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Covariance matrices which can be arranged in tridiagonal form are called covariance chains. They are
used to clarify some issues of parameter equivalence and of independence equivalence for linear
models in which a set of latent variables influences a set of observed variables. For this purpose,
orthogonal decompositions for covariance chains are derived first in explicit form. Covariance chains
are also contrasted to concentration chains, for which estimation is explicit and simple. For this
purpose, maximum-likelihood equations are derived first for exponential families when some
parameters satisfy zero value constraints. From these equations explicit estimates are obtained, which
are asymptotically efficient, and they are applied to covariance chains. Simulation results confirm the
satisfactory behaviour of the explicit covariance chain estimates also in moderate-size samples.
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1. Introduction

1.1. General remarks

Independence can arise in linear multivariate systems in a number of ways. There may be
vanishing least-squares regression coefficients in a system defined recursively, vanishing
elements in a concentration matrix, i.e. in the inverse of the covariance matrix, each
reflecting a zero partial correlation given all remaining variables, or there may be vanishing
elements in a covariance matrix, reflecting zero marginal correlations. In particular, we
study covariance chains in which a series of component variables is such that only adjacent
pairs have non-zero correlation, in contrast to concentration chains in which a sequence of
only adjacent pairs have non-zero partial correlation. In the special context of stationary
time series the former correspond to moving-average processes and the latter to
autoregressive processes.

Covariance chains may be present directly for the component variables or for the
residuals in a system of linear equations. Both can result from recursive processes in which
the covariances of adjacent pairs are generated by latent, i.e. hidden, variables. Covariance
chains for residuals are valuable in clarifying relations between the important concepts of
parameter equivalence and independence equivalence.
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A Gaussian covariance chain is an exponential family model with zero constraints on the
moment parameters and with canonical parameters which are all non-vanishing. Therefore
we solve the more general task of finding explicit asymptotically efficient estimates for an
exponential family with zero constraints on the moment parameters. The results are studied
in more detail for covariance chains.

1.2. Constrained covariance structures

We consider mean-centred random vector variables Y with component variables Y; for i in
N=(l,...,d), having an invertible covariance matrix X, with elements o, and
concentration matrix X~!, with elements ¢ 7. Distinct types of constraints on the covariance
structure of Y are captured by different types of graph which consist of a set of nodes N
and of sets of edges connecting node pairs. Node i of N represents the component variable
Y;, and each missing edge coincides in different types of linear model with a parameter
constrained to be zero. The types of graph considered in this paper are either subclasses of
independence graphs, in which every edge represents a particular conditional relation of a
variable pair, or graphs attached to structural equation models, for which this need not hold.

Independence graphs have at most one edge for each pair of nodes, and each missing
edge corresponds to one particular independence statement. The statement that Y; is linearly
independent of Y; given Y¢ where C is the subset of the remaining nodes, C = N\{ij},
means the vanishing of the corresponding partial correlation coefficient, i.e. p;c = 0. In the
case of a Gaussian distribution of Y, this is equivalent to the factorization of the joint
conditional density of Y; and Y; given Y¢. The precise meaning of a conditioning set C is
defined with the type of graph. Of the different types of independence graph, we describe
in the following the parent graph, covariance graph and concentration graph (see also Cox
and Wermuth 1993; Wermuth and Cox 1998, 2004).

For a parent graph, Gé\gr, the nodes are ordered N = (1, ..., d) and each edge is drawn
as an (i,j) arrow starting from a parent node j and pointing to an offspring node i < j. The
constraints defined by a parent graph are expressed in terms of nodes as the offspring node
i being independent of node j > i given all its parent nodes. The graph has an attached
system of recursive linear equations with uncorrelated residuals which is also called a path
analysis model or a linear triangular system.

For a covariance graph, Gé\év, each edge is drawn as an (i,j) dashed (broken) line. Each
missing (i,/) line defines marginal independence of Y; and Y;. This means in the attached
linear covariance graph model that o; = p; = 0, where p; denotes a simple correlation
coefficient. In contrast, for a concentration graph, G2 . each edge is drawn as an (i, /) full
(solid) line. Each missing (i,j) line defines independence of Y; and Y; given Yy\¢
implying that in the attached linear concentration graph model 0¥ = p;n (; = 0.

For instance, the three chordless graphs in Figure 1 define with the missing edges distinct
sets of independence constraints for the same three pairs. The model for the parent graph in
Figure 1(a) is arguably best known as a linear Markov model (Markov 1912). The linear
covariance graph model for Figure 1(b) is a covariance chain, and the linear concentration
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Figure 1. Three chain graphs respresenting distinct sets of independence constraints for the same
three pairs: (a) a parent graph with pigp3 = p13p4 = p2g3 = 0; (b) a covariance graph with p1y =
p13 = p3a = 0; (c) a concentration graph with p14p3 = p13)24 = pagj3 = 0.

graph model for Figure 1(c) is a concentration chain (1, 2, 3, 4). The graph in Figure 1(a)
has attached to it the equations

Yi =aY; + ¢, Y, =yY3 + e, Y3 =0Y4 + &3, Yy = e,

where the residuals e are uncorrelated so that the equation parameters are least-squares
regression coefficients (Cramér 1946: 302). These equations also imply the concentration
chain of Figure 1(c) as the structure in the concentration matrix; the parent graph is said to
generate or induce the other type of graph. The covariance graph induced by the parent graph
of Figure 1(a) is a complete graph, i.e. it has no missing edge.

A covariance matrix may be constrained in a more complex way by graphs other than
independence graphs. A recursive regression graph, GQ{C, is one of these types of graph. It
is a parent graph combined with a residual covariance graph so that it contains two types of
edge, arrows and dashed lines, and it may have two edges for a node pair. Recursive
regression graphs have an attached system of linear equations with correlated residuals,
which have been called recursive equations by Goldberger (1964), and form a subclass of
structural equation models. Graphs attached to general structural equations have an
independence interpretation (Koster 1999) but due to the correlated residuals there need not
be a direct relation between an equation parameter and any linear least-squares regression
coefficient.

We concentrate in this paper on constrained linear models for which stepwise data-
generating processes can be specified by parent graphs which may include latent variables.
This ensures that for each linear model considered here, densities of general type, generated
over the same parent graph, satisfy corresponding probabilistic independence constraints.

1.3. Parameter equivalence and independence equivalence

There is parameter equivalence between two models if, except possibly in subset of lower
dimension, there is a one-to-one correspondence between the sets of defining parameters.
Then, given the first set of parameters, all parameters in the second set can be expressed
uniquely in terms of those of the first, and vice versa, so that they imply in a linear model
covariance matrices with the same constraints. Parameter equivalence can be exploited for
estimation since it implies that maximum-likelihood estimates are in the same type of one-
to-one correspondence (Fisher 1922: 327).

An example of parameter equivalence of a covariance chain and a linear triangular
system is given in Section 6.1. A small non-trivial example of parameter equivalence
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concerns the models for Figures 1(a) and 1(c), where the equivalence may be recognized
from the orthogonal decomposition of =~! (see Section 2.2).

Parameter equivalence of two constrained models implies that they have the same number
of free parameters and that they are independence equivalent. The latter means that they
have coinciding sets of independencies, though derived from different graphs. For linear
models with independence graphs of one type of edge, such as in Figure 1, independence
equivalence also implies parameter equivalence, provided the two graphs have coinciding
sets of constrained variable pairs. We therefore summarize next a number of simple
graphical criteria for independence equivalence in terms of V-configurations, i.e. of
subgraphs induced by three nodes which have two edges.

An induced concentration graph is independence equivalent to its generating parent graph
if and only if the parent graph does not contain the configuration

O—-0«0

(see  Wermuth 1980; Frydenberg 1990). Similarly, an induced covariance graph is
independence equivalent to its generating parent graph (see Wermuth and Cox 2004) if
and only if the parent graph does not contain any of the configurations

O+« 0«0, O« 0O—O0.

These conditions also explain two related results on independence equivalence. A
concentration graph Gé\(/m can be independence equivalent to a parent graph in node set N if
and only if Gé\(fm is decomposable, i.e. it does not contain a chordless g-cycle of length
q = 4 (Frydenberg 1990). The proof is that such a chordless cycle cannot be fully oriented,
i.e. have all undirected edges changed into arrows, without creating either a cycle or a
configuration O — O « O. A covariance graph G2 can be independence equivalent to a
parent graph in node set N if and only if Gé\(/)v does not contain a chordless chain of length
q = 4 (Pearl and Wermuth 1994). The proof is that such a chordless chain cannot be fully
oriented without creating at least one configuration of the type O «— O «— O, O — O — O.

This means, in particular, that there is no parent graph in node set N which is
independence equivalent to a concentration graph with a chordless cycle of size larger than
3 or to a covariance graph with a chordless chain larger than 3. Thus, covariance matrices
satisfying corresponding independencies cannot be directly generated by triangular systems
in the observed variables, but can possibly be generated by a triangular system including in
addition some unobserved variables (Cox and Wermuth 2000; Pearl and Wermuth 1994).

Hitherto, however, it has been a matter of conjecture that the two necessary conditions
for parameter equivalence, namely independence equivalence and having the same number
of parameters, taken together are generally not sufficient for parameter equivalence of two
linear models. In Section 4 we settle this conjecture using models in which a missing edge
in the associated graph need not represent a conditional independence statement. We
illustrate further how triangular decompositions of covariance chains can be used to study
the interpretation and equivalence of recursive regression graph models.
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1.4. Estimation in concentration versus covariance graph models

Estimation in general Gaussian concentration graph models was introduced as covariance
selection by Dempster (1972), studied further by Speed and Kiiveri (1986), and may require
iterative calculations. The unique maximum-likelihood estimate of the constrained
covariance matrix satisfies

N

con?

6;j=syfori=jori—jin G and 67 = 0 otherwise,

where s;; is the observed covariance for ¥; and Y}, an element of S, the maximum-likelihood
estimate of the covariance matrix of Y under the saturated model, i.e. when there are no
constraints.

Gaussian covariance graph models have been studied as linear in covariance structures by
Anderson (1969, 1973; Anderson and Olkin 1986). His maximum-likelihood equations can
be written, with ! denoting the maximum-likelihood estimate of the concentration matrix,
as

67 =187, fori=jori-—-jin GY and 6 = 0 otherwise.

To solve these equations typically requires iterative calculations. A cyclic fitting procedure to
compute maximum-likelihood estimates has been shown to converge to a local maximum
(Drton & Richardson 2003). We derive a different form of the likelihood equations from
more general results for exponential families in Section 6, to obtain explicit approximations
to the maximum-likelihood estimates of X which are asymptotically efficient.

1.5. Outline of the paper

Section 2 gives previous results needed to establish the explicit properties of covariance
chains given in Section 3. In Section 4 these results are applied to address the specific
issues of interpretation outlined in the previous paragraphs. Section 5 discusses an
approximation to maximum-likelihood estimates for constrained exponential families, and
Section 6 applies these estimates to covariance chains. The paper concludes with a small
simulation study to confirm the satisfactory behaviour of the estimates in moderate-size
samples.

2. Notation and previous results

2.1. Interpretation of linear covariance graph models

For linear covariance graph models, independence statements additional to the defining ones
may be obtained using the recursion relation for covariances (Anderson 1958: Section 2.5),

1T
Ojlc = 04 = OicZec0 oo (1)

where 0;c, 0jc and Z¢¢ are disjoint submatrices of the covariance matrix X. The covariance
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in (1) is also called the partial covariance of Y; and Y; given Y, defined as the covariance of
Yic and Y} ¢, where

Yie=Y:i—IcYe

denotes variable Y; after linear least-squares regression on Y¢. The parameters in this
regression are the regression coefficient vector Il;¢ and partial variances 0 c, defined by

—1 T
Hi\c =0icZces Ojijc =0 — Hi|COjc- (2)

From equation (1) and because o; is proportional to the simple correlation coefficient pj;, it
follows that two zero marginal covariances involving i imply a conditional linear
independence statement

0;=0and o;,c =0 imply 0;¢c = 0. G)

2.2. Linear least-squares regressions and orthogonal decompositions

Linear least-squares regressions of Y; on Y,; for i=d—1,...,1 with @)=
(i+1,...,d) define a process of successive orthogonalization (Gram 1883; Schmidt
1907; Dempster 1969: Chapter 4), since a set of new variables is defined successively from
Y4, Ya1, ..., Y1 such that each is orthogonal to the new variables obtained at previous
steps. The new variables are the residuals ¢; in linear least-squares regressions of Y; on Y,
and have diagonal covariance matrix A = cov(e).

This gives the following interpretation of the elements of an orthogonal decomposition
(4, A~y of the concentration matrix, i.e. of the representation ATA~!4 = =~!. Here, the
matrix A4 is upper-triangular and contains 1s along the diagonal. Off-diagonal elements in
the vector a;,; of A are minus least-squares regression coefficients, the diagonal elements
of A the corresponding variances:

—ai i) = i, i = Oii|r(i)-

There is a dual decomposition of = given by (B, A) with B = A~ and the representation
BABT = 3. Elements of B are linear least-squares coefficients obtained by marginalizing for
each pair (i, ) over variables corresponding to nodes between i and j, called the intermediate
nodes i+1,..., j— 1. To obtain this result, Cochran’s (1938) recursion relation for
regression coefficients is useful, where B;; ¢ denotes the coefficient of Y} in linear least-
squares regression of ¥; on all variables with nodes listed after the conditioning sign, |,

Bijk.c = Bijkjc + BijacBik.c- 4)
Direct computation using BA = I and (4) gives the elements in row i of B as
bij = Bijrp- ®)

Then both the covariance and the concentration matrix have an orthogonal basis in which
A= A4Z4", A" =B"s'B.

For instance, for d = 4, the elements of the two triangular matrices A, B are
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1 —Bipss —Pipas —Prjaos 1 Bipzs Bipa B
0 1 —Baa —Poas 0 1 Basa P

A = N B == 6
0 0 I fa 0 0 1 Py ©
0 0 0 1 0 0 0 1

Since a coefficient f;; is a multiple of the partial correlation coefficient pc, the
representation in equation (5), in essence given by Heywood (1931), and equations (4), (6)
explain the interpretation and relations of zero constraints on elements of 4 and B.

2.3. Linear least-squares regression coefficients and concentrations

Linear least-squares regression coefficients have an interpretation in terms of concentrations
(Dempster 1969: Section 6.4). We denote the elements in the concentration matrix of Y by
0 and a submatrix corresponding to component Y, by =% = [Z~!], . After partitioning ¥
with sUv = {1, ..., d} we accordingly write

ZSS Zw _ Zss Zsu -1
3 )\ Sy 2w '

With %%, + 2%, = 0 and using the matrix analogue of equation (2), this gives
My, = —() '3 = 3,5, ()

sUvo
With %% + 3%, = [ and using (7), we obtain
zss\u = (ZSS)_I : (8)

Application of equation (8) to the partial covariance matrix of Yjc and Yj ¢, with s = {4/}
and v = C denoting all variables except the pair (i, j), gives

s _ o 0¥\ _ (0ic Ojc)
. ol . O/1| c
where the . notation indicates here that in a symmetric matrix the (j,/)th element coincides

with the (7,/)th element.
Therefore the elements of the overall concentration matrix can be written as

ij
%Z 0l c> —%Zﬁiuc- ©)
This means, in particular, that a diagonal element o is a measure of precision for the linear
least-squares regression of Y; on all other variables. Also, the off-diagonal element ¢ ¥ is zero
if and only if Y;c and Yjc are linearly independent, i.e. when Y; is linearly independent of
Y; given all remaining variables Yc.
Zero constraints on elements of the regression coefficient matrix IT,, have yet another
independence interpretation, since its elements are f3;;, ;. For instance, for u =1, 2 and
v =3, 4, we have
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ﬂl|3A4 ﬁ1\43
m,, = .
ul <ﬁ2|3.4 ﬁ2\4‘3
2.4. Partial variances and determinants of covariance matrices

Let T = A~'4 and R(i) = (i, (i)). Then T is upper triangular and, analogously to equation
(9), its elements in row i are such that

1 t:oc:
= Oi|r(i)» - u@

i :Hiri' 10
lii tij I (10)

Thus, it contains in row 7 the precision and concentrations relating to Y; when considering
Y alone, i.e. row i of the concentration matrix (Zg(;, R(l-))’l. Elements in the first row of T’
are the overall precision o!' and the overall concentrations ¢'/. Let D, denote the
determinant |X| of = and N = {1, ..., d}. Then

Dy
|Z| = Dy = Haii|r(i)a IZsicl = De’ Oiijri) = (11)

3. Parameters and generating processes for covariance chains

3.1. Constraints on partial regression coefficients and variances

For a covariance chain (1, ..., d) the decomposition defined in Section 2.2 as BABT =X
implies that by =0 for £k > i+ 1 and from equation (5) that
bi,i+1 = ﬂi|i+lAr(i+l)' (12)

Equation (1) implies that conditioning on other than neighbouring nodes leaves a covariance
and a variance in the chain unchanged. In particular,

O it1]r(i+1) = Oiit+ls Oi|r(i+1) = Oii- (13)

For instance, the covariance matrix of Y;, ¥, given Y, is, with (2),

2
o112 012

Bip. 2) = 5 O11«1) = 011 — .
2.1 022/1(2) In 022112

To obtain the other regression coefficients and variances, note that all elements in o; ;)
are zero except for the first. Then use the definition of parameters in linear least-squares
regressions (2) as well as those of row i+ 1 in the concentration matrix of Ygr(i1), (see
(10)), where R(i+ 1) = (i + 1, (i + 1)) = r(i), to give
2
i+ . (14)
O i 1,i+1]r(i+1)

o
Hi\r(i) = Ojit1 Lt LR(i+1)  Oiilr(i) = Oii —
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3.2. The orthogonal decomposition of the covariance matrix

The orthogonal decomposition of X for a covariance chain (1, ..., d) inherits the simple
chain structure in the following way. The elements of A are, by (14),

Odd = Oqd,

O%i+1
0 =04 — d fori=1,...,d—1. (15)

O it 1Li+1|r(i+1)

The elements of B are, by (14) and (15),

bt = Tiit! fori=1,...,d—1,
6[+1,[+1
by = 0, for k> i+ 1, (16)

Example 1. For a covariance chain (1, 2, 3, 4) the orthogonal decomposition of = has the
same simple chain structure with

1 012/(322 0 0
B = 0 1 023/633 0
0 0 1 034/044
0 0 0 1
and O44 = 044, 033 = 033 — 0%4/044, O0n =09 — 033/‘333 and 01 =01 — 0’%2/522-
The decompositions can look more complex when the chain is written in a different
sequence from (1, ..., d). For instance, for the covariance chain (3, 1, 2, 4), the matrix =

and the matrix B of its orthogonal decomposition (5) can be written with (11) as

Dy op o 0 1 012Ds/Dys 013/Ds 0
o D2 0 024 . 0 1 0 (724/D4
z= p, ol B0 0 1 o |
Dy 0 0 0 1

while for the covariance chain (2, 3, 4, 1) we obtain

Dl 0 0 on 1 014023034/ D234 —014034/Dss 014/ Dy

s _ D, 03 0 B_ 0 1 023D4/ D3y 0
D3 O34 ’ 0 0 1 U34/D4

. Dy 0 0 0 1

3.3. The concentration matrix

To obtain the concentration matrix induced by a covariance chain in nodes R(i) we denote
the nodes to the left of i by /(i) =1, ..., i— 1, the nodes to the right of i by r(i), and use
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the convention that Dy = 1. Then the elements w; of the concentration matrix (i) of
Yr() can be written as

a)i,«DN = Dl(i)Dr(i) for i = 1, ey d,
Wi 1Dy = =Dyy0iiv1 Dy fori=1,...,d—1, (17)
ooy
wy = -1~ fork>j>i=1,...,d—2,
@ ji
where the last equation defines w; 12, ... recursively, using g Qi) = 1.

Equation (17) leads to the following compact expression for the concentrations
corresponding to zero covariances, denoting by ¢ = k — i the number of edges in a chain
segment from node i to node k:

Dk
Wi = (=D)IDyp0iiy1 Oisriva =+ Ok_1k D;()’ (18)
R()

where, for example, with R(i) = (i, (7)) the determinant Dpg; is computed as
D iy = DiD,iy — O'i,‘+1Dr(i+l)a (19)

which is a recursion relation for determinants of tridiagonal symmetric matrices.

Example 2. For a covariance chain (1, 2, 3, 4) the covariance and the concentration matrix
are

D1 012 0 0

D, o 0
s _ h  On3
Dy 034
Dy
Dyyy  —012D34  012003D4  —01203034
s-1_ p-l DiDsy  —Dy0y33Dy  D1023034
1234 Diy Dy —D12034

D3
The determinant of X for this covariance chain is
Diz3s = DiDyDsDy(1 = piy = P35 = Pia + P1ap34)- (20)

This can be used to measure the distance from an unrestricted covariance matrix, since it may
be viewed as a residual generalized variance (Wilks 1932).
3.4. The orthogonal decomposition of the concentration matrix

The orthogonal decomposition of ~! for a covariance chain (1, ..., d) results as follows.
The elements of A are
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—dajiyl = bi,i+1 for i = 1, ey d— 1,
ajx = a;dji for k> j>1i, (21)

where the last equation defines a; 42, ..., recursively. Each element a; of 4 for k > i+ 1
is, from (15)—(21) also a multiple of the covariances along the chain segment from node i to
k having g edges

Oiitl Oitl,it+2 Ok—1,k
—ay = (_l)q L,i+ i+1,i+ . LA (22)
6i+1,i+1 6i+2,[+2 ékk

Example 3. For a covariance chain (1, 2, 3, 4) the matrix elements of the orthogonal
decomposition of the concentration matrix =~' are, with (22) and (16),

U —Bipss BipsaBapa —Pii23aBrzabsa
4—10 1 —Papa Ba3.aB3ja

0 0 1 —Bija

0 0 0 1

3.5. Generating processes for covariance chains

A chain structure in a covariance matrix of residuals of ¥ may be generated by a linear
triangular system for (Y, X) in which the latent variables X are standardized and
orthogonal and where

HY +TX =¢,, X =¢,.

Here, the coefficient matrix H of Y is upper triangular and the elements of I" are non-zero,
yij # 0, only for i = j and i = j + 1. Then, the linear equations in the observed variables Y
are

HY =1,

with 77 = &, —=TX, k = cov(n) = A, + TT", = | = H'x"'H, and the elements of H have
interpretations as least-squares regression coefficients given both observed and latent
variables. These may or may not coincide with least-squares regression coefficients given
only the observed variables.

The triangular decomposition (G, A~') of x~! relates to the triangular decomposition
(4, A™Y) of =! with

W
A = GH,

since E;yl = (H"G"AY(GH) = H'x"'H and orthogonal decompositions are unique for a
fixed ordering. This leads to an interpretation of H = G~'4, in terms of least-squares
regression coefficients of the observed variables contained in 4 (cf. (6)), and regression
coefficients of residuals obtained with the triangular decomposition of the residual covariance
matrix x and contained in G~!. This is exploited for the examples in Section 4.
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When H = I, a covariance chain results for the observed variables, i.e. directly in =
For instance, the covariance chain (1, 2, 3, 4) has as a generating parent graph

GN’L:]<—¢—>2<—¢—>3<—¢—>4,

par

»we

where %75 denotes hidden variables.

4. Parameter and independence equivalence

4.1. Independence equivalence but no parameter equivalence

We can now consider the recursive regression graph

Ghol—=2—=3—4

to prove that the two necessary conditions for parameter equivalence, an equal number of
parameters and independence equivalence, taken together are not yet sufficient for parameter
equivalence. As explained below, this recursive regression graph model has ten parameters
and imposes no independence constraint, just like the saturated model, but it is nevertheless
not parameter equivalent to the saturated model.

The matrix H of equation parameters for ch is obtained directly from the graph, and
the matrix G~' by the triangular decomposition of the residual covariance chain of Section
3.2

1 =« 0 0 1 ¢ 0 0
o 1 =y 0 oo 1 yoo
A=1o o 1 =s|° 9 =lo o 1 ¢
0 0 0 1 00 0 1

The matrices B = H~'G™! and 4 = GH of the triangular decompositions of = and =~! are
then

I at+¢ aly+y) ay(d+8
p=|9 1 y+y  y0+9
0 0 1 o+& |
0 0 0 1
I —(a+¢) o(y+v) —¢pp©O+8
410 1 —(v+y)  pO+9
0 0 1 —-(0+&)
0 0 0 1

These explicit forms make it transparent that the transformation from the parameters in
H and G~! to the linear least-squares coefficients in 4 or in B is for this model non-
invertible: the confounding of 334 = 0 + & cannot be resolved, i.e. not all elements of H, x
can be obtained given . The recursive regression graph model has three equation
parameters in H, and three residual covariances and four residual variances in x. The
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parameters are from 4 and B such that every marginal and every type of partial correlation
is non-zero for each variable pair Y;, Y;. Therefore, the recursive regression graph model is
independence but not parameter equivalent to the unconstrained covariance matrix with ten
parameters. Thus, two models may have the same number of parameters and generate the
same independencies but not be equivalent, since one implies an additional constraint,
which in the above example does not correspond to an independence. The explicit form of
the matrix B and the interpretation of its elements from (5) show that
a = fi3.4/B23.4 = B1ja/Paa may have two distinct representations and that y = B24/f34.
The non-unique representation poses a potential problem for instrumental variable
estimation (Sargan 1958) of some of the dependencies.

4.2. Parameter equivalence in spite of confounding

The following case establishes parameter equivalence of a recursive regression graph with
parameters (H, k) to the triangular decomposition (B, A) of X with an independence
constraint and a confounded least-squares regression coefficient. From the graph of Figure
2, the matrices H and G~! and B= H!G™! are given by

I —a 0 —y I ¢ 0 0 I a+¢ ay vy
o 1 0 0 4 _ (0 1 y» O _|o 1 v 0
H= o 0o 1 o0 | G = 00 1 &f B= 0 0 1§
0 0 0 1 0 0 0 1 0 0 0 1

The zero entry in B means 3,4 = py4 = 0. Furthermore, reversibility of the transformation
results from the explicit form of B with y = B4, & = B34, ¥ = Boz4» @ = Bi3.4/Bop3.4, and
¢ = ,31|2A34 - a.

Here, by contrast with Section 4.1, we have two models that generate the same
independence structure and that are parameter equivalent. Because in one of the models
unique and simple estimation by least-squares is available, estimates in the other, seemingly
more complex model, can be obtained directly due to the one-to-one correspondence of the
sets of parameters. This type of parameter equivalence supplements results on identifiability
of parameters in which there is renewed interest related to recursive regression graph models;
see McDonald (2002), Pearl and Brito (2002) and Stanghellini and Wermuth (2005).

10<—04 1Q---04

1 ! [ S |
1 1 [ |

20----03 20---"03
(@) (b)

Figure 2. (a) A recursive regression graph and (b) an independence equivalent covariance graph.

4.3. The parameter constraint in an independence equivalent model

To have the same number of parameters is not a necessary condition for independence
equivalence. For instance, the single factor analysis model generates an observed covariance
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matrix constrained to be the sum of a rank-one and a diagonal matrix, but which is
independence equivalent to a saturated model. We show here how the specific constraint by
which two independence equivalent recursive regression graph models may differ, results
directly from the triangular decomposition of the residual covariance matrix.

The graph in Figure 3(a) is an example of what Richardson and Spirtes (2002) call a
maximal ancestral graph, and the graph in Figure 3(b) is a corresponding independence
equivalent ancestral graph in which the missing edge does not correspond to any
independence statement. Our form of the constraint shows that it captures the contribution
of the residual covariance chain from node 1 to 2 via the parent nodes 3, 4. The authors
suggest moving from ancestral graphs to corresponding maximal ancestral graphs so that
graphs are obtained in which at least one independence statement is associated with every
missing edge.

The two recursive regression graphs in Figure 3 coincide in the edges within
v=1{2,3,4}; therefore they have the same submatrices X,,. By the symmetry of the
graphs, nodes (1, 3) may be exchanged with (2, 4) and therefore the submatrices X, for
u= {1, 3, 4} coincide as well. As the constraint implied by the graph of Figure 3(b) we
obtain from f3;34 in the covariance chain (2, 3, 4, 1) in Example 1 of Section 3.2 that

01234 = K14K23K34/ Dig,

where D now refers to the determinant of a submatrix of x. The model with six edges in
Figure 3(a) implies no constraints since it is parameter equivalent to the saturated model.
Thus two independence equivalent models may differ appreciably with respect to one
parameter as may be shown from a triangular decomposition of the residual covariance
matrix.

10«03 1Qe—03
L, <0
2 Te—04 2 0«04
(a) (b)

Figure 3. Two independence equivalent recursive regression graphs with coinciding matrices Z,, for
v=1{2,3,4} and X, for u={1, 3, 4}, but different non-zero partial covariances for the pair (1,2)
given (3,4): (a) = unconstrained; (b) X constrained by 0334 = K14723%34 / Da.

5. Estimation of moment parameters of exponential families

5.1. The general case

If the observed random variable Y has a multivariate Gaussian distribution the estimation of
2 in a covariance chain model requires estimation of a covariance matrix with some
elements constrained to be zero. We suppose without essential loss of generality that
E(Y) =0 and that » independent and identically distributed observations are available.

It is simplest to deal with the corresponding more general problem for a full exponential
family, taking the log-likelihood in the form
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n{s"¢ — k(¢)},

where ¢ is the canonical parameter and s the sufficient statistic. The mean parameter #, a
one-to-one function of ¢, is defined by n = Vk(¢), where V denotes a gradient, i.e. the vector
of first derivatives, with respect to ¢.

The maximum-likelihood estimate of # is # = s, a possible value of the corresponding
random variable S, and

ncov(S) = VV k() = i(y),

where VV7 k(¢) is the matrix of second derivatives of k(¢») with respect to ¢. It is convenient
to express this matrix as a function i(57) of the mean parameter and to note that it is a
gradient of n with respect to ¢, i.e. V(1) = i(n). It can be shown that not only does i(%)
determine the covariance matrix of S but also, as the so-called Fisher information matrix for
estimating ¢, it gives the asymptotic concentration matrix of the maximum-likelihood
estimate of the canonical parameter.

We now introduce the constraints that . = 0 for some subset of elements of #, writing
n = My, M), and consider the Lagrangian

s'p — k(@) — A"

Differentiating with respect to ¢ gives the maximum-likelihood estimating equations as

N Toa-l o

nu = Su - luclcc Sc’ 770 =0. (23)
The (u, ¢) and (¢, ¢) components of the matrix i() are evaluated at the new maximum-
likelihood estimate for which 77, = 0. Usually iterative solution is required.

However, because in the second term s. is O,(1/y/n), an asymptotically efficient
estimate is obtained by replacing the matrices pre-multiplying s. by any consistent estimate
of them. That is, s, differs from zero only by a random error of estimation, small for large
n. The multiplying coefficients then do not have to be determined with high precision. For
this the simplest procedure is to use the relevant portions of the matrix i(s,, 0), i.e. the
information matrix evaluated at the unconstrained estimate s, of 7, and at zero values of
the constrained parameter 7.. The resulting explicit estimates are

M, =58, —1,0.s .= 0. (24)

u uc“cc v c?

In a general context such estimates were called reduced model estimates by Cox and
Wermuth (1990). There is a close connection with the Lagrange multiplier tests of
Aitchison and Silvey (1958), here much simplified by the exponential family structure.

The adjustment to s, in (24) means that the new estimate #,, is asymptotically orthogonal
to s. or, expressed differently, is obtained by adjusting s, for linear regression on s.. The
attractive feature of this representation is that it shows for each parameter the precise
modification of the corresponding unconstrained estimate. Though the explicit reduced
model estimates of constrained moment parameters (24) for exponential families are
asymptotically efficient, they are recommended only for observations which strongly support
the reduced model.
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5.2. The Gaussian case

Now consider the special case of a Gaussian distribution in which the moment parameter is
o, a vector obtained from the covariance matrix X by taking the variances o; and the
covariances 0 ; considered only once. Elements of a corresponding observed vector s and of
a random variable S are

Sij:Zytiytj/na SU:ZY”YU/n
t t

Note that if an unknown mean were included in the model, the sum of products would be
replaced by a sum of products of deviations from the sample mean; some of the following
formulae would then be approximations, essentially from replacing n — 1 by n

Now because of the assumed Gaussian distribution

ncov(S)jm = 00 ;i + 040 ji,

the right-hand side being called the Isserlis matrix, after Isserlis (1918); see, for example,
Roverato and Whittaker (1998). This Isserlis matrix, Iss(o), of covariances has for ¢ variables
the determinant 29|2[9~! (Press 1972: 79). Therefore, if the covariance matrix X is positive
definite, so is the Isserlis matrix.

Equation (23) specializes to the maximum-likelihood equations for &, given that 0. =0
as

~ S 1 ~
Oy = 8, — Issyclss,, s, o.=0, (25)

where for Iss we first evaluate the matrix Iss(0) at 0req = (04, 0) and then replace o, by 7.
Similarly, equation (24) specializes to the explicit estimate ¢, given that . = 0 as

Gy =Sy — Iss,cIss s, o.=0, (26)

where for Iss we first evaluate Iss(o') again at o, = (0, 0) but then replace o, by s,.

The non-zero estimates of o, are thus obtained by an adjustment to the standard
unconstrained estimates s,, the adjustment having the form of a typically small correction
for regression on s.. Provided the sample size is large and the assumed model is correct, s,
differs from zero only by small sampling fluctuations. It can be shown that after two steps
of the iterative algorithm suggested by Anderson (1973), to solve his maximum-likelihood
equations in Section 1.4, one also obtains the reduced model estimate of equation (26).
Kauermann (1996) has applied to Gaussian covariance graph models a method which
maximizes the dual likelihood function in exponential families (Christensen 1989). This
gives estimates which tend to underestimate some of the variances.

The notion of a regression-based correction has direct appeal without strong distributional
assumptions. The matrix of regression coefficients used in the method does, however,
involve a theoretical calculation based initially on a Gaussian distribution of the original
observations. A generalization of the Isserlis matrix to arbitrary distributions (McCullagh
1987: 118) involves fourth cumulants. Thus the method has a strong justification if the
fourth cumulants are close to zero or if the effect of non-Gaussian form is merely to inflate
the whole covariance matrix of S by a constant factor.
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While we have not explored the issue in detail, it seems likely that some forms of
departure, for example long-tailed marginal distributions for particular components, would
inflate the diagonal elements of cov(S) more strongly than the off-diagonal elements and
that this would tend to reduce the magnitude of the regression correction. Since the
uncorrected estimate is already often of quite high efficiency, this suggests that the
assumption of multivariate Gaussian form may not be critical.

6. Applications to covariance chains

6.1. The covariance chain of length 3

For the covariance chain (1, 2, 3) the independence constraint is p;3 = 0 and the moment
parameters may be written in vector form as

0,= (011,02, 033,012, 023), o.=(013)=0.

The Isserlis matrix for the constrained model given oq = (0,, 0), with elements ordered as
above, is

207, 201, O 2012071 0 0
2 2
20'22 20'23 20’12022 20'230'22 20'120'23
2
Iss(o' d) . 20’33 0 2023033 0
e -
0110224—0%2 012023 023011
2
02033+ 05 012033

011033

From the last column of this matrix equations (25) become Gy = s11, 33 = s33 and

" 012023 A 023 S o1
02 = 5» — 2513, 012 = 812 — =513, 023 = 8§23 — = 813.
011033 033 011

The three equations can be solved to give the maximum-likelihood estimates

012 = Bapssits 023 = Pa3.1533, 02 = 52 — 2Ba13625.1513 (27)

where Bi‘j',{ = syx/Sjk = —s7/s" denotes the least-squares estimate of f3;; ;.

Alternatively, the triangular decomposition (4, A~!), defined as in Section 2.2 for the
estimated concentration matrix given in the ordering (2, 1, 3), can be used to obtain the
same estimates

) 1 —32\13 —[32\31 . spiz 000
A - O 1 0 s A - . Sll O
0 0 1 . . S33

The estimates in (27) are a one-to-one transformation of the maximum-likelihood
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estimates for a Gaussian distribution of Y in the corresponding system of linear regression
equations given by

Y2 = BopsYi + Bapa Vs + &2, Y1 =e¢, Y; =&, (28)

with diagonal residual covariance matrix cov(e) = A.

The linear least-squares estimates for the parameters in (28) are written compactly in
terms of concentrations by using (9) as

) 12 ) 23 X 1 X X

Bz =T Baps.i =2 022A13=S@, o1 = St 033 = s33. (29)

The covariance chain (1, 2, 3) and this system of equations both specify marginal
orthogonality for the pair Yi, Y3, i.e. pj3 = 0. The corresponding independence equivalent
graphs are

GN i 1---2--23, GN:1—>23.

cov* par*

6.2. The covariance chain of length 4

For the covariance chain (1,2, 3, 4), the independence constraints are the three zero
marginal correlations p;3 = p14 = pp4 = 0 and there are two implied constraints, (see (3)),
on partial correlations: py4; = p134 = 0. The chain has no independence equivalent parent
graph in the observed nodes and the moment parameters may be written in vector form as

0y = (011, 002, 033, 044, 012, 023, O34), 0.=(013, 014, 024) = 0.
The maximum-likelihood equations (25) do not appear to have a explicit solution, but the
reduced model estimates of (26) can be written as 011 = $11, 044 = S44 and

022 = 522 — 2523 Bo)1 Bij3.45

033 = 533 — 2523 B34 Bap.1

012 = 12 — 523 B1j3.45 (30)
023 = 523 — Baja 524 — B 513 + B34 Bt S14s

034 = 8§34 — 523 ﬂ4\2.1~

When the data are a sample of moderate size from a covariance chain (1, 2, 3, 4), then the
constrained observed correlations will be close to zero, as well as 513, 514, 524, ﬁ1‘3.4 and
Bap.1- Thus, the above corrections to the observed second moments will be small.

There is the distinction between chains of length 3 and chains of length greater than 3 in
that the former, but not the latter, have explicit expressions for maximum-likelihood
estimates in terms of least-squares regression coefficients. The explanation is that only the
former model is parameter equivalent to a parent graph model for which the regression
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coefficients arise directly. But for both types of estimates, the estimated correlation structure
remains unchanged when the units of measurement are changed for some of the variables.

6.3. Some simulation results

The following simulation results show that the estimates in (30) give a close approximation
to the population parameters also in the case of moderate-size samples from a covariance
chain (1, 2, 3, 4) for a Gaussian distribution. The log-likelihood ratio, evaluated at estimates
of the unconstrained, i.e. saturated, covariance matrix 2 and of the constrained covariance
matrix having a reduced number of parameters X..q, provide a goodness-of-fit statistic. For
q variables and k constraints these statistics are, for the two types of estimates,

—nlog (|253t|/‘2red)‘)7 —n{log (|2sat|/|2red|) + trace(isatir;}i) -q}.

where the first has for large n approximately a central chi-squared distribution with &k degrees
of freedom.

The curves in Figure 4 show how closely the smoothed observed distributions
approximate the corresponding chi-squared distribution for moderate sample sizes. The
population covariance chain chosen for these simulations is

f(x) f(x)
. . 2

likelihood-ratio(G): —

0.15 1 0.15 A

likelihood-ratio(G): — —

0.05 A 0.05 A

X T T T

T T X
15 0 5 10 15

Figure 4. Density plots of the log-likelihood ratio for the maximum-likelihood estimate (dashed) and
for the reduced model estimates (solid); chi-squared density with 3 degrees of freedom (dotted); 1000
draws each for a sample size n= 50 (left) and for n= /00 (right).
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1 a 0 0 1 05 0 0

s_ |- 1+ a? +y? 76 o . 225 -3 0
1. . 1+p2+60> B | . . 1064 —08

. 1 S . 1

In addition, equally correlated variables (p = 0.5) having equal variances (o; = 2) were
chosen to exemplify strong deviations from a covariance chain.

Table 1 contains some detailed results for 1000 draws at sample size n = 50 (first row)
and n = 100 (second row). The simulations started with seed —26 634, using the graphical
Gausssian model package of R (Marchetti 2006). The identity matrix was used as the
starting value for the iterative conditional fitting algorithm.

The differences between maximum likelihood estimates, satisfying (25), and the explicit
reduced model estimates, obtained with (26), are small compared with the standard error of
estimation when the draws are from covariance chains (left-hand part of the table). For
population parameters far away from a covariance chain this is no longer the case (right-
hand part of the table), illustrating a quite general feature of such iterative procedures
applied to ill-fitting models. In this case about 0.5% of the matrices 3 are not positive
definite.

Unimodality of the likelihood was established by finding just one real root to equations
(25); for a related discussion, see Drton and Richardson (2004). Since the likelihood
function turned out to be unimodal in all 2000 samples, the maximum-likelihood estimates
agree with those by the E(xpectation) M(aximization) algorithm, as specialized by Kiiveri
(1987) to path analysis with some variables unobserved. The simulation results suggest that
even in moderate-sized samples the explicit form estimates differ from the population

Table 1. Comparison of maximum-likelihood estimates ¢ and the explicit reduced model estimates &
and for sample size n = 50 (first row) and n = 100 (second row); 1000 draws from two models

Covariance chain model Equal-correlation model

g g g g

Mean St.d. Mean Std. rms* Mean St.d. Mean Std. rms*

oy =225 219 042 215 042 0.08 0y =2 1.89 038 1.62 033 0.35

222 0.32 220 031 0.04 1.87 026 1.63 023 0.28

o33 = 10.64 1031 2.06 10.10 2.04 038 o033 =2 1.88 038 1.62 034 0.35
10.51 145 1040 142 0.20 1.89 027 1.65 024 0.28

o = 050 049 0.18 048 0.17 0.02 o, =1 086 033 0.64 026 028
0.50 0.13 0.49 0.13 0.01 087 023 066 0.19 024

o3 = —3.00 =292 0.76 =281 0.75 0.16 o3 =1 031 026 024 020 0.11
—296 055 =290 0.54 0.09 031 0.18 025 0.14 0.08

o34 = —0.80 -0.79 037 —-0.77 037 005 o34 =1 086 033 0.64 027 028
-0.79 026 —-0.78 026 0.02 088 023 066 0.19 025

*rms: root mean square difference between the two estimates.
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parameters by only small sampling fluctuations, provided the constraints are closely
reflected in the observed correlations.
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