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We consider a multidimensional diffusion process X whose drift and diffusion coefficients depend
respectively on a parameter 4 and 6. This process is observed at n+ 1 equally spaced times
0, Ay, 2A,, ..., nA,, and T, = nA, denotes the length of the °‘observation window’. We are
interested in estimating 4 and/or 6. Under suitable smoothness and identifiability conditions, we
exhibit estimators 1, and 6,, such that the variables Vn 6, — 6) and T, (/1 — 1) are tight for
A, — 0 and T, — oco. When A is known, we can even drop the assumption that T, — oo. These
results hold without any kind of ergodicity or even recurrence assumption on the diffusion process.
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1. Introduction

In this paper we consider a d-dimensional diffusion process X whose drift (diffusion)
coefficient depends on a (possibly multidimensional) unknown parameter A (6). That is, it
solves the equation

dX, = a(A, X)dt + 00, X)dW,,  Xo = x. (1.1)

This process is observed at n regularly spaced times 0, A,, 2A,, ..., nA,, and T, = nA,
denotes the length of the ‘observation window’. There are some smoothness and boundedness
assumptions on the coefficients @ and o, but neither ergodicity nor even recurrence is
assumed. Our aims are as follows:

1. If 2 is known, to construct estimators for 6 converging at rate /n as n — oo
(meaning that the sequence +/n(6, —0) is tight, or bounded in probability), for
A, — 0, and regardless of the behaviour of 7.

2. If A is unknown, to construct estimators for @ converging at /z, and simultaneously
estimators for A converging at rate \/7,, for A, — 0 and T, — oo.

When 4 is known and 7, does not depend on n (that is, we observe the diffusion at
times iT/n for i =0, ..., n on a fixed interval [0, 7)), this is a rather old result: see, for
example, Dohnal (1987) or Genon-Catalot and Jacod (1993). When 7, — oo and when the
diffusion is ergodic under the true value of the parameters, this is also a known result —
see, for example, Yoshida (1992), Kessler (1997), Kessler and Serensen (1999), Ait-Sahalia
(2002), Prakasa Rao (1999a, 1999b) and Kutoyants (2004) — and indeed in this case one
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does not need A, to go to 0. On the other hand, in the non-ergodic situations and when
T, — oo, there are so far very few results and most are in very specific cases: sce Basawa
and Scott (1983), and Prakasa Rao (1999a, 1999b) for a review of known results.

This paper is thus the first to provide estimators which work, at the above-prescribed rate
or better, and without assuming ergodicity or recurrence. The estimators are explicit,
although they are based upon moments of the diffusion which are usually not ‘explicitly’
known as functions of the parameters; in principle, it is always possible to use some sort of
Monte Carlo (see Pedersen 1995) or other technique to approximate these moments.

Let us end this introductory section with some comments about the nature and the
limitations of the forthcoming results.

1. When the diffusion is ergodic, the variables \/ﬁ(én —6) and \/T_n(j.,, — ) converge to
centred non-vanishing Gaussian vectors, and in particular the rates are ‘efficient’.
When the diffusion is non-ergodic, we do not know whether these variables converge
in law, and if they do the limit could be 0, which means that the rate are actually
‘larger’ than /n or \/T,.

2. For A the rate /T, is not generally efficient: take for example an Ornstein—Uhlenbeck
process, for which there are estimators for the drift converging at rate 7', in the null
recurrent case and exponential in 7', in the transient case.

3. However, it is quite likely (but remains to be proved) that the rate /n for 6 is
efficient, and even that \/n(6, — 6) converges in law to some non-degenerate random
vector, in the non-ergodic case as well. This is what happens, for example, for the
diffusion coefficient of an Ornstein—Uhlenbeck process, regardless of the ergodicity or
non-ergodicity.

4. Of course, we also need some identifiability assumptions for the parameters. These
identifiability assumptions seem to be weak enough when the coefficients are bounded.
Otherwise those assumptions are quite strong, and for example rule out the Ornstein—
Uhlenbeck model. So for unbounded coefficients the results are far from satisfactory:
some more precise comments about this question are made after the statement of the
results.

The paper is organized as follows. In Section 2 we construct the estimators and state our
results. Section 3 is devoted to a number of technical preliminaries, and the proofs of the
results are in Section 4.

2. The results

Let us first give a precise statement of the setting and assumptions. In (1.1), W is an m-
dimensional standard Wiener process, and the coefficients ¢ and o have the relevant
dimensions (d for a, and dm for o). The initial value xo € R? is known. As for the
parameters, we have three cases:

1. The parameter A is known, while the parameter 0 is unknown and belongs to some
compact convex domain © of R?; we then write a(x) instead of a(4, x).
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2. The parameter 6 is known, while the parameter A4 is unknown and belongs to some
compact convex domain A of R”; we then write o(x) instead of o (0, x).

3. Both parameters 4 and 0 are unknown and belong to compact convex domains A and
© of R” and RY, respectively.

We systematically use vector or matrix notation. If f is an R"-valued function on
A X O XR? we denote by ViVéVf f the n X ir X jq X kd-dimensional array of partial
derivatives of order i, j and k of the components of f with respect to the components of 4,
0 and x, respectively; the partial derivative of f* with respect to the kth component of A4 is
denoted by 9;, f, and similarly for the other variables. In case 1 (2) derivatives with respect
to 1 (0) are irrelevant, and subsequently we arbitrarily set them to 0. We also denote by
lv|| the Euclidian norm of y in whichever space it lies. The transpose of a vector or matrix
y is »*, and we define the diffusion coefficient to be ¢ = oo ™.

In the following, if we are in case 1 (2) the derivatives with respect to A (0) are
irrelevant. We state our smoothness assumption in case 3 only, the adaptation to cases 1 and
2 being straightforward.

Assumption (H) Smoothness. The function a (o) is three times differentiable in A (0). The
Sunctions Via and Vo, for j =0, 1,2, 3, are three times differentiable in x. Further:

(a) the functions VﬁVfa and VéVfo, for j=0,1,2,3and k=1, 2, 3, are bounded by a
constant,

(b) we have
J=0,1,2,3= |V]a@, x)| < Ax), [V)o (6, x)| < A(x) .1

for some C* function A : R? — [1, 00), whose derivatives of any order n = 1 are bounded,
and such that A(x) < C(1 + ||x|)).

Therefore the coefficients and their derivatives with respect to the parameters are of
linear growth, uniformly in A and 6 (remember that A and ©® are compact). Note that (2.1)
is always satisfied with A(x) = /1 + ||x||?, and a particularly important case is when one
may take A(x) =1 for all x (we refer to this as the ‘bounded’ case).

Assumption (H) yields the result that (1.1) admits a unique strong solution, which we
denote by X for the ‘true values’ of the parameters which themselves are denoted by A and
6. Other values of the parameters are denoted by u and v, respectively. We wish to estimate
A and/or 6, upon observing the values Xz, for i =1, ..., n at stage n, for some time-lag
A, which goes to 0 as n— oo. For this, we additionally need some identifiability
assumptions. For each parameter we have two such assumptions: a ‘global’ one which
ensures that asymptotically efficient estimators do exist (which amounts to slightly more
than just saying that for distinct values of the parameters the processes have different laws);
and a ‘local’ one which says that the model is not ‘flat’ at the true value of the parameter
and thus accounts for the rate of convergence of sequences of estimators. Both these
conditions are stated in terms of A and 6 and of the ‘true’ process X.
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Assumption (I1-1) Global identifiability for A. We have, for all € > 0,

( 1 JT" la(u, Xs) — a(i, X)|?

inf —
wlu=Al>e Tn Jo A(X)*

ds < 77) =0. 2.2)

lim lim sup P
n—0 n

Assumption (I1-0) Global identifiability for 6. We have, for all € > 0,

limlimsupP( inf JT” o, X,) — <(6, X,)|”
oo P oo T, 0 A(X)°

ds < 77) =0. (2.3)

Let @’ and c¢? denote the components of @ and c, and consider V;a’ and Vgc? as column
vectors, so that, for example, Vgc(0, x)*y = (Voc¥(6, x)* Wi=ij=a 18 a d X d matrix if
y e RY.

Assumption (12-1) Local identifiability for 1. We have

( inf LJT [Vid'(A, Xo)* ylI?
veRr:fivl=1 Tp Jo A(X,)*

lim lim sup P
e—0 n

ds = 8) =0. 2.4
Assumption (12-6) Local identifiability for 6. We have

1 (T |[Veci(0, X))yl
limlimsup[P’< inf _J oc”(0, 6) bl
&0 yeRe|lyl=1 Ty ) A(Xy)

ds = e) =0. (2.5)

We can now construct our estimators. Note first that, at stage n, we observe X;x, for

i=0,1,..., n or, equivalently, the increments or the ‘normalized’ increments:
'n Xn
%lfl :X‘A" _X(‘fl)A,,a X = L . (26)
b ’ VA,

Next, we denote by X*"* the solution to (1.1) when the starting point is x and the parameter
values are u and v, and we set

Pl v, x) = ECXS™ =0, diu, 0,0 = E((XG = 0™ —0*), @)

which are (in principle) known functions of (u, v, x). Note that ¢, is an R?-valued function,
while ¢, takes its values in the set of d X d symmetric non-negative matrices.

The estimators will be minimizers of suitable contrast functions, and for the sake of
clarity we single out the three cases.

In case 1 (when A is known), we set

n

1 *

Un0) =Y ———— |afa"™ — ¢n(d, v, X 2, 2.8

W0 = e Wi = @ o Xaon) 28)
i=1 n

As we shall see later, v — U,(v) is continuous, so it has a minimum on the compact set ©,

and due to the measurable selection theorem we can find a measurable (with respect to the

observed o-field at stage n) variable 8, satisfying
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Un(6,) = inf U, (v). (2.9)

Theorem 2.1. Assume that we are in case 1 and that Assumptions (H), (I1-0) and (12-0)
hold. Then if 0 is in the interior ofG), and if A, — 0, the estimators 0, are \/n-consistent, in
the sense that the sequence \/n(0, — 0) is tight.

In case 2 (when 6 is known), we set

n

1 n
U = D Gyt Pt O Xaoa ) (90 0. Xmin) = 27) - @210)

=1
and, as above, /Aln denotes a measurable variable such that
U,(X,) = inf U,(u). (2.11)
ue

Theorem 2.2. Assume that we are in case 2 and that (H), (11-1) and (12-1) hold. Then if 1 is
in the interior of A, and if A, — 0 and T, — oo, the estimators A, are \/T,-consistent, in
the sense that the sequence /T, (A, — A) is tight.

Finally, in case 3 we set

" 1
Un(ua U) = Z 4)6 ¢n(u: v, X(i*l)A,,)*(qbn(uy v, X(i*l)An) - len)

— AX (-1,
- 1 * 2
+ D g ™ — uu, v, Xiia,) 2.12
; A ™ — P i-va,)l| (2.12)
and, as above, we denote by (i,,, é,,) a measurable variable such that
U,A,, 0,) = (u,uigx@U”(”’ D). (2.13)

Theorem 2.3. Assume that we are in case 3 and that (H), (I11-1), (I12-1), (11-0) and (12-6)
hold. Then if o and 6 are in the interiors of A and ©, and if A, — 0 and T, — oo, the
estimators A, and 0, are respectively /T ,-consistent and +/n-consistent.

Some comments on our assumptions are in order. First, (H) is a standard and probably
reasonable hypothesis. One might perhaps ask for a smaller order of differentiability, but we
do need some differentiability.

Things are different for the identifiability assumptions. To understand the strength of
these assumptions, let us consider an example concerned with linear dependence in the
parameters. Let us suppose that 4 and 6 are one-dimensional (i.e. » = ¢ = 1), and that the
coefficients ¢ and o have the form

a(l, x) = Aa(x), a(6, x) = Vo' (x). (2.14)

Then A in cases 2 and 3, and © in cases 1 and 3, are bounded closed intervals of R and R,
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respectively, and ¢(6, x) = Oy(x) where y = ¢'c'*. Assumption (H) reduces to the fact the
functions a and o' are three times differentiable, with all partial derivatives of order 1, 2, 3
being bounded. The ‘bounded case’ corresponds to the additional assumption that o and o’
(hence y as well) are themselves bounded.

The identifiability assumptions take a simple form here. Let us introduce the random
variables

X1
0 Mds. (2.15)

Z, =

1 JT” [lee(X )| i JT”
=7

d 7! =
o At T " T,

Then the two assumptions (I1-1) and (I2-1) on the one hand, and (I1-0) and (I2-0) on the
other hand, respectively reduce to the following two hypotheses:

Assumption (I3-1). The sequence (1/Z,) is tight.
Assumption (I3-0). The sequence (1/Z}) is tight.

In the ‘bounded case’ these are quite weak, because we can take A(x) = 1 identically.
They are satisfied for example when, respectively, inf,|a(x)|| > 0 and inf||y(x)|| > 0, and
also in many other situations.

In the unbounded case, things are quite different. Of course when 7, = T does not
depend on n, (I3-1) is irrelevant, and (I3-6) is automatically satisfied (unless the diffusion
coefficient is identically 0). But when 7, — oo, the process X typically spends more and
more time far away from the origin, and A(x)? behaves like ||x||? for large ||x||, so Z, and/
or Z, have a tendency to decrease as n increases. In the genuine linear growth case, ||a(x)]]
behaves more or less like |x| or 4(x), while ||y(x)|| behaves like |x|> or 4(x)?, so in fact in
(2.15) we have the wrong powers in the denominator: we would have more reasonable
conditions if A(X) appeared with the power 2 instead of 4 for Z, and 4 instead of 6 for
Z,. Note, however, that even these ‘more reasonable’ conditions are not fulfilled by the
Ornstein—Uhlenbeck process, which is a model linear in the two parameters if we write it
as dX, = AX.dt+VOdW,.

Of course, even in the unbounded case, the ergodicity of X implies the identifiability
assumptions (the ergodic theorem implies that both Z, and Z, converge to positive limits,
execpt in some trivial degenerate cases). But then the results are already well established in
the literature.

3. Preliminaries

We will present a unified proof for the three cases. For this, we set Kk = k'’ =1 in case 3,
k=1and k" =0 in case 2, and k =0 and k' = 1 in case 1. In all cases the contrast U,
can be written as
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n

K N
U,(u, v) = —— ¢ (u, v, X 2(u, v, X — 2y
(u, v) ;:1 AKX D uu (-1)a,) (@ ulu (-a,) = 2x7)

!

y i n,, nk , )
T2 Ay ik~ Palte U Xl 3.1
; AX -1, ) i ™ = dad a-na)ll

In case 1 (2) we take u = A (v = 6). Recall that 4 satisfies (2.1).

3.1. On the diffusion process

First, we need some (classical) results on (1.1): we refer the reader to Revuz and Yor
(1991). We start with the standard Wiener space (Q, F, (F,), P) endowed with the (m-
dimensional) canonical process W. To simplify the notation, we write w = (u, v) for a pair
of parameters, and 3 = (4, 0) for the true value (derivatives with respect to u and v are still
denoted V; and Vj). Recall that for any w = (1, v) € A X © and x € R? we denote by
X" the solution to the equation starting at x and with parameters u and v.

Let us introduce the following auxiliary functions (recall that A and ® are compact):

3 3
ax)=1+sup Yy |[Viaw, 0|,  yx)=1+swp) [Vio@ 0.  (3.2)
ueA k=0 ve® k=0

Observe that

XV —x—o, x)W, — a(u, x)t

= Jt (a(u, X2 — a(u, x))ds + Jt (o(v, X)) — o (v, x)) dW,.
0 0

Then by (H) and Gronwall’s lemma, we obtain for p = 1 and ¢ € (0, 1] and for a constant C,
which changes from line to line and may depend on p, but not on ¢, x, u or v:

[E(sup||X;V’x - x||f’> < C,AX)P P (3.3)

sS<t

E(|X} —x— o, x)W,||?) < C,A(x)"t?, (3.4)
IE(XY™ — x — a(u, x)t)|| < CA(x)£2. (3.5)

Next, by classical differentiation properties for stochastic differential equations (see, for
example, Protter 1990), (H) implies that w — X is differentiable in L?, with derivatives
V, X" and VypX™* being the unique solutions of the following linear equations (in
straightforward matrix notation):
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t t

(Via(u, X2*°) + Vea(u, X5V, X0 )ds + J V.o (v, X"V, X dws,

VX = J
0

0

t t
VoX " = J Viea(u, X" )Ve X ds + J (Voo (u, X)WV X2 + Vyo (v, X)dW,.
0 0

Then Gronwall’s lemma, (H) and (3.3) together yield, for ¢ € (0, 1]:
E([VAXP(|17) < CpAd@Pe?,  E([VoX]7) < Cpd(x)Pt?,
E(||[V2 X} — Via(u, 0)t||P) < CpA(x)P 37/, (3.6)
E(||[VoX™ — Voo (v, x)W,||P) < CpA(x)"t?, |E(VoX )| < CA(x)£/2.

In a similar way one can differentiate a second time, to obtain

t
VX = JO (Via(u, X27) + 2V;Vea(u, X )V, X0)ds

t
+ J (Via(u, X))V X7 + Vea(u, X))V X )ds
0
t
+ J (Vo (v, X" )V, X" 4 V.o (v, XHVIX ) AW,
0

t
V1V0X;V’x = J (Via(u, X;V’X)VAX;V’XVQXEV’X + V.a(u, X;V’X)V}LVQQX;V’X) ds
0
t ‘
+ J V. Vya(u, X" )V X ds + J ViO’(U, XV X0 Ve X AW
0 0

+ J (Vo Voo (0, XI5V, X0 + V.0 (0, XNV, V0X0) dI;,

t
0
t
VX J (Via(u, X2 (VXY + Vea(u, X)\VoX ) ds
0

t
n J (Vio(v, X2 Vo X ) + 2V, Voo (v, X2V X 1Y) dW,
0
t
+ J (Vo (v, X¥HVXE + Voo (v, X)) dWy.
0

We then deduce that
E(|V3X7(|7) < CpA(x)*Pe?, E(IV:VoX (7)< CpAx)*P 3712, a.7)
E([V3X}717) < CpAd@PPer?, [[E(VAX Y| < CAP P, '

We can even differentiate a third time: this gives similar formulae, from which one obtains
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E(IVEX1 1) < CpA)? e,
E([ViVoX (%) + E(IVaVEX7(|7) < CpA(o?P 2072, (3:8)
E([VaX7[17) < CpdyPer, (VX )| < CA) P2,

3.2. Estimates on moments

We now turn our attention to moment estimates, such as ¢, and ¢, in (2.7). It is easier to
consider normalized moments ®, = ¢,/\/A, and &, = ¢, /A,, whose components are
given by

1 . . . 1 ) . . .
A ECX™*" —x1), D3 (w, x) = A E((X™* = X)X —x7))

(here and below, X*' and x’ denote the ith component of X and x € R?). We also need a
subfamily of fourth-order moments, namely the matrix W,(w, x) whose entries are

<I);(w, X) =

W, ) = g EQ0 = Y0 o)),

n

First, (3.3) and (3.5) lead to
1©,(w, )| < CA@VA, [ @h(w, )| < CAQP,  [[W, 00, 0| < CA®*,  (3.9)
and (3.4) yields, after some calculation,
Wi (w, x) — (v, x)cl (v, x) — 2(c¥ (v, X))*| < CAX)* VA, (3.10)

Next, the results of the previous subsection show that ®,(w, x) and @, (w, x) are three
times differentiable in w, with (V,, V,» and V- denoting either V; or Vy):

1 w,xX
V. D@u(w, x) = A [E(VﬂXA’n ),
1 w,X
Vﬂvﬂ’q)n(wa x) = \/A_ [E(V;tvﬂ’XA: )7
1

V.V Vi ®,(w, x) =

\/A_n [E(V,u Vﬂ'v,u "XZ;X)a

V@ how, ) = = E((G = XV, X0+ (00 = )V, X000,

" 1 . . Wi Wx . Wi
ViV @ Jw, x) = 1= B = XYV, T, X0 + (03 = )V, 9, X3

W,X, [ W,X, ] W,X, [ W,X, ]
+ VXV X0 + Ve X7V, X0,
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VY,V ® i, x) = AL,, B — )V, 9,0V, X
+ (O = XV Vo Vi X 4 Vo X3V X0 4 Ve XV, V0 X
+ VXV Vo X0 4V, V0 X0V o X 0
+ ViV X Ve X0 4+ Ve XSV X,

Then (3.3), (3.6), (3.7) and (3.8) yield (suppressing in some cases the arguments w and
X):

Vi@, || < CAVA,, [Vo@,|| < CAA,,
IVi®ull < CALVA,  [[ViVe®u| + V5@, < CA?A,, .
IV;®@ull < CAVAL  [ViVe®u|l + [VaVe®@ull + [Va®i]| < CA°A,,
| D, (w, x) — a(u, x)v/A,|| + ||V/I{(D,,(w, x) — Via(u, x\)\V/A,|| < CAX)A,,
(IVo@s|| < CA?, IV, @, < CA*V/A,,
IV5®sll < CA%  |IViL] + [VaVo®@; || < CA* VA, 612
IVa®hll < C4%, Vi3l + [[ViVe®@s|l + [V2Vo@sl| < CA*VA,,

|®.(w, x) — c(©, x)|| + ||[Ve@,(w, x) — Vgc(v, x)|| < CAX)*VA,.

3.3. Contrast

Multiplying U,(u, v) = U,(w) by a positive number and adding to it another number, both
possibly depending on » and @ and on the true value 8 = (4, 6) of the parameter (but not
on w), does not change the estimators A, and 6,. So instead of (3.1) we can use the
following definition:

Un(w) =Y Ll(w),
=1
where (with the notation X} = X(;_1)a,; recall that x;n is given by (2.6))

d .
£i(w) = ?Xﬂ4§j(@LowA?x¢iunA?)—zm”6+—¢aﬁ,X?f)
i j=1

nA,AX )
K’ d i oink ; ‘
'nj_'nki o 1jk n\2 1 jk N IRE S ik na2
S ! DK (w, XY — 20K, X7y "y " 207K (B, X )
+nA(X,’~’)6jk:1 ((X, K ) @ (w, XT) w, X" (B, XT)

Observe that ¢} is three times differentiable, with
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n 2K - j n j n "n.j
Vb0 = a2 (Teh0n AD@ 0 XD = 1)
1 Jj=

I

n/ n,k
nA(X,,)éj; (Vs o, @ 0 X7 = 2" 51).

2K

VoV Liw) = ———— ST (VY@ (w, XI)D (w, XY — 5,
WVt w) HAHA(Xi)4;<M” (w, X))@ (w, X7) = 7,")

+ V@l (w, XV, I (w, XT))
2K

! jk n n "n,j nk
+nA(X”)4]kzl(VV D, XY@ O X = 2" )

V@ (w, X)WV, @ (w, XT)),

2K

ViV V&l (w) = WZ(V Voo V@ (w, XTI (w, XY — 7™

+ V@1 (w, XV oV, @] (w, X1+ Vo @ (w, X1V, V0@ (w, X7
+ V‘u"q){,(wa X?)VMV,M,(I){:!(W’ in))

2K 'n,j 'n,
ol Z(V VY@ o, XD@ o XD = 1"

l

VD (w, XYWV 0@ (w, XY+ V0@ (0, XYY,V 0@ (w, X7

+V/,CD (w XV, cI) (W X7)).

Then, combining (3.3), (3.9), (3.11) and (3.12) with the previous equalities, and recalling
that 4 = 1, we obtain for any j € N*, and if F} = Fi,:

C;
k=0,1,2,3 = E(|Vicrw)|/|FL ) <=L (Mz+1> (3.13)
k=1,2,3,1=0,..., k—3=E(|ViVEL'W|F" ) < CJ’ (3.14)
C A
el = S, EETeF =B G

Finally, we set
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K/

408 (v, x) — c(6, x)||*. (3.16)

F(w, x) = a(u, x) — a(, x)||* +

|
A(x)*
This function is three times differentiable, and we have

2k & ; ;
R FB. ) = gy 2 91,/ 002,8C 0,
3.17)

2K’ q . )
03,0, F (B, x) = == > 95,¢" (6, x)D9," (0, x).
i,l=1

C(x) 4=
Therefore (3.10, (3.11) and (3.12) yield

c@, (3.18)

E(GIFLL) — Fow, XD

2 A,
E(VE/(BIFIL) - ViF(B, X)) < C*/n_(m A)s (3.19)

< YA (3.20)
n

2 !
E(VEEHBIF L) == ViF(B. X))

[

IE(VaVel/ (BIFL)II < € (3:21)

n

3.4. Riemann integrals

1td’s formula yields, for any real-valued C? function #,

t
h(X") — h(x) = J (Vxh(X;V’x)a(u, X +% V2h(X " )e(, X;“)) ds
0

t
+J V(X0 (0, XP5)d,.
0

Then, if the two functions AV, A and AzVih are bounded, we obtain
E(HXS) — h(x)]) < CVI.

In this case, we have (recall X7 = X(_1a,)

1 iA,
E (‘ hXT) — A—J (X ,)ds

nJ(i-DA,

) < C\/A,.
Then we deduce that
T
0

1< R
E();; h(X,.)—ﬂJ h(X)ds

) < C\/A,. (3.22)
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3.5. An application of the Burkholder—Gundy inequality

Let us suppose that ! are real-valued random variables, each 1/ being F-measurable.
Assume also that for some constants v and y’' and some integer m = 1, we have

/2m )
L R (A (”F) (323)

where 0 is either 0 or 1. Then we have the following lemma.

Lemma 3.1. For any integer m = 1 there is a universal constant K,, such that, for any family
(n?) satisfying (3.23),

n 2m
() ) =malpmerm (o)
— n™ A

Proof. Set V, =310}, 0} =ni —E@/|F} ) and M} = 7,07 for j€N. The first
part of (3.23) gives

|V, — M"| <7y. (3.25)

By construction the sequence (M) en is a martingale with respect to the filtration (.7-" )jeNs
so the Burkholder—Gundy 1nequa11ty yields a universal constant K, = 1 such that

E(M )" < K@[E((i (é:’f) )
i=1

Then the Hélder inequality tells us that E((0])*™) < 2*™E((y")*™), and that

nyamy — ’ m 1 - n\Zm
E((M})") < Ko E<n;(5t’)2 )

K;nzZm 12m o
< K;n22mnm[E((”lr})2m) < 7;/ (1 + m) . (3.26)
n™ A
Then (3.24) readily follows from (3.25) and (3.26), upon setting K, = K,2*". O

4. Proof of the theorems

One can consider Theorem 2.2 as a particular case of Theorem 2.3, upon setting 0, =06
(since O is known). It is not quite the same for Theorem 2.1, because the hypothesis
T, — oo is not assumed here; however, in this case we have k = 0 and the derivatives in 4
appear nowhere, so it is straightforward to check that the proof of Theorem 2.3 entails the
proof of Theorem 2.1, even if 7, — oo fails. We therefore prove only Theorem 2.3.
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However, we repeatedly mention x and x’, so the reader can easily verify that 7, — oo is
not necessary when x = 0.
Suppose that the assumptions of Theorem 2.3 are in force. Set

I
¥V, (w) ZFL F(w, X,)ds. 4.1)

This is three times differentiable in w, and we have, for u =4 or u = 6,
L
VB =7 | VARG s (42)
ndo

Observe also that, since 4 has bounded derivatives of all orders greater than or equal to 1 and
also 4 = 1, we can deduce from (H), (2.1) and (3.16) that

k=0,1,2, u=2,0=||Ax)ViF(w, )| + | Ax) ViV Fw, x)|| < C. (4.3)
Therefore (3.22) yields, for u =1 and u = 6,
1 n
[E(‘ =3 F(w, X}) - Vn(w)D < CVA,,
n

i=1

(4.4)
1 & .,

4.1. Convergence of contrasts

In view of (3.13) we have

n

> E(EnPFL) < C(T£ + 3)-
i=1 n

Next, (3.18) and (4.4) yield

> E(EWFL) = Va(w) o.

i=1

Therefore, since T,, — oo when k = 1, in all cases we arrive at
, P
Va(w) = U,(w) — V,(w)— 0. 4.5)

On the other hand, if w = (u, v) = ((;)i=r, (Vi)i=q) and W' = (u', V") = ((uj)i=r, (V))i=q) are
two pairs of parameters, we have
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i =G —Ei(w) (4.6)

r ul
= Z J 00, CH((ut, ooy Uhmty X, Ujtns - o, Uy), U)X

k=1 Uk

+ Z J 69k (u’, (Ui, RN U}{,b X, U1y - Uq))dx,

if the hypercube in R""7 having w and w' for summits is entirely contained in A X ©. Since
A X © is compact and convex, we deduce that for any integer m and any pair (w, w') we
have

B@)“r<cnw—wwmswlﬂWﬁ(wwM+w%§wwW% 4.7

w"eA

for some constant C,,. Using (3.13) and (3.14), we see that the variables # satisfy the second
part of (3.23) with y" = C||lw — w'|| and 6 = k. On the other hand, (3.18) and (4.3) imply
that the first part of (3.23) is also satisfied with y = y’. Hence Lemma 3.1 yields

E(JUL(w) — UpsW)P™) < Cllw" — w|*™.
By (4.3) again, we also have |V,(w) — V,(w)[*" < C||w’" — w||*", so finally
E(V (W) = Va(wP™) < Cllw" — w*". (4.8)

Now w lies in a compact convex subspace of R’'4 so if we take m such that
2m=r+q+1 it is then well known (see, for example, Theorem 20 in Ibragimov and
Has’sminskii 1981: 378) that (4.8) combined with (4.5) implies that the sequence
(Vu(w) : we A X O) of processes is tight for the uniform convergence, and further satisfies

My = sup |Vi(w) 0. (4.9)

wEAXO

4.2. Convergence of derivatives of contrasts

By (3.13) and (3.14), we have

1
> (N300I 177+ EQV3E o0l | £7.0) < €5+ 7).

which goes to 0 in all cases. Combining this with (3.19), (3.20) and (4.4) yields
VIULB) — ViVAB =0, VEULB) — VVu(B) 0. (4.10)
Next, combine (3.14) with (3.21) to obtain

HWNMM@M<C(+A>

Therefore,
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Kk = 1 = the sequence (V,VoU,(B)/+/A,) is tight. (4.11)

Now, as above, we consider two pairs of parameters w = (u, v) and w' = (u’, v'). If V,
and V, denote either V, or Vg, we replace 5/ in (4.6) by any component of 5} :=
V.V &lw) =V, V,Ei(w). The same argument as for (4.7) leads to

E(f)*™) < Clw! —wlP" sup E(IV2V,Vu G0 + IVoVuVur LI OrIP™).
w"eEAX
Then if we use (3.13) and (3.14), we see that the variables 7 satisfy the second part of (3.23)
with v’ = C||lw — w'|| and with 6 = x when u = u’ = A, and 0 = 0 otherwise. On the other
hand, (3.14) and (3.15) imply that the first part of (3.23) is also satisfied with y = y'+/A,, if
u=2~1 and u' =6, and y’' =y otherwise. Hence Lemma 3.1 and a summation over all
components of V,V,U, yield

E(|IV5Un(w) = VaUa(w)[[*") < Cllw" — w]™,

1
k= 1= E(|ViU(w) — ViU (wW)|IP™) < C||w' — w||*" (1 +ﬁ>,

1

Kk =1= E(|V,VoU,(w) — ViVoU,(W)|*™) < C||w' — w||2’”<1 +W)A2’.

n

These properties, combined with (4.10) and (4.11), imply that the sequences of processes
Gu(w) = V3U,(w), or G,(w) = VaU,(w), or G,(w) = V;VeU,(w)//A,, indexed by the
(r + g)-dimensional parameter w in a compact convex set, are tight for the uniform
convergence in the set of continuous functions over A X ©. Hence, again using (4.10) and
(4.11), we readily deduce that for any (random) sequence w, which converges in probability
to B, we have

P
VoU(w,) — ViV .(B) =0, (4.12)
k=12 V2U,(wn) — V2Vu(B) 20, (4.13)
k = 1 = the sequence (V;VoU,(w,)/\/A,) is tight in R4, (4.14)

Finally, we will also need a result on the first-order derivatives at the point w = 3. The
explicit expression V,{/(w) and the definitions of ®, and ®; give us

EV.E (BIF ) = B(VeEH(BIF] ) = 0.
Then, combining this with (3.13) and (3.14) yields

1 C
IV U = (5 7). EINU.IR <.

Therefore we have:
the sequence /7 VoU,(p) is tight in RY, }

(4.15)
Kk = 1 = the sequence /T,V,U,(p) is tight in R".
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4.3. Consistency of the estimators

Now we prove the consistency of the estimators Bn = (i,,, é,,). Observe that V,(f3) = 0. Set
Cu(e, m) = {inf\ w—p|>¢ Va(w) = 17}. Comparing (3.16) and (4.1) with (2.2) and (2.3), we
see that

Ve >0, lil’I(l) liminf P(C,(¢, 1)) = 1. (4.16)

n— n
On the set Cy(e, 7)) N{M, <n/2}, we have U,(f) <n/2, and U,(w) > 1/2 whenever
|w — B| > . Since for ¢ small enough the ball {w : [[w — | <&} is contained in A X O,

and since U,(-) is continuous, the definition of 3, implies that necessarily ||ﬁn Bl < e on
the set C,(e, 7) N {M, <n/2}. Then combining (4.16) and (4.9) immediately yields that

b, 5B 4.17)

4.4. Rate consistency of the estimators

We are now ready to prove Theorem 2.3. Recall that f is in the interior of A X ©. So if
A, ={V,U.(B,) = VoU,(B,) =0}, then (2.13) implies that [P(4,) — 1. A Taylor
expansion gives

r . q R
~0,UnB) =Y 3,3, Unwi)y = 2N+ 83,6, Un(w, )6, — 6"),
= ’j (4.18)
~00,Un(B) = 05,3, Un(w)hyy = AN+ > 05, Un(wa)(6), — 6"
=1 =1
on the set A;, where w, is a (random) point between 5 and ﬁn.

We will write this system of equation in another way, and for this we introduce some new
notation:

G, = V,Zl Un(wy), G, = Vé Va(f) (r X r random matrices),
H,=V,VoU,(w,) (r X ¢ random matrices),
K, = Vé U,(wy), K, = Vé V() (g X g random matrices),

R, = \/Tn(/Aln —2), R, =T, V;U.(p) (r X 1 random matrices),
S, = /n(6, — 0), S, = VnVoU,(P) (¢ X r random matrices).

Then we can write (4.18) as follows on the set 4;:

1
R, = GuR, + /A, H,S,, S, = H*R, + K,S,.
VA, " i

This system of linear equations can be ‘explicitly’ solved as follows on the set

A, = {the matrices G, and L, := K, — H:G;lH,, are invertible}.
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We have:
R,=(G,'"+G,"H,L,"H*G, R, — V/A,G,'H,L,'S,
1 on A, N A, (4.19)
S,=1L,'S, - L,'H*G,'R,
VA,

At this stage, we deduce from (3.17) and (4.2) that G}, = V3V ,(p) and K} = V5V ,(B)
are symmetric non-negative matrices, whose determinants are

2K
det(G)) = inf — V,ad'(A, X, ds,
(Gn) yeR:|yl=1 T Jo AX ) Z( ' 22
det(K,) = inf ZK,J Z(V (L, X)p) ds.
" yerelyl=1 Ty J A(X A(X ) ¢ g

Consequently, the conditions (I12’-1) and (I2’-0) imply that the two sequences (det(G},)) and
(det(K})) of non-negative random variables, which by (2.1) are bounded, are also bounded
away from 0 in probability in the sense that

lin(l) lim sup P(det(G},) + det(K ;) < €) = 0. (4.20)

Moreover, if we apply (4.12), (4.13) and (4.14) on the one hand, and (4.15) on the other hand,
we see that

P
1Gn = Gull + | K = K[| =0,

the sequence (H,/\/A,) is tight in R"", (4.21)
the sequences (R;) and (S},) are tight in R" and RY.

Recall that to establish Theorem 2.3 we need to show that the sequences (R,) and (S,)
are tight in R” and RY, respectively. By the ‘subsequence principle’, it is enough to prove
that from any infinite subsequences of these sequences one can extract further infinite
subsequences that are tight.

Therefore, take any infinite subsequence. Using (4.20) and (4.21), and also the fact that
the sequences (G,) and (K;) are bounded, we can find an infinite sub-subsequence along
which the random variables (G,, K,, H,/v/A,, R,, S,) converge in law to some random
variable (G, K, H, R', S"), where G is an r X r matrix, K is a ¢ X g matrix, H is an r X ¢
matrix, R’ is in R” and S’ is in RY, and further G and K are bounded and det(G) > 0 and
det(K) > 0. Up to taking a further subsequence, we can even assume (by the Skorokhod
representation theorem) that this convergence holds almost surely (on an extended space).

In other words, and since P(4,) — 1, we are left to prove that if we have (non-random)
elements with the relevant dimensions (G,, K,, H,, R,, S;) satisfying

1
G, — G, K,— K, —H,— H R, — R’ S, — 8,

N/ ’ ’ (4.22)
det(G) >0,  det(K) >0,
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then for all n large enough the matrices G, and L, = K, — H: G;l H,, are invertible, and the
two vectors R, and S, defined by (4.19) for those ns are bounded in n.

Clearly (4.22) yields that G,' exists for all n large enough and converges to G~!, so
L, — K (because H, — 0), so L, is also invertible for all n large enough. Then it is
obvious from (4.19) and (4.22) that

R, — R=G 'R, S, — K'S"— K 'HG 'R,

and this completes the proof.
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