X) = 0) .

(d) All X € H satisfy X > 0 (X < 0) namely, H is a subset of the cone
of positive semi-definite matrices (negative semi-definite matrices), if and

only if

E??%”—M) =0 (g{lgﬁ@#)() = O> .

The question of whether a given function is definite or semi-definite everywhere
is ubiquitous in mathematics and applications. Lemma 2.1(a)—(d) show that if
some explicit formulas for calculating the global maximal and minimal inertias
of a given Hermitian matrix-valued function are established, we can use them, as
demonstrated in sections below, to derive necessary and sufficient conditions for
the Hermitian matrix-valued function to be definite or semi-definite.

Lemma 2.2 ([19]). Let A € C™*", B € C"™*? and C' € C¥*". Then, the following
rank expansion formulas hold

r[A, Bl =r(A)+r(EsB) =r(B)+r(EgA), (2.1)
. [é} — 1(A) + 1(CF4) = #(C) + r(AFe), (2.2)

. {é v } r(B) + r(C) + r(EgAFe). (2.3)
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Three useful rank expansion formulas derived from (2.3) are

S B GE P| (2.4
A B
A BF,
r|C 0 :r(Q)—H[ Q}, (2.5)
0 Q. C 0
A B 0]
A BF,
r|C 0 P :r(P)+r(Q)+r[ Q}. (2.6)
0Q 0 EpC 0

We shall use them in Sections 3 and 4 to simplify ranks of block matrices involving
Ep and FQ.

Lemma 2.3 ([27]). Let A€ C}, Be C™", D e C}, and let

o-[2 ] v-[2 )

B* 0 B* D
Then, the following expansion formulas hold

r(U) =2r(B) +r(EgAER),

s =n@+il gl 5] (29)
W)=+l g p i) (210)
In particular, the following hold.
(a) If A >0, then
iv(U)=r[A, B], i-(U)=r(B), r(U)=r[A, B]+r(B). (2.11)
(b) [fA 0, then
iw(U)=r(B), i-(U)=r[A, B], r(U)=r[A, B]+r(B). (2.12)

)=
(c) If Z(B) C Z(A), then

i+(V) =is(A) +is(D - B*A'B), r(V)=r(A)+r(D—-B*A'B). (2.13)
(d) If Z(B) N %Z(A) = {0} and #(B*) N %Z(D) = {0}, then
i+(V)=1ix(A) +ix(D)+1r(B), r(V)=r(A)+2r(B)+r(D). (2.14)

Three general expansion formulas derived from (2.7) and (2.8) are

A B 0
@i[FAB* ng}:ii B* 0 P*|—r(P) (2.15)
P 0 P 0
A B 0
T[FAB* ng}:r B* 0 P*| —2r(P). (2.16)
F 0 P 0
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We shall use them to simplify the inertias of block Hermitian matrices that involve
Fp=1- PP

Lemma 2.4. Let A; € C™*" B; € CP*% and C; € C™*% be given, j = 1,2.
Then, the following hold.

(a) [24] The pair of matriz equations
AlXBl == Cl and AQXBQ = CQ (217)
have a common solution for X € C"*P if and only if
Z(C;) C R (4A;), R(C;)CRDB]), j=1,2 (2.18)
c, 0 A A
r 0 _02 A2 :7“|:A1:| +T[Bl, Bg] (219)
B By 0 2

(b) [26] Under (2.18) and (2.19), the general common solution of (2.17) can
be written in the following parametric form

X =Xo+ FaAVi + VoEp + Fy,V3EpR, + Fu,Valp,, (2.20)

where A = {ﬁl} , B =[By, By], and the four matrices Vy,...,Vy € C"*P
2

are arbitrary.
Lemma 2.5. Let A € C™*" and B € Cj} be giwen. Then, the following hold.

(a) [5, 9] The matriz equation AX A* = B has a solution X € C}; if and only
if #(B) C #(A), or equivalently, AATB = B.

(b) [27] Under AATB = B, the general Hermitian solution of AX A* = B can
be written in the following two forms

X = A'B(AN) + U — ATAUA A, (2.21)
X = ATB(AY) + FAV + V*Fy, (2.22)
where U € C; and V € C™*™ are arbitrary.

More results on properties of solutions of AXA* = B can be found in [11, 18].

Lemma 2.6 ([9]). Let A, B € C™*" be given. Then, the following hold.

(a) The matriz equation AX = B has a Hermitian solution X € C}, if and
only if Z(B) C Z(A) and AB* = BA*. In this case, the general Hermitian
solution of AX = B can be written as

X =A'B+ (A'B)* — ATBATA + FAUFy,, (2.23)

where U € CY; s arbitrary.

(b) The matriz equation AX = B has a solution 0 < X € C}, if and only if
H(B) C #(A), AB* > 0 and r(AB*) = r(B). In this case, the general
positive semi-definite solution of AX = B can be written as

X = B*(AB*)'B + FAUF4, (2.24)
where 0 < U € C}; s arbitrary.
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Lemma 2.7. Let A € C}{ and B € C™" be given, and let M = [él* g} .
Then, the following hold.

(a) [27, 39] The global mazximal and minimal ranks and inertias of the Her-
mitian matriz-valued function A — BX B* subject to X € Cf; are given
by

)r(rggér(A — BXB*)=r[A, B, (2.25)

)Eré%cr}l r(A—BXB")=2r[A, B] —r(M), (2.26)

)12116%% iv(A—BXB")=i.(M), (2.27)

)Eré%cr% iv(A—BXB")=r[A, B] —ix(M). (2.28)

(b) [32] The global mazimal and minimal ranks and inertias of the Hermitian

matriz-valued functions A+ BX B* subject to 0 < X € C}; are given by

Og(%%ﬁr(A+BXB*):r[A,B], (2.29)
0<I§i€1?CI(A+BXB*) =i (A)+r[A, B]— i (M), (2.30)
Og(agérg +(A+BXB") =i.(M), (2.31)
0<n)}1€n i+(A+ BXB") =i.(A), (2.32)
(s (A+ BXB) =i (4) (2.33)
ogr)r}le%gz_( A+ BXB*)=r[A, B]| — i, (M), (2.34)
Jmesr(A = BXB) =14, B) (2.35)
0<r)1}i€%[(A—BXB*) =i (A)+r[A B]—i_(M), (2.36)
0<II)1(&Q%3+(A — BXB*) =1i(4), (2.37)
JJun i (A~ BXB') =r[A, B] ~i (M), (2.38)
(i (A = BXB) =i (M), (2.39)
0<n)}1€r(1crg (A—BXB*)=1i_(A). (2.40)

Lemma 2.8 ([10]). Let A€ Cff, B € C™*? and C € CT*™ be given, and let

A B A C*

N =[A B,C"], le[A B C* A B C*}

B 0 0]’ NQ:{C 0 0 (242)
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Then, the global mazimal and minimal ranks and inertias of the Hermitian matriz-
valued function A — BXC — (BXC)* are given by

Xg@)}gqr[fl — BXC — (BXC)*] = min{r(N), r(My), r(Ms)}, (2.43)
Xlggle[A — BXC — (BXC)"| =2r(N)+max{si, sz, S3, s1}, (2.44)
X%l&}iqii[A — BXC — (BXC)"| = min{ir (M), is(Ms)}, (2.45)
nglxqii[A_BXc_ (BXC)*] =r(N) + max{ iy (M) — r(Ny),
ix(Ms) —7(N2) },  (2.46)
where

S1 = T(Ml) — 2T(N1), S9 = T‘(Mg) — 27”(N2),
s3 =iy (My)+i_ (M) —r(Ny) —r(Na), s4=1i_(My)+i,(My)—r(Ny)—r(Ny).
In particular, if Z2(C*) C %(B), then

max {4~ BXC — (BXC)'] :min{ (4, B], T{A CH (2.47)
cCprXq

| o A C A B
XIEI}ClzI}er[A—BXC’—(BXC) |=2r[A, B]+ [C’ O} [C’ 0} (2.48)
max is[A — BXC — (BXC)'] =is |4 & (2.49)
XE(CPXq:t + C O ’ '

XeCrxa

A¢) 048] s

The matrices X that satisfy (2.43)—(2.50) (namely, the global maximizers and
minimizers of the objective rank and inertia functions) are not necessarily unique
and their expressions were also given in [16] by using certain simultaneous de-
composition of the three given matrices and discrete methods. Observe that the
right-hand sides of (2.43)—(2.50) are represented in analytical forms of the ranks
and inertias of the five given block matrices, we can easily use them to derive
extremal ranks and inertias of some general linear and nonlinear matrix-valued
functions. In these cases, combining the rank and inertia formulas obtained with
the assertions in Lemma 2.1 may yield various conclusions on algebraic properties
of linear and nonlinear matrix-valued functions.

3. THE EXTREMAL RANKS AND INERTIAS OF A — B1 X B} SUBJECT TO
BQ)(B%< = AQ AND BgXB;; = Ag

We first derive a parametric form for the general common Hermitian solution
of the pair of matrix equations in (1.2).

Lemma 3.1 ([31]). Let A; € C*, B; € C"™*™ be given for i = 2, 3, and suppose
that each of the two matrix equations

BQXB; = AQ and B3XB§ = A3 (31)
has a solution, i.e., Z(A;) C Z(B;) for i =2, 3. Then, the following hold.
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(a) The pair of matriz equations have a common Hermitian solution if and
only if

r| 0 —Ag Bg
B; B: 0

o —2r{321. (3.2)

(b) Under (3.2), the general common Hermitian solution of the pair of equa-
tions can be written in the following parametric form

X = Xo+ VFp+ FgV* + Fp,UFp, + Fp,U"Fp,, (3.3)

where Xy is a special Hermitian common solution to the pair of equations,

B = {gﬂ, and U, V € C™™ are arbitrary.
3

Substituting (3.3) into A; — By X Bf gives

Ay — BiXB; = A, — B XoB; — BV FyB;
— BiFpV*B! — BiFp,UFp, B} — BiFp,U*Fp,B;,  (3.4)

which is a matrix-valued function involving two variable matrices V and U. Thus,
the matrix-valued function A; — B; X B} subject to (1.2) is equivalently converted
to the unconstrained matrix-valued function in (3.4). To find the global maximal
and minimal ranks and inertias of (3.4), we need the following result.

Lemma 3.2. Let
d(Xq, Xo) = A— B X0 — (B1 X 1C1)" — BoXoCy — (B XoC5)", (3.5)

where A € Cff, B, € C"™% qand C; € C¥*™ are given, and X, € CPi*% qare
variable matrices for i = 1,2, and assume that

K(Bs) € #(By1), Z(CT)CZ(B1), #(C5) < Z(B1). (3.6)
Also let

A By, Cr C; A By, C; C;

},le B; 0 0 0|, Na=1[C, 0 0 0],
c, 0 0 0 C, 0 0 O
A B, C: A C C

}, My=|B; 0 0|, Mo=|C, 0 0

Cl 0 0 CQ 0 0

[A B, C; ¢
N‘[Cl 0 0 0

A B

M:{Cl 0
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Then, the global mazimal and minimal ranks and inertias of ¢(X1, Xa) are given
by

Xle(cp1><£r11,a))(ie(cp2xg7;[¢<Xl’ XQ)] - min{r[A, Bl]? T(N>7 T(Ml), T(MQ)}, (37)
min rlo(Xq, Xo)] =2r[A, By —2r(M) + 2r(N)

X1€CP1%X491, Xoe(CP2X492

+ max{ s, S2, S3, S4}, (3.8
max it (X1, Xo)] = min{is (M), (M)}, (3.9)

X, ECP1X91, XocCP2X42

min ir|0(Xy, Xo)] =r[A, Bi]—r(M)+r(N)

X1€CP1Xa1 XoeCP2X492

+ max{ Z:t(Ml) — T(Nl)y Z:t(M2) - T(N2) }7
(3.10)

where

sy =r(My) — 2r(Ny), so=r(Msy)—2r(Ny),
( r
S4 = Z_(Ml) + Z+(M2) - T(Nl) - T(NQ).

Proof. Under (3.6), applying (2.47)—(2.50) to the variable matrix X; in (3.5) and
simplifying, we obtain

X, X
XIIET}C%}WITW( 1, X2) ]

= min {T[A — BZXQCQ _ (BQXQCQ)*7 Bl ]’ r |:A — BQXQC2 - (BQXQCQ) 011 }

Cy 0
— min {r[A, B, r [‘4 - BQX20201— (B2 X5Cs)" Coi‘] } ’ (3.11)

min  r[¢(Xq, Xo)]

X1 €eCpP1Xa1

— 9% [A—B . A — By X0y — (B X,Ch)* C
= 2r[A— 2X202—(32X202),Bl]+r[ 2X2 201( 2 X2C5) 01]
_9 [A — By X5Co — (ByXo(Cy)* Bl]
T
Ol 0

=2r[A, B |+ T{A — B2 X0 — (BaX2Cr) 01] —2r [ A Bl}»

Cy 0 c, 0 (3.12)
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. . A— BQXQCQ — (BQXQOQ)* Cik
o nax ir[o( X1, Xo)] =iy o, 0l (3.13)
min i [ (X1, Xo)]
X1 €eCpP1Xa1

=7r[A— By XoCy — (B2 X2Ch)", By | + iy [A — By XoCy — (BaX2Cy) 01}

Cy 0
o |:A BQXQCQ — (BQXQCQ) Bl:|

o 0
=r[A, By]+ it [A B BzXQCZ‘C: (B XoCo)” CH —r [é %}. (3.14)
Notice that
{A — By X5C5 — (ByX5Cy)* Of]
o 0

[é %} - {%}Xg[@, 0] - {CO} X;[B 0] = 0(X).  (3.15)

Applying (2.43)~(2.46) to this matrix-valued function ¥(X,) gives
max r{p(X)] = min {r(V), r(My). rOL) ), (3.16)
XQgICngqQTW(Xz)] 2r(N) + max{si, s, s3, sa}, (3.17)
max ix[d(X)] = min{ s (M), iz (M)} (3.18)
min i [((Xz)] = r(N) + max{ (M) — r(N1), ix(Mz) —r(N2)}, (3.19)

XQECPZXQ?

where
S1 = T’(M1> — 2T(N1)7 S9 = T(MQ) — 2T(N2),

s3 =1y (My)+i_(My) —r(Ny) —r(Ny), sq=1i_(My)+iy(Msy)—r(Ny)—r(Ny).
Substituting these results into (3.11)—(3.14) yields (3.7)—(3.10). O
For convenience of representation, we rewrite (3.4) as
Al — BiXB] = A—-GVGy — (G1VGe)" — G3UGy — (G3UGy)™, (3.20)
where
A=A, — BiXoB], Gy = B, Go = FgBj, G3 = B1Fg,, Gy, = Fp,By. (3.21)
It is easy to verify that the above matrices satisfy the conditions

H(G3) C #(Gh), Z(Gs) C Z(Gh), #(Gy) € Z(Gh), (3.22)
H(Gs) C %(Gs),  Z(G3) € Z(GY). (3.23)

So that (3.20) is special case of (3.5) under (3.6). In this case, applying Lemma
3.2 to (3.20) yields the main results of this section.
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Theorem 3.3. Let A; € Cij* and B; € C™*™ be given fori =1, 2, 3, and assume
that the pair of matriz equations

have a common solution X € C}. Also let S be defined in (1.2) and define

- (A, 0 B
A, B, 0 0
Pl = 1 01 B* B*|° P2 = 0 _AQ BQ 5 (325)
-1 2 73 |B; B; 0
- [ A 0 0 B, B
A 0By 01 —Ay, 0 B; 01
P = 0 —A; Bs , Q1: 0 0 —A; 0 Bs|’ (326)
B B 0 . i} .
1 3 | Bf By B} 0 0
A1 0 B1 Bl _Al 0 Bl Bl
|0 —Ay By 0 |0 —Ay By 0
@=1p B 0o ol =B B 0 0l (3.27)
0 0 0 By (0 0 0 B

Then, the following hold.
(a) The global maximal rank of Ay — B1X B} subject to S in (1.2) is

maxr( A, — BIXB]) = min{r[Al, By, r(Qi) — v [gﬂ — r(By) — r(By)
r(P) —2r(By), r(Py) - 2(By)}.  (3.28)
(b) The global minimal rank of A, — By X B; subject to S in (1.2) is
min (A~ BXB]) = 2r[ Ay, B] - 20(Py) +2r(Q1)
+ max{r(Py) — 2r(Qa), 1(Py) — 20(Qs), wn, w}, (3.29)

where

uy =iy (P) +i(Ps) —1(Q2) — r(Q3),
Uy =i (P) + iy (P3) = 1(Qa) — r(Q3).

(¢) The global mazimal inertia of Ay — By X B} subject to S in (1.2) is

maxiy(A; — BiXB) =min{ix(P) — r(Bs), i+(P;) —1r(Bs)}. (3.30)

XeS
(d) The global minimal inertia of Ay — B1 X B subject to S in (1.2) is
I)?eiglii(/h — BiXBy) =r[Ai, Bi] —r(P)+71(Q1)
+ max{iy (P2) —r(Q2), ix(P3) —r(Qs3)}.  (3.31)
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Proof. Under (3.23), we find by Lemma 3.2 that

maxr(A; — Bi1XBY)

XeS

= maxr {A — G1VG2 - (G1VG2)* - GgUG4 - <G3UG4>*]

v,U
— : A GS GZ A G3 A G*
Y T P I Y P AR P e
r)?églr(Al — B1XBy)
=minr [A — G1VG2 — <G1VG2)* — GgUG4 — (GgUG4)*]

V,U
— A Gl A G3 GZ
_QT[A,Gl]—2T|:G2 0]4—27”[(;2 0 0}

+ max{sy, So, S3, S4}, (3.33)

I)l;lggczi(Al — B1XBY)
= II‘}&}]X ii [A — G1VG2 — <G1VGQ>* — G3UG4 - (G3UG4)*]

. 1A Gs| . |A G
= 3.34
mln{’li|:G§ O :|, Z:t|:G4 O:|}, ( )
min iv(A — B XBY)

= I‘I/llél i:t [A - G1VG2 — (G1VG2>* — G3UG4 - (GgUG4)*]

=r[A, Gl]—r{élz Cél} r{éi %3 %4]+max{t1, to }, (3.35)
where

B [A Gg} {A G GZ}

S1 =T 0|’

B {A Gﬂ {A Gs G4]

S =T 0 )

CTA G [A ] A Gy Gl (A Gy Gy
B Gy 0]“—[6;4 0} T[G; 0 o] "la, 0 o]
CoTA G TA Gl A Gy el A Gy Gy
=Gy 0}*“[@1 0} T[G; 0 0] "G 0 o]
o [4 G TA GG

L= lG o] TGy 0 0

LA G TA GG

2=%gr 0 | "lGgr o0 o

Applying (2.4)—(2.6), (2.15) and (2.16), and simplifying by [ Bo XoBj, B3 XoBj] =
[ Ay, Asz], elementary matrix operations and congruence matrix operations, we
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obtain
T[A, Gl] = T’[Al — BlXOBiky Bl] = T’[Al, Bl], (336)
. A Gy Gi| . A, — B X,Bf B Fp, BiFg,
Gy, 0 0| FpB: 0 0
(A, — B XyB: B, B, 0
B 0 0 B*
—r 01 B, 0 0| r(B) — r(Bs) — r(Bs)
I 0 0 By 0
(A, By B, B;X,B*
B 0 0 B*
=r 01 B, 0 0 —r(B) — r(Bs) — r(Bs)
|0 0 Bs 0
(A, B, B 0 0
_ |Bf 0 0 By Bj| B B
=717 By 0 —A, 0 r(B) — r(Bs) — r(Bs)
0 0 By 0 —Aj
=r(Q1) —r(B) —r(By) —r(Bs), (3.37)
A G| [A-BXeBf B] [A B 0
T{GQ 0} _7{ FsB; 0|~ "B o B "B
= r(P,) — r(B), (3.38)
1A Gs| A, — B1XyB; Bi\Fg,
Gy 0] | Fg,Bj 0
(A, — BiXoB; By 0
=iy B 0 Bj| —r(By)
] 0 By, 0
[ Al Bl BlXOB;/Z
=iy B 0 B; —r(By)
| B1XoB3/2 By 0
(A, B; 0
=i |Bf 0 Bi | —r(B) =is(P) —r(B), (3.39)

|0 B, —A,
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LA Gs G _ (A, — BiXoBf B\Fp, B Fg,
Gy 0 0] | FgDBi 0 0
(A, — By XoB: B, B, 0
By 0 0 B3
=7r 01 B2 0 02 — 27”(32) - T(Bg)
i 0 0 Bs 0
(A, B, B, B/ X,B;
B 0 0 B3
=7 01 BQ O 02 — 27“(32) — T(Bg)
| 0 0 Bj 0
(A, By B 0
By 0 0 B3
=7r 01 Bz 0 —jg — 27"(32) — ’I"(Bg)
|0 0 B3 0
=1r(Q2) — 2r(By) — r(Bs). (3.40)
By a similar approach, we can obtain
A G .
i Gy B = iste -8, (3.41)
A Gy G
r {Gﬂ; 03 04] =1r(Q3) — r(By) — 2r(Bj3). (3.42)
Substituting (3.36)—(3.42) into (3.32)—(3.35) yields (3.28)—(3.31). O

Some direct consequences of the previous theorem are given below.

Corollary 3.4. Let A; € Cf* and B; € C™*™ be given for i = 1, 2, 3, and
suppose that each pair of B1X By = Ay, BoXBy = Ay and BsXB; = Az have a
common Hermitian solution. Also let S be defined in (1.2). Then,

B,

maxr( A1 — BUXB}) = min{r(Bl), Q1) — 1 {BJ — 1(Bs) — r(Bs),

27[2;] —2r(By), 27«{2;] — 27’(33)}, (3.43)

By By B
minr(A; — Bi1XBy ) =2r(Q1) —2r | By | —2r| By 0 |, (3.44)
Xes B, 0 B
maxiy (A, — B XB]) =minqr = —r(By), T By] —r(Bs) (3.45)
Xes + 1 1 1 B2 2) BS_ 3 ) .
By By Bi]
miniy (A — B1XB])=r(Q1)—r|By| —r| By 0 |, (3.46)
Xes B, 0 B

where Q1 is of the form (3.26).
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Proof. Under the given conditions, the ranks and inertias of the block matrices
in (3.25) and (3.27) are given by

r(P) = r(By) + % , r(Pz)zw{gj,r(Pg):%[gj,

T(Qz)zr By, 0 +T[Bl] ) T(Q3)=T By 0 +T|:Bl].
0 Bg 2 O 33 3

Hence (3.28)—(3.31) reduce to (3.43)—(3.46). O

Corollary 3.5. Let A; € C{*™ and B; € C™*™ be given for i = 1, 2, 3, and
suppose that each pair of the triple matriz equations

BlXBT - Al; BQXB; - AQ, BgXB;: - A3 (347)

have a common Hermitian solution. Then, there exists a Hermitian X such that
(3.47) holds if and only if

A 0 0 B B

By B
PO A 0B 00 o | 1B By By (348)
0 0 —A; 0 B J B
Bf By By 0 0 3
Proof. 1t follows from (3.44). O

A challenging open problem on the triple matrix equations in (3.47) is to give
a parametric form for their general common Hermitian solution.

Setting B; = I,, in Theorem 3.3 may yield a group of results on the extremal
ranks and inertias of A; — X subject to the set in (1.2). In particular, we have
the following consequences.

Corollary 3.6. Let A; € Ci" and B; € C™*" be given for i =2, 3, and assume
that (3.24) has a common solution. Also let S be defined in (1.2). Then, the
following hold.

(a) The global maximal rank of the matrices in (1.2) is

r)x(lé%(r(X) =min{n, s1, S2, S3}, (3.49)
where
. AQ 0 BQ Bg
1 —2n+r[ 0 A, BJ —T{BJ —1(Bg) — r(Bj3),

SS9 = 2n + T(AQ) — 27"(82), S3 = 2n + T(Ag) — 27’(33)
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(b) The global minimal rank of the matrices in (1.2) is

: o [4 0 By
I)I(légr(X)—Qr_O As Bg}—l—max{tl, to, t3, t4}, (3.50)

where

(A, B 0 B
tl = T(AQ) —2r _ 02 Bz:|’ t2 = T‘(Ag) — 2r |:A3 B§:| ,

t3:i+(A2)+i_(A3)—r{A2 Bﬂ—r{o BQ},

0 Bs| "|A; B,
A, B 0 B
ta=1i-(Az) +i1(4s) — {02 Bj_r{Ag, Bj'

(¢) The global mazximal inertia of the matrices in (1.2) is
r)?gggii(X) =min{n +iy(Ay) —r(Bs), n+is(A3) —r(Bs)}. (3.51)

(d) The global minimal inertia of the matrices in (1.2) is

o AQ 0 BQ
mind(X) = { 0 A BJ

. A2 B, . 0 By
+ max {Zi(AQ) — 7“|: 0 B3:|, ’L:t(Ag) —-T |:A3 Bg:|} (352)
In consequence, the following hold.
(e) Eq.(3.24) has a solution X > 0 if and only if

Ay 20, A3 >0, Z(Ay) = X#(Bs), #(A3) = XZ(Bs).
(f) All solutions of (3.24) satisfy X > 0 if and only if Ay > 0, A3 > 0 and
one of
r(A2) =r(B2) =n, r(43)=r(B;3)=n
(g) Eq. (3.24) has a solution X < 0 if and only if
A2 § 0, Ag < O, %(AQ) — %(BQ), %(Ag) — L@(Bg)
(h) All solutions of (3.24) satisfy X < 0 if and only if Ay < 0, A3 < 0 and
one of
r(Az) =r(B2) =n, r(As) =r(Bs) =
(i) Eq. (3.24) has a solution X > 0 if and only if

A2 0 B2 0 A2 B2
wso o &% cald B alt]calt 5]

(j) All solutions of (3.24) satisfy X > 0 if and only if Ay > 0, A3 > 0 and
one of
r(B2) =n, r(Bs)=n.
(k) Eq. (3.24) has a solution X < 0 if and only if

A2 0 BQ 0 A2 B2
weo <o a[¥cald B alt]calt B
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(1) All solutions of (3.24) satisfy X < 0 if and only if Ay <0, A3 < 0 and
one of

r(By) =n, r(B3)=n.

Proof. Set Ay = 0 and B; = I,, in Theorem 3.3 and simplifying, we obtain (a)—(d).
Applying Lemma 2.1 to (3.49)—(3.52), we obtain the results in (e)—(1). O

Corollary 3.6(e)—(1) give a set of analytical characterizations for the existence
of definite common solutions of the two matrix equations in (3.24) by using some
rank and range equalities and inequalities. These characterizations are simple
and easy to understand in comparison with some known ambiguous conditions
(see, e.g., [12, 10, 11]) on the existence of definite common solutions of (3.24).

Rewrite Bo X By = Ay and B3 X B; = Aj as

X1 Xo||B3 | X1 Xo|| B3
[3217 B22] |:X§ X3:| |:B;2 - A27 [B317 B32] X; X3 B;g

where By € C™>™, By € Cmxm2 4 = 2,3, X; € G, Xp € C"™ and
X3 € Cif with ny + ny = n. We next derive the extremal ranks and inertias

of the submatrices X; and X3 in a Hermitian solution of (3.53). Note that
Xi, Xo, X3 in (3.53) can be rewritten as

]:A&(%@

XlzplXpl*, X2:P1XP2*, X3:P2XP2*, (354)
where P, = [1,,,, 0] and P, = [0, I, |. For convenience, we adopt the following
notation for the collections of the submatrices X; and X3 in (3.53):

81 = {Xl — PlXpl* | BQXB; — AQ, Bg)(Bék - A37 X — X*}, (355)
S3;={X3=DPXP, | BbXB; = Ay, BsXB;=A3, X =X"}. (3.56)

The global maximal and minimal ranks and inertias of the submatrices X; and
X3 in (3.53) can easily be derived from Theorem 3.3. The details are omitted.

If each of the triple matrix equations in (1.8) is not consistent, people may al-
ternatively seek its common approximation solutions under various given optimal
criteria. One of the most useful approximation solutions of BXB* = A is the
well-known least-squares Hermitian solution, which is defined to be a Hermitian
matrix X that minimizes the objective function:

|A— BXB*|* =tr[(A— BXB*)(A— BXB*)"]. (3.57)

The normal equation corresponding to the norm minimization problem is given
by

B*BXB*B = B*AB. (3.58)

This equation is always consistent. Concerning the common least-squares Her-
mitian solution of (1.8), we have the following result.

Corollary 3.7. Let A; € Cf* and B; € C™*" be given for i = 1, 2, 3. Then,
there exists an X € Cyy such that

| A; — BEXB | =min, i=1,2,3, (3.59)
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hold simultaneously, if and only if

[ B A, B; 0 B B; B
r| 0 —~BA;B; B;B; :27“{3’}, i#j,0,j=1,2 3, (3.60)
| BB BB, 0 J
[ B: A, B, 0 0 BiB, BB
0 —B3AyBy 0 BiBy, 0 By By By
r * * =r B2 0 +r BQ
0 0 —BiAsBs 0  BiBs 0 B B
| BB B3 B, B:Bs 0 0 s s
(3.61)
Proof. Tt follows from Lemma 3.1, Corollary 3.5 and (3.58). O

4. THE EXTREMAL RANKS AND INERTIAS OF A; — B; X Bf SUBJECT TO THE
HERMITIAN SOLUTIONS OF By X = Ay

Although B, X = A, in (1.3) is not symmetric in form, it may have a Hermitian
solution, as shown in Lemma 2.6. So that the global extremal ranks and inertias
of A; — B, X B subject to the Hermitian solution or positive semi-definite solution
of B4X = A, can also be derived.

Theorem 4.1. Assume that the matriz equation ByX = Ay in (1.3) has a Her-
mitian solution, i.e., #(As) C X(By) and AyB; = B,A}, T is defined in (1.3),
and let

A By 0
M= {AAES’* gll, N=|B 0 B |. (4.1)
o 0 By —AB;
Then,
max r(A; — B1XBy) =r(M) —r(By), (4.2)
migr(Al — B XBy)=2r(M)—r(N), (4.3)
€

I)r(laxii(Al — B1XB)=1iL(N) —r(By), (4.4)

€
E{nelgzi(Al — B XB})=r(M)—iz(N) (4.5)

In consequences, the following hold.

(a) B4X = Ay has a solution X € C}j such that Ay — BiX B7 is nonsingular
if and only if r(M) = r(By) + my.

(b) Ay — B1 X B} is nonsingular for all Hermitian solution of B4X = Ay if
and only if 2r(M) = r(N) + m;.

(¢) The pair of matriz equations By X Bf = Ay and B4 X = A, have a common
Hermitian solution if and only Zf%[Aflgf} - {gﬂ :

(d) B1X B} = Ay holds for all Hermitian solutions of By X = Ay if and only
if r(M) = r(By).

(e) B4X = Ay has a solution X € C}y such that Ay — By XB} > 0 (A —
B1XB; <0) if and only if i, (N) =r(By) + m1 (i_(N)=r(Bs) +my).
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(f) Ay — B1XBj >0 (A1 — B1XB;j <0) holds for all Hermitian solutions of
B, X = Ay if and only if r(M) =i1_(N)+my (r(M) =1.(N)+my).

(g) BsX = Ay has a solution X € C} such that Ay — By XBf > 0 (A —
By XBf <0) if and only if r(M) =i (N) (r(M)=i_(N)).

(f) Ay —B1XB] >0 (A, — B1XB; <0) holds for all Hermitian solutions of
By X = Ay if and only if i_(N) = r(Ba4) (i+(N) =r(By)).

Proof. From Lemma 2.6(a), the general Hermitian solution of B4 X = A4 can be
written as

X = BlA, + (BIA,)* — BIA,BIB, + F,WFj,, (4.6)
where W € C}, is arbitrary. Substituting (4.6) into A; — B1 X B7 gives
A, — BJXB! = G — B,Fy,WFp, B}, (4.7)

where G = A; — BB} A,B; — B,(BlA,)*B; + BB} A,Bi B, B}. Applying (2.25)~
(2.28) to (4.7) yields

max7r(A; — BiXB]) = maxr(G — BiFp,WFg,B}) =r|G, BiFp,], (4.8)

XeT WeCy
gleigr(Al — B XB]) = mI/Iéiélﬁ’f’( G — B Fp,WFg,B})
B G B Fp,
=2r|G, B,Fg, | —T{FB‘IBI 0 }, (4.9)
I)I(lg%czi(Al — B XBy) = %ﬁc}g(G — B1Fg,WFp,B})
iy G B Fp,
”4%£T o2 (4.10)
?Q{}ii("h — B XBy) = VIVrgélgT(G — B1Fg,WFp,B})
_ : G B Fp,
_T[G, BlFB4] — iz |:FB4B>10< 0 . (411)

It is easy to verify that under B4BZA4 = Ay, the equality
Buy(B}As)" = ByAj(B)" = A4Bj(Bl)" = A4B|B,

holds. In this case, applying (2.5), (2.15) and (2.16) to (4.8)—(4.11) and sim-
plifying by elementary matrix operations and congruence matrix operations, we
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obtain

T’[ G, BlFB4 ]

~ [A, - BBiAB: — By\(BIA)*B; + BBl A,BIB,B: B,

=7 — T(B4>
0 B,

— A Bl} — r(By)

~ | A4B} + By(BJA,)*Bf — AyB{B,B; B, 4

[ A, B

=r _A4éik Bﬂ —1(By) =r(M) —r(By), (4.12)

. G B Fpg,

| Fg,Bf 0

[ Ay — BiBJA4B; — Bi(BjA,)*B; + BiBIA,BIB,B; B, 0
— i B 0 Bj|—r(B)
i 0 By 0
I Ay By 1BiBiABj +1B1A; - 1B1BlAB;
N B} 0 B}
| 344B; + 3 BaB1(B{A4)* Bf - JA4BIBiB;  Ba 0
—1(Bu)
[ A By 1Bi4; Al By 0
=iy | Bj 0 B} —7r(By) =i+ | By 0 B} —1r(By)
_%A4B>{ By 0 0 By —A4B}
=i+(N) —r(By). (4.13)

Substituting (4.12) and (4.13) into (4.8)—(4.11) yields (4.2)-(4.5). Applying
Lemma 2.1 to (4.2)—(4.5) yields (a)—(f). O

Theorem 4.2. Assume that the matriz equation By X = Ay in (1.3) has a positive
semi-definite solution, i.e., Z(As) C Z(By), AuB; > 0 and r(A4B}) = r(Ay),
and let

(4.14)

T—{0<XeCh| AX =B}, Mlz{ A Bl},

A,Bf By

* Al Bl 0
My = {A"%* flgi}, N=|Bf 0 B . (4.15)
AP e 0 By —AB;



170 Y. TIAN

Then,
1)?3%7« — BIXB!) = (M) — r(By), (4.16)
minr( Ay — BIXB}) = r(My) +i-(My) —i-(N), (4.17)
maxi (A1 — BUXB}) = i (M) = r(Ay), (4.18)
)rpelgu( — B XBy) =r(M) —i-(N), (4.19)
maxi—(Ay = BIXB]) = i-(N) = r(Ay), (4.20)
mini_ (A1 — BUXB}) =i (My). (4.21)

In consequences, the following hold.

(a) By X = Ay has a positive semi-definite solution such that Ay — B1 X By is
nonsingular if and only if r(My) = r(By) + m;.

(b) A;—B1 X B is nonsingular for all positive semi-definite solution of B4 X =
Ay if and only if r(Mq) +i_(Ms) =i_(N) +my.

(¢) The pair of matriz equations By X Bf = Ay and B4 X = A4 have a common
positive semi-definite solution if and only if r(My) +i_(My) =i_(N).

(d) B1X B} = Ay holds for all positive semi-definite solutions of By X = Ay if
and only if r(M) = r(By).

(e) B4X = Ay has a solution 0 < X € C} such that Ay — B1X B} > 0 if and
only if iy (M) = r(Ay) + my.

(f) A1—B1 X B > 0 holds for all positive semi-definite solutions of By X = Ay
if and only if r(My) =i_(N) + m;.

(g) BsX = Ay has a solution 0 < X € C}y such that Ay — By XBf <0 if and
only if i_(N) =r(Ay) +my.

(h) A;—B1 X By < 0 holds for all positive semi-definite solutions of By X = A4
if and only if i_(Ms) = m;.

(i) B4 X = A4 has a solution 0 < X € C}y such that Ay — By X By > 0 if and
only if My > 0.

(j) A1—B1 X B} > 0 holds for all positive semi-definite solutions of ByX = Ay
if and only if i_(N) = r(Ay).

(k) B4 X = Ay has a solution 0 < X € C} such that Ay — B1X B} <0 if and
only if r(My) =i_(N).

(1) A1—B1 X By < 0 holds for all positive semi-definite solutions of By X = Ay
if and only if iy (M) = r(Ay).

Proof. From Lemma 2.6(b), the general positive semi-definite solution of By X =
A, can be written as

X = Aj(AB)) Ay + F,WFp,, (4.22)
where 0 < W € C}, is arbitrary. Substituting (4.22) into A, — B; X B} gives

A, — ByXB! = G — By F,WFg,B;, (4.23)



RANK AND INERTIA FORMULAS 171
where G = Ay — By A;(A4B;) Ay B;. Applying (2.37)—(2.40) to (4.23) yields
r)l(lg%(r(Al — B XBy) = Ogrlr}vae%ﬁr( G — B1Fg,WFg,BY)

= T[G, BlFB4 ]7 (424)
)r?elgr(Al — B XB]) = og%lencgr( G — B Fp,WFg,BYy)
. [ G BiF
=i (G)+7[G, B\Fp,] —i_ {FB4BT 103 ] (4.25)
max iv(A — B XB})= og%ae)égr( G — B Fp,WFg,BY) =i.(G), (4.26)
)rglelgur(Al — B XBy) = ogr%ae)c(cg“( G — B Fg,WFg,BY)
B [ G BF
=r[G, BiFg,| —i_ [FB4BT L (4.27)
r}r(lg%u_(Al — B XBy) = Ogr%ag((cﬁz_( G — B1Fg,WFg,BY)
[ G BFg
=q_ {FB4BT 0 , (4.28)
min i(A — B XB)) = og%lgcgz_( G — B Fg,WFg,By) =i_(G). (4.29)
Applying (2.4)—(2.6), (2.15) and (2.16) and simplifying, we obtain
_ * )T *
r[G, BiFy,] = r| Mt~ BAAB)ABL Bu gy
0 By
_ A B
=r {A4Bik 34] —r(By), (4.30)
[ Ay — BiA;(A4B;)TAyBy By 0
[ G BiFg | _ |7 14%*44) U0 B B
(= FB B* 0 =1t 1 41 — T( 4)
+1 i 0 By 0
[ A By 1Bi4;
—i.| Br 0 "By | —r(By
| 5A4B} By 0
(A B 0
=iy | B} O Bj —r(By), (4.31)
| 0 By —AuB;
i+(G) =is[A] — By A5 (A4B}) AL B ]
: A BiA; :
= — 14 (A4 BY). 4.32
Z:‘:{A4BT A4BZ Z:t( 4 4) ( )
Substituting (4.30)—(4.32) into (4.24)—(4.29) yields (4.16)—(4.21). Applying Lemma
2.1 to (4.2)—(4.5) yields (a)—(1). O

Corollary 4.3. Assume that the matrix equation AX = B has a Hermitian
solution, i.e., Z(B) C #(A) and AB* = BA*, where A, B € C™ " are given, let
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P € C}y and define T ={X € C};| AX = B}. Then,

I)I(lg%{T(X—P):T(B—AP)—T(A)+H, (4.33)
)r?eigr(X—P) =2r(B—AP)—r(BA"— APA"), (4.34)
max ir(X—P)=i (BA"—APA") —r(A) +n, (4.35)
g(neigii(X—P) =r(B—AP)—iz(BA"— APA"). (4.36)

In consequence, the following hold.
(a) There exists an X € T such that X — P is nonsingular if and only if

H(AP — B) =Z(A).

(b) X — P is nonsingular for all X € T if and only if

2r(B— AP) =r(BA* — APA") + n.
(c) There ezists an X € T such that X > P (X < P) holds if and only if

H(BA* — APA") = #(A) and BA® > APA”
(Z(BA* — APA*) = #(A) and BA®* < APA™).
(d) X > P (X < P) holds for all X € T if and only if
r(B—AP)=n and BA* > APA* (r(B—AP)=n and AB* < APA").
(e) There ezists an X € T such that X > P (X < P) holds if and only if
H(B— AP)=%(BA*— APA") and BA* > APA*
(#(B— AP)=%(BA* — APA*) and BA® < APA").
(f) X > P (X < P) holds for all X € T if and only if
BA* > APA* and r(A)=n (BA*<APA" and r(A)=n).

Corollary 4.4. Assume that the matrix equation AX = B has a Hermitian
solution X = 0, where A, B € C™" are given, let 0 < P € C}, and define

T—{0<XeCy|AX =B}, M:[BB/i g}. (4.37)
Then,
r)?g%cr(X —P)=r(B—AP)—r(A) +n, (4.38)
gligr(X —P)=i_(M)+r(B—AP)—i.(BA"— APA"), (4.39)
€

Ig{la%(iJr(X—P):i+(BA*—APA*)—r(A)+n, (4.40)

€
g{nelngr(X—P) =i (M), (4.41)
r)r(léx%m_(X —P)=1i,(M)—-r(B), (4.42)
)r?igi_(X—P):r(B—AP)—i+(BA*—APA*). (4.43)

€

In consequence, the following hold.
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(a) There exists an X € T such that X — P is nonsingular if and only if
H#(B— AP)=2Z%(A).

(b) X — P is nonsingular for all X € T if and only if i_(M)+r(B—AP) =
i (BA* — APA*) 4 n.

(c) There exists an X € T such that X > P holds if and only if Z( BA* —
APA*) = %(A) and BA* > APA*.

(d) X > P holds for all X € T if and only if i_ (M) = r(A).

(e) There exists an X € T such that X < P holds if and only if i_ (M) =
r(B) + n.

(f) X < P holds for all X € T if and only if r(B — AP ) =n and BA* <
APA*.

(g) There exists an X € T such that X > P if and only if Z(B — AP ) =
H(BA* — APA*) and BA* > APA*.

(h) X > P holds for all X € T if and only if i_(M) = r(B).

(i) There exists an X € T such that X < P if and only if M > 0.

(j) X < P holds for all X € T if and only if iy ( BA* — APA*) =n —r(A).

Corollary 4.5. Assume that the matrix equation AX = B has a Hermitian
solution, i.e., Z(B) C #Z(A) and AB* = BA*, where A, B € C™™ are given.
Then,

AX:I%?J%(E% r(X)=n+r(B)—r(A4), (4.44)
AXZ%}%E(C?I r(X)=2r(B) —r(AB"), (4.45)
AX:I%?))((E(CE ir(X)=n+iy(AB") —r(A), (4.46)
AX:Ig,igl(e(Cﬁ ir(X)=r(B) —iz(AB") (4.47)

Hence, the following hold.

(a) AX = B has a nonsingular Hermitian solution if and only if r(A) = r(B).

(b) AX = B has a solution X > 0 (X < 0) if and only if AB* > 0 and
r(AB*) =r(A) (AB* < 0 and r(AB*) = r(A)).

(¢) AX = B has a solution X > 0 (X < 0) if and only if AB* > 0 and
r(AB*) =r(B) (AB* < 0 and r(AB*) = r(B)).

(d) The rank of the Hermitian solution of AX = B is invariant < the positive
index of inertia of the Hermitian solution of AX = B is invariant < the
negative index of inertia of the Hermitian solution of AX = B is invariant

< r(AB*) =r(A) +r(B) —n.
Finally, we rewrite the matrix equation AX = B as

where A, € C™ ™ B, € C™™ X, € Cif, Xo € Cm*™2 X3 € Ci2 fori =1, 2
and nj + ny = n. Note that the unknown submatrices in (4.48) can be written as

X1:P1XP1*, X2:P1XP2*, X3:P2XP2*, (449)
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where P, = [I,,, 0] and P, = [0, I,,,]. We next find the extremal ranks and
inertias of the submatrices X; and X3 in a Hermitian solution of (4.48). For
convenience, let
Ti={X,e€Cy | X1 =PXP, AX =B, X € C}, (4.50)
T={X;eCy | Xs=PRXP), AX =B, X € Ci}. (4.51)
Applying Theorem 4.1 to (4.50) and (4.51) gives the following results. The details
of the proof are omitted.

Theorem 4.6. Assume that matriz equation in (4.48) has a Hermitian solution,
and let Ty and T3 be of the forms in (4.50) and (4.51). Then, the global maximal
and minimal ranks and inertias of the Hermitian matrices in Ty and 73 are given

by

max r(X1) =ny+r[Ay Bi]—1r(A), (4.52)
nin r(X,)=2r[Ay, Bi] -7 {AAB; ﬁﬂ, (4.53)
)r(rllgggl iv(X1)=mn1 +ix [Aé* 14(1)2} —r(A), (4.54)
nin is( X)) =7r[Ay, By] — i {AA@* ’iﬂ, (4.55)
and
)1(22%(—3 r(Xs3)=ng+r[ A, By| —1r(A), (4.56)
i r(Xs) = 2 Ay, By] - T{AAB;* f(ﬂ, (4.57)
max ix(Xy) = my i {Ag f‘(ﬂ — 1 (A), (4.58)
nin i (Xs) = 74y, By] — i {Af; "(ﬂ. (4.59)

Applying Lemma 2.1 to (4.52)—(4.55), we easily obtain the following algebraic
properties of the submatrix X; in (4.48).

Corollary 4.7. Assume that matriz equation in (4.48) has a Hermitian solution.
Then, the following hold.

(a) (4.48) has a Hermitian solution in which X, is nonsingular if and only if
T[AQ, Bl] = T(A)
(b) X1 is nonsingular in all Hermitian solutions of (4.48) if and only if
AB* A
A0
(c) (4.48) has a Hermitian solution in which X7 >0 (X; < 0) if and only if

i+[AAB; “(ﬂ =r(A) <z {AAB; “(ﬂ :r(A)).

:| = 2’/“[142, Bl] —nNni.
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(d) X1 >0 (X1 <0) in all Hermitian solutions of (4.48) if and only if
. |AB* A - [AB* A,]
Z_|: A; 02:| :7"[1427 Bl] — N (Z+- A; 02 :T[AQ, Bl] —nl).

(e) (4.48) has a Hermitian solution in which X; > 0 (X; < 0) if and only if

. |AB* A - [AB* Ay
Z+|: A; 02:| :’I“[AQ, Bl] (’L_ _ A; 02_ :T‘[AQ, Bl]>

(f) X1 >0 (X7 <0) in all Hermitian solutions of (4.48) if and only if
. |AB* Ay . |AB* Ay|
Z_|:A; O]—T(A)—nl (Z+[A§ O:|—T(A)—7’L1).

(g) (4.48) has a Hermitian solution in which X1 = 0 if and only if #(B;) C

H(As).
(h) Xy = 0 in all Hermitian solutions of (4.48) if and only if r[ Ay, By | =
T(A) —nNni.

(i) The rank of Xi in the Hermitian solution of (4.48) is invariant < the
positive index of inertia of Xy in the Hermitian solution of (4.48) is in-
variant < the negative index of inertia of Xy in the Hermitian solution

AB A2 = T[AQ, Bl] + T’(A) —ni.

of (4.48) is invariant < T[ AL 0

5. CONCLUSIONS

In this paper, we studied the problems of maximizing and minimizing the rank
and partial inertia of the Hermitian matrix-valued function A; — B1 X B} when X
runs over the two matrix sets in (1.2) and (1.3), respectively, and obtained many
symbolic formulas for calculating the maximal and minimal ranks and inertias of
A, — B1 X B} by using pure algebraic operations of matrices and their generalized
inverses. As direct applications, we gave necessary and sufficient conditions for
the existence of X satisfying the matrix equations in (1.8) and (1.14), as well
as the Lowner partial ordering matrix inequalities in (1.9) and (1.15). Although
there is no general theory for establishing closed-form formulas for calculating
(maximal and minimal) ranks and inertias of matrices, the results presented in
the previous sections as well as those in References [13]-[16] and [27]-[39], etc. by
the present author show that many problems on calculations and optimizations
of ranks and inertias of matrices can be solved explicitly by using some pure
algebraic operations of matrices, while the closed-form formulas obtained can be
used to solve many fundamental problems in matrix theory, as mentioned in the
beginning of this paper. This work seems extremely fruitful, while the results
obtained in these papers are easy to understand within the scope of elementary
linear algebra. This series of seminal researches show that for many basic or
classic problems like solvability of matrix equations and matrix inequalities, we
are still able to establish a variety of innovative results by some tricky algebraic
methods.

Motivated by the fruitful work on ranks and inertias of matrices, lots of people
did much parallel work in recent years on establishing formulas for calculating
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ranks and inertias of matrices, and many results obtained in their papers were
overlapped with those in this paper and References [13]-[16] and [27]-[39], etc.
In these cases, the originality of those overlapped results should belong to the
comprehensive work in this paper, [13]-[16] and [27]-[39], etc. by the present
author.

As a continuation, we mention some research problems on Hermitian matrix-
valued functions and Hermitian matrix equations for further consideration:

(a) A challenging task is to give the closed-form of the general common Her-
mitian solution of BoXB; = Ay and B3 XBj = Aj that satisfies X > 0
(>0, <0, <0), which is equivalent to solving the following Hermitian
matrix inequalities

XQ—FVFB—FFBV*—FFBQUFBS —I—P’BBU*FB2 >0 (2 0, <0, < 0)

Moreover, give the extremal ranks and inertias of the Hermitian matrix-
valued function A; — By X B subject to BoXB; = Ay and B3 X B} = A3
and X >0 (X <0).

(b) Derive possible closed-form formulas for calculating the extremal ranks
and inertias of the Hermitian matrix-valued function A; — B; X B} subject
to common Hermitian solutions of the £ — 1 consistent Hermitian matrix
equations

[BoX B3, ..., BlXBi]=[As,..., A,

and establish necessary and sufficient condition for the set of Hermitian
matrix equations

[BIXB;,...,ByXB:] = [A, ..., A]

to have a common Hermitian solution, as well as a common semi-definite
solution, respectively.

(c) Derive possible closed-form formulas for calculating the extremal ranks
and inertias of the Hermitian matrix-valued function A; — B; X B} subject
to a Hermitian matrix inequality BoX By > Ay (Be X B3 < As). In such a
case, it is necessary to first give a closed-form formula of general Hermitian
solution of BoX By > Ay (BoX By < As).

(d) Derive possible closed-form formulas for calculating the the extremal ranks
and inertias of A; — B1 X B subject to BoX = Ay and X > 0 (X <0).
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