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HOMOMORPHISMS OF ['-ALGEBRAS ON SIGNED
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ABSTRACT. Let {R,} and {P,} be two polynomial systems which induce
signed polynomial hypergroup structures on Ny. We investigate when the Ba-
nach algebra I'(Ng, k%) can be continuously embedded into or is isomorphic
to 11 (Np, h”). We find sufficient conditions on the connection coefficients c,,
given by R,, = ZZ:O cnk P, for the existence of such an embedding or isomor-
phism. Finally we apply these results to obtain amenability-properties of the
I'-algebras induced by Bernstein-Szegd and Jacobi polynomials.

1. INTRODUCTION AND PRELIMINARIES

The L'-algebras of (signed) hypergroups show very distinctive properties com-
pared with those of L!-algebras of groups. The large number of I!-algebras of
(signed) polynomial hypergroups (which are determined by a sequence { R, }nen,
of orthogonal polynomials) show a broad diversity of properties. Thus, they are
highly suitable to illustrate the difference between groups and hypergroups.

The purpose of this paper is to derive sufficient conditions for the existence
of homomorphisms and isomorphisms between the ['-algebras of two (signed)
polynomial hypergroups. The results are applied to transfer amenability and
related properties from one [!-algebra to another.

Isomorphisms of hypergroups are studied in [1]. However, the main results there
deal with isometric isomorphisms. Isometric isomorphisms between L!-algebras
are quite rare, which is not surprising since the basic translation operators are
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in general not unitary and the values of characters are in general not of modulus
1. Here we consider isomorphisms between L!-algebras which are in general non-
isometric.

During the past forty years there have been many results characterizing various
amenability properties of Banach algebras, in particular L'-algebras on groups,
see the extensive list of references in [5]. Only very recently the investigations of
the amenability of L!-algebras of polynomial hypergroups have been started, see

[12, 13].

Consider a sequence { R, },.en, of real polynomials, deg R,, = n, orthogonal with
respect to a probability measure with compact and infinite support 7f € M(R),
ie.

/ RnR,dn" = 6,,,h. " for m,n € Ny,
R

where h ! = ||R, ||L2(]R «ry > 0. We assume that the normalization R,(1) =1,

n € Ny, is possible. A recurrence relation of the following form is implied: Ry =
1, Rl(l’) == %(l‘ — bo),

RR,=a,R,;1 +b,R, +c,R,_1 forallneN, (1.1)

where a,, b,, ¢, € R and a, # 0, ¢, # 0. This three term recurrence can be
extended to the product formula
n+m
R,.R, = Z g(m,n,k)Rx, m,n € Ny,

k=|n—m)|

where all g(m,n, k) are real, g(m,n,|n — m|) # 0, g(m,n,n + m) # 0 and
ZZ’?Z m 9(m,m, k) =1 because of our normalization.

If for the linearization coefficients holds ZZ;;Z_M lg(m,n, k)| < M for n,m €
Ny and some M > 0, then a commutative signed polynomial hypergroup structure
is induced on Ny : The involution is taken as the identity and the convolution
w: M(Ny) x M(Ng) - M(Np) as

n+m
En * Ep = Z g(m,n,k)ex  for n,m € Ny,

k=|n—m)|

where ¢, is the point measure at £ € Ny. Thus the neutral element is gy. If
gm,n,k) > 0 for k = |n—m|,...,n+m, n,m € Ny, then a polynomial
hypergroup structure is induced on Nj. In this case ZZI{Z_m' lg(m,n, k)| =
ZZﬂ’Z m| g(m,n, k) =1and M = 1. Signed hypergroups are for example treated
in [16, 17] or [15] and summed up in [18]. More on the subject of (polynomial)
hypergroups can be found in [10, 11] or [3].

For the signed polynomial hypergroup induced by { R, } nen, we consider for m €
Ny the translations T;, : I/™(Ngy) — 1/™(Ng), T, f(n) = ZZJTZ m 9, k) f (),
where [/7(Ny) is the space of sequences with only finitely many non-zero entries.
The Haar measure on Ny with respect to these translations is (hy,)nen,, Where
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ho = 1. Let I?(No,h) = {(f(n))neny : Do |f(n)[Phy, < 00} . The Plancherel
isomorphism F~' : L*(R,dr) — 1*(Ng,h) is given by f(k) = Jo fRrdm. We
define a norm on ['(Ng,h) by [|fli = M - > 02 |f(n)|h,. For n € Ny we set
Ep = fl—z, On = (Onk)keny, With norm |le,|; = M - ihn = M. Observe that
€, = R,|p. The convolution on ['(Ny, h) given by f* g(n) = o T f(k)g(k)h
turns *(Ny, h) into a commutative Banach algebra with unit g, (but note that
leolls = M). Tts structure space A(I'(Ng,h)) can be identified with a compact
set D C C characterized in the following two ways:

D={z€C: |R,(z)| <C forall n € Ny and some C' > 0}
={ze€C: |R.,(2)] <M forallneNy}.

Furthermore, supp 7 is a closed subset of D. The Gelfand transform F : ['(Ny, h)
— C(D), 0= >3 ov(k)Rk|p hg, coincides with the inverse Plancherel isomor-
phism on ['(Ny,h) C [*(Ng,h), which justifies using the same notation. The
corresponding Wiener algebra is A(D) := F(I*(Ny, h)) with norm [[3]| := ||v]|;.
By [10] I*(Ny, R) is semisimple.

To avoid confusion we frequently write D®, hE, el etc. stressing the depen-
dence on the polynomial system {R,},ecn, that induces the signed hypergroup.

2. HOMOMORPHISMS AND ISOMORPHISMS

The first aim of this section is to find a homomorphism between ['-algebras on
signed polynomial hypergroups whose connection coefficients fulfill certain re-
quirements. Afterwards we will give conditions such that the constructed homo-
morphism is an isomorphism.

Lemma 2.1. Let { R, }nen, and { P, }nen, be polynomial sequences inducing signed
polynomial hypergroups. A bounded linear map S : 1*(Ng, h'*) — I*(Ng, h*) is a
homomorphism of Banach algebras if and only if

(1) Seq =&l and

(2) S(ey *e,) = Sey x¥" Se, for all n € Ny.

Proof. 1t S : 1*(Ny, h®?) — ' (Ny, h'") is a homomorphism of Banach algebras, then
(i) and (ii) are clearly valid. We show that these conditions are sufficient. From
our two assumptions it immediately follows that S(gq * &,,) = Se,, = Seq " Se,
and S(e; * g,) = Sey #¥" Se, for all n € Ny. Let k > 1 and suppose as induction
hypothesis that S(e; * ¢,) = Se; x Se, for all 0 < j < k and n € Ny. First we
obtain

S(er *xep *en) = anS(ex * €nt1) + buS(er * €n) + cnS(Ek * €n_1)
= a,Sey, x* Seni1 + bpSeg « Se, + ¢, Ser xF Se,
= Sep x" S(ey xe,) = Sey ¥ Seyp +7 Se,

= S(ey x &x) *7 Se,,
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and furthermore

1
Seppr ¥7 Se, = — - S(ey x ep — bpep — crep_1) ¥ Se,
ag
1
= . S ((e1 % ex — breg — Crep—1) * €n) = S(Eky1 * €n).
k
Hence we have shown that S(e, * €,) = Sep #F Se, for all k,n € Ny. Since S is
assumed to be bounded, for v,w € I'(Ng, hft), v = 377 Jvker, w =Y 00 Wyen,
it follows that

S(v*w) = Z ivkwnS(ak k&) = i ivkwn55k « Se, = Sv " Sw.

k=0 n=0 k=0 n=0

O

Given a family of orthogonal polynomials {Py}ren, and a polynomial R,, of
degree n we consider the linear combination R,, = ZZ:O Cnik Py In all the following
we define ¢,; = 0 for £ > n which enables us to write R,, = Y 1 ¢ P

The following theorem is more general than [9, Theorem 3.1], since we do not
impose conditions on the dual objects.

Theorem 2.2. Let { R, }nen, and {P,}nen, be families of orthogonal polynomials
inducing signed polynomial hypergroups such that R, = Y, _, caPy. If there is
C > 0 such that

Z || < C for all n € N, (2.1)

k=0

then the linear operator S : [*(Ng,hf) — 1*(Ng, h") determined by Se, =
> h_o CnkEr 1S a continuous homomorphism of Banach algebras with dense range.

Furthermore, DY C DT and @ = flpr for all f € I*(Ny, B7).
Proof. Let v =3""_v,e, € I'(Ny, hf); then ||v]|; = M7 3" |v,|. By

N n N n MP
DD vncwer | < MUY TN fonllen] < m““”l ¢

n=0 k=0 n=0 k=0

[Soll =

the linear map S is bounded on a dense subset of [*(Ny, h®) and can thus be
uniquely extended to a bounded linear operator on [*(Ny, h®). Condition (2.1)
implies D” C D® for the following reason: If 2 € C such that |P.(z)| < M?” for
all k € Ny, we obtain |R,,(2)] = |>_p_g carPr(2)] < X p_p lenr] - MF < C- MT for
all n € Ny. (i) in Lemma 2.1 is fulfilled since Ry = 1 = Fp, which means coy = 1
and Sey = ¢f’. Now consider (ii) in Lemma 2.1. For n € Ny we observe that
§5\n = o kel = > o CnkPr|pp = Ry|pr. Therefore

—

S(ey xen) = anﬁ + bng\al + cnS/a‘; = apRui1|pr + buRy|pr + coRu_1|pr
= (R1 : Rn)|DP = R1|DP : Rn|DP = §€\1 : §\€n

and S(e; * &,) = Sey T Se, for all n € Ny, since I}(Ny, k") is semisimple. Thus
S is a continuous homomorphism of Banach algebras. S has dense range since
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the polynomials are dense in A(DT). Finally, for f = Y 7o fuex € [*(No, h%)
—_—

it follows that Sf = limy .. S (fo:o fksk> = limy oo SN fiRulpr = flpe,
where the limits are w.r.t. || ||pr oo- O

Remark 2.3. (i) Condition (2.1) is in particular fulfilled when the connection co-
efficients are nonnegative; in this case our normalization yields that Y _, [cax| =
> r—oCnk = 1, n € Ny. The non-negativity of connection coefficients has for ex-
ample been studied by Askey and Gasper in [2], Szwarc in [20], Trench in [21] or
Wilson in | ]

(11) If supp 7ft € DP, then S is injective. In fact, in this case it follows from
Sf f|Dp =0 that f|supp ~r = 0. This is only possible if f = 0.

A Banach algebra A is called regular, if for every closed subset V' of A(A) and
a € A(A) \ V there is a € A with a|y = 0 and a(a) # 0. Note that I'(Ny, h)
is regular whenever the Haar measure h is of polynomial growth, see [22]. If
I*(Ny, h) is regular, then supp 7 = D.

Proposition 2.4. Let {R,,}nen, and {P,}nen, be families of orthogonal polyno-
mials inducing signed polynomial hypergroups such that (2.1) is fulfilled. Suppose
that 1*(Ng, h'?) is reqular. Then S in Theorem 2.2 is injective if and only if
DP = DE. Furthermore I*(Ng, h*') is also regular.

Proof. Suppose that DY < DT but DY # DF. DF is closed in D¥. For all
a € DE\ DF there is f € I'(Ny, hf) such that f|pr = 0 and f(«) # 0. Since
S f= f |pr, this means that S is not injective. On the other hand, S is obviously
injective for D = D®. Now take a closed subset V' C D¥ and a € DP\ V. There

is f € I'(Ng, h®) such that f|y = 0 and f(a) # 0. The same is true for f|pr, so
['(Np, h") is also regular. O

Let us for a moment consider the semigroup Ny. The induced convolution on
I'(Np, 1), where 1 denotes the constant sequence with entries one, is determined by
En*Em = Epam for all n,m € Ny. The structure space A(I'(Ny, 1)) can be identified
with the closed unit disc D C C. The Gelfand transform reads F : ['(Np, 1) —
C(D), i(z) =Y peyv(k)z*|p and thus maps I*(Np, 1) onto the space of absolutely
convergent Taylor series on D [5, Example 2.1.13(v)]. In this sense one can say
that the semigroup Ny is induced by the family of polynomials {2"},cn,. The
analogue of (1.1) reads z'- 2" = 2"*! ie. a, =1 and b, = ¢, =0 for all n € Nj.

Corollary 2.5. Let {P,}nen, be a symmetric family of orthogonal polynomials
inducing a polynomial hypergroup, i.e. b, = 0 for all n € Ny in (1.1). Let
furthermore I'(Ng, 1) carry the convolution structure of the semigroup Ny. Then
S 11Ny, 1) — I1(Ng, k") determined by 5} — flpr is a continuous homomor-
phism of Banach algebras with dense range.

Proof. Lemma 2.1 and Theorem 2.2 also hold true if one replaces {R, },en, by
{2"}neny, 1*(No, h%) by 1'(Ng, 1) and DT by D; the proofs are exactly the same
ones. The connection coefficients in " = ZZ:O ¢k Pr are all nonnegative. Indeed,
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x = Pi(z) and using the recurrence

P P

Cn41,0 = Cn1C1, Cpt1,1 = Cp2Cy + Cpo,
P P

Cn+1,k = Cnk+1Ck4q + Cnk—10p_1, 2 < k <n-— 17
P P

Cn+in = Cnn—1Qp_1, Cntln+1 = CnnQy,,

the non-negativity of ¢,; follows by induction. An application of Theorem 2.2
concludes the proof. |

Next we want to obtain sufficient conditions for S of Theorem 2.2 to be an
isomorphism. Let us at first consider two families of orthogonal polynomials
{R,}nen, and {P,}nen, inducing signed polynomial hypergroups with dnf =
fdr® for some f € L?(D% drnft). Since both measures are probability measures,
f > 0 mf-a.e. For the representation R,, = ZZZO e Pr one gets for all k,;n € Ny
that

S (FP) M Rulh) = / PyRydr” — / FPRudr™ = (FR)1(f - PO (n).

k R R

In particular we obtain for & = 0 that the Plancherel transform f € (*(Ng, h*)
reads f(n) = ¢y, n € Ny, and thus Y 7 [cu0]|?hE < oo. The converse of this
observation is also true in the following sense.

Proposition 2.6. Let { R, }nen, and { P, }nen, be families of orthogonal polynomi-
als inducing signed polynomial hypergroups such that R, = >, _, ¢ Py. Suppose
that Y07 |cno|?hE < o0 and define f € 1*(No, h't) by f(n) = cno, n € No. Then

(1) (FRYY(f- P (n) = @ = (FP) 'R, (k) for all k,n € N,.

=
hy,

(2) drt = deR. In particular, fz 0 7wf-a.e. and supp w* C supp ©f.

Proof. Note that f € L*(DE dx®) ¢ LY (DR, drxR). In order to prove the first
statement we have to show that ?—kﬁ = [or PuRydn” =[5 fP.R,dr" for all
k,n € Ny. Fix n € Ny. For £ = 0 the equality holds true by definition of f. For
k € Ny we know that

[k-+n| [k-+n|
/ fRiRudr® = >~ g"(k,n, j) / FRRdr™ = " gf(k,n, j)cjo
e j=|k=n| b j=lk—n|
[k+n|
- Z gR<k7n7j>/ PORde‘-P:/ RkRndﬂ'P. (22)
j=lk—n| br Dr

Writing P, = > ,_ dmi Ry it follows that for all m € N,

fPLRydT™ = " d,, / fRLRydT™ =S " d,, / RiR,dr"

C
= P, R,d p_
/DP T
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For the second statement consider the compact set supp 72U supp 7 C R. From
the case k = 0 in (2.2) we obtain that the bounded Borel measures dr? and fdr®
coincide on the dense subset span ({R,}) of C(supp 7®U supp 7*). This means
they have to be equal. 0

Theorem 2.7. Let {R, }nen, and {P,}nen, be families of orthogonal polynomials
inducing signed polynomial hypergroups such that R, = >} _, ¢ Py. Suppose that
(1) >or_glenk] < C for all n € N.
(2) >0, \an’% < C for all k € Ny.

(3) By Proposition 2.6 we know that dw’ = fdx®, where f € I'(Ny, hf) C
I?(No, h?) is defined by f(n) = cno, n € Ny, and f > 0 is continuous.
Suppose that f > 0 on supp 7'

Then S : 1*(No,h®) — I*(No, "), Se, = > 1_,carer, in Theorem 2.2 is an

isomorphism of Banach algebras. Furthermore, D' = D® and S/(E) = g for all
g € I*(Ny, hft).

Proof. Applying Theorem 2.2 it suffices to show that for P, = Z::o dyn R, holds
Zi:o k| = 1= ||(FR) 7 Pylli < const. for all n € Ny. Since f > 0, f is invert-

ible in I'(Ng, A% and (|[(FE) "1 Py||1)ken, is bounded if and only if (||(FE)~1(f -
P)||1)ken, is bounded. By Proposition 2.6 and our second assumption we obtain

Rl R P ul—erR (- P m)|n = Z\cnkr ho<o

for all k € Nj. O

In the case of hypergroups the isomorphism above is isometric if and only if
f = 1, ie. in the trivial case. In fact, it follows from [{] that an isometric
isomorphism [*(Ny, hf*) — I*(Ny, ) maps point measures onto point measures.

For our isomorphism this is only possible if R, = P, for all n € N.

3. APPLICATION TO AMENABILITY-PROPERTIES

Now we apply the constructed homomorphism to transfer amenability and related
properties from one [*-algebra to another. These properties are usually hard to
verify directly, whereas the approach via inheritance under homomorphisms is a
practicable alternative.

Let A be a commutative Banach algebra. A is called amenable if every bounded
derivation from A into a dual Banach-A-bimodule is inner. A is weakly amenable
if every bounded derivation from A into a symmetric Banach- A-bimodule is inner.
Finally, let & € A(A) be a character. A is a-amenable if every bounded derivation
from A into a Banach-A-bimodule X® such that a-z = (a,a) -z, a € A, z € X°,
is inner. Thus amenability of A implies weak and a-amenability.

Proposition 3.1. Let A and B be Banach algebras, and let  : A — B be a
continuous homomorphism with 0(A) = B.
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(1) Suppose that A is amenable. Then B is amenable.

(2) Suppose that A is commutative and weakly amenable. Then B is weakly
amenable.

(3) Suppose that A is commutative and let o« € A(B). Suppose further that A
1s 0*a-amenable. Then B is a-amenable.

(i) and (ii) are well known; see for example [5, Proposition 2.8.64]. A proof of
(iii) can be found in [3, Proposition 3.5].

We can now use the homeomorphism of Theorem 2.2 to apply Proposition
3.1. In [12] I}(Ng, h") has been shown to be amenable, where {T),},cn, are the
Chebyshev polynomials of the first kind; up to now this is the only example of an
amenable [*(Ny, hft). There is an abundance of polynomial sequences { R, }nen,
such that the connection coefficients R,, = ZZZO cak Ly, n € Ny, are non-negative,
see [14], i.e. the assumption of Theorem 2.2 and the first condition of Theorem
2.7 are fulfilled. In the following example we will make use of the isomorphism
of Theorem 2.7 and subsequently apply Proposition 3.1.

Example 1. Bernstein-Szegé polynomials: Given a polynomial H : C — C,
H(z) =Y, _oax2®, v > 1, with real coefficients aj, 0 < k < r, such that H has
no zeros for |z| < 1 and H(0) > 0, define p: [—1,1] — R, p(cost) := |H(e")|>.
p is strictly positive in [—1,1]. The Bernstein-Szegé polynomials {B?},en, are
defined as the ones orthogonal with respect to the probability measure 7 on
[—1,1], where drn? := ¢, - p(z) "' (1 — 22)~2dx = ¢, - p(x)"'dxT. It is stated in [19,
Chapter 2.6], or more explicitly in [7], that

.
B = Zaan_k forn >r,

k=0
where {7, },en, are the Chebyshev polynomials of the first kind. Because of
our normalization we can suppose Z};:O ar = 1. Using this representation a

straightforward (but tedious) calculation shows that for every admissible p the
Bernstein-Szegé polynomials {B%},.cn, induce a signed polynomial hypergroup.
Furthermore, h,, = const. for n > r [7]. Thus, all requirements of Theorem 2.7
are fulfilled.

Corollary 3.2. For every admissible p, [1(Ng, hB”) is isomorphic to I*(Ny, hT).
In particular, I*(Ng, hB") is amenable.

Example 2. Jacobi polynomials: For (o, 3) € J' := {(v,0) e R*: v>¢§ > —1},
the Jacobi polynomials {Péa’ﬁ )}neNO are orthogonal on [—1,1] with respect to
the probability measure dw®? = C©@P) . (1 — 2)%(1 + z)%dz. For (a,f) €
J={(a,8)€J : a+F+1>0}, the Jacobi polynomials {Pﬁa’ﬂ)}neNo induce
a polynomial hypergroup, see [10)].

In [12] I (Np, h7""’) has been shown to be not weakly amenable, where { P}
are Ultraspherical polynomials and a > 0. Via Theorem 2.2 we can transfer this
property to a large region of parameters of Jacobi polynomials.



HOMOMORPHISMS ON SIGNED POLYNOMIAL HYPERGROUPS 9

Corollary 3.3. The Banach algebra I (Ny, hP(a’m) 15 not weakly amenable when-
evera+3>0o0or—a+p3+1<L0.

Proof. In [12] it has been shown that I*(Ng, ¥ is not weakly amenable for
a > 0. By [1, Theorem 7.1] we get that in PP = Yo anpk(o,o) all connection
coeficients are positive whenever aw+ 3 > 0, (a,3) € J. Thus by >}, |cak| =
> i_oCnk = 1, n € Ny, we can apply Theorem 2.2 and obtain that {*(Ny, P(*?)
is not weakly amenable whenever o + 3 > 0, («,3) € J. Next we consider
(a, B) € J with —a+ 3+ 1 <0. Then (o, 5+ 1) € J and with 5 > —1 it follows
that a + 8+ 1 > 2(8 + 1) > 0, so [N, A" is not weakly amenable as
seen in the first part of this proof. By [I, (7.32) and following] we see that in
Pt = Yo cnkP,ga’ﬁ 1) again all connection coefficients are positive. Another
application of Theorem 2.2 completes the proof. 0

Note that [*(No, h*”), a4+ >0 or —a+ 3+1 <0, is not weakly amenable
because [*(Ng, b (0’0)) is not weakly amenable. Also because of Theorem 2.2 the
non z-amenability for = € (=1,1) of I*(Ny, A"} is inherited by *(Ny, 7).
Nevertheless, 1(No, hZ*”) is (—1)-amenable, whereas I*(Ng, h¥”) lacks this
property whenever « # (3, see [0, Example 4.6].

Example 3. Associated Legendre polynomials: The associated Legendre polyno-
mials { P! }nen, are orthogonal w.r.t. dn” = |, Fy (3, v; v+ 3; exp(2i arccos x) )| 2dx
on [—1,1]. They define polynomial hypergroups whenever v > 0. For v = 0 we
obtain the classical Legendre polynomials. The connection coefficients in

n
v § 0
Pn = CNkPn
k=0
are non-negative, see [J].

Corollary 3.4. The Banach algebra 1*(Ng, h*") is not weakly amenable for all
v>0.

Although I*(Ny, hf") is not weakly amenable, it is point-amenable for all v > 0
which has been shown in [13]. So they share this property with the classical
Legendre polynomials.
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