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ABSTRACT. Let B(X,Y) denote the set of all bounded linear operators from
Banach space X to Banach space Y. In this paper, we introduce the concepts
of left and right decomposably regular operators, left and right decomposably
Fredholm operators in the setting of B(X,Y), and the corresponding holomor-
phic versions in the setting of B(X). By using Harte’s techniques, we obtain
various characterizations of these classes of operators. As the applications of
these characterizations, we can compute the topological interiors and closures
of them.

1. INTRODUCTION

Throughout this paper, denote the set of all bounded (resp. compact) linear
operators from Banach space X to Banach space Y by B(X,Y) (resp. K(X,Y)),
and abbreviate B(X,X) and K(X,X) to B(X) and K(X), respectively. For
other classes of operators discussed below, we use similar abbreviations. For an
operator T € B(X,Y), let ker(T) denote its null space, a(T") its nullity, 7'(X) its
range and 5(7") its defect. We also denote classes of left invertible operators, right
invertible operators, invertible operators, left Fredholm operators, right Fredholm
operators and Fredholm operators from X to Y by G;(X,Y), G.(X,Y), G(X,Y),
Q)(X,Y), ¢,(X,Y) and ®(X,Y), respectively.
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We say that T € B(X,Y) is relatively regular, in symbol T' € R(X,Y’), pro-
vided that there exists some S € B(Y, X) for which " = T'ST'. In this case, S
is called an inner generalized inverse of T'. It is well known that 7" € B(X,Y)
is relatively regular if and only if ker(7") and T'(X), respectively, are closed and
complemented subspaces of X and Y. If S is an inner generalized inverse of T,
it is well known that 7'S is the projection from Y onto T(X), and I — ST is the
projection from X onto ker(7"). Operators in sets G;(X,Y),G.(X,Y), ®,(X,Y)
and ®,(X,Y) are all relatively regular operators. For a subset M of B(X,Y), let
int(M) and M denote, respectively, the topological interior and closure of M.

An operator T' € B(X,Y) is decomposably regular, in symbol 7' € GR(X,Y),
if there exists an invertible operator S € G(Y, X) for which T' = T'ST. If T' = T'ST
for some S € ®(Y, X), then T is called a decomposably Fredholm operator, in
symbol T € ®R(X,Y). For X = Y, Harte (resp. Rakocevic) obtained in [7]
(resp. [13]) an elegant characterization of decomposably regular operators (resp.
decomposably Fredholm operators), that is

GR(X) = R(X)NG(X): ®R(X)=R(X)Nd(X).

Indeed, the above two results also hold in the case that X and Y are two different
Banach spaces (see Theorem 2.1(3) and Theorem 2.5(3) below), that is

GR(X,Y)=R(X,Y)NGX,Y);

DR(X,Y)=R(X,Y)NB(X,Y). (1.1)
From (1.1), we can infer that
O(X,Y) C BR(X,Y). (1.2)

Evidently, every idempotent operator P (P? = P) is decomposably regular, and
hence, is decomposably Fredholm, but may not be Fredholm. Consequently, the
inclusion (1.2) may be strict. However, we would get in Theorem 3.5(6) that

int(PR(X,Y)) = (X, Y),

which extends a result of Schmoeger [18, Theorem 2.2(2)] to the case that X and
Y are two different Banach spaces.

Decomposably regular operators can also be characterized “spatially” (see [0,
Theorem 3.8.6)):

TeGR(X,)Y)<=Te R(X,Y) and ker(T) = Y/T(X). (1.3)
ForT € &;(X,Y)Ud,.(X,Y), the index of T is defined as ind(7T") = o(T")—5(T).
If T € ®(X,Y) and ind(7) = 0, then T is said to be Weyl. If T' € ¢;(X,Y) and

ind(7") < 0, then T is said to be left Weyl. If T' € ®,.(X,Y") and ind(7") > 0, then
T is said to be right Weyl. From (1.3), it is easy to see that

(T € ®(X,Y) : ind(T) = 0} C GR(X,Y). (1.4)

As we know, every idempotent operator is decomposably regular, but may not
be Weyl. Hence the inclusion (1.4) can be strict. More precisely, we can obtain
that (see Theorem 3.5(3) below)

int(GR(X,Y)) ={T € ®(X,Y) : ind(T") = 0},
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which extends Theorem 2.1 in [18] to the case that X and Y are two different
Banach spaces.

The following definition describes the classes of operators we will study.

Definition 1.1. (1) An operator 7' € B(X,Y) is said to be left decomposably
regular, in symbol T' € G;R(X,Y"), provided that there exists S € G,.(Y, X) such
that TST = T

(2) An operator T' € B(X,Y) is said to be right decomposably regular oper-
ators, in symbol T' € G, R(X,Y’), provided that there exists S € Gi(Y, X) such
that TST = T

(3) An operator T" € B(X,Y) is said to be left decomposably Fredholm, in
symbol T' € &, R(X,Y), provided that there exists S € ®,.(Y, X) such that T'ST =
T
(4) An operator ' € B(X,Y) is said to be right decomposably Fredholm,
in symbol T € &, R(X,Y), provided that there exists S € ®;(Y, X) such that
TST=T.

Evidently G;(X,Y) € GR(X,Y) and G.(X,Y) C G, R(X,Y). By (1.3), it is
easy to observe that left (right) decomposably regular operators are genuinely
more general than decomposably regular operators, and no surprise that the
unilateral right (left) shifts provide the examples.

The present paper focuses mainly on the above four classes of operators and
their holomorphical versions (see Definition 2.9), and is organized as follows. In
Section 2, by using Harte’s techniques, we characterize these classes of operators
in several ways. In Section 3, as the applications of these characterizations, we
compute the topological interiors and closures of them.

2. VARIOUS CHARACTERIZATIONS

Harte obtained in [5, Theorem 1.1] an elegant structure theorem of decompos-
ably regular elements in a Banach algebra /. Motivated by Harte’s techniques
therein, we will get in the following theorem the structures of left and right de-
composably regular operators in the setting of B(X,Y).

Theorem 2.1. (1) G, R(X,Y) = R(X,Y) NG, (X,Y);

(2) GR(X,Y)=R(X,Y)NG/(X,Y);

(3) GR(X,Y) = R(X,Y)NG(X,Y).

Proof. (1) Let T € G, R(X,Y). Then T € R(X,Y) and there exists S; € G(Y, X)
such that T'S;,T = T. Since S, € G,(Y, X), there exists S, € G,.(X,Y’) such that
SS9 = Iy. It is easy to see that T" = S.5/T and S;TS/T = S,T, and hence
T = 5,P € B(X,Y), where P = 5T € B(X) is an idempotent operator. Let
T, = SAP#—%) € B(X,Y), foralln € N. It is easy to check that [P+n(lx —
P[P + L) = [P + =B [P 4 n(Ix — P)] = Ix, that is P+ 22 € G(X).
Further, T,,[P+n(Ix — P)|S; = S,[P+2=L|[P+n(Ix — P)|S; = 5,5 = Iy, that
is T, € G,(X,Y) for all n € N. Since T,, = T (n — o0), we have T' € G,(X,Y),
therefore G, R(X,Y) C R(X,Y)NG,(X,Y).
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Conversely, suppose that T € R(X,Y) N G,.(X,Y). Thus there exist S €
B(Y,X) and B, € G,(X,Y) such that TST =T,STS = Sand Iy +(B,—-T)S €
G(Y). Since B, € G,.(X,Y), there exists B; € G,(Y, X) such that B, B; = Iy. Let

=S+ (Ix—ST)B)(Iy —TS) € B(Y, X). It is not hard to see that T'=TT'T,
and so T” is an inner generalized inverse of T'.

It remains only to show that 7" € Gy(Y, X). Since Iy + (B, — T)S € G(Y),
there exists U € G(Y') such that [Iy + (B, —T)S|U = Ully + (B, = T)S] = Iy.
Hence

[Ix + S(B, = T)][Ix — SU(B, = T)]
=Ix-SUB, —-T)+S(B,—T)—-S(B, —T)SU(B, - T)
=Ix — S[ly + (B, = T)S|U(B, — T) + S(B, — T)
=Ix—-S(B,—-T)+S8(B,—-1T)
=1y

and
[Ix = SU(B, = T)]lIx + 5(B, = T)]
=Ix—-SUB,-T)+SB,—-T)-SU(B,—T)S(B, = T)
=Ix—SU[ly + (B, —T)S|(B,—T)+ S(B,—T)
I~ (B, ~T)+$(B, ~ T)
=Ix.

Let V = Ix — SU(B, —T). From the above two equations, we know that V[Ix +
S(B, —T))=[Ix+S(B, —T)]V = Ix, that is V € G(X). Furthermore,
Iy + (B, — T)SIy — (B, — T)V'S]
=ly— (B, -T)YVS+ (B, - T)S— (B, —T)S(B, —T)VS
—Iy — (B, — T)[Ix + S(B, — T)|VS + (B, — TS
(B, —T)S + (B, — T)S

and

[y = (B, =T)VS][ly + (B, = T)5]
—Iy — (B, = T)VS + (B, — T)S — (B, — T)VS(B, — T)S
—Iy — (B, — T)V|Ix + S(B, — T)|S + (B, — T)S
—Iy — (B, ~T)S + (B, — T)S

Hence, we get that U = Iy — (B, —T)VS. Let P = ST € B(X) and Q =TS €
B(Y'). Then P is the projection from X onto S(Y') parallel to ker(T") and @ is
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the projection from Y onto T'(X) parallel to ker(.S). Moreover,
UB,P =U(B,S)T
—U[Iy + (B, =T)S+TS - Iy|T
—Ully + (B, — T)S|T + U(TS — I)T
=T
and
U(ly = Q) =[Iy — (B, = T)VS|(Iy — TS)
=Iy — (B, = T)VS — TS + (B, — T)VSTS
=Iy— (B, —-T)VS-TS+ (B, —-T)VS
=Iy —-TS
=Iy — Q.
Since UB,P =T, U(ly — Q) = Iy — @ and B, B; = Iy, we can get that
[T+ (Iy = QUB,(Ix — P)|T"
=[T+ (Iy = Q)UB.(Ix — P)|[S + (Ix = ST)Bi(ly — T'S)]
=TS+ [(Iy = QUB.(Ix — P)|l(Ix — P)Bi(Iy — Q)]
=TS+ (Iy — QUB,(Ix — P)Bi(ly — Q)
=TS+ (Ily —Q)(UB, —UB,P)B,(ly — Q)
=TS+ (Iy = Q)(UB, = T)B/(Iy — Q)
=TS+ (Iy = Q)UB,Bi(ly — Q) — (Iy — Q)TBi(ly — Q)
=TS+ (Iy — Q)UB,Bi(ly — Q)
( U
)

=TS+ (Iy —Q)U(ly — Q)
=TS+ (Iy —Q)(Iy — Q)
=Q+ Iy —Q

=Iy.

That is, [T+ (Iy — Q)UB,(Ix — P)|T" = Iy. So T" € G(Y,X), then T €
G,R(X,Y), and this completes the whole proof of (1).
Parts (2) and (3) can be proved similarly. O

Sets of all invertible elements, left invertible elements, right invertible elements,
relatively regular elements, decomposably regular elements, left decomposably
regular elements and right decomposably regular elements in a complex Banach
algebra 7 with identity 1 are defined as follows respectively:

G() :={a € & : there exists some b € & such that ab = ba = 1};

Gi(«) :={a € & : there exists some b € & such that ba = 1};
G, (o) :={a € o : there exists some b € & such that ab = 1};
R(#):={ac o :acada};

GR() ={a€ o :a€aG(H)a};
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GiR() ={a€ o :ac€aG.(F)a};
G.R() ={ae€ o :acaG(F)a}.

Now, [5, Theorem 1.1] should be represented as follows:

GR(«) = R(«)NG(A).
Similar to the proof of Theorem 2.1, we can extend Theorem 2.1 to the Banach
algebra 7.
Theorem 2.2. (1) G, R(«) = R(«) NG, (),
(2) GIR() = R(A)NG|(A).

Before providing the characterizations of left and right decomposably Fred-
holm operators in B(X,Y'), we give an example to illustrate that there exists
some operator which is left (right) decomposably Fredholm but not decompos-
ably Fredholm.

For any Hilbert space X, let dimgy X denote the Hilbert dimension of X, that
is the cardinality of an orthonormal basis of X. We set nuly(7) = dimy ker(7)
and defg(T) = dimgT(X)*. For a separable Hilbert space X, Rakocevi¢ has
proved the following:

Proposition 2.3. ([/9, Theorem 5]) Let X be a separable Hilbert space. Then

RX)NP(X)=d(X)U{T € B(X) : nuly(T) = defg(T) and T(X) is closed}.

Example 2.4. Let H be the direct sum of countably many copies of l5(N), that
is,

H = {(2;)32, 25 € b(N) and Y || 2 [|< oo}
=1

(1) Let S : [o3(N) — [3(N) be the unilateral right shift operator defined by
S(z1, 29,23, ) = (0,21, 29, -+ ) forall (z,) € lh(N).
The operator S on H is defined by
S(w1, w0, 23, ) = (Sx1, Sxa, S5, --+) for all (z,) € H.

Note that S(H) is closed, a(S) = 0 and 3(S5) = co. Then S € G,(H) C G,R(H) C
®,R(H). But since S ¢ ®R(H) by Proposition 2.3 and (1.1), we have ®R(H) &
O,R(H).

(2) Let T': I3(N) — I5(N) be the unilateral left shift operator defined by

T(z1, 22,23, ) = (22,23, 24,--+) forall (z,) € l(N).

-~

The operator T on H is defined by

A~

T(xy, 9,23, ) = (Tay, Tag, Tas,---) forall (z,)€ H.
Noting that T'(H) is closed, a(T) = oo and B(T) = 0, we have T € G,(H) C

-~

G,.R(H) C ®.R(H). But since T' ¢ ®R(H) by Proposition 2.3 and (1.1), we have
®R(H) S @, R(H).
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Rakocevi¢ [13, Theorem 3] adopted Harte’s technique used in [5, Theorem 1.1]
to prove that
PR(X)=R(X)NP(X) =P(X)P(X),
where P(X) = {P € B(X) : P? = P}. Next, we will prove that similar results
also hold for left and right decomposably Fredholm operators. It is remarked that
here we need to deal with compact perturbations.

Theorem 2.5. (1) . R(X,Y) = R(X,Y)N P, ?,.(X,Y);
(2) ®R(X,Y) = R(X,Y) N & (X, Y);
(3) R(X,Y) = R(X,Y) N ®(X,Y).

Proof. We will prove (2), omitting the similar proofs of (1) and (3).

(2) Let T € ®;R(X,Y). Then T € R(X,Y) and there exists S, € &,(Y, X)
for which T'S,T = T. Since S, € ®,(Y, X), there exist 5; € ¢;(X,Y) and K; €
K(X) such that S,.S; = Ix + K;. It is easy to see that 7'S,.S; = T + TK; and
TS, TS, = TS,, and hence T'S,.(S; — TK,) = T+ TK, — TS, TK, = T, thus
T = PC € B(X.Y), whete C = § — TK) € ®(X.Y) and P = TS, € B(Y) is
an idempotent operator. Let T,, = (P + 5=E)C € B(X Y) foralln e N. It is
easy to check that[P +n(ly — P)][P + b=F ] [P+ L=E)[P+n(ly — P)| = Iy,
that is, P + 2= € G(Y ) for all n € N. Further, S [P+ n(ly — P)T, =
Si[P+n(Iy — P)|[P+5=E]C = S,C = S,(S, — TK;) = Ix + K; — S, TKj, that
is, T,, € ¢;(X,Y) for all n € N. Since T,, > T (n - 00), T € ®(X,Y). Thus
OR(X,Y) CR(X,Y)Nd(X,Y).

Conversely, suppose that T € R(X,Y) N &;(X,Y). Then there exist S €
B(Y,X) and B, € ¢,(X,Y) for which TST =T,STS =S and Ix+ S(B,—T) €
G(X). Since B € ¢,(X,Y), there exist B, € ¢,(Y, X) and K; € K(X) such that
BB =Ix+ K. Let T' = S + (Ix — ST)B,(Iy — TS) € B(Y, X). It is not hard
to see that T'=TT'T, and so 1" is an inner generalized inverse of T

It remains only to show that 77 € ®,(Y, X). Since Ix + S(B; —T) € G(X),
there exists Uy € G(X) such that [Ix +S(B;—T)|Uy = Up[Ix +S(B, —T)] = Ix.
Hence

Ly + (B, — T)S][ly — (B = T)UpS]
=Iy = (B —=TUeS+ (B =T)S = (B, = T)S(B, — T)UpS
=Iy — (B=T)[Ix +S(B,—T)|UpyS + (B, —T)S
=Iy = (B -T)S+ (B —-T)S

—Iy
and
[y = (Bi = T)UoS]|ly + (B = T)5]
Iy + (Bi—T)S — (Bi — T\UpS — (Bi — T)UoS(Bi — T)S
—Iy + (Bi—T)S — (B — T)Uy[Ix + S(B, — T)]S
—Iy + (B,—T)S — (B, - T)S
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Let Vo = Iy — (B, — T)UyS. From the above equations, we know that Vy[Iy +
(B, —T)S] = [Iy + (B, —T)S|Vy = Iy, that is Vi € G(Y). Further,

[Ix + S(B —T)][Ix — SVo (B — T)]
—Iy — SVo(Bi—T) + S(B, — T) — S(B, — T)SVo(Bi — T)
=Ix +S(B = T) = S[ly + (B = T)S|Vo(B, = T)
—Ix +S(Bi—T) - S(B, — T)
—Iy

and

[Ix — SVo(By = T)][Ix + S(B, — T))
=Ix+ 5B, —T) = SVo(B —T) — SVo(B, — T)S(B, — T)
=Ix + 5B, —T)— SVolly + (B, — T)S|(B, — T)
—Ix+S(B,—T)—S(B,—T)
=Ix.

Hence, we get that Uy = Ix — SVo(B, —T). Let P = ST € B(X) and Q =TS €
B(Y'). Then P is the projection from X onto S(Y') parallel to ker(T") and @ is
the projection from Y onto T'(X) parallel to ker(S). Moreover,

QBU, =T (SB))U,
:T[[X + S(Bl — T) + ST — Ix]U[)
=T[Ix +S(B, —T)|Uy+ T (ST — Ix)U,
=T

and

(Ix — P)Uy =(Ix — ST)[Ix — SV(B, — T)]
—Iy — ST — SVo(Bi — T) + STSVo(B, — T)
=Ix — ST = SVo(B, = T) + SV(B = T)
=Ix — ST
=Ix — P.
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Since QBUy =T, (Ix — P)Uy = Ix — P and B,.B; = I[x + K, we can get that
T'IT + (Iy — Q)BUy(Ix — P)]
=[S+ (Ix = ST)B,(Iy = T[T + (Iy = Q)BlUs(Ix — P)]
=ST + [(Ix — ST)B,.(Iy — TS)][(Iy — Q)B,Uy(Ix — P)]
—ST + (Ix — ST)B,(Iy — Q)BUs(Ix — P)
=ST + (Ix — P)B.(BUy — QBUp)(Ix — P)
=ST + (Ix — P)B,(BlUy = T)(Ix — P)
—ST + (Ix — P)B,BlUs(Ix — P) + (Ix — P)B,T(Ix — P)
—ST + (Ix — P)B,BiUys(Ix — P)
=ST + (Ix — P)(Ix + K1)Uy(Ix — P)
—ST + (Ix — P\Us(Ix — P) + (Ix — P)E,\Uy(Ix — P)
—ST + (Ix — P)(Ix — P) + (Ix — P)K,Up(Ix — P)
—P+Ix— P+ (Ix — P)K,Up(Ix — P)
—Ix + (Ix — P)K,\Us(Ix — P).
That is, T'[T + (Iy — Q)BUs(Ix — P)] = Ix + (Ix — P)K,Up(Ix — P). So
T € &,.(Y,X), then T € &;R(X,Y), and this complete the whole proof of (2). O

Decomposably regular operators are characterized “spatially” as in (1.3). Our
next result extends it to left (right) decomposably regular operators. Before
this, the notions of embedded spaces, essentially embedded spaces and essentially
isomorphic spaces are needed.

Definition 2.6. Let X and Y be Banach spaces. We say that X can be embedded
in Y and write X <Y if there exists a left invertible operator J : X — Y. We say
that X can be essentially embedded in Y and write X <. Y if there exists a left

Fredholm operator F': X — Y. We say that X and Y are essentially isomorphic
and write X =, Y if §(X,Y) # .

The notion of embedded spaces and the notion similar to essentially embed-
ded spaces were introduced by Djordjevi¢ [1] to investigate the perturbations of
spectra of operator matrices. The notion of essentially isomorphic spaces was
introduced by Gonzélez and Herrera [9]. Obviously, X <Y if and only if there
exists a right invertible operator J; : Y — X; X <. Y if and only if there exists
a right Fredholm operator F} : Y — X; X ~, Y if and only if Y ~, X.

Theorem 2.7. (1) T € GIR(X,Y) <= T € R(X,Y) and ker(T) R Y/T'(X);
(2) TeGR(X,)Y)<=TeRX,)Y) and Y/T(X) = ker(T).
And these equivalences yield the following inclusions directly:
{T € ®,(X,Y):ind(T) <0} C GR(X,Y); (2.1)
{T € ®,.(X,Y):ind(T) >0} C G, R(X,Y). (2.2)
Proof. (1) Suppose that ' € G/R(X,Y). Then T' € R(X,Y) and there exists

S € G,(Y, X) such that T'ST =T Since S € G,(Y, X), there exists L € G(X,Y)
such that SL = Ix.
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The operators U : ker(T) — Y/T(X) and V : Y/T(X) — ker(T') are defined

as follows respectively:

U(z) = L(z) + T(X), for all x € ker(T);

Viy+T(X))={—-ST)S(I—-TS5)(y), forall y+T(X) € Y/T(X).
For all x € ker(T"), we can check that

VU(z) =V(L(x) + T(X))
=(I —ST)S(I —TS)(L(x))
(S — STS)(L(x))
=(SL — STSL)(x)
=z — ST (x)
=z.
That is, VU = Ixer(r), hence U € Gy(ker(T),Y/T(X)). This proves ker(T") =
Y/T(X).
Conversely, suppose that 7" € R(X,Y) and ker(T) < Y/T(X). Then there
exists S € B(Y,X) such that TST =T. Let P =TS € B(Y) and Q = ST €

B(X). Therefore P is the projection from Y onto T'(X) and I—@ is the projection
from X onto ker(7T).

The operators T : Q(X) — P(Y) and § : P(Y) — Q(X) are defined as follows
respectively:

T(Q(z)) = T(Q(x)), for all z € X;

S(P(y)) = S(P(y)), for all y € Y.

Since Y/T(X) = Y/P(Y) = ker(P), there exists Uy € G;(ker(Q),ker(P)). Let
Vo € G, (ker(P),ker(Q)) be a left inverse of U.
The operator V : Y — X is defined by

V(y) = SP(y) + Vo(I — P)(y), for all y € Y.
Hence for all x € X, we have
TVT(x) =T[SP(Tz) + VoI — P)(Tx)]
=TSP(Tz)
—TST(z)
=TST(x)
=T(z),

that is, TVT =T.
The operator W : X — Y is defined by

W (z) = TQ(z) + Up(I — Q)(x), for all z € X.
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Then for all x € X, we can obtain that

VW (2) =[SP + Vo(I = P)IITQ + Us(I — Q)](x)
=[SPTQ+ Vo(I — P)Uo(I — Q))(x)

=[STQ + VsUu(I - Q))(x)

—Q(a) + (I - Q)(a)

=x.

That is VIV = Ix, so V € G,(Y, X), and this induces that T" € G;R(X,Y).

(2) Suppose that T € G, R(X,Y). Then T' € R(X,Y) and there exists S €
Gi(Y, X) such that T'ST = T. Since S € G;(Y,X), there exists L € G,(X,Y)
such that LS = Iy.

The operators U : ker(T) — Y/T(X) and V : Y/T(X) — ker(T") are defined

as follows respectively:

U(z) = L(z) + T(X), for all x € ker(T);

Viy+T(X))=({U—-ST)S(I -T95)(y), forally+T(X) € Y/T(X).
For all y + T'(X) € Y/T(X), we can check that

UV(y+T(X))=U(I - ST)S(I —TS)(y)
—U(S - STS)(y)
~L(S - STS)(y) + T(X)
(LS — LSTS)(y) + T(X)
—y— TS(y) + T(X)
=y +T(X).
That is, UV = Iy/r(x), hence U € G, (ker(T),Y/T(X)). This proves Y/T'(X) =
ker (7).
Conversely, suppose that 7' € R(X,Y) and Y/T(X) =< ker(T'). Then there
exists S € B(Y,X) such that TST =T. Let P =TS € B(Y) and Q = ST €

B(X). Therefore P is the projection from Y onto 7'(X) and I —@ is the projection
from X onto ker(T).

The operators 7 : Q(X) — P(Y) and S : P(Y) — Q(X) are defined as follows
respectively:

T(Q(x)) =T(Q(x)), for all z € X;

S(P(y)) = S(P(y)), for all y € Y.

Since Y/T'(X) = Y/P(Y) = ker(P), there exists Uy € G,(ker(Q), ker(P)). Let
Vo € Gi(ker(P), ker(@)) be a right inverse of U.
The operator V' : Y — X is defined by

V(y) = SP(y) + Vo(I — P)(y), for all y € Y.
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Hence for all x € X, we have
TVT(x) =T[SP(Tz) + VoI — P)(Tx)]
=TSP(Tz)
=TST(z)
=TST(x)
=T(x),

that is TVT =T.
The operator W : X — Y is defined by

W(z) = TQ(z) + Ug(I — Q)(z), for all x € X.
Then for all x € X, we can obtain that
WV (y) =[TQ + Us(I — Q)I[SP + Vo(I — P)](y)
[TQSP + Us(I — Q)Vo(I — P)J(y)
[TSP + UpgVo(I — P))(y)
=P(y) + (I — P)(y)
Y.

That is WV = Iy, so V € Gi(Y, X), and this induces that T' € G, R(X,Y).

For T € &;(X,Y) with ind(T") < 0, it is easy to know that T € R(X,Y’) and
there exists a finite-dimensional subspace W of Y/T'(X) such that ker(7") ~ W.
Let J; : ker(T') — W be the above isomorphic and J, : W — Y/T(X) be the
naturally embedded operator. Hence U = JyJ; € Gi(ker(T),Y/T (X)), that is,
ker(T) < Y/T(X), and this proves (2.1). Similarly, we can get (2.2). O

Similar to the proof of Theorem 2.7, we can show the following:

Theorem 2.8. (1) T € ®;R(X,Y) <= T € R(X,Y) and ker(T) <. Y/T(X).
2)Ted,RX,)Y)<—=TeRX,)Y) and Y/T(X) =, ker(T).
B) T € PR(X,)Y) =T € R(X,Y) and ker(T) =. Y/T(X).

Next, we turn to the discussion of holomorphical versions.

For T € B(X), we say that T is semi-regular, in symbol 7" € S(X), if T'(X)
is closed and ker(7) C T™(X) for all n € N. If T € R(X) N S(X), then T is
called an Saphar operator. This class of operators has been studied by Saphar
[11] (see also [3]). Operators in this class have an important property: 7' € B(X)
is a Saphar operator if and only if there exist a neighborhood U C C of 0 and a
holomorphic function F': U — B(X) such that

(T = ADFA)(T — M) =T — M, (2.3)

for all A € U. For its proof see [ 1, Théoreme 2.6] or [15, Theorem 1.4]. If F(\) €
G(X) for all A € U in (2.3), we say that T is holomorphically decomposably
regular, in symbol " € HG(X). If F(A\) € ®(X) for all A € U in (2.3), we
say that T is holomorphically decomposably Fredholm, in symbol T € H®(X).
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These two classes of operators are characterized in [18] and [2] (or [1]) as follows
respectively:
HG(X)=S(X)NGR(X)=S(X)NR(X)NG(X); (2.4)
H®(X)=S(X)NPR(X) = S(X)NR(X)NO(X). (2.5)
Another characterization can also be found in [18] and [1] respectively:

T € HG(X) <= there exist some R € G(X) and sequences
{Sn}o2, CG(X), {Tn}2, € G(X) such that
(T = S,)T,(T = S,) =(T—5,), TS, =5,T
for all n € N andnli_)nolo(HSnH + 1|7, — R||) =0; (2.6)

T € HP(X) <= there exist some R € ®(X) and sequences
{Sn}oei C G(X),{T,}2y € ©(X) such that

n=1
(T — S,)T,(T—S,)=(T-5,),TS, =8S,T
for all n € N and ILm (|Sull + ||T — R|]) = 0. (2.7)

Definition 2.9. (1) An operator ' € B(X) is said to be holomorphically left
decomposably regular, in symbol T' € HG,R(X), if F(\) € G,.(X) for all A € U
in (2.3);

(2) An operator T' € B(X) is said to be holomorphically right decomposably
regular, in symbol T' € HG, R(X), if F(\) € G|(X) for all A € U in (2.3);

(3) An operator T" € B(X) is said to be holomorphically left decomposably
Fredholm, in symbol T'€ H®,R(X), if F(\) € ®,.(X) for all A € U in (2.3);

(4) An operator T' € B(X) is said to be holomorphically right decomposably
Fredholm, in symbol T'€ H®, R(X), if FI(\) € ¢;(X) for all A € U in (2.3).

The following theorem generalizes (2.4) to holomorphically left (right) decom-
posably regular operators.

Theorem 2.10. (1) HGi(X) = S(X)NGR(X) = S(X) N R(X)NG(X).

(2) HG,(X) = S(X)NG,R(X) = S(X) N R(X) NG, (X).

Proof. (1) If T € HG(X), then there exist a neighborhood U C C of 0 and
a holomorphic function F' : U — B(X) such that F(\) € G,.(X) and (T —
ANFA(T — M) =T — M, for all A € U. Thus, we have that T" € G;R(X). By
(2.3), we get that T € S(X).

Conversely, if T € S(X) N GiR(X), then there exists S € G,(X) such that
TST =T. An function F is defined by F(\) = (I — \S)™1S for all |\ < ||S]|71.
Therefore, F(\) € G,.(X) for all [A] < ||S||7'. From Lemma 6 of [12, Chapter II,
Section 13], we get that (T — AI)F(A\) (T — X)) =T — X for all |A| < ||S||7*, and
this induces that '€ HG(X).

Consequently, HG;(X) = S(X) N G,R(X). By Theorem 2.1(2), we have that
S(X)NGR(X)=S(X)NR(X)NG(X), and this completes the proof of (1).

(2) It can be proved similarly to (1). O
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The next theorem, whose proof is similar to Theorem 2.10, generalizes (2.5) to
holomorphically left (right) decomposably Fredholm operators.

Theorem 2.11. (1) H®,(X) = S(X) N ®,R(X) = S(X) N R(X) N T;(X).
(2) Ho,(X) = S(X)N®,R(X) = S(X) N R(X) N D, (X).

The following theorem generalizes (2.6) to holomorphically left (right) decom-
posably regular operators.

Theorem 2.12. (1) T € HG|(X) <= there ezist some R € G.(X) and
sequences {S, 122, C G(X),{T.}>2, C G.(X) such that TS, = S, T,(T — S,)T,
(I'=S,)=T-25, foralln €N and nh—>nc}o(||S"H + |7, — R||) = 0.

(2) T € HG.(X) <= there exist some R € G|(X) and sequences {S,}>>, C
G(X),{T.}>2, € Gi(X) such that TS, = S,T,(T — S,)T,(T — S,) = T —
Sy, for alln € N and 7}1_}11010(]|SnH + 1|7, — R||) = 0.

Proof. (1) If T € HG(X), then there exist an open disc D(0,7) C C and a
holomorphic function F' : D(0,7) — B(X) such that F(\) € G,.(X) and (T —
ANFM\(T — M) =T — M, for all A € D(0,7). Let {k,}>>, be a sequence such
that - < 7 for all n € N and lim ;- = 0. Let R = F(0), S, = ¢-I and

n—oo kn ok

T, = F(3-) for all n € N. Tt is easy to see that R € G(X), {S.}p2; € G(X),
{T.}2, € G.(X), TS, =8, and (T — S,)T,(T — S,) =T — S,. Since F' is
continuous, we have that lim (||S,|| + ||T, — R||) = 0.
n—aoQ

Conversely, if there exist some R € G,(X) and sequences {S,}>, C G(X),
{T,.}2, C G,(X) such that T'S,, = S, T,(T — S,)T,,(T — S,,) =T — S, for all
n € N and lim (||S,|| + [|Tn — R||) = 0. Then it follows from Theorem 9 in [7]

n—oo
that '€ R(X)NS(X) C S(X). Since (T'—S,)T,(T—S,) =T -5, foralln € N
and lim (||S,|| + ||T. — R||) =0, TRT = T. Further, we have that T € G;R(X)
n—oo

since R € G,(X). Hence by Theorem 2.10(1), we know that T' € HG(X).

(2) It can be proved similarly to (1). O

The next theorem, whose proof is similar to Theorem 2.12, generalizes (2.7) to
holomorphically left (right) decomposably Fredholm operators.

Theorem 2.13. (1) T € H®|(X) <= there exist some R € ®,.(X) and
sequences {S, 122, C G(X),{Tn};>y C O,(X) such that TS, = S, T, (T — S,)T,
(T'—S,)=T—25, foralln € N and lim (||S,|| + ||T. — R||) = 0.

n—oo

(2) T € H®,.(X) <= there ezist some R € ®;(X) and sequences {S,}52, C

G(X), {T.}>2, € &(X) such that TS, = S,T,(T — S,)T.(T — S,) =T —
Sy for alln € N and lim (||S,|| + ||7. — R||) = 0.
n—oo
3. TOPOLOGICAL INTERIORS AND CLOSURES

As the direct applications of the characterizations obtained in the above section,
we can get the following:

Theorem 3.1. (1) G,R(X,Y) = G,(X,Y).
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(2) G,R(X,Y) = G,(X,Y).
(3) GR(X,Y) = G(X,Y).
(4) BR(X,Y) = 0,(X,Y).
(5) &, R(X,Y) = &,(X,Y).
(6) PR(X,Y) = ®(X,Y).

Proof. Here we only prove (1), and the rest is similar.
(1) By Theorem 2.1(2), we have that

GZ(X7 Y) - GZR<X7 Y) = R(Xu Y) N GZ(X7 Y) - GI(X7 Y)u
which implies that G;R(X,Y) = Gi(X,Y). O

Theorem 3.2. (1) HG|(X) = Gi(X).
(2) HG,(X) = G,(X).
(3) HG(X) = G(X).
(4) HO(X) = &y(X).
(5) Ho,(X) = &,(X).
(6) HP(X) = ¢(X).

Proof. Part (6) has been proved in [I, Theorem 2.2(2)], and parts (4) and (5) can
be proved similarly to it, so we omit the proofs of them here.
(1) From Theorem 2.10(1), we can get that

Gi(X) € HGi(X) = R(X) N S(X) NGi(X) € Gi(X),

which implies that HG(X) = G,(X).
Parts (2) and (3) can be proved similarly. O

Next, we compute the topological interiors of the classes of operators studied
in this paper. We begin by stating two lemmas which will be used repeatedly
throughout the sequel.

Lemma 3.3. Sets Gi(X,Y)\G,(X,Y) and G.(X,Y)\G/(X,Y) are open.

Proof. Suppose that T € G;(X,Y)\G,(X,Y). Then there exists S € G,(Y, X)
such that ST = Ix. For R € B(X,Y) such that |[|R—T|| < [|S||~!, we have that
I|Ix — SR|| < ||S||||R —T|| <1, therefore U = SR € G(X), so, U"'SR = Ix. If
R e G(X,Y), then R(U™'S) = Iy. Since U"'SR = Ix, S(RU™') = Ix. Hence
RU™' € G(X,Y). Since RU™ = RU"'Iy = RU'ST =T, T € G(X,Y), a
contradiction. Hence G;(X,Y)\G,(X,Y) is open.

We can prove similarly that G,.(X,Y)\G;(X,Y) is open. O

Lemma 3.4. Sets &;(X,Y)\?,.(X,Y) and ,(X,Y)\®,(X,Y) are open.

Proof. Suppose that T € ®;(X,Y)\®,(X,Y). Then there exist S € ®,.(Y, X) and
K, € K(X) such that ST = Ix — K;. For R € B(X,Y) such that |[|[R — T|| <
|S]|7t, we have that |[Ix — (SR + K3)|| < ||S||||R — T|| < 1, therefore U =
SR+ K, € G(X), that is, U"'(SR + K;) = Ix. Hence, U"'SR = Ix — U 'Kj,
thus R € ¢,(X,Y). If R € &(X,Y), then there exists Ky € K(Y) such that
(RUYS = R(US) = Iy + Ky. Since U'SR = Ix — U 'Ky, S(RU™Y) =
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Ix — KUY hence RU™ € ®(X,Y). Since RU™ = RU Iy = RU Y(Ix —
K+ K,))=RU'ST+RU 'K, = (Iy+Ky) T+ RU 'K, =T+ K,T+RU 'K,
T € &(X,Y), a contradiction. Hence ®;(X,Y)\®,.(X,Y) is open.

We can prove similarly that ®,(X,Y)\®;(X,Y) is open. O

By using a result of Goldberg [3, Theorem V.2.6], Schmoeger [16, Theorem 6]
proved that
int(R(X)) = &(X) UP,.(X).
Moreover, noting that [3, Theorem V.2.6] also holds in the case that X and Y
are two different Banach spaces, we can get that

int(R(X,Y)) = &(X,Y)Ud,(X,Y).

Parts (3) and (6) of the following theorem extend [18, Theorem 2.1] and [I8,
Theorem 2.2(2)], respectively, to the case that X and Y are two different Banach
spaces.

Theorem 3.5. (1) int(G,R(X,Y)) ={T € &,(X,Y) : ind(T) < 0}.
(2) int(G,R(X,Y)) = {T A(X,Y) :ind(T) > 0}.
(3) int(GR(X,Y)) ={T € (X,Y) : ind(T) = 0}.
() mBACKY) = B0V
(5) int(®.R(X. V) = b,(X. V).
(6

)
|
) int(PR(X,Y)) = B(X,Y).
f.

Proof. We will prove (1) and (4), omitting the similar proofs of the others.

(1) Since {T" € ¢;(X,Y) : ind(T") < 0} is open and {7 € ¢;(X,Y) : ind(7) <

0} CGIR(X,Y) (see (2.1)), we get that
{T € ¢(X,Y) :ind(T) < 0} Cint(G,R(X,Y)).

For the converse inclusion, suppose that 7' € int(G;R(X,Y)) = int(R(X,Y) N
Gi(X,Y)), then T € int(R(X,Y)) = ¢,(X,Y) U D,(X,Y). Since T € Gi(X,Y),
there exists a sequence {7,,}22, C G4(X,Y) for which ||T" — T,,|| = 0 (n — o0).
We can claim that T € &;(X,Y). If not, T ¢ ®;(X,Y). Noting that T €
Q)(X,Y)UD,(X,Y), we have T € ,(X,Y)\?;(X,Y). By Lemma 3.4, we know
that 7,, € ¢,.(X,Y)\®,(X,Y) for enough large n € N, and this contradicts with
the fact that {7,,}°°, C G,(X,Y) C ®&;(X,Y). From the continuation of the
index (cf. [10, Proposition 2.c.9]), we get that ind(7T") = ind(7},) < 0 for enough
large n € N, therefore int(G,R(X,Y)) C{T € &,(X,Y) : ind(T) < 0}.

Consequently, int(GR(X,Y)) ={T € &,(X,Y) : ind(T) < 0}.

(4) Since ®;(X,Y) is open and ¢;(X,Y) C &, R(X,Y), we get that ®;(X,Y) C
int(P,R(X,Y)).

For the converse inclusion, suppose that 7' € int(®;R(X,Y)) = int(R(X,Y) N
O,(X,Y)). Then T € int(R(X,Y)) = &;(X,Y) U, (X,Y). Since T € &;(X,Y),
there exists a sequence {7,,}22, C ®,(X,Y) such that ||T"— T,,|| = 0 (n — o0).
We can claim that T € &;(X,Y). If not, T" ¢ &;(X,Y). Noting that T €
Q) (X,Y)UD,(X,Y), we have T € ,.(X,Y)\P,(X,Y). By Lemma 3.4, we know
that 7,, € ®,.(X,Y)\®(X,Y) for enough large n € N, and this contradicts with
the fact that {T,,}22, C &;(X,Y), therefore int(G,R(X,Y)) C &,(X,Y).

Consequently, int(®,R(X,Y)) = ¢,(X,Y). O
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Part (6) of the following theorem generalizes |1, Theorem 2.2(1)] by computing
precisely the topological interior of the class of the holomorphically decomposably
Fredholm operators.

Theorem 3.6. (1) int(HG(X)) = G|(X).
(2) int(HG, (X)) = G, (X).

(3) int(HG(X)) = G(X).
(4) in (H<I>z( )) = (GiI(X) UG(X)) N &(X).
(5) nt(H P, (X)) = (Gi(X) U G(X)) N 8,(X).

(
(6) int(H®(X)) = (Gi(X) UG (X)) N ®(X).

Proof. We will prove (1) and (4), omitting the similar proofs of the others.

(1) Since Gy(X) is open and G;(X) C HG(X), we get that G;(X) C int(HG(X)).
For the converse inclusion, suppose that 7' € int(HG (X)) = int(R(X)NS(X)N
Gi(X)). Then T € int(R(X) N S(X)) = G;(X) UG, (X) by [17, Theorem 2(b)].
Since T' € G;(X), there exists a sequence {T},}>° ; C G;(X) for which ||T—T,]|| —
0 (n — o0). We can claim that T € Gy(X). If not, T' ¢ G;(X). Noting that
T € Gi(X)UG,(X), we have T € G,.(X)\Gi(X). By Lemma 3.3, we know that
T, € G(X)\Gi(X) for enough large n € N, and this contradicts with the fact

that {7,,}°°, C Gy(X), thus int(HG;(X)) C G|(X).

Consequently, int(HG(X)) = Gi(X).

(4) Since (Gy(X) UGH(X)) NPy(X) is open and (Gy(X)UG.(X)) NP (X) C
H®,(X), we get that (Gi(X) UG, (X)) N&(X) Cint(HP)(X)).

For the converse inclusion, suppose that 7' € int(H®;(X)) = int(R(X)NS(X)N
®;(X)). Then T € int(R(X)NS(X)) = G(X)UG,(X). Since T € &;(X), there
exists a sequence {7,,}°2, C &;(X) for which ||T,, — T|| = 0 (n — o). We can
claim that T € ®,(X). If not, T ¢ ®;(X). Noting that T" € G;(X) U G,(X) C
O)(X) U P,.(X), we have T € &,.(X)\®/(X). By Lemma 3.4, we know that
T, € ¢,.(X)\®,(X) for enough large n € N, and this contradicts with the fact
that {Tn}zozl Q @KX), thus 1nt(HCI>l(X)) g (GZ(X) U GT<X)) N CI)[(X)

Consequently, int(H®;(X)) = (G(X) UG,(X)) NP (X). O]
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