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MULTIPLE HILBERT’S TYPE INEQUALITIES WITH A
HOMOGENEOUS KERNEL

IVAN PERIĆ1∗ AND PREDRAG VUKOVIĆ2

Communicated by L.-E. Persson

Abstract. The main objective of this paper is a study of some new gene-
ralizations of Hilbert’s and Hardy–Hilbert’s type inequalities. We apply our
general results to homogeneous functions. Also, we obtain the best possible
constants when the parameters satisfy appropriate conditions.

1. Introduction

Hilbert’s and Hardy–Hilbert’s type inequalities (see [1]) are very significant
weight inequalities which play an important role in many fields of mathematics.
Similar inequalities, in operator form, appear in harmonic analysis where one
investigates properties of boundedness of such operators. This is the reason why
Hilbert’s inequality is so popular and is of great interest to numerous mathemati-
cians, since Hilbert till nowadays.
During the past century Hilbert-type inequalities were generalized in many differ-
ent directions and also the numerous mathematicians reproved them using various
technics. Some possibilities of generalizing such inequalities are, for example, var-
ious choices of non-negative measures, kernels, sets of integration, extension to
multi-dimensional case etc. Several generalizations involve very important no-
tions such as Hilbert’s transform, Laplace transform, singular integrals, Weyl
operators.
In this paper we refer to a paper of Bicheng Yang, [7], where Hilbert-type
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inequality was obtained for conjugate parameters and kernel K(x1, . . . , xn) =
(x1 + . . .+xn)−s, s > 0. See also [6, 8] as illustrative papers for recent progress in
studying Hilbert and Hardy–Hilbert type inequalities. However, we shall keep an
attention on the result with a special homogeneous function of degree −s. Yang’s
result is contained in:

Theorem 1.1. If n ∈ N \ {1}, pi > 1,
∑n

i=1
1
pi

= 1, s > 0, fi : (0,∞) → R,

i = 1, . . . , n, non-negative functions which satisfy

0 <

∫ ∞

0

xpi−s−1fpi

i (x)dx < ∞ (i = 1, 2, . . . , n), (1.1)

then ∫
(0,∞)n

∏n
i=1 fi(xi)

(
∑n

j=1 xj)s
dx1 . . . dxn

<
1

Γ(s)

n∏
i=1

Γ

(
s

pi

)(∫ ∞

0

xpi−s−1fpi

i (x)dx

) 1
pi

,

where the constant factor 1
Γ(s)

∏n
i=1 Γ

(
s
pi

)
is the best possible.

Our main objective is to emphasize the previous theorem. Our generalization
will include a general homogeneous kernel which satisfies some special conditions.
Also, applying our main results we shall obtain generalization of the following
theorem (see [9]):

Theorem 1.2. Let a ≥ 0, b > 0, and T : L2(0,∞) → L2(0,∞) be defined as
follows:

(Tf)(y) :=

∫ ∞

0

f(x)

a min{x, y}+ b max{x, y}
dx (y ∈ (0,∞)).

Then ‖T‖ = D(a, b), where

D(a, b) =

∫ ∞

0

(
x
y

) 1
2

a min{x, y}+ b max{x, y}
dy, x ∈ (0,∞),

and for any f, g ∈ L2(0,∞), such that 0 <
∫∞

0
f 2(x)dx < ∞, 0 <

∫∞
0

g2(x)dx <
∞, we have (Tf, g) < D(a, b)‖f‖‖g‖,
i. e. ∫ ∞

0

∫ ∞

0

f(x)g(y)

a min{x, y}+ b max{x, y}
dxdy

< D(a, b)

(∫ ∞

0

f 2(x)dx

) 1
2
(∫ ∞

0

g2(x)dx

) 1
2

where the constant factor D(a, b) is the best possible.
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2. Some lemmas

To prove our main results we need some lemmas.

Lemma 2.1. (see [5]) If n ∈ N, ri > 0, i = 1, . . . , n, then∫
(0,∞)n−1

∏n−1
i=1 uri−1

i(
1 +

∑n−1
i=1 ui

)Pn
i=1 ri

du1 . . . dun−1 =

∏n
i=1 Γ(ri)

Γ (
∑n

i=1 ri)
.

By using Lemma 2.1 we have

Lemma 2.2. If n ∈ N, s, λ > 0, βi > −1, i = 1, . . . , n − 1, and
∑n−1

i=1 βi <
λs− n + 1, then∫

(0,∞)n−1

∏n−1
i=1 tβi

i(
1 +

∑n−1
i=1 tλi

)s dt1 . . . dtn−1

=
1

Γ(s)λn−1

(
n−1∏
i=1

Γ

(
βi + 1

λ

))
Γ

(
s− 1

λ

n−1∑
i=1

(βi + 1)

)
.

Proof. The proof follows directly from Lemma 2.1 using the substitution ui = tλi ,
i = 1, . . . , n− 1. �

Lemma 2.3. Let s > 0, a ≥ 0 and b > 0. Let α1, α2 > −1, α1 + α2 < s− 2 and

k(α1, α2) :=

∫ ∞

0

∫ ∞

0

tα1
1 tα2

2

(a min{1, t1, t2}+ b max{1, t1, t2})s
dt1dt2.

Then

k(α1, α2) =
b−s

(α1 + 1)(α2 + 1)

2∑
i=1

F
(
s, αi + 1; αi + 2;−a

b

)
(2.1)

− b−s

(α1 + 1)(α2 + 1)
F
(
s, α1 + α2 + 2; α1 + α2 + 3;−a

b

)
+ b−s

2∑
i=1

(∫ 1

0

tαi
i F

(
s, s− αi+1 − 1; s− αi+1;−

a

b
ti

)
dti

)
+ b−s(α1 + α2 + 2)[(α1 + 1)(α2 + 1)(s− α1 − α2 − 1)]−1

× F
(
s, s− α1 − α2 − 2; s− α1 − α2 − 1;−a

b

)
− b−s

2∑
i=1

1

(αi + 1)(s− αi+1 − 1)
F
(
s, s− αi+1 − 1; s− αi+1;−

a

b

)
where F (α, β; γ; z) denotes the hypergeometric function defined by

F (α, β; γ; z) =
Γ(γ)

Γ(β)Γ(γ − β)

∫ 1

0

tβ−1(1− t)γ−β−1(1− zt)−αdt, γ > β > 0, z < 1

and the indices are taken modulo 2.
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Proof. We start with the identity k(α1, α2) = I1 + I2, where

I1 =

∫ 1

0

tα1
1

(∫ ∞

0

tα2
2

(a min{t1, t2}+ b max{1, t2})s
dt2

)
dt1

and

I2 =

∫ ∞

1

tα1
1

(∫ ∞

0

tα2
2

(a min{1, t2}+ b max{t1, t2})s
dt2

)
dt1.

Here we used Fubini’s theorem. In what follows we shall express the integral I1 by
a hypergeometric function. It is easy to see that holds the equality I1 = I11 + I12,
where

I11 =

∫ 1

0

tα1
1

(∫ 1

0

tα2
2

(a min{t1, t2}+ b)s
dt2

)
dt1

and

I12 =

∫ 1

0

tα1
1

(∫ ∞

1

tα2
2

(at1 + bt2)s
dt2

)
dt1.

The integral I11 can be easily transformed in the following way

I11 =

∫ 1

0

tα1
1

(∫ t1

0

tα2
2

(at2 + b)s
dt2

)
dt1 +

∫ 1

0

tα1
1

(∫ 1

t1

tα2
2

(at1 + b)s
dt2

)
dt1. (2.2)

By applying classical real analysis we have∫ 1

0

tα1
1

(∫ t1

0

tα2
2

(at2 + b)s
dt2

)
dt1 (2.3)

=

∫ 1

0

tα2
2

(∫ 1

t2

tα1
1

(at2 + b)s
dt1

)
dt2

=

∫ 1

0

tα2
2 (at2 + b)−s

(∫ 1

t2

tα1
1 dt1

)
dt2

=
b−s

α1 + 1

∫ 1

0

tα2
2 (1− tα1+1

2 )
(
1 +

a

b
t2

)−s

dt2

=
b−s

α1 + 1

[
1

α2 + 1
F
(
s, α2 + 1; α2 + 2;−a

b

)
− 1

α1 + α2 + 2
F
(
s, α1 + α2 + 2; α1 + α2 + 3;−a

b

)]
,

and similarly∫ 1

0

tα1
1

(∫ 1

t1

tα2
2

(at1 + b)s
dt2

)
dt1 (2.4)

=
b−s

α2 + 1

[
1

α1 + 1
F
(
s, α1 + 1; α1 + 2;−a

b

)
− 1

α1 + α2 + 2
F
(
s, α1 + α2 + 2; α1 + α2 + 3;−a

b

)]
.
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Now, we substitute (2.3), (2.4) in (2.2), and we have

I11 =
b−s

(α1 + 1)(α2 + 1)

2∑
i=1

F
(
s, αi + 1; αi + 2;−a

b

)
(2.5)

− b−s

(α1 + 1)(α2 + 1)
F
(
s, α1 + α2 + 2; α1 + α2 + 3;−a

b

)
.

By using the substitution u = 1/t2, we find

I12 =

∫ 1

0

tα1
1

(∫ ∞

1

tα2
2

(at1 + bt2)s
dt2

)
dt1 (2.6)

= b−s

∫ 1

0

tα1
1

(∫ 1

0

us−α2−2
(
1 +

a

b
t1u
)−s

du

)
dt1

= b−s

∫ 1

0

tα1
1 F

(
s, s− α2 − 1; s− α2;−

a

b
t1

)
dt1.

From (2.5) and (2.6) we get

I1 = I11 + I12

=
b−s

(α1 + 1)(α2 + 1)

2∑
i=1

F
(
s, αi + 1; αi + 2;−a

b

)
− b−s

(α1 + 1)(α2 + 1)
F
(
s, α1 + α2 + 2; α1 + α2 + 3;−a

b

)
+b−s

∫ 1

0

tα1
1 F

(
s, s− α2 − 1; s− α2;−

a

b
t1

)
dt1.

If we continue with the described procedure for the integrals

I21 =

∫ ∞

1

tα1
1

(∫ 1

0

tα2
2

(at2 + bt1)s
dt2

)
dt1

and

I22 =

∫ ∞

1

tα1
1

(∫ ∞

1

tα2
2

(a + b max{t1, t2})s
dt2

)
dt1,

such that I21 + I22 = I2, we obtain the equality (2.1) and the proof is completed.
�

3. Main results

In what follows we suppose that K(x1, . . . , xn) is nonnegative measurable ho-
mogeneous function of degree −s, s > 0. To obtain the main results we define
the function k (α1, . . . , αn−1) by:

k (α1, . . . , αn−1) :=

∫
(0,∞)n−1

K(1, t1 . . . , tn−1)t
α1
1 · · · tαn−1

n−1 dt1 · · · dtn−1, (3.1)

where we suppose that k (α1, . . . , αn−1) < ∞ for α1, . . . , αn−1 > −1 and α1 +
· · ·+αn−1 +n < s+1. Note that the function k(α1, α2) from Lemma 2.3 satisfies
these conditions.
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Due to technical reasons, we introduce real parameters Aij, i, j = 1, 2, . . . , k
satisfying

n∑
i=1

Aij = 0, j = 1, 2, . . . , n. (3.2)

We also define

αi =
n∑

j=1

Aij, i = 1, 2, . . . , n. (3.3)

Main results will be based on the following equivalent inequalities proven in
[4] with the real parameters Aij, i, j = 1, . . . , n, and αi, i = 1, . . . , n, satis-
fying (3.2) and (3.3). Let p1, . . . , pn be conjugate parameters such that pi >
1, i = 1, . . . , n, and fi : (0,∞) → R non-negative functions such and 0 <∫∞

0
xn−s−1+piαifpi

i (x)dx < ∞, i = 1, . . . , n. Then the following inequalities hold
and are equivalent∫

(0,∞)n

K(x1, . . . , xn)
n∏

i=1

fi(xi)dx1 · · · dxn

< L
n∏

i=1

(∫ ∞

0

xn−s−1+piαi

i fpi

i (xi)dxi

) 1
pi

(3.4)

and∫ ∞

0

x(1−q)(n−1−s)−qαn
n

(∫
(0,∞)n−1

K(x1, . . . , xn)

×
n−1∏
i=1

fi(xi)dx1 · · · dxn−1

)q

dxn

< Lq

n−1∏
i=1

(∫ ∞

0

xn−1−s+piαi

i fpi

i (xi)dxi

) q
pi

, (3.5)

where 1
q

=
∑n−1

i=1
1
pi

and

L = k(p1A12, . . . , p1A1n)
1

p1 · k(s− n− p2(α2 − A22), p2A23, . . . , p2A2n)
1

p2

· · · k(pnAn2, . . . , pnAn,n−1, s− n− pn(αn − Ann))
1

pn ,

and piAij > −1, i 6= j, pi(Aii − αi) > n− s− 1.
Besides the approach to the study of Hardy–Hilbert’s inequalities presented in
this paper, for which inequalities (3.4) and (3.5) are typical results, it should
be mentioned that there are numerous papers which study Hardy-type operators
with general kernel on weighted Lebesgue spaces. Even more, necessary and
sufficient conditions are given such that inequality analogous to (3.5) holds. An
interested reader should consult books [3] and [2]. Our approach is to study
kernels for which we can find the best possible constant as in the case of the
classical Hilbert’s inequality.
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In this section, we consider the homogeneous kernels K : (0,∞)n → R of degree
−s, which satisfy the following condition for every i = 2, . . . , n :

K(1, t2, . . . , ti, . . . , tn) ≤CK(1, t2, . . . , 0, . . . , tn), (3.6)

0 ≤ ti ≤ 1, tj ≥ 0, j 6= i,

for some C > 0. Also, to obtain a case of the best possible inequality in (3.4) and
(3.5) it is natural to impose the following conditions on the parameters Aij:

pjAji = s− n− pi(αi − Aii), i, j = 1, 2, . . . , n, i 6= j,

piAik = pjAjk, k 6= i, j. (3.7)

It is easy to see that the parameters Aij, i, j = 1, . . . , n, defined by

Aij =
s− pj

pipj

, i 6= j, and Aii =
(s− pi)(1− pi)

p2
i

, (3.8)

satisfy the conditions (3.7).
We proved the following result (see [4]): if the parameters Aij, i, j = 1, . . . , n,
satisfy condition (3.7) and the kernels K(x1, . . . , xn) satisfy condition (3.6), then
the constants L = k(p1A12, . . . , p1A1n) and Lq are the best possible in the in-
equalities (3.4) and (3.5).
Now, set the parameters Aij defined by (3.8) in the inequalities (3.4) and (3.5). By
using (3.8) we have n−1−s+piαi = pi−s−1 and (1−q)(n−1−s)−qαn = s

pn−1
−1.

In this way we proved the following theorem:

Theorem 3.1. Let n ≥ 2 be an integer and let p1, . . . , pn be conjugate parameters
such that pi > 1, i = 1, . . . , n and let 1

q
=
∑n−1

i=1
1
pi

. Let K : (0,∞)n → R be

nonnegative measurable homogeneous function of degree −s, s > 0, which satisfies
condition (3.6). If fi : (0,∞) → R, i = 1, . . . , n are nonnegative measurable
functions satisfying (1.1), then the following inequalities hold and are equivalent∫

(0,∞)n

K(x1, . . . , xn)
n∏

i=1

fi(xi)dx1 · · · dxn

< L
n∏

i=1

(∫ ∞

0

xpi−s−1
i fpi

i (xi)dxi

) 1
pi

(3.9)

and ∫ ∞

0

x
s

pn−1
−1

n

(∫
(0,∞)n−1

K(x1, . . . , xn)
n−1∏
i=1

fi(xi)dx1 · · · dxn−1

)q

dxn

< Lq

n−1∏
i=1

(∫ ∞

0

xpi−s−1
i fpi

i (xi)dxi

) q
pi

, (3.10)

where the constants L = k
(

s−p2

p2
, . . . , s−pn

pn

)
and Lq are the best possible in the

inequalities (3.9) and (3.10).
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Remark 3.2. Note that the kernel K(x1, . . . , xn) = (x1 + . . . + xn)−s is homoge-
neous function of degree −s which satisfies condition (3.6). In this case using

Lemma 2.1 we have L = k
(

s−p2

p2
, . . . , s−pn

pn

)
= 1

Γ(s)

∏n
i=1 Γ

(
s
pi

)
. Hence, Theorem

3.1 can be seen as generalization of Theorem A.

Remark 3.3. Setting n = 2, K(x, y) = (a min{x, y} + b max{x, y})−1, p = q = 2
in Theorem 3.1, we obtain Theorem B with the best possible constant D(a, b) =
k(−1/2) = 4/bF (1, 1/2; 3/2;−a/b). For each choice of the parameters a, b we
compute the best possible constant D(a, b) :

(i) a = b = 1, D(1, 1) = π, as in [9],
(ii) a = 0, b = 1, D(0, 1) = 4, as in [9],
(iii) a = 1, b = 2, D(1, 2) = 2

√
2 arctan 1√

2
,

(iv) a = 1, b = 3, D(1, 3) = 2π
3
√

3
,

(v) a = 2, b = 1, D(2, 1) = 2
√

2 arctan
√

2.

We proceed with some special homogeneous functions. Since the function K(x1,

. . . , xn) =
(∑n

i=1 x
s(λ−1)
i

)
/
(∑n

i=1 xλ
i

)s
, λ > 1, is homogeneous of degree −s,

satisfying the condition (3.6), by using Theorem 3.1 we obtain:

Corollary 3.4. Let n ≥ 2 be an integer and let p1, . . . , pn be conjugate parameters
such that pi > 1, i = 1, . . . , n and let 1

q
=
∑n−1

i=1
1
pi

. If fi : (0,∞) → R, i =

1, . . . , n are nonnegative measurable functions satisfying (1.1), then the following
inequalities hold and are equivalent∫

(0,∞)n

∑n
i=1 x

s(λ−1)
i(∑n

i=1 xλ
i

)s n∏
i=1

fi(xi)dx1 . . . dxn

< L1

n∏
i=1

(∫ ∞

0

xpi−s−1
i fpi

i (xi)dxi

) 1
pi

(3.11)

and [∫ ∞

0

x
s

pn−1
−1

n

(∫
(0,∞)n−1

∑n
i=1 x

s(λ−1)
i(∑n

i=1 xλ
i

)s
×

n−1∏
i=1

fi(xi)dx1 · · · dxn−1

)q

dxn

] 1
q

< L1

n−1∏
i=1

(∫ ∞

0

xpi−s−1
i fpi

i (xi)dxi

) 1
pi

, (3.12)

where the constant

L1 =
1

Γ(s)λn−1

n∑
j=1

[(
n∏

i=1,i6=j

Γ

(
s

piλ

))
· Γ
(

spj(λ− 1) + s

pjλ

)]
(3.13)

is the best possible in the inequalities (3.11) and (3.12).



MULTIPLE HILBERT’S TYPE INEQUALITIES 41

Proof. It is enough to calculate the constant L1 = k
(

s−p2

p2
, . . . , s−pn

pn

)
. Using the

definition of the function k(α1, . . . , αn−1) given by (3.1) we have

L1 =

∫
(0,∞)n−1

1 + t
s(λ−1)
1 + . . . + t

s(λ−1)
n−1(

1 +
∑n−1

i=1 tλi
)s t

s
p2
−1

1 . . . t
s

pn
−1

n−1 dt1 . . . dtn−1 =
n−1∑
k=0

Ik,

(3.14)

where

I0 =

∫
(0,∞)n−1

t
s

p2
−1

1 . . . t
s

pn
−1

n−1(
1 +

∑n−1
i=1 tλi

)s dt1 . . . dtn−1

and

Ik =

∫
(0,∞)n−1

t
s

p2
−1

1 . . . t
s(λ−1)+ s

pk+1
−1

k . . . t
s

pn
−1

n−1(
1 +

∑n−1
i=1 tλi

)s dt1 . . . dtn−1, for k = 1, . . . , n− 1.

By using Lemma 2.2 we get

I0 =
1

Γ(s)λn−1

(
n∏

i=2

Γ

(
s

piλ

))
· Γ
(

sp1(λ− 1) + s

p1λ

)
,

and similarly

Ik =
1

Γ(s)λn−1

(
n∏

i=1,i6=k+1

Γ

(
s

piλ

))
· Γ
(

spk+1(λ− 1) + s

pk+1λ

)
,

for k = 1, . . . , n− 1. Now, from (3.14) we get (3.13). �
Similarly, for the homogeneous function of degree −s, K(x1, x2, x3) = (a min{x1,
x2, x3} + b max{x1, x2, x3})−s, a ≥ 0, b > 0, which satisfies condition (3.6), we
have:

Corollary 3.5. Let p1, p2, p3 be conjugate parameters such that pi > 1, i = 1, 2, 3
and let 1

q
= 1

p1
+ 1

p2
. If fi : (0,∞) → R, i = 1, 2, 3 are nonnegative measurable

functions satisfying (1.1), then the following inequalities hold and are equivalent∫
(0,∞)3

f1(x1)f2(x2)f3(x3)

(a min{x1, x2, x3}+ b max{x1, x2, x3})s
dx1dx2dx3

< L2

3∏
i=1

(∫ ∞

0

xpi−s−1
i fpi

i (xi)dxi

) 1
pi

(3.15)
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and

[∫ ∞

0

x
s

p3−1
−1

3

(∫
(0,∞)2

f1(x1)f2(x2)

× (a min{x1, x2, x3}+ b max{x1, x2, x3})−sdx1dx2

)q

dx3

] 1
q

< L2

2∏
i=1

(∫ ∞

0

xpi−s−1
i fpi

i (xi)dxi

) 1
pi

, (3.16)

where the constant

L2 =
p2p3

bss2

3∑
i=2

F

(
s,

s

pi

;
s

pi

+ 1;−a

b

)
(3.17)

− p2p3

bss2
F

(
s,

s

p2

+
s

p3

;
s

p2

+
s

p3

+ 1;−a

b

)
+ b−s

3∑
i=2

(∫ 1

0

t
s
pi
−1

F

(
s,

s

p1

+
s

pi

;
s

p1

+
s

pi

+ 1;−a

b
t

)
dt

)
+

p1(p2 + p3)

bss(s + p1)
F

(
s,

s

p1

;
s

p1

+ 1;−a

b

)
− p2p3

bss2

3∑
i=2

1

pi − 1
F

(
s, s− s

pi

; s− s

pi

+ 1;−a

b

)

is the best possible in the inequalities (3.15) and (3.16). In particular, for s = 1,
p1 = p2 = p3 = 3 and a = b = 1, we obtain

L2 =
55

2
log 2− 3

√
3

2
π.

Proof. The proof follows directly from Theorem 3.1 setting the kernel K(x1, x2, x3)=
(a min{x1, x2, x3}+b max{x1, x2, x3})−s. Namely, in that case as in Corollary 3.4,

it is enough to calculate the constant L2 = k
(

s−p2

p2
, s−p3

p3

)
. For this purpose, by

using Lemma 2.3 we get (3.17). �

Remark 3.6. Setting the kernel K(x1, x2, x3) = (x1 +x2 +x3−min{x1, x2, x3})−s,
s > 0, in Theorem 3.1, in such a way as in Corollary 3.5 we obtain the best
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possible constant

L3 = k

(
s− p2

p2

,
s− p3

p3

)
=

p2 + p3

s
F

(
s,

s

p2

+
s

p3

;
s

p2

+
s

p3

+ 1;−1

)
+

1

s

3∑
i=2

piF

(
s,

s

p1

+
s

pi

;
s

p1

+
s

pi

+ 1;−1

)
+

p1(p2 + p3)

s2
F

(
s,

s

p1

;
s

p1

+ 1;−1

)
−p2p3

s2

3∑
i=2

1

pi − 1
F

(
s, s− s

pi

; s− s

pi

+ 1;−1

)
.

Similarly as in Corollary 3.5, for s = 1 and p1 = p2 = p3 = 3 we obtain L3 =
10
√

3
3

π + log 4.

Acknowledgement. This research was supported by the Croatian Ministry of
Science, Education, and Sports, under Research Grants 058–1170889–1050.

References
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