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This paper examines the Gaussian maximum likelihood estimator (GMLE) in the context of a general
form of spatial autoregressive and moving average (ARMA) processes with finite second moment. The
ARMA processes are supposed to be causal and invertible under the half-plane unilateral order, but
not necessarily Gaussian. We show that the GMLE is consistent. Subject to a modification to confine
the edge effect, it is also asymptotically distribution-free in the sense that the limit distribution is
normal, unbiased and has variance depending only on the autocorrelation function. This is an analogue
of Hannan’s classic result for time series in the context of spatial processes.
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1. Introduction

Since Whittle’s (1954) pioneering work on stationary spatial processes, the frequency-
domain methods which approximate a Gaussian likelihood by a function of a spectral
density have become popular, while the Gaussian likelihood function itself has been
regarded as intractable in terms of both theoretical exploration and practical implementa-
tion. Guyon (1982) and Dahlhaus and Kiinsch (1987) established the asymptotic normality
of the modified Whittle maximum likelihood estimators (MLEs) for stationary spatial
processes which are not necessarily Gaussian; the modifications were adopted to control the
edge effect. On the other hand, the development of time-domain methods has been
dominated by the seminal work of Besag (1974) who put forward an ingenious autonormal
specification based on a conditional probability argument. Besag’s proposal effectively
specifies the inverse covariance matrix of a Gaussian process, in which the parameters are
interpreted in terms of conditional expectations.

In this paper we examine the estimator derived from maximizing the Gaussian likelihood
function for spatial processes, which we refer to as the Gaussian maximum likelihood
estimator (GMLE). To study its asymptotic properties, we assume that the data are
generated from a spatial autoregressive and moving average (ARMA) model defined on a
lattice. Under the condition that the process is causal and invertible according to the half-
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plane unilateral order (Whittle 1954), the GMLE is consistent (Theorem 1 below). Subject
to a modification to confine the edge effect, it is also asymptotically normal and unbiased,
with variance depending only on the autocorrelation function. Thus our modified GMLE is
asymptotically distribution-free. The asymptotic normality presented in Theorem 2 below
may be viewed as an analogue of Hannan’s (1973) classic result for time series in the
context of spatial processes, which shows that the limit distribution of the estimator for an
ARMA process is determined by two AR models defined by the AR and MA forms in the
original model; see Theorem 2 below and also Brockwell and Davis (1991, Section 8.8).
Hannan’s proof was based on a frequency-domain argument. He proved the equivalence of a
GMLE and a Whittle estimator and established the asymptotic normality of the latter; see
also Brockwell and Davis (1991, Section 10.8). Our proof largely follows the time-domain
approach of Yao and Brockwell (2005), although the proposed modified GMLE shares the
same asymptotic distribution as the modified Whittle estimator proposed by Guyon (1982)
(see Remark 3 below), which is also the asymptotic distribution of the modified Whittle
estimator proposed by Dahlhaus and Kiinsch (1987) if the underlying process is Gaussian.
For purely autoregressive processes, our asymptotic results are the same as those derived by
Tjestheim (1978, 1983).

For a sample from a spatial model, the number of boundary points typically increases to
infinity as the sample size goes to infinity. Therefore the edge effect causes problems. This
is the feature which distinguishes high-dimensionally indexed processes from one-
dimensional time series. Various modifications to reduce the edge effect have been
proposed; see Guyon (1982), Dahlhaus and Kiinsch (1987) and Section 2.4 below. Both
Guyon (1982) and Dahlhaus and Kiinsch (1987) adopted a frequency-domain approach,
dealing with Whittle’s estimators for stationary processes defined on a lattice. Our approach
is within the time domain, dealing with GMLEs for the coefficients of ARMA models. Our
edge-effect modification can be readily performed along with prewhitening (Section 2.3
below). By exploring the explicit form of these models, we are able to establish a central
limit theorem (Lemma 9 below) based on an innate martingale structure. Therefore the
regularity conditions imposed by Theorem 2 are considerably weaker than those in Guyon
(1982) and Dahlhaus and Kiinsch (1987). For example, we only require the process to have
finite second moments, and we do not impose any explicit assumptions on ergodicity and
mixing. However, it remains as an open problem whether the edge-effect modification is
essential for the asymptotic normality or not (see Section 5.1).

Although we only deal with the processes defined in the half-plane order explicitly, the
asymptotic results may be derived for any unilaterally ordered processes in the same
manner. For the sake of simplicity, we only present the results for spatial processes with
two-dimensional indices. The approach may be readily extended to higher-dimensional
cases. In fact, such an extension is particularly appealing in the context of spatio-temporal
modelling since an ARMA form that is useful in practice can easily be formulated in that
context. This is in marked contrast to the case of two-dimensional processes for which a
unilateral ordering is often an artefact which limits potential applications (see Section 5.2
below).

The rest of this paper is organized as follows. In Section 2 we introduce spatial ARMA
models and the conditions for causality and invertibility. The consistency and asymptotic
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normality will be established in Sections 3 and 4, respectively. We conclude with
miscellaneous remarks in Section 5.

We denote by |A| the determinant of a square matrix A, and by ||a|| the Euclidean norm
of a vector a.

2. Models and estimators

2.1. Stationary spatial ARMA processes

Let Z, R, C be the integer, the real number and the complex number spaces, respectively.
We always write s = (u, v) € Z> and i=(j, k) € Z*>. We define s >0 = (0, 0) if either
u>0oru=0and v >0, and s = 0 if and only if both u and v are 0. A unilateral order
on a two-dimensional plane is defined as s > (=) i if and only if s —i (=) 0; sce Whittle
(1954). This order is often referred to as the half-plane order or lexicographic order.
Another popular unilateral ordering on a two-dimensional plane is the quarter-plane order.
Under the quarter-plane order, s =0 if and only if both # and v are non-negative; see
Guyon (1995). Although we do not explicitly discuss the models defined in terms of the
quarter-plane order in this paper, we will comment on its properties when appropriate.
We define a spatial ARMA model as

X(5) =) biX(s—i)+e(s) + > ae(s — i), 2.1)

i€Z,; i€Z,

where {e(s)} is a white noise process with mean 0 and variance o2, {b;} and {a;} are AR
and MA coefficients, and both index sets Z; and Z, contain finite numbers of elements in the
set {s > 0}. In this paper, we consider real-valued processes only. Since we only require
index sets Z; and Z, to be subsets of {s > 0}, specification (2.1) includes both half-plane
and quarter-plane ARMA models (Tjostheim 1978, 1983) as special cases.

We introduce the back shift operator B = (B;, B,) as follows:

B X(s) = B|BXX (1, v) = X(u — j, v— k) = X(s — i), i=(j, k) ez
For z = (21, z), write Z' = z]zF. We define
bz)y=1-— Z biz, a(z)y =1+ Z aiz. (2.2)
i€Z; i€Z,
Then model (2.1) can be written as
b(B)X(s) = a(B)e(s). (2.3)

It is well known that a bivariable polynomial can be factored into irreducible factors
which are themselves bivariable polynomials but which cannot be further factored, and these
irreducible polynomials are unique up to multiplicative constants. To avoid ambiguity over
the form of the model, we always assume that b(z) and a(z) are mutually prime in the sense
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that they do not have common irreducible factors although they may still have common
roots (Goodman 1977; Huang and Anh 1992).
The process {X(s)} defined in (2.1) is causal if it admits a purely MA representation

o0

X(s) =e(s)+ Y pie(s — i) = e(s)+2w0ke(u v—R+)Y Z e —j, v—h),

i>0 j=1 k=—occ

2.4)

where > - ,l9i| < oco. It is easy to see that a causal {X,} is always weakly stationary with
mean 0 and autocovariance function

yB) = E{X(+DX®)}=0" Y > pumtrsjme

=1 m=-00

{wjk + Z wOm'l/)j m+k Z Z wlmwl+j m+k} (25)

=1 m=—o¢

for i = (j, k) with j =1, and y(—i) = y(i). In the above expression, g9 = 1 and ¥y, =0
for all m < 0. Furthermore, a causal process {X(s)} is strictly stationary if {e(s)} are
independent and identically distributed (IID); see (2.4). The lemma below presents a
sufficient condition for the causality.

Lemma 1. The process {X,} is causal if

b(z) #0, forall |z1]<1and|z|=1, 1— Z bOkzé‘ #0, forall |z <1
(0,0)€T,

2.6)

where z|, z; € C. Furthermore, condition (2.6) implies that the coefficients {1} defined in
(2.4) decay at an exponential rate, and in particular

| < Ca/*IH for all j =0 and &, (2.7)

for some constants o € (0, 1) and C > 0.

Note that (2.7) improves Goodman (1977) which showed 9 = O(a’). Condition (2.6) is
not symmetric in (z1, z2). This is due to the asymmetric nature of the half-plane order under
which the causality is defined; see (2.4). The proof for the validity of (2.4) under condition
(2.6) was given in Huang and Anh (1992); see also Justice and Shanks (1973), Strintzis
(1977) and the references therein. Inequality (2.7) follows from the following simple
argument. Let (z) = 1 + >, ,%iz, where the 1; are given in (2.4). Then wy(z)=
a(z)/b(z). Due to the continuity of b(:), b(z) #0 for all z€ A, ={(z1,2):1 —
€<|zj| <1+¢ j=1,2} under condition (2.6), where ¢ > 0 is a constant. Thus (-) is
bounded on 4, that is, |>,-oiz!| < oo for any z € 4,. Thus y o /a ¥l — 0 as at least
one of j and |k| — oo.
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Remark 1. (i) Under condition (2.6), inequality (2.7) also holds if we replace ¥ by the
derivative of 1 j; with respect to b; or a;. This can be justified by taking derivatives on both
sides of the equation ¥ (z) = a(z)/b(z), followed by the same argument as above.

(i) Condition (2.6) also ensures that the autocovariance function y(-) decays at an
exponential rate, that is, y(j, k) = O(a/I*¥) as at least one of [j| and |k| — oo, where
a € (0, 1) is a constant. To show this, note that for (j, k) with both j and k& non-negative
(other cases are similar), (2.5) can be written as

Y /07 =i+ Y WomPimik

m=1

00 00 o] k—1
+ Z{Z Yim¥ 1jmrk + Z Yi—k—m¥Pitj—m + Z wl,mlerj,km}'
=1 m=0 m=0

m=1

By (2.7), all the sums on the right-hand side of the above expression are of order a/**,

(iii) A partial derivative of y(-) with respect to b; or a; also decays at an exponential rate.
This may be seen by combining (i) with the argument in (ii).

(iv) Condition (2.6) is not necessary for the causality, which is characteristically different
from the case for one-dimensional time series; see Goodman (1977). On the other hand, a
spatial ARMA process defined in term of the quarter-plane order is causal if b(z) # 0 for
all |z;] <1 and |z| <1 (Justice and Shanks 1973). Under this condition, the auto-
covariance function, the coefficients in an M A(oco) representation, and their derivatives
decay exponentially fast.

(v) The process {X,} is invertible if it admits a purely AR representation

X(s)=e(s)+ > piX(s =) =)+ > pourXw, v =0+ > ouX(u—jv—h),
i>0 k=1 Jj=1 k=—c0

2.8)

where Y . o|@i| < co. It is easy to see from Lemma 1 that the invertibility is implied by the
condition

a(z) #£0, forall |z;] <1 and |z| =1, L+ > anzs #0, forall [ < 1.
(0,k)ET,

2.9)

Furthermore, under this condition the coefficients {¢} and their partial derivatives (with
respect to b; or a;) decay at an exponential rate.
(vi) The spectral density function of {X(s)} is of the form

2
02

T4

a(eia})

2
oy @clmal (2.10)

g(o)

where @ = (), w,) and ¢'® = (e, ¢!2). Under conditions (2.6) and (2.9), g(®) is bounded
away from both 0 and oo, which is the condition used in Guyon (1982). Note that the
condition that g(e) is bounded away from both 0 and oo is equivalent to the condition that
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a(z)b(z) # 0 for all |z;| = |z| =1 and (z}, z;) € C%. Under this condition equation (2.1)
defines a weakly stationary process which, however, is not necessarily causal or invertible
(Justice and Shanks 1973). Helson and Lowdenslager (1958) showed that the necessary and
sufficient condition for a weakly stationary (but not necessarily ARMA) process {X(s)}
admitting the MA representation (2.4) with square-summable coefficients ¢ is that its
spectral density g(-) fulfils the condition

J[ . log g(w)dw > —oc. (2.11)
—TT,7T

Note that for ARMA processes, (2.11) is implied by (2.6).

2.2. Gaussian maximum likelihood estimators

We denote the elements of 7| and Z, in ascending order respectively as
jl<j2<"'<jp and i1<i2<...<iq.

Let @ = (0, ...,0,.)" =(bj, ..., bj,, ai, ..., a,)" . Weassume 6 € ©, where © C R4
is the parameter space. To avoid some delicate technical arguments, we assume that the
following condition holds.

(C1) The parameter space © is a compact set containing the true value @, as an interior
point. Further, for any @ € ©, conditions (2.6) and (2.9) hold.

Given observations {X(u, v),u=1,..., N,v=1,..., N} from model (2.1), the
Gaussian likelihood function is of the form

L0, 0%) x o~ N|Z(0)|7'/? exp{—m% xTz(o)-‘x}, (2.12)

where N = N1 N,, X is an N X 1 vector consisting of the N observations in ascending order,
and

1
2(0) = Pl var(X),
which is independent of ¢ 2. The estimators which maximize (2.12) can be expressed as
0 = arg min [log{X"E(0)'X/N} + N 'log|Z(0)|], 62 =X"2(0)'X/N. (2.13)
S

Since we do not assume a special form for the distribution of &(s) and the Gaussian
likelihood is used only as a contrast function, the derived estimators could be referred to as
quasi-MLEs.

2.3. Prewhitening and the innovation algorithm

Gaussian maximum likelihood estimation has been hampered by the computational burden
in calculating both the inverse and the determinant of the N X N matrix X(#). To overcome
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the burden, some approximation methods have been developed by, for example, Besag
(1975) and Wood and Chan (1994); see also Cressie (1993, Section 7.2). The computational
difficulty has gradually been eased by the increase in computer power available. It is now
feasible to compute genuine Gaussian likelihood functions with N of the order of
thousands. As an example, we state below how the idea of prewhitening via the innovation
algorithm can be used to facilitate the computation for Gaussian likelihood regardless of
whether the underlying process is stationary or not, or whether the data are collected on a
regular grid or not. Prewhitening is an old and very useful idea in time series analysis.
Effectively it is a version of the Cholesky decomposition, and it computes the quadratic
form X'X(0)"'X and the determinant [X(@)| simultaneously. Our edge-effect correction
method, presented in Section 2.4 below, is based on a representation of the likelihood in
terms of prewhitening.

Denote by X(s), ..., X(sy) the N observations with the indices s; in ascending order.
(The order is not important as far as the algorithm presented below is concerned.) Let
X(s;)=0. For 1 <k <N, let

X)) = 0P X(s) + ... + o X(s1) (2.14)
be the best linear predictor for X(si;;) based on X(sg), ..., X(s1) in the sense that
i 2
E{X(si11) — X(ss1)} = T{Iz}if}lE{X(SkH) - Z %X(Skjﬂ)} . (2.15)
pj =

It can be shown that the coefficients (p;k) are the solutions of equations
k
ysn =Y ¢ vsi—s),  I1=1,...k
j=1
and
1 N 1 k
rmm—mmmm—ﬁmﬂwmmnmﬁﬁ%w>§gwww} (2.16)
=

In the above expressions, y(i) = y(i; @) = E{X(s + i)X(s)}. It can also be shown that the
least-squares property (2.15) implies that

cov[{X(spa1) = X(s14)}X ()] =0,  1<j=<k
Note that X(sj1) _/X(Sk+l) is a linear combination of X(s), ..., X(s;). Thus X(s;) —
X(s1), ..., X(sy) — X(sy) are N uncorrelated random variables. Further, it is easy to see

from (2.14) that X (sy) can be written as a linear combination of X(si)— X(sp),
coy X(81) — X(s1). We write

K
X(si1) = Zﬂkj{X(skH—j) — X(sks1-)} k=1,...,N—1 (2.17)
=

Let X = (X(s1), ..., X(sy))". Then X = A(X — X), where
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0 0 0 ... 0 0

B 0 0 0 0

A= | B2 B 0 0 0
0 0

Byv-in-1 Bn-in-2 By-in-3 oo By-1a O

Put X = C(X — X), where C = A + I is a lower-triangular matrix with all main diagonal

elements 1, and Iy is the N X N identity matrix. Let D = diag{r(s;), ..., r(sy)}. Then
| N
T
X(0) = — var(X) = CDC", and [£(0)| = |D| = [T60. (2.18)

J=1

Hence the likelihood function defined in (2.12) can be written as
1 & X
L, 0%) oo M{rs) o rsw)} Pexp| =55 > {X(s) = X rsp |- (219)
=1

The calculation of the inverse and the determinant of X(0) is reduced to the calculation of the
coefficients By and r(sgy1) defined in (2.17) and (2.16) respectively, which can be easily
done recursively using the innovation algorithm below; see Proposition 5.2.2 of Brockwell
and Davis (1991). We present the algorithm in the form applicable to any (non-stationary)
series {X(s;)} with common mean 0 and autocovariance y(si, s;) = E{X(sx)X(s;)}, which
reduces to y(sy —s;; 0) for the stationary spatial ARMA process concerned in this paper.
Note that the algorithm is a version of the Cholesky decomposition.

Innovation algorithm. Set r(s;) = y(s1, s1)/02%. Based on the cross-recursion equations

-1
Bri—j = {V(Skﬂ» sjii1)/0% — Z ﬁj,jiﬁk,kir(siJrl)}/r(strl)’
pary

k-1
F(Ske1) = Y(Sks1 $k61)/0% = > Prk 2 1(841),
=0

compute the values of {f;} and {r(s;)} in the order fi1, r(s2), S22, Ba1, ¥(83), B33, P32, P31,
7(84), ... BN—tN—1> BN-1N-25 -+ BN-1,1, 7(SN).

2.4. A modified estimator
In order to establish the asymptotic normality, we propose a modified maximum likelihood

estimator which may be viewed as a counterpart of conditional maximum likelihood
estimators for (one-dimensional) time series processes. Our edge correction scheme depends
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on the way in which the sample size tends to infinity. Condition (C2) specifies that
N = NN, — oo in one of three ways.

(C2) One of the following three conditions holds:
(i) Ny — oo, and N;/N, has a limit d € (0, c0);
(ll) N2—>OO and Nl/N2—>OO;
(iii) N; — oo and N;/N, — 0.
For, ny, n, — oo and n; /Ny, ny/ Ny — 0, define

{(u, U)I msusN,n=s= Nz—ng} if Nl/N2—>dE(0, OO),
% = {(u, V):1susNj,nms U<N2—n2} ifN]/N2—>OO,
{, v) i <u<s<N,1<v=<N,} if Ny/N, — 0.
Write 7% = {t,, ...,tN*} with t; < ... <ty+. Then N*/N — 1 under (C2). Based on

(2.19), the modified likelihood function is defined as
" 1< .
L*0, %) oco M {r(ty) .ty )} P exp | =55 D {X(t) — XKtpp/ntp|. (220)
=1

The modified estimators, obtained from maximizing the above, are denoted as 0 and 62

3. Consistency

Theorem 1. Let {e(s)} NIID(O 02) and let cor;)dztlon (Cl) ,}a’OId Then as both N; and
Ny, — oo, 0%00 and 62 L o2 . Furthermore, @ — 0y and 6°> — o provided condition (C2)
also holds.

Proof. We only prove the consistency for 0 and 62. The proof for the consistency of @ and
07 is similar and therefore omitted.

Note that @ does not depend on 0?; see (2.13). It follows from (2.12) and Lemma 2
below that

1 N 1 o’
—X"2(0)'X <= —X"Z(6)) "X + — log|E(6)|.
N X X0 X X(60) +N0g|(o)|
By Lemmas 2 and 3 below,

: I o Typy-t L or Iy _ 2

11]{7nj01ip NX 20) X = A}lllgo NX X(0) X=o0". 3.1

For any ¢ > 0, define By.v, = {‘OA 00| > 6} and B = Uk, =1,k = 1{ﬂN1>k1 Ny=lky BNy, Nz}
For any w € B, there exists a subsequence of { Ny, N,}, which we also denote by {N;, N},
for which 0(w) 0N1 (@) — 0 €O and 0 # 0). By Lemma 4 below, we have for any
€ >0,

% IXTEZ{0(w)} !X — XTZ(0)'X| < ¢)(0),
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where $(0) = N~'S21 X2 Thus

1 A 1

limsup — X"E{0(w)} 'X = limsup — X"E(0)'X
N—oo N N—o00 N

pr0V1ded one of the above two limits ex1st Now Lemma 3 and (3.1) imply P(B) = 0. Thus

0" 0,. By Lemma 4 and (3.1) again, 6% = X"2(0)"'X/N > o2. O

In this paper, we assume that the observations are taken from a rectangle. Theorem 1
requires that the two sides of the rectangle increase to infinity. In fact this assumption can
be relaxed. Theorem 1 still holds if the observations are taken over a connected region in
7?, and both the minimal length of side of the squares containing the region N; and the
maximal length of side of the squares contained in the region N, converge to oco. For
general discussion on the condition of sampling sets, we refer to Perera (2001).

We denote by bo(-) and ap(-) the polynomials defined as in (2.2) with coefficients
corresponding to the true parameter vector @), and b(-) and a(-) the polynomials
corresponding to @. For s = (1, v) with u =1 and 1 < v < N,, define

A =10, k) : k=0 U{(J, k) : j=u, —0o < k < o0} (3.2)

U{(j, b:1<j<u k=vork<—(N,—0)},

and
@s = (Qo1, o2, - -, Po,v—15 P1,—(Ny—v)> P1,—(Ny—v)+15 -5 Plo—15 P2, —(Ny—v)s> + -+ > Q’u—l,u—l)T,
(3.3)
(u,0) (u,0) (u,0) (u,0) (u,0) (u,0) (u,0) (u,0) T
=(@o1 P2 s -5 P15 Pl (M=) P1 o (Na—v)t1> -0 Plos1s P2 (Ny—vyr 5 Putp-1) -
34
We use C, Cy, Cy, ... to denote positive generic constants, which may be different in

different places. In the remainder of this section, we always assume that the condition of
Theorem 1 holds, that is {&(s)} ~ IID(0, 6%) and that condition (C1) holds.

Lemma 2. For any 0 € ©, log|Z(0)| > 0 and N~ log|X(0)| — 0.
For its proof, see Lemma 1 of Yao and Brockwell (2005).
Lemma 3. For any 6 € ©,
XZ(0) 'X/N L var{a(B) ' b(B)X(s)} = var{e(s)} = o2,
and the equality holds if and only if @ = 6.
Proof. Let {Y(s)} be the process defined by h(B)Y(s) = a(B)e(s) with {e(s)} ~ IID(0, 1).

Let Y = {Y(s1), ..., Y(sy)}'. Then var(Y) = X(6). Let Y(1, 1) = 0, and for (u, v) > (1, 1)
let
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Y(u, v) = Z oY (u, v — k) + Z Z (p("U)Y(u —jv—k) (3.5)

J=1 k=—(Ny—

be the best linear predictor of Y(u, v) based on its lagged values occurring on the right-hand
side of the above equation. Then it may be shown that the coefficients {go(/.Z’v) } are determined
by the equations '

y(l, m) = Zw“””y(lm kHZ Z <p<"”>y<l—j,m—k>, (3.6)

J=1 k==(N—

for either /=0 and l=m<v,or 1<I<wuand —(N, —v)<m<wv. Let ]?:{f’(sl),

, Y(s ~)}T. It follows from the same argument as in Section 2.3 that Y = C(Y — Y), where
C is a N X N lower-triangular matrix with all the main diagonal elements 1 (hence its
inverse exists), and £(0) = CDCT and |X(0)| = |D|, where D = diag{r(s)), ..., r(sy)}, and

(s) = r(s, 0) = E{Y(u, v) — Y(u, v)}* (3.7)
v—1 u—1 v—1
=700.00 =Y oi"r0. 6 =>" > oWy, k.
k=1 Jj=1 k=—(N,—v)

Since {Y(s)} is invertible, that is,

Y(u, v) = e(u, u>+ch0kY(u v—k)+ Y Z ouYu—jv—k, (38
j=1 k=—o0
it may be shown that
1 = var{e(u, v)} < r(u, v) — 1, as min{u, v, N, — v} — o0, 3.9
where r» is defined in (3.7).
It follows from (3.5) and (3.8) that
2
MEE{@(S)—I—Z PiY(s —i) — Y(s) + f/(s)} (3.10)
icAg

u—1 2
_E{Z((p(uv) Qo) Y(u, v — k) + > Z (<ka — Q)Y (u— ],U—k)}

J=1k==(N—

where s = (u, U), i = (J, k). Let Y be defined as in (3.18) below. It is easy to see from the
second equation in (3.10) that

M = (ps — (i’s)TEs(G)((Ps —@Qs) = ;Lmin”(Ps - ‘i’S”z’ (3.11)

where Api, is the minimum eigenvalue of X4(@) = var(Ys). By Lemma 5 below and condition
(2.9), Amin is uniformly (in N) bounded away from 0 (see also (2.10)). On the other hand, the
first equation in (3.10) implies that
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2
M< ZE{Z iY(s — i)} + 2E{e(s) — Y(s) + Y(s)}?

icAg

2 2
= 2y(0 (Z |<pi|> +2{r(s) — 1} =< 4y(0) (Z |<pi|> :

icAg ic A,

Recalling that s = (u, v), it follows from (3.11) and Lemma 1 that

- M 4y(0 _
los— sl = - = TD S g2 < a4 a4 a0, (. 12)
min min i€‘/4§

which converges to 0 as min(u, v, N, — v) — oo, where a € (0, 1) is a constant.
Now define

v—1 u—1 v—1
X(u, v) = ; 00 X (u, v — k) + Zl k (ZN ) o5 X (= j, v — k),
= J= =—(MN—v

where the coefficients ¢ are defined as in (3.5). Let X = {X(sl), ...,X(SN)}T; then
X =C(X —X) and

Lot -1 1 T—1 < 1 ¢ % 2
SXEO X = L (X -X)'D X - %) = ;{X@m) — XY /rs). (3.13)
It follows from Lemma 1 that for any ¢ > 0, we may choose K > 0 such that
2
E| Y leoeX 0, =0+ > opX(—j k|| <e (3.14)

k>K J>K,or
J<K and |k|>K

For s = (u, v) with u > K and K <v < N, — K, let X(s) — X(s) = 11(s) + 172(s) + 73(s),
where

K

K K
M) = X(w, 0) = > @ouX(w, 0=k)=> " > euX(u—j,v—h),
k=1

=1 k=K

u—1 v—1

v—1
m(s) =Y (pox — oG IXw, 0=k +> Y (o — o)X —j,v—h),
=1 Jj=1 k=—(N,—v)

() = — > @iX(s—i)

icA

with
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A={0, k) : K<k=viU{(j,k): K<j=u, —(N, —v)< k<v}

U{(j,h):1<j<K, —(M—v)<k<-Kor K<k=v}.
By (3.14),

2
E{n3(u, v’} < E{Z lpiX (s — i)|} <e (3.15)

icA
On the other hand, it is easy to see from (3.10)—(3.12) that
E{']Z(S)z} = 02(‘Ps - ‘i’s)TZs(aO)(‘Ps —@5) = OzlmaxH(Ps - (I~’s||2 — 0, (3.16)

where A.x is the maximum eigenvalue of X4(0y). By Lemma 5 and (2.6), Ayax is uniformly
(in N) bounded from the above by a finite constant. Based on (2.4) and the fact that
{e(s)} ~ IID(0, 0?), we can show that for any fixed K,

1| M MoKl

¥ 2 > mwol = E{me)) (3.17)

u=K+1 v=K+1

Note that for any fixed K,

1 & N I~ . 2 N+ N,
5 2 AKGw =X =5 > Y (X v)— X, 0)} + 0(T>
m=1 u=K+1 v=K+1

holds almost surely. It follows from (3.15)—(3.17) and the Cauchy—Schwarz inequality that
LSy X)) > E 2
~ Z_jl{ (sm) = X(sm)}> = E{m(9)}’.

From (3.14),
E{71(5)}* — E{a(B)"'bB)X(9)}*| < ¢ +2[E{m(s)}*]".
Letting K — oo, we find that
E{n1(5)}> — E{a(B)"'b(B)X(s)}* = E{a(B)”'b(B)by(B) ' ag(B)e(s)} = var{e(s)}.
The required result now follows from (3.13) and (3.9). (Il
Lemma 4. Let 0 € © and 0, — 0 € © as k — oco. Let ¢ > 0 be any constant (independent
of N). Then there exists M(¢) > 0 such that for all N =1 and k > M(e),
X"EZ0)'x — x"X(0;) x| <, x € RY and |x|| = 1.
Proof. Let g(m, ) be the the spectral density function defined in (2.10). Condition (C1)

ensures that g(m, -) is continuous and bounded away from both 0 and co on ®. Hence for
any ¢ >0,

sup |g(w5 0) - g((l), 0k)| <

oe[—m,m)?
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for all sufficiently large k. Note that

yU ) = J UK o001y, B)daoydas.
[—m,m)?

Hence
NN
XEO)y = > > xpyuwy(j— u k—v)
Jou=1 k=1
l
_ (CI) 0) xkel(/w|+kw2)y e —i(uw+vw;) dwldwz,

J[—n,n)2 ,;1 k;l

where
X = (X1, X12, X1, N2, %21, ..., xN1, N2)' and y = (y11, yi2, y1, N2, 21, - YN1, No)'.

Under the additional condition ||x|] = ||y|| = 1, we now have that

X" {Z(0) — Z(0,)}y|

] 2
= U {g(w 0) — g(w, 0;)} Z Z X kel(jw1+sz)y e*l(uw1+liw2)dwl dw,
[—m7)

Ju=1 k=1
6/
g? i da)ldwz
[~ )

’ N N
— % J (2 Zz X+ Zl ZZ yuv> dw, dw, = 4r%¢’.
[—mm)? \ 7

Lemma 5 below and condition (Cl) ensure that for all @ € ® and N, the minimum
eigenvalue of X(0) is bounded from below by a constant K~! > 0, where K is independent
of @ and N. Hence

X{EO)" — X0 }x| = [x"E(0) {Z(0) — T(0:)}E(0:) x|

N; N,

Z Z X el(]o)1+kw2)

N; N>

Z Z Vuve ﬂ(uwﬁruwz)

< 4% {|x"2(0) x| [x"Z(0,) x|}/? < 4nPe' K.
Now the lemma holds by putting ¢’ = ¢/(4n°K?). O

Lemma 5. Let {Y(s)} be a weakly stationary spatial process with spectral density g(®). Let
N, be a positive integer. For s = (u, ) with u =1 and 1 < v < N,, define

YSZ{Y(U,U—l), Y(u,U—Z),...,Y(u, 1)9 Y(M—I,Nz), Y(u_laNZ_l)n

L Y(u—1,1), Y(u—2, Na), ..., Y(1, D}, (3.18)
and X = var(Y;). Then for any eigenvalue 4 of X,
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. A
inf g@)<-—5=< sup go). (3.19)
we[—m,m)? 47 oc[—m,m)>
Proof. Let
X = (X015 X025+« X0w—1» X1.—(No—)s XLo—(Na—0)+ 1>+« > X1.o—1s X2 (Ny—t)> « -+ » Xu—lr—1)
be an eigenvector of X¢ corresponding to the eigenvalue A and ||x|| = 1. Let m = inf,, g(®)

and M = supy, g(w). Since

cov{Y(u+j, v+ k), Y(u, v)} = J V) (@, w))dw) dw,,
[—m,m)?

we have that

2

A= XTESX = J Z kaelsz + Z Z x~kei(j“"+k‘”2) g(w], wg)dwl da)z
[-mm)? J=1 k==(No—
S [m, M] X J Z kae‘kw2 + Z Z X‘kel(]wl+kw2) da)1 da)2
[~ J=1 k=—(N>—

= [m, M] X 4x° <Zx0k—|—z Z xﬁk) = [4n?m, 47> M].

J=1 k==(N,—
O
Remark 2. (i) Expression (3.19) still holds if we replace (4, g) by ()L, g), where g and ¥, are
derivatives of g and Xy with respect to a parameter, and 4 is an eigenvalue of X.

(i) For an ARMA process, condition (2.6) implies supy,g(®) < oo and supg, (@) < oo,
and condition (2.9) implies that inf,g(®) > 0.

4. Asymptotic normality

To state the asymptotic normality of the estimator 0 obtained from maximizing (2.20), we
let {W(s)} be a spatial white noise process with mean 0 and variance 1. Define

b(B)&(s) = W(s) and a(B)n(s) = W(s). 4.1)
Let g = {E(ijl)s §(7j2)> R g(ijp)s 77(*i1), n(iiZ)s cee W(*iq)}T, and put
W(0) = {var(&)} . 4.2)

Theorem 2. Lelt) {e(s)} ~1ID(0, 0?) and conditions (C1) and (C2) hold. Then
N'2(0 — 60y) = N{0, W(8)}.
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Remark 3. In the context of estimating the coefficients of ARMA models, the modified
Whittle estimator proposed by Guyon (1982) shares the same asymptotic distribution as the
modified GMLE 6, which may be seen via an agrument similar to that in Brockwell and
Davis (1991, pp. 386—387).

In the remainder of this section, we assume that the condition of Theorem 2 holds.
Further, we only consider the case of condition (C2)(i) in the derivation below. The two
other cases can be dealt with in a similar manner. We introduce some notation first. For
s¢c Sy ={w,v): 1<usN,1<v< N}, let X(s)= Z(s)=0. For s € Sy, n,, let
X(s) = X(s), and

Z(s) = Z(s, 0) = X(s) = Y biX(s —i)— > aiZ(s — i) (4.3)

i€z, i€Z,
. P . q
=X(s) = > by X(s—j)— D ai, Z(s — i)
=1 m=1

Let YV ={X(t),..., X(ty)}"T and Z={Z(t;, O), ..., Z(ty+, 6)}". We write, for
Il=slspandl=m=gy,

0Z(s)
ob;,

0Z(s)
Oa;

1 m

Ui(s) = Uy(s, 0) = — and  V,,(s) = Vu(s, 0) = — . (4.4)

It is easy to see from (4.3) that
Uis) = aB) ' X(s —j) and V,(s) = a(B)"' Z(s —in) = a(B) *bBMX(s —in). (4.5)

Let X, and U; be N* X p matrices with, respectively, X(t; —j,) and U,(t;, 6y) as the
(I, m)th element, and let X', and U, be N* X g matrices with, respectively, X(t; —1i,) and
Viu(t;, @) as the ([, m)th element. Write X = (X, X3) and U = U, U,). Let
R = diag{r(t;, @), ..., r(ty«, 0))}T, where r(-) was defined in (3.7).

} Lo,
0=0

Proof. Let {Y(s)} be the same process as defined in the proof of Lemma 3. Write, for
s=(u,v)€T”,

Vs = y5(0) = {7(0, 1), (0, 2), ..., (0, v = 1), ¥(1, =(N2 — v)), y(1, =(N2 = v) + 1),
.oy(Lbo—=1), 2, —=(N; —0)), ..., y(u—1,0v— 1)}T.
For ¢4 defined as in (3.5) (see also (3.4)), it follows from (3.6) that
o = X7, (4.6)

Lemma 6. For X(s) as defined in (2.14) and k=1, ..., p+q,

pflo & - {X(t) = X(t,)} Or(t)
12)]| 9
N {‘aek;logr(tm) - n;

r(tm)z 8Gk
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where X = var(Y;) and Y; is defined as in (3.18). It follows from (3.8) that

o0

1= (0, 0) Zmomo D=3 3 e b @.7)

j=1 k=—o0

u—1

= (0, 0) - Z(POW(O SEDYS Z @ uy(J, k) = &5(0, 0),

=1 k=—(N>—
and for (I, m) e Bys={0, m): l=m<v}U{(,m:1<]<u —(N, —v) < m<v},

y(l, m) = Zmy(z m—k>+2 Z @yl —j, m—k) 4.8)

j=1 k=—o0

= Z Poxy(l, m— k) + Z Z w,kyu — Jo m— k) + &(1, m),

J=1 k==(Ny—

where (I, m) = ZieAsqoiy(l—j, m— k) and A is given in (3.2). By (3.7) and (4.7),
(s) = Y1 (@s — @s) + 1 + (0, 0), where @, is given in (3.3). Thus

dr(s) 53/5 T (@5 — @5) +8Cs(0, 0)
00, 00y 90,

( Ps — ¢5) + g (4.9)

Write

& = &s(0) = {Gs(0, 1), £4(0, 2), ..., &0, v — 1), E(1, =(N2 —v)), &(1, —=(N2 —v) + 1),

LG o—1), &2, —(Ny —v)), ..., E(u—1,v— D}".

Then (4.8) implies that @ = X~ (ys — &). Together with (4.6), we have
A@ps — @s) IRY) Y 1 OCs

=-X Yol —X . .
00y S 00 ° X 00y .10)
From (4.9) and (4.6), we find that
ar(s) N 8ysT T 825 az ,1 aé‘s aCs(O: 0)
90, = {aek + @ 90, (s — @s) — &s + + 90,
Now by the Cauchy—Schwarz inequality,
or(s) 0Ys . 8§s 0E4(0, 0)
R {‘ oo ||+ Culesl s = sl + Callesl el + + =5
(4.11)

where Cy, C; € (0, o) are constants. The existence of C, and C; is guaranteed by Lemma 5
and Remark 2. Note that
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&L, m* < (Z w%> {Zy(l — o m— k)z}.

icAg icAg
Since y(-) decays at an exponential rate (Remark 1(v)), it may be shown that
Z(l,m)eBs,ieAsyu — j, m — k)* < co. Hence, for some constant a € (0, 1),
IEIPP < C3 ) 9f < Ca(a" + a” + a™™). (4.12)
i€ Ay
Note Remark 1(vi). We also have that

0
90,

Cs(a" + a’ + a™™?). (4.13)

By (3.12) and (4.11), we have that

‘Br(s ”)‘ CO){c(0)" + x(0) + a(0)),

where C(-) € (0, co) and a(-) € (0, 1) are continuous. By Lemma 1, there exists a subset
of the sample space 4 with P(4) > 1—¢ and ||@ — 0] <c on A for all sufficiently large
N. Therefore there exist constants C; €(0,00) and «a; €(0,1) for which
|0r(s, 0)/00k|y_g < Ci(af + af + a{vz_") on 4. Since r(s) =1 for all @ € ®, we have on
the set A4 that

Nr—my
O Sy @

u=n; U=ny

1
N1/2

=

§ &
— log r(t,,)
90, 2~ -

Nl/z(N2a1 + Niaf® + N* ™),

which converges to 0 under condition (C2). Thus

N-1/2

0 NZ* log r(t,,) %o
an m - .
00y, “— 0-6
On the other hand,

N~'?E ( ~1(A)>
0=0

Ny S, 2

{X(tn) — X(t,)}? Or(t,)
Z t(tm)z 80/{

t(u, v)?

u=n

Ni N,

< CN'/2 Z Z(ai‘ +a¥ +al’) — 0.

u=ny v=ny
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Thus the required result holds. O

Lemma?7. For k=1,..., p+g¢q

o (| X () — X () + Z(t) H{X(t) + Z(t)}
1/2
N mz:]{ ’ r(tm) Ok ’

+’ X(ty) — X(t,) — Z(t,) O{X(t,) — Z(t,)}

P
) 0 Yoo = 0

Proof. We only prove that

N*
N71/2 Z
m=1

since the other half may be proved in a similar and simpler manner.
It follows from (4.3) that for s = (u, v) € 7%,

X(t,) — X(t,) + Z(t,) 0{X(t,) + Z(t,)}
r(tm) Gk

P
— 0,

0=0

Z(s) = a(B) ' b(B) X (s)

u—1 v—1

v—1
=X =D euXwv—b-=> > oaXu—j.v—k =X - X
k=1 Jj=1 k=—(N,—v)

where ¢y is given in (3.3) and X is defined in the same way as Y, in (3.18). Since
X(S) = CP;FXSa

. (8{fr<s) + Z(s)}) e =)
00y

2

AN @s — @) Qs — @)
96, = o, S| o6

Note that for any symmetric matrices A, Ay,
XTA1A2A1X = /,{max(lAZ)”lAlXH2 = lmax(AZ){lmax(Al)}z||x||23

where Am.c(A) denotes the maximal eigenvalue of A. It follows from (4.10) that the right-
hand side of the above expression is not greater than

s
90y

C(Iprs = @sl? + [1&I* +

) < Ci(a" + a’ + a™Y);

see (3.12), (4.12) and (4.13). By the same argument as in the proof of Lemma 6, we may
show that

2

E<8{X(S) + Z(S)} ~[(A)> < C(Olu + av + aszlJ)’
0

00y

0=

where A is an event with probability close to 1. Now by the Cauchy—Schwarz inequality,
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2

m=1 r(tm) 0/( azé
& O(X(t) + 2t} 1"
< N1/2 Z lE{X(tm) — X(t,) + Z(tm)}2E< = 7 =z I(A)) 1
m=1 k 0=0
- - - u v Nr—vN1/2
\CZZ Z(a +a’+a )/ —0.
Thus the required limit holds. U]

Lemma8. N 'U™R-'U L o>W(h,)".
Proof. Within this proof, all U(s), V,(s), Z(s) and r(s) are defined at @ =6,. Let

a)2) ' =1-3,.diz, and by(z)/ap(z)> =1 — > ;4ciz’. Then the coefficients d; and
cjr decay at an exponential rate (see (2.7)). It follows from (4.5) that

Ul(s) = aoB) ' X(s —j) + Y diX(s—ji—i) (4.15)

iEAsfjl

= boB) e(s —j)+ D> diX(s—ji—i) = Uils) + ui(s),

ieAs,j,

Vm(s) = aO(B)bO(B)X(S - im) + Z CiX(s - im - i) (416)

ie‘As—im

= ayB) 'e(s — i)+ Y aX(s —in—1) = Vuls) + 0ns),

iE.Asfim

where Ay is defined in (3.2). By an argument similar to that used for (3.12) we may show that
for s _jl = (lua V) and s — im = (Cn ﬁ))

E{ui(s)’} < C(a* + a’ + a™™), E{vi(s)*} < C(a* + o + a™>7P),
E|Ui(s)ui(s)| = [E{Ti(s)}E{ui(s)}]'/?
< C{a" + " + a™ "} < C{a"? + o' + aN2)
and
E|Vn($)on(s)| < [E{Vn(s)" }E{onm(s)’}]"

< C{aC + aﬁ 4 aNz—ﬁ}l/z < C{aé/z + aﬂ/z + a(Nz—ﬁ)/z},
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where a € (0, 1) is a constant. Consequently the (/, m)th element of Z/llTR‘lul/ N may be
expressed as

N* N*
52 Ut Uttt = - S Uit)Unta)/r(ta) + R, (4.17)
d=1 d=1

where E(Ry?) < ¢ for all sufficiently large N, and € > 0 is any given constant (see (4.14)).
Let bo(Z) =1+ Zi>0hizi, ty = (ad, ,Bd) and j[ = (u;, U]). Then

Ui(ty) = e(atg — uy, Ba — v)) + Z Z hjxe(aq —u; — j, fa —vi — k) (4.18)

Jj=0 k=—00

ni np
=e(og —up, fa—v1)+ Z Z hje(aqg —up — j, Ba — v1 — k) + ;(ty)

J=0 k=—m

= U(s) + (),

say. In the above expressions, we assume that sgp = 1 and Ay _; = 0 for all £ > 0. Similar to
(4.17), we may choose n; sufficiently large such that

N*
%Z 0160 Un(ta)/ rits) = Z Ut Ut/ rita) + R (4.19)

with E(R})? < ¢ for any given ¢ > 0. Now since {(s)} are IID, we have that

1 & -
5 2 VTt U )
d=1

1 . .
Z Z hj i, jzkzNZg(ad_ul_]laﬂd_ul_ul)g(ad_um_]Zaﬁd_Um_UZ)

J1.J2=0 ki, ka=—m

ni ni
a.s. 2
Y E : E : i Pyt j01—0 4 s

J=0 k=—m

which converges to 02 cov(§j,, &;,) as n; — co. Now combining this with (4.17), (4.19) and
the fact that r(s) — 1, we have

1 P

5 ; Uta)Un(ta)/r(ta) = 0% cov(&, &,)-
Similar results hold for other elements in /TR ~'//N. Thus the lemma holds. ]
Lemma 9. N-'2UT"R"2 2 N0, 0*W(0)").

Proof. Within this proof, all U,(s), V,,(s), Z(s) and r(s) are defined at @ = 6. It follows from
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(4.3) and (2.8) that Z(s) = &(s) + z(s), where z(s) = ZieAs(piX(s —1i) and A, is defined in
(3.2). For k=1,..., N*, let

Ui = {U1(tr), ..., Up(ty), Vi(tp), ..., V(t)},

we = {ur(te), .oy up(te), Ui(te), ..., U (L)},

where U,, I7m, u; and v, are defined in (4.15) and (4.16). Now

1 & 1
m /zum 2= /ZZ(Uk +up E (‘:;(tk) - Z Uge(t)/r(tx) + 0,5(1).

The last equality may be justified using the same argument as in the proof of Lemma 8.
Define F to be the 0 — algebra generated by {e(s) :s <t} for k=1,..., N* 1,
and Fy+ generated by {&(s) : s < ty=}. Then F;_; C Fy, Ure(ty) is Fjr-measurable, and

E{Uke(t)| F -1} = UeE{e(t)} = 0.

Therefore {Ue(t;)} are martingale differences with respect to {F}. Note that r(s) = 1. For
any ¢ >0 and & € RP*9,
Fr }

1 N* aTka(tk) 2 ; y
N kz::l E{ <W) I{|a Uk€(tk)/r(tk)| >N 6}
X {1(ja"Uy| > log N) + I(je" Us| < log N)}|F 1]

N*
N > E{a"Use(t) Y I{|a" Uge(ty)] > N'/e}
k=1

o2 N* N*
<= Z (@ U (a"Uy| > log N) + ~ D@ U Ele(t)* I{le(t)] > N'c/log N1].
k=1

The first sum on the right-hand side of the above expression is, for all sufficiently large N,
smaller than

o2 N*
— Z (@" U’ I[(la"Uy| > K)

which converges in probability, via an argument as in the proof of Lemma 8§, to an arbitrarily
small constant (by choosing K large enough but fixed). Therefore it converges to 0. In the
same vein, the second sum also converges to 0 in probability. Note that

| a'Uge(ty) 2 M T 5 P . » »
N ;(W) Y ;{(l Uie(ty)}™ — E{a Uie(t)}” = o'a W(0) «.

It follows from Theorem 4 of Shiryayev (1984: 511) that
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L i a"Uge(to)/r(t) = N(O, 0*a™W(0y) ‘@),  for any @ € R”*.
\/ﬁ k:l b b

This leads to the required central limit theorem. O

Proof of Theorem 2. 1t follows from (2.20) that

X(t) — X(t)}?

M(0) = —202log L(B, 0%) = N*02log o> + o Z log r(t,)+Z )
J

j=1

N* N
= N*ologo® + 02 ) logr(t)) + Z (t/)2 Z {x() - Xr((tsj?)}2 - Z(tj)z’
Jj=1 = J

where Z(-) is defined in (4.4). Note that @ is the solution of the equation M (6) /06y_g = 0.
For 1 < k < p, the equality OM(0)/0b;,|,_4 = 0 leads to

Z(tma 0)Uk(tlm 0)
0= 4.20
; r(tm, 0) (320

- -y 1 Uk(tnn 00) T,A
=N X)) =D by Xt — i) = > @i, Z(ty — i, 00) p ———= (0 — ) + Oy,
m=1 /=1 /=1 r(tms 00)

g M X(tm) - X(tm)}z ar(tm)
O = (7 Z log r(t) =3 Zl F(t)? by,

]k

Z{X(tm) X(tm) + Z(tm) a{A)((tm) + Z(tm)}
2 r(t,) obj,

LX) — X(ty) — Z(t,) O{X(t,) — Z(tm>}}
r(ty,) @bjk 0 é,

U(tm, 6o) U(ty) )
e = mZ rﬁtm, 00()) Z ai 0 U(ty — iy, 00)+mz Z(tm: ) 5g ( r’(‘tm) )0_00+0p(N||0—00||),

4.21)

where a;, o denotes the true value of a;,, and U(s) = {Uj(s), ..., Up(s), Vi(s), ..., Vy(9)}".
Similarly, the equation M (0)/0a;,|,_s leads to
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u 2, RN . Vit 00)
0= S X(tw) = Y by X(tw —jo) =Y @i, Z(ty — g, Op) p — 2=
m=1 (=1 =1 r(tmy 00)
+ 0, 10— 00) + 0 ik, 4.22)
where
_ 1 {X () — X(t)}? Or(tn)
Optk = < m) ; (t)2 das,

1 NZ X(t,) = X(t,) + Z(t,) O{X(t,) + Z(t,)}
P r(tm) aaik

>

0=0

L () = X(tn) — Z(t,) O{X(t,) — Z(tm)}}
r(tm) aaik

Ui(ty, 0p) .
e mz ey 2 bt i 6

Vit R
+Z Z(ty, 00)— ( 4 )> +0,(N||0 — 6])). (4.23)
90\ r(tn) ) g,
Now it follows from (4.20) and (4.21) that
UR'XO=U"R'Y+ATO - 0)+ 6, (4.24)

where & = (01, ..., 0,:4)" and A is a (p + q) X (p + q) matrix with 7 as its kth column.
Note that Y — X6, = Z and

L{:X—Xq:aiho

=1 U(tN* — 1y, 00)T

U(t; — iy, 6p)"

By (4.24), (4.20) and (4.22), we have
UR™'UB — 0)) =UR'Z + AT(0 — ) + 6,

where A is a (p + ¢g) X (p + ¢g) matrix with the sum of the last two terms on the right-hand
side of (4.21) as its kth column for k =1, ..., p, and the sum of the last two terms on the
right-hand side of (4.23) as its (p + k)th column for £k =1, ..., gq. Hence

N2 — 0y) = {UR"'U/N — AT/N} ' NTV2UR 2 - §)
= {URTU/NY'NTVPURT Z + 0, (1).
The last equality follows from the fact that N~!/28 L0 and Ay/N L. 0. The former is
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guaranteed by Lemmas 6 and 7, and the latter follows from Theorem 1 and an argument
similar to that in the proof of Lemma 8. Now the theorem immediately follows from Lemmas
8 and 9. 0

5. Final remarks

5.1. Edge effect correction

So far the asymptotic normality of the estimators for stationary spatial processes has been
established via different edge-effect corrections; see Guyon (1982), Dahlhaus and Kiinsch
(1987) and also Theorem 2 above. Whether such a correction is essential for the asymptotic
normality of the GMLE remains as an open problem, although we think that the answer
should be negative. However, it seems to us that an edge-effect correction would be
necessary to ensure that the GMLE has the simple asymptotic distribution stated in
Theorem 2, which is distribution-free.

For Gaussian processes, Guyon (1982: 101) showed that his estimator is asymptotically
efficient in a certain sense. Note that in the context of estimating coefficients of a spatial
Gaussian ARMA process, Guyon’s estimator, Dahlhaus and Kiinsch’s estimator and our
modified GMLE share the same asymptotic distribution as stated in Theorem 2. However,
as far as we can see, Guyon’s efficiency does not imply that these estimators will share the
same asymptotic distribution with the genuine (Gaussian) MLE. This requires, in addition to
what has been proved in Guyon (1982), the necessary condition
0=0, Lo,

(N1 Ny)~1/? %{1(0) - I(0)}

where /(-) denotes the log Gaussian likelihood function and /*(-) denotes the approximation
from which the estimator is derived. From the derivation in Section 4, the above limit seems
unlikely to hold for, at least, our edge-effect-corrected likelihood. (Note that the Whittle
likelihood for spatial processes automatically suppresses the inhomogeneity at the boundary
points up to a non-negligible order.) It will be interesting to see the form of the asymptotic
distribution of the MLE without any edge-effect correction, which, to our knowledge, is
unknown at present.

5.2. Spatio-temporal ARMA models

A serious drawback of spatial ARMA models is the artefact due to the enforced unilateral
order, which rules out some simple and practical models from the class (see, for example,
Besag 1974). In fact, the half-plane ordering is only appropriate for a few applications such
as line-by-line image scanning. Such a drawback may disappear naturally in the context of
spatio-temporal modelling. To this end, let X,(s) denote the variable at time ¢ and location
s. Now the index (¢, s) is three-dimensional. Under Whittle’s half-plane unilateral order, the
model
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q
X)) =YY buXi (s —D+eds)+ > Y ane s —i)

P
(=1 ieZ, (=1 ieJ,

is legitimate for any subsets Z, and .7, of Z2, since X ,(s) depends only on its ‘lagged’ values,
£,(s) and the ‘lagged’ values of &,(s). By letting Z, and 7, contain, for example, (0, 0) and
its four nearest neighbours, the model is of practical use and can be employed to model real
data over space and time. This is in marked contrast to the spatial models (2.1) in which 7,
and Z, must be subsets of {s > 0}. The asymptotic theory developed in this paper may be
readily extended to deal with the above model.
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