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On Kesten’s counterexample to the
Cramer—Wold device for regular variation

HENRIK HULT! and FILIP LINDSKOG?

1School of Operations Research and Industrial Engineering, Cornell University, Rhodes Hall,
Ithaca NY 14853, USA. E-mail: hult@orie.cornell.edu

2Department of Mathematics, Royal Institute of Technology (KTH), 100 44 Stockholm, Sweden.
E-mail: lindskog@math.kth.se

In 2002 Basrak, Davis and Mikosch showed that an analogue of the Cramér—Wold device holds for
regular variation of random vectors if the index of regular variation is not an integer. This
characterization is of importance when studying stationary solutions to stochastic recurrence equations.
In this paper we construct counterexamples showing that for integer-valued indices, regular variation
of all linear combinations does not imply that the vector is regularly varying. The construction is
based on unpublished notes by Harry Kesten.
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1. Introduction

For R¢-valued random vectors X, and X, the well-known Cramér—Wold theorem says that a
necessary and sufficient condition for X, — X, is that xX,, 2 XX for every x € R%. We
use the convention that x € R? is a column vector and x! its transpose. In Basrak et al.
(2002a) it was shown that, for non-integer-valued indices of regular variation, there is a
similar characterization of regular variation for a random vector in terms of regular
variation of its linear combinations, meaning that for some o > 0 and some function L
which is slowly varying at infinity,

for every x # 0, lim,_ o t“L(H)P(xTX > ) = w(x) exists,
w(x) > 0, for some x # 0.

(1

If (1) holds, then necessarily w(ux) = u“w(x) for all x # 0 and u > 0. The interest in this
condition originates from a classical result by Kesten (1973) which (briefly) says that, under
mild conditions, the stationary solution X of a multivariate stochastic recurrence equation
X, = A, X,_1 + B, satsifies (1), where L(7) = 1 and « is the unique solution to

1
lim —Elog||A, --- A1]|* = 0.

n—oo n

Here || - || denotes the operator norm, ||A|| = supjy—;|Ax|, and |- | is the Euclidean norm on
RY. A popular example is the stationary GARCH model which can be embedded in a
stochastic recurrence equation (see Basrak ez al., 2002b). Other examples where condition (1)

1350-7265 @© 2006 ISI/BS



134 H. Hult and F Lindskog

appears are the stochastic recurrence equations with heavy-tailed innovations studied in
Konstantinides and Mikosch (2005) and the random coefficient AR(g) models of Kliippelberg
and Pergamenchtchikov (2004). Important and accessible papers on the extremal behaviour of
solutions to univariate stochastic recurrence equations are de Haan et al. (1989), Goldie
(1991) and Borkovec and Kliippelberg (2001).

A random vector X is said to be regularly varying if there exist an o >0 and a
probability measure o on B(S?!), the Borel o-field of S ! = {x € R? : |x| = 1}, such
that, for every x > 0, as t — oo,

PIX[ > o, X/X[€-) v d-1
PIX| > 1) —x “o(-) on B(S7). 2)

Here —— denotes vague convergence, and a and o are respectively called the index of
regular variation and spectral measure of X. For a € (0, 2) this formulation of multivariate
regular variation is a necessary and sufficient condition for the convergence in distribution of
normalized partial sums of independent and identically distributed random vectors to a stable
random vector; see Rvaceva (1962). It is also used for the characterization of the maximum
domain of attraction of extreme value distributions and for weak convergence of point
processes; see, for example, Resnick (1987).

In Basrak ef al. (2002a, Theorem 1.1) it was proved that (2) implies (1) and the
following statements hold:

(A) If X satisfies (1), where a is positive and non-integer, then (2) holds and the spectral
measure o is uniquely determined.

(B) If X assumes values in [0, co)? and satisfies (1) for x € [0, c0)?\{0}, where a is
positive and non-integer, then (2) holds and the spectral measure o is uniquely
determined.

(C) If X assumes values in [0, c0)? and satisfies (1), where « is an odd integer, then (2)
holds and the spectral measure o is uniquely determined.

In Section 2 we construct a counterexample which shows that (A) cannot be extended to
integer-valued indices of regular variation without additional assumptions on the distribution
of X. In Section 3 we construct a counterexample which shows that (B) cannot be extended
to integer-valued indices of regular variation without additional assumptions on the
distribution of X. Whether (C) is true or not in the case of a belonging to the set of even
integers is, to the best of the knowledge of the authors, still an open problem.

Let us point out that there are several equivalent formulations of (2); many of them are
documented in Basrak (2000) and Resnick (2004). See also Basrak et al. (2002a), Hult
(2003), Lindskog (2004) and Resnick (1987) for more on multivariate regular variation. For a
detailed treatment of the concept of regularly varying functions, see Bingham et al. (1987).

2. Construction of the counterexamples

The constructions of the counterexamples corresponding to (A) and (B) for integer-valued
indices of regular variation are rather similar and consist of two steps. First, note that due
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to the scaling property the limit function w in (1) is determined by its values on S9!
Therefore it is sufficient to consider linear combinations x'X with x € S9!

The first step consists of finding two bivariate regularly varying random vectors X, and
X; with index of regular variation a > 0 and spectral measures o and o, with 0 # o4,
such that for every x € S and ¢ > 1,

Px"X, > 1) = P(x"X; > 1). 3)

For the example corresponding to (B) we restrict x to S N [0, 0o)?.
In the second step we will construct the counterexamples by finding a random vector X
such that, for every x € S and x € S N [0, 0o)?, respectively,

lim PxXTX > 1) = lim *P(x"Xy > f) = lim “P(x"X) > 1) =1 w(x) 4)
and such that there are subsequences (u,), (v,), u, T o0, v, T oo, with the property that for
every S € B(S) with 0¢(9S) = 0,(9S) =0,

P(X| > u,, X/|X| € S
i POXI> w0 X/XI €)oo .
n—oo P(‘Xl > un)

P(X| > vs, X/IX[€S) _ 51(5). (6)

;
e P(X[ > 0,)

The counterexamples are easily extended to R?-valued random vectors. Take
X = XD, X)T as above and Y = (Y, ..., Y@2)T independent of X with Y satisfying
(1) with the same a as X, L(f)=1, and limit function wy. Put
Z=XM, x® y® Y@=2)T Then, by independence (cf. Davis and Resnick 1996,
Lemma 2.1),

lim 1“P(z"Z > 1)

= lim t“P((zV, z®)X > 1) + lim t*P((z®, ..., zD)Y > 1)
1—00 —00
= w(zW, z2@) + wy(z?, ..., zD).

Hence, Z satisfies (1). However, Z does not satisfy (2). Indeed, assume on the contrary that Z
satisfies (2) with spectral measure oz. Then since X = T(Z) with T: RY — R? is given by
T(z) = (zV, z®)T it follows that X satisfies (2) for some spectral measure o (Basrak et al.,
2002b, Proposition A.1). This is a contradiction.

2.1. Construction of X; and X;

We will now focus on the construction of Xy and X, in the counterexample corresponding
to (A) when a is a positive integer.

We will construct two regularly varying random vectors Xy and X; with index of regular
variation a and different spectral measures such that (3) is satisfied. A different construction
in the case a =1 can be found in Meerschaert and Scheffler (2001, Example 6.1.35).
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Let ©( be a [0, 27)-valued random variable with density f satisfying, for some & > 0,
fo(0) > € for all 0 € [0, 2m). Take v € (0, €) and let ®; have density f; given by

J1(0) = fo(0) + vsin((a 4 2)0), 0 € [0, 2m).
Let R ~ Pareto(a), that is, P(R > x) = x~* for x = 1, be independent of ®;, i =0, 1, and
put
X; 4(Rcos®,, Rsin®,)".

Obviously X; is regularly varying with o;(-) = P((cos ©;, sin®;) € -). Take x € S and let
B € [0, 2m) be given by x = (cosf3, sinf8)". Then, for ¢ > 1,
P(x'X; > ) — P(x"Xg > 7)

oo f+arccos(t/r)
= uj J ar~“ sin((a + 2)0)dOdr

t Jp—arccos(t/r)

= — avf:z JOC % Y(cos{(a + 2)(B + arccos(t/r))} — cos{(a + 2)(B — arccos(t/r))})dr

si
a+?2

200 in((a + 2)[3)JC>C r~*Vsin {(a + 2)arccos(t/r)}dr.

Using standard variable substitutions and trigonometric formulae the integral can be rewritten
as follows:

JOO r~*Vsin {(a + 2)arccos(t/r)}dr

t

1
= 7| r*sin{(a + 2)arccos(r)}dr
0

/2
=t cos® 1(r)sin((a + 2)r)sin(r)dr
0

/2 /2
=t cos® (r)cos((a + 1)r)dr — t’aJ cos“(r)cos((a + 2)r)dr.
0 0

The two last integrals equal zero for every a € {1, 2, ...}; see Gradshteyn and Ryzhik (2000,
p. 392). Hence, for ¢ > 1, P(x"X; > £) = P(x"X, > ), which proves (3).

The following construction of X satisfying (4)—(6) is based on unpublished notes by
Harry Kesten relating to Kesten (1973, Remark 4, p. 245).

2.2. The counterexample

Consider the random vectors X, and X, above. Let gy and g; denote their densities. We
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construct a random vector X satisfying (1) which is not regularly varying; we will show that
it satisfies (4)—(6).
Take y € R? with |y| > 1. There exist unique integers j, n = 1 such that

n—1

n
lyle (i, (j+1D!] and ;e {Z 2K, .., sz}.
=1 =1
Let X be an R?-valued random vector with density g given by
n—1 n—1
(1 - (j -y 2") 2‘") oo () + (j -3 2") 27" ghiminy(¥),
=1 =1

for |y| € (j!, (j+ 1)!], where

0, if n is odd,
b(n) = { 1, if n is even.

That is, the density g is given by

go(y) =0, ly| € (0, 1],
380(y) +321(y), Iyl € (1, 2],
21(y), ly| € (2,31],

g(y) = ¢ 120 +3a1(y), |yl € 3L 4],
se(y) +3&1(y), Iyl € (4L 5],
120 +i2i(y), |yl €56l
etc.

Note that in each disc |y| € (!, (j+ 1)!] the density g is a convex combination of the
densities go and g;. Therefore,

| ey - )

=1

0o p(j+1)! 00
= Z J ar *ldr = J ar *ldr=1,
=1 JJ! 1

J g(y)dy
Iyl A+

so g is indeed a probability density. Take x € S and 7 € ((j — 1)!, j!]. Then there are two
possibilities:

M j-te{Ti2 + 1., T2~ 1} or
(i) j—1=>} 12k

Suppose (i) holds. Then, with y = (j — ZZ;} 2F2-7 € [0, 1], we have
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PxX'X > #)= (1 —y + 27 ")PX" Xpn) > 1, |Xpm| € (1, 1)
+ (y = 27"PX Xpns 1) > 1, [Xpgurn)| € (2, )
+ (1= )P Xy > 1, X | € L (G + DI
+ P Xpni1) > 1, [Xpusny] € Gl (G + DI
+PE'X > ¢, |X| > (j+ D).

Hence,

P(xX'X > 1) = 27" {P(X" Xpn) > 1, [Xpm| € (1, 1)) = P Xiuity > 1, [Xpgurn| € (4, 71D}

+ (1 = )P Xp(ny > 1) + yPX X1y > 1)
B,

— (1 = PP Xpny > 1, [Xpm| > (j+ DY)
— YPO Xpnrn) > 1, [Xpui ] > (G + DY)
+ P('X > 1, [X| > (j+ D).
We have
27 P Xy > 1, Xy € (1, j11) — P Xty > £, Xpiurny| € (1, j)}
< 27" {P([Xp(n| > 1) + P(Xpusny| > 1)} =27 "1

Moreover, since P(xTX; > £) = P(x"X, > ¢) we have B, = P(x"X, > f). The absolute value
of each of the remaining terms is less than or equal to ((j+ D)™ * < (jjH*=<(j1) % so
we conclude that

t[PxX"X > 1) — P(x"Xo > )| = 27" 4357
Since j = j(f) — o and n = n(t) — oo as t — oo, we have
lim t*|P(x"X > £) — P(x"X, > £)| = 0.
That is,
lim P(xTX > 1) = lim P(x'Xy > 1) = lim “P(xTX; > o).

Suppose now that (ii) holds. Then
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P(x"X > 1) = P(X" Xp(n) > 1, [Xpm| € (4, 1)
+ (1= 27"PE X > 1, X € (S (J+ D)
+27"P(X" Xpni1) > 4 [ Xpguin] € (L (G + DY)
+PX'X > ¢, [X| > (j+ 1)
= P(x" Xp(n) > 1) — P(X Xpin) > 1, X > (G + DY
+ 27 PO Xpni1) > 1, Xoguin] € (L (G + D)
— PO Xo(n) > 4, [Xpn| € (1 (G + DD}
+PX'X >, X > (j+ D).
By arguments similar to those for case (i), we obtain
“PXTX > 1) —P(x' Xy > )| < 227"+ 7%).
It follows that
IILI?OZQP(XTX > 1) = }LI})]OIQP(XTXO > 1) = }Ltglot“P(xTXl > 1),
which proves (4).

Finally, we find subsequences (u,) and (v,) satisfying (5) and (6). Take S € B(S) with
00(8S) = 0'1(8S) = 0. Put

2n+1

cn:iZk and d, = Z 2k,
k=1 k=1
Note that for c,! <|y|<(c,+1)! we have g(y) = gson+1)(y) = go(y), whereas for
d,! <|y| <(d,+ 1) we have g(y) = gran+2)(y) = gi(y). It follows that, with u, = ¢!,
usP(IX) > uy, X/1X| € 8) = uP(c,! < |X| < (c,+ D, X/|X| €9)
+uSP(IX| > (¢, + DL, X/IX]| € 9).
Since the second term is less than or equal to
U P(X] > (e + DY) = (ea)*[(cn + DI =0,
as n — oo, it follows that

lim uP(|X| > u,, X/[X| € 8) = lim % (u,* — [(ca + D] *)00(S)
n—0o0 n—00

n

= O'()(S).
By a similar argument, with v, = d,,!,

lim v“P(X| > v, X/|X]| € 8) = 01(S).
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Thus, we have found sequences (u,) and (v,) satisfying (5) and (6) and the counterexample
is complete.

3. Vectors with non-negative components

In this section we construct a counterexample corresponding to (B) in the case of integer-
valued indices of regular variation.

The following construction of X, and X; was given in Basrak et al. (2002a) for a =2
but can, as we will see, be extended to any positive integer a. Take a € {1, 2, ...} and let
Oy, O, be two [0, 7t/2]-valued random variables with unequal distributions satisfying

E(cos*® sin* *©y) = E(cos"©; sin* ¥O,), k=0,1,..., a. (7)

Let R ~ Pareto(a), that is, P(R > x) = x~* for x = 1. Suppose R is independent of O,
i=0,1 and put X; g(R cos @;, Rsin®;)T. For x € [0, o0)*\{0} we have

t"P(x"X; > 1) = t“P(x;Rcos ©; + x, Rsin®; > f)

loe]
= faJ P(x,c0s ©, 4 x,sin ®; > t/r)ar " 'dr
1

J P((x;c0s ©; + x; sin ©;)* > v)dv
0

xfxs *E(cos*©; sin* *©;)

Mg

k:l

for ¢ sufficiently large. We can now construct the vector X as in Section 2.2, with
x €S, =SnNJ0, o0)* and the new densities gy and g; of X, and X;. It remains to show
that we can find unequal distributions of the [0, 7t/2]-valued random variables ®, and ©;
satisfying (7). Let ©®¢ have density f, satisfying, for some & >0, fy(6)> ¢ for all
0 € [0, /2. We will show that the density f; of ©; can be chosen as
J1(0) = fo(0) + vf(0), where v € (0, &) and f is chosen such that supgejo.q/2)|f(0) = 1,
[7% £(6)d6 = 0, and (7) holds. Let

A :=span{1, sin“(0), cos(0)sin®~'(6), ..., cos*(0)} C Cy([0, m/2]),

where C,([0, 7t/2]) is the space of real valued continuous functions on [0, 7t/2] equipped

with the inner product (%1, #2) = fo hy(s)h,(s)ds, which makes it an inner product space.
For any non-zero f' ¢ A with f € C,([0, t/2]), we can choose
f = Proj(f)

B Supee[o,n/zﬂ{f— Proj4(/)}(0)|

Then f LA, fi is a density function and (7) holds. Since 4 is a finite-dimensional subspace of
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the infinite-dimensional space C,([0, 7t/2]) it is clear that its orthogonal complement is non-
empty. Hence, the density f; above exists.
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