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We define a multivariate gamma distribution on Rn by its Laplace transform (P(�Ł))�º, º . 0, where

P(Ł) ¼
X

T�f1,...,ng
pT

Y
i2T

Łi:

Under pf1,...,ng 6¼ 0, we establish necessary and sufficient conditions on the coefficients of P, such that

the above function is the Laplace transform of some probability distribution, for all º . 0, thus

characterizing all infinitely divisible multivariate gamma distributions on Rn.
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1. Introduction

In the literature, the multivariate gamma distributions on Rn have several non-equivalent

definitions. Many authors require only that the marginal distributions are ordinary gamma

distributions (Johnson et al. 1997). In the present paper we extend the classical one-

dimensional definition to Rn as follows: we consider an affine polynomial P(Ł) in

Ł ¼ (Ł1, . . . , Łn) where ‘affine’ means that, for j ¼ 1, . . . , n, @2P=@Ł2j ¼ 0. We also

assume that P(0) ¼ 1. For instance, for n ¼ 2, we have P(Ł1, Ł2) ¼ 1þ p1Ł1 þ
p2Ł2 þ p12Ł1Ł2. We fix º . 0. If a probability distribution � on Rn is such that

E(eŁ1x1þ...þŁn xn ) ¼ (P(�Ł))�º for a set of Ł with non-empty interior, then � will be called

the multivariate gamma distribution associated with (P, º). Barndorff-Nielsen (1980) and

Seshadri (1987) consider the case n ¼ 2 and find that for all º . 0,

(1� p1Ł1 � p2Ł2 þ p12Ł1Ł2)�º is the Laplace transform of a probability distribution on

[0, 1)2 if p1 . 0, p2 . 0, p12 . 0 and �p12 þ p1 p2 . 0. Griffiths (1984), Moran and

Vere-Jones (1969) and Vere-Jones (1967) consider the case where P(�Ł ¼ jIn þ V¨j,
where V is a symmetric positive definite or positive semi-definite matrix, jAj ¼ det(A), and

¨ ¼ diag(Ł1, . . . , Łn), another instance of an affine polynomial. These multivariate gamma

distributions occur naturally in the classification of natural exponential families in Rn (Bar-

Lev et al. 1994).
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Not all affine polynomials give rise to a valid Laplace transform. For instance, Griffiths’

result for n ¼ 3 implies that for 0 , b , 1=2 there exists º , 1 such that

(1� Ł1 � Ł2 � Ł3 þ 1
2
Ł1Ł2 þ 1

2
Ł2Ł3 þ (1� b2)Ł1Ł3 � b(1� b)Ł1Ł2Ł3)

�º

is not a Laplace transform. Finding all couples (P, º) for which we obtain a multinomial

gamma distribution is a difficult problem that we will not consider here. Instead, we address

the simpler problem of characterizing the affine polynomials P on Rn with P(0) ¼ 1 such

that, for any positive º, there exists a multivariate gamma distribution associated with (P, º).
In other words, we wish to describe all multivariate gamma distributions, in our sense, that

are infinitely divisible. For n ¼ 2, the problem has been solved by Vere-Jones (1967).

Griffiths (1984) also gives a necessary and sufficient condition on V, a square symmetric

matrix, such that P(�Ł) ¼ jIn þ V¨j, ¨ ¼ diag(Ł1, . . . , Łn), is associated with infinite

divisibility. The present paper considers a more general class of affine polynomials than

Griffiths, with the sole restriction that the coefficient p[n], [n] ¼ f1, . . . , ng, of Ł1 � � � Łn in

P is non-zero. The paper finds a necessary and sufficient condition on the coefficients of P

such that P is associated with infinite divisibility. This necessary and sufficient condition is

expressed as a finite set of polynomial inequalities with respect to the coefficients of P, and

relies on a previous paper by the author which solves the analogous problem for the negative

multinomial distributions (Bernardoff 2003).

Section 2 gives definitions, and explains why the condition p[n] 6¼ 0 is essential. Section

3 states the main result and applies it to the particular case of a symmetric polynomial

P(Ł1, . . . , Łn). Section 4 proves the main result. Section 5 develops a particular example.

Section 6 makes the link with the necessary and sufficient condition obtained by Griffiths in

the particular case P(�Ł) ¼ jIn þ V¨j. Section 7 comments on the unsolved case p[n] ¼ 0.

2. Multivariate gamma distributions

Let us give some definitions (Letac 1991). Let n 2 N, the set of positive integers. Let � be

a positive Radon measure on Rn. The support of �, that is, the smallest closed set F such

that �(RnnF) ¼ 0, is denoted by Supp(�). We consider the Laplace transform of �,
L�(Ł) ¼

Ð
R n exphŁ, xi�(dx), where hŁ, xi denotes the scalar product. We denote by ¨(�)

the interior of the convex set D(�) ¼ fŁ 2 Rn, L�(Ł) , 1g. We denote by Mn the set of

�s such that Supp(�) is not included in a strict affine subspace of Rn, and such that ¨(�)
is not empty. If � 2 Mn and Ł 2 ¨(�), then P(Ł, �)(dx) ¼ L�(Ł)�1 exphŁ, xi�(dx) is a

probability measure on Rn, and F(�) ¼ fP(Ł, �), Ł 2 ¨(�)g is called the natural

exponential family generated by �. We denote k� : ¨(�) ! R, Ł 7! k�(Ł) ¼ log L�(Ł).
The function k� is called the cumulant transform of �.

We denote by Bn ¼ B([n]) the family of all subsets of [n] and B
�
n the family of non-

empty subsets of [n]. For simplicity, if n is fixed and if there is no ambiguity, we denote

these families by B and B
�
, respectively.

We denote by N0 the set of non-negative integers. If z ¼ (z1, . . . , zn) 2 Rn and

Æ ¼ (Æ1, . . . , Æn) 2 Nn
0 , then Æ! ¼ Æ1! . . . Æn!, jÆj ¼ Æ1 þ . . . þ Æn, aÆ ¼ aÆ1,...,Æn

, and
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zÆ ¼
Yn

i¼1

z
Æ i

i ¼ zÆ1

1 . . . zÆ n

n : (2:1)

For T in Bn, we simplify the above notation by writing zT ¼
Q

t2T zt instead of z1T where

1T ¼ (Æ1, . . . , Æn), with Æi ¼ 1 if i 2 T and Æi ¼ 0 if i =2 T : (2:2)

We also write z�T for
Q

t2T1=zt. For a mapping a : B ! R, we shall use the notation

a : B ! R, T 7! aT . In this notation an affine polynomial with constant term equal to 1 is

P(Ł) ¼
P

T2B pTŁT , with p˘ ¼ 1. For simplicity, if T ¼ ft1, . . . , t kg, we denote

af t1..., t kg ¼ at1... t k
. The indicator function of a set S is denoted by 1S, that is, 1S(x) ¼ 1 for

x 2 S and 0 for x =2 S.

Definition 1. A probability distribution � on Rn is called a multivariate gamma distribution

associated with (P, º), and is denoted by ªP,º, if � is in Mn and is such that

L�(Ł) ¼ (P(�Ł))�º, Ł 2 ¨(�), (2:3)

where P(Ł) ¼
P

T2B pTŁT is an affine polynomial with constant term equal to 1 and where

º . 0.

Proposition 1. Let � be a multivariate gamma distribution on Rn associated with (P, º).
Assume that � is not concentrated on a linear subspace of Rn of the form fx 2 Rn; xk ¼ 0g
for some k in f1, . . . , ng. Then:

(i) for all i 2 [n], pi 6¼ 0;

(ii) if p1, . . . , pk , 0 and pkþ1, . . . , pn . 0, then Supp(�) � (�1, 0]k 3 [0, 1)n�k;

(iii) if p1, . . . , pn . 0 then p[n] > 0.

Proof. If p1 ¼ 0 (say) and if � exists then for Ł2 ¼ . . . ¼ Łn ¼ 0 we obtain that

L�(Ł1, 0, . . . , 0) ¼ 1. We conclude that � is concentrated on fx ¼ (x1, . . . , xn)

2 Rn : x1 ¼ 0g and we obtain a contradiction. A similar argument applies if any pi ¼ 0,

1 , i < n.

Let ªa,º(dx) ¼ jxjº�1jaj�º=ˆ(º)exp(�jx=aj)1(0,1)(x=a) dx be the ordinary gamma distribu-

tion on (0, 1) and with parameters a 6¼ 0 and º . 0. For i 2 [n], we denote by ji the

natural projection of Rn onto the ith coordinate and by �i the image measure of � by ji.

We have

L�i
(Łi) ¼

ð
R

eŁi xi�i(dxi) ¼ L�((0, . . . , 0, Łi, 0, 0))

¼ L�(ji(Ł)) ¼ (1� piŁi)
�º ¼ Lª pi ,º

(Łi):

We obtain that for all i 2 [k], Supp(�i) ¼ (�1, 0], and for all i 2 fk þ 1, . . . ng,
Supp(�i) ¼ [0, 1). Since Supp(�i) ¼ Supp(ji(�)) ¼ ji(Supp( �)), we have Supp(�) �
(�1, 0]k 3 [0, 1)n�k . If b ¼ (b1, . . . , bn) 2 ¨(�) then ¨(�) � (�1, b1] 3 � � � 3
(�1, bn]. Indeed, if Łi < bi for all i 2 [n], we have
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L�(Ł) ¼
ð
R n

exphŁ, xi�(dx)

¼
ð
[0,1)n

exphŁ, xi�(dx)

<

ð
[0,1)n

exphb, xi�(dx) , 1:

If p[n] , 0 then we have lim t!�1P(�t, . . . , �t) ¼ lim t!�1 p[n](�t)n ¼ �1, and

P(�Ł) , 0 for some Ł 2 ¨(�), thus P(�Ł)�º cannot be the Laplace transform of a positive

measure. h

From this proposition we now may assume, without loss of generality, that for all i 2 [n],

pi . 0 and p[n] > 0. Let us recall the following Lévy-Khinchine result (Sato, 1999, p. 39):

� 2 Mn is infinitely divisible if and only if there exist (A, ª, �), where A is a symmetric

non-negative definite n 3 n real matrix, ª 2 Rn, � is a positive Radon measure on Rnnf0g
satisfying ð

Rnnf0g
min(kxk2, 1)�(dx) , 1, (2:4)

and

k�(Ł) ¼
1

2
hŁ, AŁi þ hª, Łi

þ
ð
Rnnf0g

(ehŁ,xi � 1� hŁ, xi1kxk<1(x))�(dx) (2:5)

for all Ł 2 ¨(�). The measure � is called the Lévy measure of � and (A, ª, �) is called the

generating triplet of �. If � satisfies the additional conditionð
R nnf0g

min(kxk, 1)�(dx) , 1, (2:6)

then we can replace (2.5) by

k�(Ł) ¼
1

2
hŁ, AŁi þ hª0, Łi þ

ð
R nnf0g

(ehŁ,xi � 1)�(dx) (2:7)

where ª0 2 Rn. Suppose now that � is a multivariate gamma distribution associated with

(P, º), infinitely divisible or not. We show in Lemma 9 below that there exists a signed

measure �P on Rnnf0g such that º�1k�(Ł) ¼
Ð
Rnnf0g(e

hŁ,xi � 1)�P(dx). Of course, � will be

infinitely divisible if and only if such a �P is positive. In this case the triplet (A, ª0, �) is

(0, 0, �). Theorem 4 will give a necessary and sufficient condition for infinite divisibility of

the multivariate gamma distribution associated with (P, º) in terms of the signs of 2n � 1

polynomials ~bbT in the variables ( pS)S2B� where P(Ł) ¼ 1þ
P

S2B� pSŁS .
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3. Main results

Recall first the Lévy measure of the ordinary gamma distribution.

Proposition 2. For n ¼ 1, p1 . 0, and º . 0, let � ¼ ª p1,º be the gamma distribution on

(0, 1) with parameters p1 and º. Then, for Ł1 , 0,

k�(Ł1) ¼ º

ðþ1

0

(eŁ1x � 1)�(dx), where �(dx) ¼ e�x= p11(0,1)(x)
dx

x
: (3:1)

The measure � satisfies (2.6) and (2.7). Therefore º� is the Lévy measure of �.

Proof. See Sato (1999, p. 45, Example 8.10). h

To state our results in the general case, we use the following notation. If S is a non-

empty set,
Qk

S denotes the set of all partitions of S into k non-empty subsets of S. We call

the elements of
Qk

S k-partitions and
Q

S ¼
S

k>1

Qk
S . If S ¼ [n], we write

Qk
[n] ¼

Qk
n andQ

n ¼
Sn

k¼1

Qk
n is the set of all partitions of [n]. For T ¼ fT1, . . . Tkg 2

Q
S, we write

aT ¼
Yk

i¼1

aTi
: (3:2)

Let P(z) ¼
P

T2B�
n

pT zT and let dÆ(P) be the coefficient of zÆ in the Taylor expansion

log
1

1� P(z)
¼

X
Æ2N n

0 nf0g
dÆ(P)z

Æ: (3:3)

The number d1S
(P) will have a special importance and will be denoted bS(P).

Proposition 3. For S 2 B
�
n, let bS(P) denote the number d1S

(P) as defined by (3.3). Then

bS(P) ¼
XjSj
l¼1

(l � 1)!
X
T 2— l

S

pT (3:4)

where jSj is the cardinal of S.

Proof. See Bernardoff (2003, Proposition 3). h

For simplicity, if P is fixed and if there is no ambiguity, we denote dÆ(P) and bS(P) by

dÆ and bS, respectively. Let P(Ł) ¼
P

T2B n
pTŁT , with p˘ ¼ 1, an affine polynomial such

that p[n] 6¼ 0, and let ~PP(Ł) ¼
P

T2Bn
~ppTŁT where

~ppT ¼ � pT= p[n] (3:5)

with T ¼ [n]nT . We denote, in particular,

ŁP ¼ ( ~pp1, . . . , ~ppn): (3:6)
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Thus

P(Ł) ¼ p[n]Ł
[n](� ~PP(Ł�1)): (3:7)

We shall use the Lévy-Khinchine result in Proposition 2 to establish our main result:

Theorem 4. Let � ¼ ªP,º be a gamma distribution associated with (P, º), where º . 0 and

P(Ł) ¼
P

T2B n
pTŁT is such that pi . 0 for all i 2 [n], and p[n] . 0. Let ~PP(Ł)

¼
P

T2B n
~ppTŁT be the affine polynomial such that ~ppT ¼ � pT=p[n] for all T 2 Bn. Let

~bbS ¼ bS( ~PP) ¼
XjSj
k¼1

(k � 1)!
X
T 2— k

S

Y
T2T

~ppT :

Then the measure � is infinitely divisible if and only if

~ppi , 0 for all i 2 [n], (3:8)

and

~bbS > 0 for all S 2 B
�
n such that jSj > 2: (3:9)

Before proving this theorem in Section 5, it is worthwhile to apply it to the particular

case of a polynomial P(Ł) which is affine symmetric in Ł1, . . . , Łn. Then pT depends only

on jT j. We also use the notation sk ¼ pT where T 2 B
�
n is such that jT j ¼ k. Hence

P(Ł) ¼ 1þ
Xn

k¼1

sk� k(Ł), (3:10)

where � k(Ł) ¼
P

i1,���,i k
Łi1 � � � Łi k

is the elementary symmetric polynomial in Ł1, . . . , Łn of

degree k. Let Ln be the logarithmic polynomial defined by

Ln(x1, . . . , xn) ¼
Xn

k¼1

(�1)k�1(k � 1)!Bn,k(x1, x2, . . .), (3:11)

where Bn,k is the Bell partial exponential polynomial of order k, homogeneous of degree k

and of weight n, and which is defined by

Bn,k(x1, . . . , xn�kþ1) ¼
X

c¼(c1,c2,...) :
c1þ2c2þ...¼n,c1þc2þ...¼k

n!

c1!c2! � � � (1!)c1 (2!)c2 � � � xc1
1 xc2

2 � � � : (3:12)

These polynomials are defined, for instance, in Comtet (1970a). A table of these polynomials

is given on pp. 184–185 of that reference.

Theorem 5. Let P(Ł) ¼ 1þ
Pn

k¼1sk� k(Ł) be an affine polynomial where s1 . 0 and sn . 0.

Suppose that there exists a gamma distribution � ¼ ªP,º associated with (P, º). Then

~ppfig ¼ �sn�1=sn for all i ¼ 1, . . . , n and
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~bbS ¼ �LjSj
sn�1

sn

,
sn�2

sn

. . . ,
sn�jSj

sn

� �
(3:13a)

¼ 1

s
jSj
n

XjSj
k¼1

(�1)k(k � 1)!sjSj�k
n BjSj,k(sn�1, . . . , sn�1þk�jSj): (3:13b)

Further, � is infinitely divisible if and only if

sn�1 . 0 (3:14)

and

�L‘
sn�1

sn

,
sn�2

sn

. . . ,
sn�‘

sn

� �
> 0 for all ‘ ¼ 2, . . . , n: (3:15)

Proof. These results are deduced from the following computations. For any T 2 B
�
n,

~ppT ¼ � pT

p[n]

¼ �
sn�jT j

sn

; (3:16)

in particular

~ppfig ¼ � sn�1

sn

, i ¼ 1, . . . , n: (3:17)

Let N be a set of cardinality n. Let T be a partition of
Q

N whose elements are called

blocks of T , and i-blocks if they have cardinality i. Let c1, . . . , cn be non-negative integers

satisfying the condition c1 þ 2c2 þ . . . þ ncn ¼ n. The partition T is said to be of type

c ¼ (c1, . . . , cn) if, for all i ¼ 1, . . . , n, T has ci i-blocks. Noting that c then satifies the

additional constraint c1 þ . . . þ cn ¼ jT j, it follows from Comtet (1970b, p. 40), that the

number of partitions of type c is

n!

c1!c2! � � � cn!(1!)c1 (2!)c2 � � � (n!)cn
: (3:18)

If pT ¼ sjT j for any T 2 Bn, then
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bS ¼
XjSj
k¼1

(k � 1)!
X
T 2— k

S

Y
T2T

pT

¼
XjSj
k¼1

(k � 1)!
X

c¼(c1,c2,...):
c1þ2c2þ...¼jSj,c1þc2þ...¼k

X
T of type c

sc1
1 sc2

2 � � �

¼
XjSj
k¼1

(k � 1)!
X

c¼(c1,c2,...):
c1þ2c2þ...¼jSj,c1þc2þ...¼k

jSj!
c1!c2! � � � (1!)c1 (2!)c2 � � � sc1

1 sc2
2 � � �

¼
XjSj
k¼1

(k � 1)!BjSj,k(s1, s2, . . .)

¼ �
XjSj
k¼1

(k � 1)!(�1)k�1BjSj,k(�s1, . . . , �sjSj�kþ1)

¼ �LjSj(�s1, . . . , �sjSj) (3:19)

and for any S 2 B
�
n, jSj > 2, (3.16) implies

~bbS ¼ �LjSj
sn�1

sn

, . . . ,
sn�jSj

sn

� �
(3:20)

where s0 ¼ 1. Inequalities (3.8) and (3.9) reduce to (3.14) and (3.15). h

Let us now apply Theorem 5 to the particular case in which sk ¼ pk�1 for all k 2 [n],

and º ¼ 1. We show in the next proposition, by application of the previous theorem, that

this case corresponds to an infinitely divisible distribution �. Further, Section 7 will provide

a different proof of this fact by explicitly computing the º powers of convolution of � for

any º . 0, that is, the measure �º such that L�º(Ł) ¼ (L�(Ł))º. We utilize certain

generalized hypergeometric functions (see Slater 1966), namely

0Fq(b1, . . . , bq; z) ¼
X1
k¼0

1

hb1ik � � � hbqik

z k

k!
(3:21)

where haik ¼ ˆ(a þ k)=ˆ(a) is the Pochhammer symbol for a . 0 and k 2 N0. We use here

the notation of combinatorialists (see Comtet 1970a, pp. 15–16) rather than the notation (a)k

of special functions. For the next proposition we only need 0Fn�1(1, . . . , 1; z), while Section

5 will make use of 0Fn�1 for more general parameters.
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Proposition 6. Let n 2 N, p ¼ 1� q 2 (0, 1); let

jn, p,1(dx) ¼ p�(n�1)expf�(x1 þ . . . þ xn)=pg

3 0Fn�1(1, . . . , 1; qp�nx1 . . . xn)1(0,1)n(x)dx (3:22)

and the polynomial

P(Ł) ¼ �q

p
þ 1

p

Yn

i¼1

(1þ pŁi): (3:23)

Then jn, p,1 is an infinitely divisible multivariate gamma distribution with Laplace transformð
Rn

ehŁ,xijn, p,1(dx) ¼ (P(�Ł))�1 (3:24)

defined for Łi , 1=p, i ¼ 1, . . . , n and
Qn

i¼1(1� pŁi) . q.

Proof. The proof consists of checking that the conditions of Theorem 5 are fulfilled. First, we

compute Ljn, p,1
(Ł) for Łi , 1=p, i ¼ 1, . . . , n, and for

Qn
i¼1(1� pŁi) . q. We obtain

Lj n, p,1
(Ł) ¼

ð
(0,1)n

ehŁ,xi p�(n�1) expf�(x1 þ . . . þ xn)=pg

3
X1
k¼0

(qp�nx1 . . . xn)
k

(k!)n
dx

¼ p�(n�1)
X1
k¼0

(qp�n)k
Yn

i¼1

ð1
0

expf�(1=p� Łi)xig
xk

i

k!
dxi

¼ p�(n�1)
X1
k¼0

(qp�n)k
Yn

i¼1

(1=p � Łi)
�(kþ1) ¼ (P(�Ł))�1:

Second, we apply Theorem 5 to jn, p,1. By (3.23), sk ¼ pT ¼ pk�1. So sn�k=sn ¼ p�k ,

and by (3.13a) and (3.11) we have

~bbS ¼ �L‘( p�1, p�2, . . . , p�‘)

¼ �
X‘
k¼1

(�1)k�1(k � 1)!B‘,k( p�1, p�2, . . . , p�‘)

¼
X‘
k¼1

(�1)k(k � 1)! p�‘B‘,k(1, . . . , 1) ¼ p�‘
X‘
k¼1

(�1)k(k � 1)!S‘,k ,

where S‘,k is the Stirling number of the second kind, that is, the number of k-partitions of a

set with ‘ elements (Comtet 1970a, p. 146). By Stanley (1999, p. 34) ~bbT ¼ 0 for

2 < jT j < n � 1. Similar arguments show that ~bb[n] ¼ qp�n. By Theorem 5, jn, p,1 is infinitely

divisible, and it is also a multivariate gamma distribution according to our Definition 1. h
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4. The Lévy measures and the proof of Theorem 4

We will need the following result.

Theorem 7. For n 2 N, let P(z) ¼
P

T2B�
n

pT zT . Then the coefficient dÆ of zÆ in the Taylor

expansion of log(1� P(z))�1 is a polynomial QÆ in the 2n � 1 variables bS, S 2 B
�
n , and the

coefficients of QÆ are non-negative.

Proof. See Bernardoff (2003, Theorem 1). h

We now construct certain measures on [0, 1)n indexed by I 2 B
�
. For i 2 [n], define

‘ I
i (dxi) ¼ 1(0,1)(xi)dxi if i 2 I and ‘ I

i (dxi) ¼ �0(dxi) if i =2 I . We define the following

measure on [0, 1)n:

hI (dx) ¼ �
n

i¼1
‘ I

i (dxi): (4:1)

For instance, if n ¼ 3 and I ¼ f2, 3g, then

hf2,3g(dx1, dx2, dx3) ¼ �0(dx1)1(0,1)2 (x2, x3)dx2 dx3:

For I 2 B
�
n , we write N I

i ¼ N if i 2 I , N I
i ¼ f0g if i =2 I , and N I ¼ 3n

i¼1N
I
i . For instance, if

n ¼ 3 and I ¼ f2g then N I ¼ f0g3N3 f0g. We introduce the notation N I
0,i ¼ N0 if i 2 I ,

N I
0,i ¼ f0g if i =2 I , and N I

0 ¼ 3n
i¼1N

I
0,i. We denote by 1 the vector (1, . . . , 1) in Rn. For

Ł ¼ (Ł1, . . . , Łn) 2 Rn with Łi 6¼ 0 for all i in [n], recall the notation Ł�1 ¼ (Ł�1
1 , . . . , Łn

�1)

and, for Æ 2 Nn, Ł�Æ ¼ (Ł�1)Æ. For all I 2 B
�
n , and Æ 2 N I, let

�Æ, I (dx) ¼ xÆ�1 I

(Æ� 1 I )!
hI (dx): (4:2)

Thus, for Ł1 , 0, . . . , Łn , 0, the Laplace transform of �Æ, I is L�Æ, I (Ł) ¼ (�Ł)�Æ. More

generally, for a1 þ Ł1 , 0, . . . , an þ Łn , 0, if a ¼ (a1, . . . , an) then we have

Lexpha,xi�Æ, I (Ł) ¼ (�a� Ł)�Æ: (4:3)

The latter is still true if we replace (Æ� 1 I )! in (4.2) by
Q

i2 Iˆ(Æi) if Æi . 0, i ¼ 1, . . . , n.

The following lemma shows that the cumulant of a multivariate gamma distribution is

represented by a signed measure.

Lemma 8. Let P(Ł) ¼
P

T2Pn
pTŁT , with p˘ ¼ 1, be an affine polynomial such that pi . 0

for all i 2 [n] and p[n] . 0. Let º . 0 be such that ªP,º exists. Let ~PP(Ł) ¼
P

T2B n
~ppTŁT

where ~ppT ¼ � pT=p[n]. Let ªP,º be the gamma distriution associated with (P, º). Then, for Ł0
in ¨(ªP,º),

º�1kP(Ł0,ªP,º)(Ł) ¼
ð
R nnf0g

(ehŁ,xi � 1)�P,Ł0 (dx) (4:4)

with
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� p,Ł0 (dx) ¼ ehŁ0,xi 3 ehŁP,xi
Xn

i¼1

1

xi

hfig þ
Xn

k¼2

X
I2Bn:j I j¼k

X
Æ2N I

0

~ddÆþ1 I

xÆ

Æ!

0
@

1
AhI

8<
:

9=
;(dx) (4:5)

where the coefficients ~ddÆ ¼ dÆ( ~PP) are defined by (3.3).

Proof. If Łi , 0 for all i 2 [n] then, using (3.7), we have

º�1 log L�(Ł) ¼ º�1 log(P(�Ł))�º

¼ º�1 log[ p[n](�Ł)[n]f� ~PP(�Ł�1)g]�º

¼ log
1

p[n]

þ
Xn

i¼1

log
1

�Łi

þ logf� ~PP(�Ł�1)g�1

¼ log
1

p[n]

þ
Xn

i¼1

log
1

�Łi

þ
X

Æ2N n
0
nf0g

~ddÆ(�Ł�1)�Æ

¼ log
1

p[n]

þ
Xn

i¼1

log
1

�Łi

þ
Xn

k¼1

X
I2B�

:j I j¼k

X
Æ2N I

~ddÆ(�Ł)�Æ:

Using (4.3), the latter expression becomes

º�1k�(Ł) ¼ log
1

p[n]

þ
Xn

i¼1

log
1

�Łi

þ
Xn

k¼1

X
I2B�

:j I j¼k

X
Æ2N I

~ddÆL�Æ, I (Ł)

¼ log
1

p[n]

þ
Xn

i¼1

log
1

�Łi

þ L�1 (Ł)

where

�1(dx) ¼
Xn

k¼1

X
I2B�

:j I j¼k

X
Æ2N I

0

~ddÆþ1 I

Æ!
xÆ

0
@

1
AhI (dx): (4:6)

We observe that for all Ł0 in ¨(�) and all Ł in ¨(�)� Ł0,

º�1kP(Ł0,�)(Ł) ¼ log
L�(Ł0 þ Ł)

L�(Ł0)
¼ º�1fk�(Ł0 þ Ł)� ku(Ł0)g: (4:7)

By the Frullani integral (Berndt 1985), we haveð1
0

eŁx � e�x

x
dx ¼ �log(�Ł), Ł , 0:

We use this to represent (4.7) in the integral form
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º�1kP(Ł0,�)(Ł) ¼
Xn

i¼1

ð1
0

(eŁi xi � 1)
eŁ0i xi

xi

dxi þ
ð
Rnnf0g

(ehŁ,xi � 1)ehŁ0,xi�1(dx):

Finally, we obtain

º�1kP(Ł0,�)(Ł) ¼
ð
R nnf0g

(ehŁ,xi � 1)ehŁ0,xi
Xn

i¼1

1

xi

hfig(dx)

þ
ð
R nnf0g

(ehŁ,xi � 1)ehŁ0,xi
Xn

i¼1

X
Æ2Nfig

0

~ddÆþ1fig

Æ!
xÆ

0
B@

1
CAhfig(dx)

þ
ð
R nnf0g

(ehŁ,xi � 1)ehŁ0,xi�1(dx): (4:8)

We remark that for Æ 2 N
fig
0 ,

~ddÆþ1fig ¼ ~dd(0,...0,Æ iþ1,0,...0)

¼ d

dŁi

� �Æiþ1

log(1� ~PP(0, . . . 0, Łi, 0, . . . 0))
�1

����
Łi¼0

¼ d

dŁi

� �Æiþ1

log(1� ~ppiŁi)
�1

����
Łi¼0

¼ ~ppÆiþ1
i

Æi þ 1
¼ (ŁP)

Æ iþ1
i

Æi þ 1
; (4:9)

therefore

X
Æ2Nfig

0

~ddÆþ1fig

Æ!
xÆ ¼

X1
Æi¼0

(ŁP)
Æiþ1
i

(Æi þ 1)!
x
Æi

i ¼ e(ŁP)i xi � 1

xi

: (4:10)

By substituting (4.10) in (4.8), we obtain

º�1kP(Ł0,�)(Ł) ¼
ð
R nnf0g

(ehŁ,xi � 1)ehŁ0,xi �1 þ ehŁP,xi
Xsn

i¼1

1

xi

hfig

 !
(dx),

according to (4.5). The proof of the lemma is complete. h

Let us now set Ł0 ¼ 0 in (4.5). We will give a different proof that �P,0 ¼ �P. For all

Æ ¼ (Æ1, . . . , Æn) 2 Nn
0 , we introduce the notation

@

@Ł

� �Æ

¼ @jÆj

@ŁÆ1

1 � � � @ŁÆ n

n

:
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For all T 2 Bn, we also define (@=@Ł)T ¼ (@=@Ł)1T . Now, we apply Taylor’s formula to P at

the point �ŁP defined in (3.6). We write � ¼ ŁP þ Ł; then by Taylor’s formula,

P(�Ł) ¼ P(ŁP � �)

¼
X

T2Bn

@

@Ł

� �T

P(ŁP)(��)T

¼ p[n](��)[n]
X

T2B n

1

p[n]

(��)�T @

@Ł

� �T

P(ŁP)

¼ �p[n](��)[n]R((��)�1)

where

R(�) ¼
X

T2B n

rT�
T , rT ¼ � 1

p[n]

@

@Ł

� �T

P(ŁP): (4:11)

In particular, we have rfig ¼ 0 for all i ¼ 1, . . . , n. Thus

P(�Ł) ¼ p[n](��)[n] 1�
X

T2Pn:jT j>2

rT (��)�T

8<
:

9=
;: (4:12)

Lemma 9. Let � ¼ ªP,º be a gamma distribution associated with (P, º), where

P(Ł) ¼
P

T2B n
pTŁT such that pi . 0 for all i 2 [n] and p[n] . 0. Consider the affine

polynomials R and ~PP defined, respectively, by (4.11) and (3.5). For Ł 2 ¨(ªP,º), we have

º�1k�(Ł) ¼
ð
Rnnf0g

(ehŁ,xi � 1)�P(dx) (4:13)

with

�P(dx) ¼ ehŁP,xi
Xn

i¼1

1

xi

hfig þ
Xn

k¼2

X
I2B:j I j¼k

X
Æ2N I

0

dÆþ1 I
(R)

xÆ

Æ!

0
@

1
AhI

8<
:

9=
;(dx): (4:14)

Furthermore, bT (R) ¼ ~bbT for jT j > 2, and bfig(R) ¼ 0 for i ¼ 1, . . . , n. Finally, dÆþ1 I
(R) is

a polynomial in the 2n � n � 1 variables ~bbT , T 2 B
�
n , jT j > 2, with non-negative

coefficients.

Proof. Using (4.12), we write

º�1 log L�(Ł) ¼ �log p[n] �
Xn

i¼1

log(��i)þ
Xn

k¼2

X
I2B:j I j¼k

X
Æ2N I

dÆ(R)(��)�Æ:

We now apply (4.3) and deduce that
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º�1 log L�(Ł) ¼ �log p[n] �
Xn

i¼1

log(� ~ppi � Łi)þ L�2 (Ł) (4:15)

where

�2(dx) ¼ ehŁP,xi
Xn

k¼2

X
I2B:j I j¼k

X
Æ2N I

0

dÆþ1 I
(R)

xÆ

Æ!

0
@

1
AhI (dx): (4:16)

Applying the Frullani integral, we obtain

º�1 log L�(Ł) ¼ �log p[n] þ
Xn

i¼1

ð1
0

e( ~ppiþŁi)xi � e�xi

xi

dxi þ L�2 (Ł): (4:17)

For Ł ¼ 0, this reduces to

0 ¼ �log p[n] þ
Xn

i¼1

ð1
0

e ~ppi xi � e�xi

xi

dxi þ L�2 (0): (4:18)

We deduce that

º�1 log L�(Ł) ¼
ð
R nnf0g

(ehŁ,xi � 1)�R(dx), (4:19)

where

�R(dx) ¼ ehŁP,xi
Xn

i¼1

hfig
xi

þ
Xn

k¼2

X
I2B:j I j¼k

X
Æ2N I

0

dÆþ1 I
(R)

xÆ

Æ!

0
@

1
AhI

8<
:

9=
;(dx) (4:20)

according to (4.14).

We apply Lemma 8 for Ł0 ¼ 0 and Lemma 9 to obtain

�P(dx) ¼ ehŁP,xi
Xn

i¼1

1

xi

hfig þ
Xn

k¼2

X
I2B:j I j¼k

X
Æ2N I

0

~ddÆþ1 I

xÆ

Æ!

0
@

1
AhI (dx)

¼ ehŁP,xi
Xn

i¼1

1

xi

hfig þ
Xn

k¼2

X
I2B:j I j¼k

X
Æ2N I

0

dÆþ1 I
(R)

xÆ

Æ!

0
@

1
AhI

8<
:

9=
;(dx):

This leads to X
Æ2N I

0

~ddÆþ1 I

xÆ

Æ!
¼ ehŁP,xi

X
Æ2N I

0

dÆþ1 I
(R)

xÆ

Æ!

for all I 2 Bn such that jI j . 1. Substituting x ¼ 0, we obtain d1 I
(R) ¼ ~dd1 I

, jI j . 1, that is,
~bbI ¼ b I (R), jI j . 1, and bfig(R) ¼ Rfig ¼ 0 for all i ¼ 1, . . . , n. By Theorem 7, dÆþ1 I

(R) is

a polynomial in bT (R) ¼ ~bbT , jT j > 2, with non-negative coefficients because bfig(R) ¼ 0,
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i ¼ 1, . . . , n. Since ~bbT ¼ bT (R) for T 2 Bn with jT j > 2, we conclude that dÆþ1 I
(R) is a

polynomial in ~bbT , jT j > 2, with non-negative coefficients.

It is important to compare (4.14) to (4.5) where we have set Ł0 ¼ 0. Note that the term

ehŁP,xi factorizes the whole �P ¼ �P,0. h

Proof of Theorem 4. We prove the ‘only if’ part. Since �P is a Lévy measure, it follows from

(2.4) that �P is finite on ]1, 1[n. Therefore ~ppi is negative for all i 2 [n]. All the measures on

the right-hand side of (4.14) are mutually singular. Then �P is positive if and only if all these

measures are positive. This implies ~bbT > 0 for all T 2 B
�
n such that jT j > 2 owing to the

fact that d1T
(R) ¼ ~bbT and

X
Æ2N I

0

dÆþ1 I
(R)

xÆ

Æ!
¼ d1T

(R)þ
X

Æ2N I
0nf0g

dÆþ1 I
(R)

xÆ

Æ!
:

Conversely, according to Theorem 9, (3.8) and (3.9) imply that º�P is the Lévy measure

of ªP,º. h

5. An explicit case

Proposition 6 provides a particular example of an infinitely divisible multivariate gamma

distribution. This section computes the densities of the convolution powers and the Lévy

measure of this example.

Proposition 10. Let P be the affine polynomial defined by (3.23); let � ¼ ªP,1 ¼ jn, p,1 be the

infinitely divisible gamma distribution associated with (P, 1). Let ªP,º ¼ jn, p,º be the gamma

distribution associated with (P, º). Then we have:

(i) For x ¼ (x1, . . . , xn) 2 Rn,

ªP,º(dx) ¼ p�(n�1)º

(ˆ(º))n
expf�(x1 þ . . . þ xn)=pg(x[n])º�1

3 0Fn�1(º, . . . , º; qp�nx[n])1(0,1)n(x)dx: (5:1)

(ii) The Lévy measure of ªP,º is º�P with

�P(dx) ¼ expf�(x1 þ . . . þ xn)= pg

3 qp�n
0Fn�1(1, . . . , 1, 2; qp�nx[n])1(0,1)n (x)þ

Xn

i¼1

hfig
xi

 !
dx: (5:2)

Proof. Recall pT ¼ pjT j�1 and ~ppT ¼ � p�jT j, for all T 2 B
�
n . Then ŁP ¼ (� p�1, . . . ,

� p�1) ¼ � p�11. Let � ¼ Łþ ŁP, that is, �i ¼ Łi � p�1. For
Qn

i¼1( p�1 � Łi) . qp�n and

p�1 � Łi . 0, i ¼ 1, . . . , n, we obtain

Which multivariate gamma distributions are infinitely divisible? 183



L�(Ł) ¼ (P(�Ł))�º ¼ [L�(�� ŁP)]
�º

¼ p�(n�1)º
Yn

i¼1

(p�1 � Łi)
�º

 !
1� q p�n

Yn

i¼1

(p�1 � Łi)
�1

 !�º

¼ p�(n�1)º
X1
k¼0

hºik(qp�n)k
Yn

i¼1

( p�1 � Łi)
�k�º

¼ p�(n�1)º
X1
k¼0

hºik(qp�n)k L(— n
i¼1e

�xi= p xºþ k�1
i

=ˆ(ºþk))1(0,1)n (x)dx(Ł)

¼ Ljn, p,º(Ł),

where

jn, p,º(dx) ¼ p�(n�1)º

(ˆ(º))n
expf�(x1 þ . . . þ xn)= pg(x1 � � � xn)

º�1

3
X1
k¼0

(qp�nx1 � � � xn)
k

(hºik)n�1k!
1(0,1)n (x)dx

¼ p�(n�1)º

(ˆ(º))n
expf�(x1 þ . . . þ xn)= pg(x1 � � � xn)

º�1

3 0Fn�1(º, . . . , º; qp�nx1 � � � xn)1(0,1)n (x)dx:

Finally, we obtain (5.1). Note that we have just obtained a second proof of the infinite

divisibility of �.
We now use (4.14) to compute the Lévy measure of � ¼ �P,º. We write

L�(Ł) ¼
1

p
�q þ (� p)n

Yn

i¼1

�i

( )
¼ pn�1(��)[n] 1�

Xn

jT j¼2

rT (��)�T

8<
:

9=
;,

where rT ¼ 0, 1 < jT j < n � 1 and r[n] ¼ qp�n. Since

log(1� q p�n�[n]) ¼
X1
‘¼1

1

‘
(qp�n)‘(�[n])‘ ¼

X1
k¼1

1

‘
(qp�n)‘�‘

1 � � � �‘
n,

we obtain dÆ(R) ¼ 0 if Æ 6¼ ‘1, and d‘1(R) ¼ ‘�1(qp�n)‘, ‘ 2 N. Therefore, from (4.14), we

have
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�P(dx) ¼ exph� p�11, xi
Xn

i¼1

1

xi

hfig þ
X1
‘¼0

d(‘þ1)1(R)
x‘1

(‘1)!

 !
h[n]

( )
(dx)

¼ expf�(x1 þ . . . þ xn)= pg

3
Xn

i¼1

1

xi

hfig þ qp�n
X1
‘¼0

(qp�nx1 � � � xn)
‘

(‘!)n�1(‘þ 1)!

 !
h[n]

( )
(dx)

¼ expf�(x1 þ . . . þ xn)= pg

3
Xn

i¼1

1

xi

hfig þ qp�n
0Fn�1(1, . . . , 1, 2; qp�nx[n])1(0,1)n(x)

 !
(dx),

according to (5.2). h

6. Application to Griffiths’ result

Griffiths (1984, p. 14, Theorem 1) has proved the following result. Let � be a probability

distribution on [0, 1)n such that

L�(Ł) ¼ L�(Ł1, . . . , Łn) ¼ jIn � V¨j�1,

where V is a symmetric positive definite or positive semi-definite n 3 n (n > 3) matrix,

¨ ¼ diag(Ł1, . . . , Łn) with Łi , 0 for all i 2 [n], and In is the n 3 n identity matrix. Denote

by Vij the cofactor of (i, j). Then � is infinitely divisible if and only if, for all 3 < k < n and

for all fi1, . . . , ikg 2 [n], we have

(�1)k Vi1 i2 Vi2 i3 � � � Vik�1 i k
Vi k i1 > 0: (6:1)

Furthermore, Griffiths obtains the corollary that when the matrix of cofactors (Vij)
n
i, j¼1 of the

matrix V has no zero elements, then � is infinitely divisible if and only if for all distinct

i, j, ‘ 2 [n],

VijV j‘V‘i , 0: (6:2)

Since the polynomial P(Ł) ¼ jIn þ V¨j, where ¨ ¼ diag(Ł1, . . . , Łn), is affine, a natural

question is: whether Theorem 4 yields Griffiths’ result. Actually not, but Theorem 15 below

offers another necessary and sufficient condition close to Griffiths’ one. The next proposition

matches Griffiths’ notation with ours.

Proposition 11. Let P(Ł) ¼ jIn þ V¨j, where V is a symmetric positive definite n 3 n

(n > 3) matrix, ¨ ¼ diag(Ł1, . . . , Łn). For T 2 B
�
n, let VT ¼ (vij)i, j2T and V˘ ¼ 1. Then we

have:

(i) For all T 2 Bn, pT ¼ jVT j and ~ppT ¼ �jVT j=jVj.
(ii) For all S 2 B

�
n , ~bbS ¼

PjSj
‘¼1(‘� 1)!

P
T 2—‘

S

Q
T2T (�jV

T
j=jVj) with jV˘j ¼ 1.
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Proof. Let T 2 B
�
n . The coefficient of ŁT in

P(Ł) ¼ jIn þ V¨j ¼
X
�2S n

�(� )
Yn

i¼1

(�� (i),i þ v� (i),iŁi)

is

pT ¼
X

�2S n:� ( j)¼ j, j=2T

�(� )
Y
i2T

v� (i),i ¼
X
�2ST

�(� )
Y
i2T

v� (i),i ¼ jVT j:

For T 2 Bn, we obtain

~ppT ¼ � jVT j
jVj :

Then we have

~bbS ¼
XjSj
‘¼1

(‘� 1)!
X
T 2—‘

S

X
T2T

~ppT ¼
XjSj
‘¼1

(‘� 1)!
X
T 2—‘

S

Y
T2T

� jVT j
jVj

� �
:

h

Let us now recall a crucial result. For an n 3 n matrix Q ¼ (qij) define

pT ¼ (�1)jT j�1jQT j: (6:3)

Theorem 12. Let T be a non-empty subset of [n] and CT be the set of all circular

permutations of T . Then

bT ¼
X
c2CT

Y
t2T

qtc( t) ¼ jT j�1
X

fi1,...,i kg¼T

qi1 i2 � � � qik�1 i k
qik i1 :

Proof. See Bernardoff (2003, Theorem 3). h

The next theorem provides the link with Griffiths’ result recalled in (6.1).

Theorem 13. With the above notation, we have for S in B
�
n ,

(�jVj)jSj ~bbS ¼ jSj�1
X

fi1,...,i kg¼S

Vi1 i2 � � � Vi k�1 i k
Vi k i1 : (6:4)

Proof. The proof relies on a formula due to Jacobi. Let S ¼ fs1, . . . , sk : s1 , . . . , skg
and T ¼ ft1, . . . , t k : t1 , . . . , t kg be subsets of [n]. We denote S ¼ [n]nS ¼ fskþ1,

. . . , sn : skþ1 , . . . , sng and T ¼ [n]nT ¼ ft kþ1, . . . , tn : t kþ1 , . . . , t ng. If A ¼
(aij)(i, j)2[n]2 is an n 3 n invertible matrix, let us use the notation AP,R ¼ (aij)(i, j)2P3R. Then

the minor of the inverse A�1 of A with respect to S and T is given by Jacobi’s identity (Krob

and Legros 1999, pp. 349–350)
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j(A�1)S,T j ¼ �(���1)jA
T ,S

j jAj�1,

where � indicates the signature and where � and � denote the permutations of Sn defined

respectively by � (i) ¼ si and �(i) ¼ ti for all i in [n].

Consider the particular case in which S ¼ T , and where A ¼ V is an n 3 n symmetric

positive definite matrix. We obtain

j(V�1)T j ¼
jVT j
jVj : (6:5)

We substitute (6.5) in (6.3) and obtain

pT ¼ (�1)jT j�1j(�V�1)T j ¼ (�1)jT j�1(�1)jT jj(�V�1)T j ¼ � jVT j
jVj ¼ ~ppT

and bS ¼ ~bbS . We now apply Theorem 12 to Q ¼ �V�1 ¼ (�Vij=jVj)(i, j)2[n]2 where V is

symmetric positive definite. We then obtain

~bbS ¼ jSj�1
X

fi1,...,i kg¼S

qi1 i2 � � � qik�1 i k
qik i1

¼ jSj�1
X

fi1,...i kg¼S

� Vi1 i2

jVj

� �
� � � � Vi k�1 i k

jVj

� �
� Vik i1

jVj

� �

¼ jSj�1(�jVj)�jSj
X

fi1,...,i kg¼S

Vi1 i2 � � � Vi k�1 i k
Vik i1 ,

according to (6.4). h

Corollary 14. If n > 3, S ¼ fi, j, ‘g, and jVj 6¼ 0, then

(�jVj)3 ~bbi, j,‘ ¼ 2VijV j‘V‘i:

Proof. In this case Vi1 i2 Vi2 i3 Vi3 i1 ¼ VijV j‘V‘i for all fi1, i2, i3g ¼ S and

(�jVj)3 ~bbi, j,‘ ¼
1

3

X
fi1,i2,i3g¼fi, j,‘g

Vi1 i2 Vi2 i3 Vi3 i1 ¼ 2VijV j‘V‘i:

Theorem 15. Let V be a positive semi-definite symmetric matrix. Then the following

statements are equivalent:

(i) jIn � V¨j�1, with ¨ ¼ diag(Ł1, . . . , Łn), is the Laplace transform of an infinitely

divisible distribution.

(ii) (�1)k Vi1 i2 � � � Vi k�1 i k
Vik i1 > 0 for any sequence of elements i1, . . . , ik 2 [n] and for

k 2 f3, . . . , ng.
(iii) For all S � [n], the sign of

P
fi1,...,i kg¼S Vi1 i2 � � � Vi k�1 i k

Vi k i1 is (�1)jSj.
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Proof. (i) , (ii) is due to Griffiths (1984). (ii) ) (iii) is trivial. Let us show (iii) ) (i). If

jVj . 0 then this is Theorem 13. Assume now that jVj ¼ 0. Let � . 0, and consider

V� ¼ V þ �In. Then jIn � V�¨j�1 satisfies (iii) and jV�j . 0. Then by the first case,

jIn � V�¨j�1 is infinitely divisible. As the limit of an infinitely divisible distribution is

infinitely divisible, (i) is valid also for � ¼ 0. h

7. The case p[n] ¼ 0

Theorem 4 requires p[n] 6¼ 0. In the particular case considered by Griffiths (1984), we have

p[n] ¼ jVj and Theorem 15 ignores the condition p[n] 6¼ 0. However, finding necessary and

sufficient conditions for infinite divisibility in the case p[n] ¼ 0 seems to be a difficult

problem. To illustrate this point we consider the classical Wishart distribution on positive

definite symmetric 23 2 matrices

X ¼ X 1 X3

X 3 X2

� �

with

E(es1 X1þs2 X2þ2s3 X3 ) ¼
����I2 � s1 s3

s3 s2

� �����
� p

¼ (1þ s1 � s2 þ s1s2 � s23)
� p,

p > 2. It is known (Bar-Lev et al. 1994) that there is no distribution in R3 having such a

Laplace transform for 0 , p , 1=2. Note that R(s1, s2, s3) ¼ s1 þ s2 � s1s2 þ s23 is not an

affine polynomial. However, let s1 ¼ Ł1 þ Ł3, s2 ¼ Ł2 þ Ł3 and s3 ¼ Ł3. Then R becomes

P(Ł) ¼ 1þ Ł1 þ 2Ł3 þ Ł2 þ Ł1Ł2 þ Ł2Ł3 þ Ł3Ł1:

This polynomial satisfies p[3] ¼ 0. Therefore, for Y1 ¼ X 1, Y2 ¼ X2 and

Y3 ¼ X 1 þ X 2 þ 2X 3 we have E(ehŁ,Y i) ¼ (P(�Ł)� p, which is a Laplace transform if and

only if p > 1=2. Therefore, infinite divisibility may or may not exist in the case p[n] ¼ 0, and

even the case n ¼ 3 is a challenge.
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