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This paper is concerned with two-person zero-sum games for continuous-time Markov chains, with
possibly unbounded payoff and transition rate functions, under the discounted payoff criterion. We give
conditions under which the existence of the value of the game and a pair of optimal stationary
strategies is ensured by using the optimality (or Shapley) equation. We prove the convergence of the
value iteration scheme to the game’s value and to a pair of optimal stationary strategies. Moreover,
when the transition rates are bounded we further show that the convergence of value iteration is
exponential. Our results are illustrated with a controlled queueing system with unbounded transition
and reward rates.
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1. Introduction

Zero-sum stochastic dynamic games have been widely studied in the literature. Existing
work can be roughly classified into four main groups. The first deals with discrete-time
games (see, for instance, Basar and Olsder 1999; Filar and Vrieze 1997; Hernandez-Lerma
and Lasserre 2001; Sennott 1994; Shapley 1953); the second with differential games (e.g.
Ardanuy and Alcala 1992; Hamadéne 1999; Ramachandran 1999); and the third with semi-
Markov games in which the players can choose their actions only at cerfain (random)
epochs, and which, therefore, can be reduced to discrete-time games (see Lal and Sinha
1992, for instance). In this paper, we study a fourth class of stochastic games, namely,
games in which the state process evolves according to a continuous-time Markov chain, and
the players can select their actions continuously in time. This fourth class has been studied
by Lai and Tanaka (1984), Tanaka and Homma (1978) and Tanaka and Wakuta (1978).
However, the latter references are all restricted to the case where the transition and payoff
rates are both bounded, and, moreover, each player uses only stationary strategies. Here, we
consider a much more general case.

More precisely, we consider zero-sum games for continuous-time Markov chains with a
discounted payoff criterion. The transition and payoff rates are both allowed to be
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unbounded, and each player may use randomized, time-varying, Markov strategies. We give
conditions under which the optimality (or Shapley or dynamic programming) equation has a
unique solution, which is used to show that the game has a value, as well as the existence
of a pair of optimal stationary strategies. In addition, we prove the convergence of the value
iteration scheme to the game’s value and that it yields a pair of optimal stationary
strategies. Moreover, when the transition rates are bounded we further show that the
convergence of value iteration is exponential. Our results are illustrated with a controlled
queueing system with unbounded transition and reward rates.

The rest of this paper is organized as follows. Sections 2 and 3 introduce the game model
and the family of admissible strategies, respectively. The optimality criterion we are
concerned with is presented in Section 4. Our main optimality results are stated in Section
5 and illustrated with examples in Section 6. Their proofs are postponed to Section 8 after
some technical preliminaries in Section 7. We conclude in Section 9 with some general
remarks.

2. The game model

In this section we introduce the (continuous-time, time-homogeneous) two-person zero-sum
stochastic game model:

{S9 A: Ba KA) KB) 9, I"}, (21)

where S is the state space, a denumerable set, and 4 and B are the action spaces for players
1 and 2, respectively, which are assumed to be Polish (i.e., complete and separable metric)
spaces. The sets K4 C S X 4 and Kz C S X B are Borel sets that represent the constraint
sets. That is, for each state i € S, the i-section in K4, namely

A(i) :={a € A|(i, a) € K4},
represents the set of admissible actions for player 1 in state #; similarly, the i-section in K3,
B(i) :={b € B|(i, b) € K},
stands for the family of admissible actions for player 2 in state i. Let
K :={(, a, b)|i € S, a € A(i), b € B(i)}, (2.2)

which is a Borel subset of S X 4 X B.

The component ¢ in (2.1) is the matrix of the game’s tramsition rates [q( j|i, a, b)]
satisfying ¢(j|i, a, b) =0 for all (i, a, b) € K and i # j, and which is assumed to be
conservative, that is,

> q(jlia, b)=0, V(i ab)eEK, (23)
Jjes
and stable, that is,
q(i) = sup  gi(a, b) < 0, vViels, 2.4)

ac A(i),be B(i)



Zero-sum continuous-time Markov games 1011

where q;(a, b) := —q(ili, a, b) for all a € A(i) and b € B(i). Moreover, q(jli, a, b) is a
measurable function on 4 X B for each fixed i, j € S.

Finally, r : K — R := (=00, +00) is the reward rate function for player 1 (or the cost
rate function for player 2).

The game is played as follows. Players 1 and 2 observe continuously the current state of
the system. Whenever the system is at state i € S at time ¢ = 0, they independently choose
actions a; € A(i) and b, € B(i) according to some admissible ‘strategies’ introduced in
Definition 3.1 below. As a consequence of this, the following happens: (1) player 1 receives
a reward rate r(i, a;, b;); (2) player 2 incurs a cost rate r(i, a;, b;); and (3) the system
moves to a new state j # i with a possibly non-homogeneous transition probability function
determined by the transition rates [q( j|i, a,, b,)]. The goal of player 1 is to maximize his/
her reward, whereas that of player 2 is to minimize his/her cost with respect to some
performance criterion V,, which in our present case is defined by (4.1) below.

3. Strategies

We begin this section with some notation. If X is a Polish space, we denote by B(X) its
Borel o-algebra, and by P(X) the Borel space of probability measures on X, endowed with
the topology of weak convergence.

A randomized Markov strategy for player 1, denoted by n!, is a family (z!, t = 0) of
stochastic kernels satisfying the following conditions:

(1) for each +=0 and i€ S, (i) is a probability measure on A4 such that
T (A@D)]) = 1;
(2) for every E € B(A) and i € S, m}(E|i) is a Borel measurable function in ¢ = 0.

Without loss of generality, by (1) we may also regard 7!(:|i) as a probability measure on A(i).
We denote by []]" the family of all randomized Markov strategies for player 1. Moreover, a

strategy 7' = (7!, t = 0) € [[}" is called stationary if, for each i € S, there is a probability
measure 7! (-|i) € P(A(i)) such that

7 (| = 7', Vi = 0.

We denote this policy by (7'(-|i), i € S). The set of all stationary strategies for player 1 is
denoted by []}. The sets of all randomized Markov strategies [ |5 and all stationary strategies
[I; for player 2 are defined similarly, with P(B(i)) in lieu of P(A(i)).

For each pair of strategies (', 7%):= (@}, #2), t = 0) € [[{' X[[;, the associated
transition and reward rates are defined, respectively, as follows: for each 7, j € S and ¢t = 0,

alic @)= [ | gl o, balaliiabln, G.D)
B(i) J 4i)

r(t, i, 7', %) = JB(') JA(') r(i, a, by} (dali)(dbli). (3.2)

In particular, when 7' and 7? are both stationary, we write (3.1) and (3.2) as q( j|i, 7', 7%)
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and (i, w', %), respectively. In addition, the associated Q-matrix is QO(t, 7', 7%) :=
[q(jli, t, ', 7%)]. As is well known (see Anderson 1991; Chung 1960; Feller 1940; Hou
and Guo 1998; or Hou 1994) any (probably substochastic) transition function
p(s, i, t, ], 7', 7%) for which o(t, m!', %) is its transition rate matrix (i.e.

op(s, i, t, j, &', 7*
ot

)|l:S = q(]|l’ s, ‘7[17 '7[2)

for all i, j € S and s = 0), is called a Q-process. A Q-process p(s, i, t, j, m', &%) is said to be
honest if 3, p(s, i, t, J, a',m*) =1 for all i€ S and t=s=0; see Anderson (1991),
Chung (1960) or Feller (1940) for more details.

In the spirit of the conditions in Feller (1940) for the existence of such Q-processes, we
will restrict ourselves to control strategies in the classes [[ and [], defined as follows:

Definition 3.1. For k = 1, 2, [ « is any subset of randomized Markov strategies for player k
such that || contains [}, and satisfies a continuity condition on the corresponding
transition rates in t =0 for each strategy in [, with { # k. Hence, q(jlt, i, &', 7*) is
continuous in t =0 for each i, j € S and (7', 7*) € []1 X ]2

Remark 3.1. Observe that [, X []» is non-empty because it contains [} X [[3. Moreover,
we provide an example in Section 6 showing that [[; and [], can be chosen to be strictly
larger than []; and []5, respectively.

For each fixed pair (', %) € [[1 X []2, since the matrix [q( j|i, a, b)] is conservative
and stable (see (2.3), (2.4)), O(t, &', #*) is also conservative and stable. Hence, for each
7' € [T1 and #* € [, the existence of a Q-process, such as the minimum Q-process
denoted by p™n(s, i, t, j, ) (e, p™ (s, i, ¢, j, )< p(s, i, t, j, ®) for any Q-process
p(s, i, t, j, 7)), is guaranteed; but it is not necessarily regular (i.e. unique and honest), that
is, we might have ) jcg p™in(s, i, t, j, 1) < 1 for some i € S and t=s=0; see Feller
(1940) and Chung (1960). Thus, for a Q-process to be regular and also for our payoff
criterion (4.1) to be well defined, throughout this paper we make the following assumption:

Assumption A. For each pair of strategies (n', %) € [[1 X [] 2, there is a regular Q-process
with transition rate matrices {Q(t, &', 7*), t = 0}.

To ensure that Assumption A holds we may use, for instance, the following fact.

Proposition 3.1. Each of the following conditions implies that Assumption A holds:

(a) The transition rates are bounded, that is,
(2.4).

(b) There exist N non-negative functions w, on S and a positive constant ¢ such that,
for all (i, a, b) € K,

lq|| := supjes q(i) < oo with q(i) as in
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> qUlis a. Bywa() < wan (), forn=1,...,N—1,
jes

and, furthermore,

Z q(jli, a, ywy(j) <0

jes
and

q(i) < cowi (i) + ... + wy(i)),  forall i€S. (3.3)

Proof. By (2.3) we see that condition (a) implies (b) with wy(i) := ||¢| for all i € S and
N = 1. Thus, it suffices to verify that (b) implies Assumption A, which is done after Lemma
7.3 below. ]

Remark 3.2. (a) The conditions in Feinberg (2004), Lai and Tanaka (1984), Puterman (1994),
Sennott (1999), Tanaka and Homma (1978), Tanaka and Wakuta (1978) and Yushkevich and
Fainberg (1979) imply Assumption A because all of these references require the transition
rates to be bounded. On the other hand, in Section 6 we introduce a queueing system with
unbounded transition rates for which Assumption A is true.

(b) For each (!, 7%) € []1 X []2, we denote by P(s, t, &', #*) := [p(s, i, t, j, &', 7%)]
the regular Q-process, that is the transition probability function, and by {x(¢, !, 7?)} the
ass001ated rlght contlnuous Markov chain. Further, for each initial state i € S at time s = 0,
P” 7 and E” " denote the corresponding probability measure and expectation operator
determlned by P(s, t, ', 7%), respectively.

4. Discounted payoff criterion

For each pair of strategies (n', 7%) € [[1 X []2, initial data (s, i) € S := [0, o0) X S and a
given discount factor a > 0, the discounted payoff criterion V,(s, i, &', 7%) is defined as

{o¢)
. 1.2
Va(s, i, o', %) := J e “IETT (1, x(t, 7', 7, 7', 7t)dt

:J e A=Y [Z p(s, i, t, j, 7', d)(t, j, 7', 7?)|de. 4.1
S jeS

To introduce our optimality criterion we also need the following concepts. The functions on S
defined as

L(s, i) := sup 1nf Ve(s, i, @', %) and U(s, i) == 1nf sup Vy(s, i, ', 7%) “4.2)

alell, 7 m2ell, m2ell, lell,

are called the lower value and the upper value, respectively, of the discounted payoff game. It
is clear that
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L(s, i) < U(s, i), V (s, i) €S. 4.3)

Definition 4.1. If L(s, i) = U(s, i) for all (s, i) € S, then the common function is called the
value of the game and is denoted by V.

Definition 4.2. Suppose that the game has a value V. Then a strategy * in [[ 1 is said to be
optimal for player 1 if

inf V(s i, "', %) = V(s, i), Y (s, i) € S. (4.4)

7[2€H2
Similarly, 7** € [, is optimal for player 2 if
sup Vo(s, i, ', ) = V(s, i), Y (s, i) € S. 4.5)

mlelly
[fJT*k € [1« is optimal for player k (k =1, 2), then (x*', 7*?) is called a pair of optimal
strategies (also known as a saddlepoint).

To ensure that the discounted payoff criterion V(s, i, m', 7%) is a finite-valued function
we shall suppose the following.

Assumption B. There exist N non-negative functions w,, n=1,2, ..., N, such that, for all
(i, a, b) € K,
> q(lis a bywa( ) < wani (i), forn=1,...,N—1, (4.6)
jes
and
> q(jli, a, bywy(j) < 0. 4.7)
jes

Observe that Assumption B is similar to — but not the same as — the condition in
Proposition 3.1(b). In particular, Assumption B does not necessarily imply (3.3).
Let

W(i) = wi(i) + ... + wy(i),  foralli€S. (4.8)

Since [¢q( j|i, a, b)] is conservative, Assumption B still holds if we replace wy with wy + 1.
Thus, from now on we suppose that W = 1.

Remark 4.1. (a) By (2.3), if the transition rates are bounded — that is, ||¢|| < co as in, for
instance, Feinberg (2004), Lai and Tanaka (1984), Puterman (1994), Sennott (1999), Tanaka
and Homma (1978), Tanaka and Wakuta (1978) and Yushkevich and Fainberg (1979) — then
Assumption B trivially holds with N =1 and w; := ||¢||. Moreover, if Assumption B holds
and, in addition, g(i) < cW (i) for all i € § and some constant ¢ > 0, then, by Proposition
3.1, our Assumption A is also true. On the other hand, suppose that Assumption B holds and,
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furthermore, there exists a sequence {S,, m =1} of subsets of S such that S, T S,
Ssupjes,, q(i) < oo, and lim,,_[inf jz5, W( j)] = +oo. Then from Guo and Herndndez-Lerma
(2003b) we see that for each pair of strategies (', %) € [ 1 X [ the associated Q-process
with transition rate matrices Q(t, 7', %) is regular, and so Assumption A is not required.

(b) Our Assumption B was motivated by conditions in Lippman (1973, 1975) and Van
Nunen and Wessels (1978) for discounted semi-Markov decision processes (e.g., the case
where B(i) is a singleton {b;} for each i€ S), which in a sense are stronger than
Assumption B. To see this, let us suppose that B(i) = {b;} for each i € S, and consider
Lippman’s (1973, 1975) conditions, which are also used in Van Nunen and Wessels (1978).
As in Lippman (1973, 1975), let p(:|i, a) := p(:|i, a, b;) and r(i, a) :== r(i, a, b;) be the
transition probability and the one-period reward, respectively, for each i€ S and
a € A(i) = A. Further, a >0 is the discount factor, and #(-|i, @) is the probability
distribution of the time until the next transition, given the current state i € S and the action
a € A. With this notation, we have what we will refer to as

Lippman’s conditions: there exists a function w(-) = 1 on S, an integer N = 1, a number
B (0 <p < 1) and positive numbers ¢ and M such that, for all i € S, a € 4,

(L) B, a) = [)° e “i(dr]i, a) < B,
(L2) |r(i, a, b)|w(i)™N < M,
(L3) ZjeS w'( pHp(jli, a, b)) < [w(@)+ )", forn=1, ..., N.

Obviously, these conditions are different from our Assumption B. However, in the case
B(i) = {b;} we get the following.
Proposition 4.1. Under Lippman’s conditions, for our game model we have:

(a) the transition rates are bounded, that is ||q|| = supjes q(i) < o0;
(b) Assumption B holds.

Proof. (a) Since
. o _ . o0 _ ili . 7‘](1‘1'3 a, bl)
B(i, a) EJ e “"i(dtli, a) :J e (1l — edliitabimy = T 2 T8
0 | 0 a — q(ili, a, b;)
by (L1) we have —q(ili, a, b;) < afs/(1 — ) for all i € S and a € A. This gives part (a).
lncepji9a5 i:qji9a» i _qiiaa9 i when i jan piiaaa i) =Y, by
(b) Si ( bi) = q( bi)/(—q( b;)) when i # j and p( bi)=0,b
part (a) and (L3) with n =1 we have

> qCilis a, byw(j) = (—q(ili, a, 5:) > p(jli, ayw( j) + q(ili, a, biyw(i)

JjeS JjeES
| . - N aPe
< —q(ili, a, b)[w(i) + c] + q(ili, a, byw(i) < T8
Let wy = w, wy = affic/(1 — ). Then Assumption B is true (with N = 2). O

Finally, to ensure the existence of a pair of optimal stationary strategies, in addition to
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Assumptions A and B we impose the following continuity—compactness conditions, in
which W(-) is the function in (4.8).

Assumption C. For each i € S:

(1) A(i) and B(i) are compact sets;

(2) r(i, a, b) and q( j|i, a, b) are continuous in (a, b) € A(i) X B(i),

(3) the function ZjeS q(jli, a, YW ()) is continuous in (a, b) € A(i) X B(i);
(4) there is a constant M such that

(i, a, bl < MWG), Y (i, a, b) € K;

(5) there exists a non-negative function W on S and positive constants M, ¢ and ¢ such
that

q()W (i) < MW (i), > q(li. a, YW(j) < cW(@)+é Vi, a, b) € K.
jes

Remark 4.2. (a) Assumptions B and C(1)-C(4) are a variant of hypotheses used in Guo and
Hernandez-Lerma (2003a), Guo and Liu (2001), and Guo and Zhu (2002) for continuous-
time Markov control processes, and of hypotheses used in Hernandez-Lerma and Lasserre
(1999) for discrete-time Markov control processes. Assumption C(5) is for the existence of a
pair of optimal stationary strategies.

(b) If the transition and reward rates are bounded (see Lai and Tanaka 1984; Tanaka and
Homma 1978; Tanaka and Wakuta 1978), then Assumptions A, B, C(4) and C(5) hold.
Moreover, an example in which the transition and reward rates are both unbounded and (all
parts of) Assumptions A, B and C hold will be given in Section 6. On the other hand, if
r(i, a, b) is uniformly bounded on K then Assumption C(4) trivially holds, whereas
Assumption C(5) and the continuity condition for u = W in Assumption C(3) are not
required.

To state our results, we use the weighted supremum norm || - || for real-valued functions
u on S, defined as

[l := sgg[W(i)*llu(i)|], (4.9)

and the Banach space
B(S) := {ul [[ullw < oo}
We will also use the following facts, which are essentially known already, but we state

them here for completeness and ease of reference.

Proposition 4.2. Suppose that Assumptions A, B and C hold, and let 7% be an arbitrary
strategy in []r (k=1, 2).

(a) If there exists u € B(S) such that
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au(i) = r(t, i, @', 7+ > q(jlis &, 7, A ), V() ES,
Jjes
then u(i) = V,(s, i, &', &%) for all (s, i) € S. (Recall that S := [0, c0) X S.)
(b) If there exists u € B(S) such that
au(i) < r(t, i, 7', )+ Y q(lis 6,7, Au(j), V(L) ES,
Jjes
then u(i) < V(s, i, &', 7%) for all (s, i) € S.
(c) Similarly, if there exists u € B(S) such that
au(i) = r(t, i, 7', )+ Y q(lis &, 7', AP, V(@) ES,
JES

then u(i) = Vy(s, i, &', &%) for all (s, i) € S.
(d) For each (7', 7*) € [T} XI5, Va(0, i, &', #%) is the unique solution in B(S) of the
equation

au(i) = r(i, 7', 7+ Y qUjli, 7', Ayu(j),  VieS,
jes

and, furthermore, V,(0, i, al, .7'[2) = Vs, 1, ', 7%) for all (s, i) € S.

Proof. These results follow from Lemma 6.2 in Guo and Hernandez-Lerma (2003a); see also
Proposition 3.3 in Hernandez-Lerma (1994) or Guo and Zhu (2002) and Lemma 7.3(a)
below. O

5. Main results

We now state our main results. To do so, for any two states 7, j € S, any two probability
measures ¢ € P(A(i)), y € P(B(i)), and any pair (7!, 7%) € [[} X []5, let

aili, 9. ) = LO LO g(li, a. D)p(dayp(db) (5.1)

r(i, ¢, P) = J J r(i, a, b)p(da)y(db), (5.2)
B() J 43

q(jli, @, %) == q(jli, ¢, m(]D)),

Under Assumption B, let
Rip:=wr + ...+ wy, for k=1,2,..., N. (5.3)
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Theorem 5.1. Suppose that Assumptions A, B, and C hold.

(a) Let uy(i):= —Mzgzla’kRk(i) and u,(i) := Tu,_1(i) for each i€ S and n=1,
where

. : r(i, ¢, 1/)) 1+ q(i) q(jli, ¢, ¥) } .
Tu(i) = f 0 ,
u(i) pepiht wePB@) {1 fatqd) 1tatqi) ZJES [ T+q) 00| )}

and Oy is the Kronecker delta. Then the limit lim, . u, := u™ exists and belongs to
B(S).
(b) u™* is a solution of the optimality equation

aui)=sup inf {r(i, g, )+ > _ q(jli, . PIu(},  VieS. (54

peP(A(i)) YEP(BG) o

(c) There exists a pair of stationary strategies (w*', 7*?) € [[} X [1; such that, for all

ies,
au® (i) = r(i, 7, 7+ q(li, 7 7Dt ( ) (5.5)
Jjes
= sup {r(z’, ¢, )+ q(jli, ¢, n*z)u*(j)} (5.6)
PEP(A(0) es
_ . . k] NP 3| B
= weg}g(i»{r(z, 7 ,1/})+j§€; q(jli, @™, P)u (1)} (5.7)
R o {r(,, . ¥)+ ; q(jli, §, y)u (1)} (5.8)

(d) u*(i) = L(s, i) = U(s, i) for all (s, i) € S, which means that the value V of the game
exists and that the solution u™ of (5.4) is unique and equals V.

(e) (*!, &*?) in part (c) is a pair of optimal stationary strategies.

(f) For each n=1 and i € S, there exists (¢p’:(i), P*(i)) € P(A(i)) X P(B(i)) such that

r(i, (D, YD)+ > q(li, @50, YiDun( )

Jjes

= sup {r(z‘, p i)+ q(li, 6, wta))un(j)} (5.9)

peP(A(D) s

= inf {r(i, @r W)+ qCilis ¢30), w>un(j)}. (5.10)

YEP(B(i) =
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Moreover, any limit point (¢*, Y*) of the sequence {¢*, w*} in [[} X1, is a pair
of optimal stationary strategies.

Theorem 5.1 (proved in Section 8) gives a very complete solution of the discounted
game. Indeed, it gives (i) the existence of the value of the game and (ii) of a pair of
optimal stationary strategies, as well as (iii) the convergence of the so-called value iteration
functions u, to the game’s value and (iv) the ‘convergence’ (in the sense of part (f)) of the
value iteration strategies {¢?;, Y*} to a pair of optimal stationary strategies. (For the one-
player discrete-time case, value iteration is studied in Filar and Vrieze (1997), Hernandez-
Lerma and Lasserre (1999), Puterman (1994) and Tijms (1994).) Moreover, when the
transition rates are bounded, we can further show (and in Section 8 prove) that the
convergence is exponential, as follows.

Theorem 5.2. Suppose that

(1) Assumptions A, B and C(1)-C(4) hold, and
(ii) the discount factor is o > 1, and the transition rates are bounded, i.e. §:=
gl < oo.

Then

(a) the operator T is a contraction on B(S) with modulus y := 2+ /(1 +a+q) < 1;
(b) [|T7"u — u* |\ < y"(|Jullw + M} ,a=%) for all n=1 and u € B(S).

6. Examples

There are many applications of game theory to queueing systems; see, for instance, Altman
(2005) and the references therein. In this section we present two queueing games that
illustrate our results.

Example 6.1. Consider a single-server queueing system in which the state variable denotes
the total number of jobs (in service and waiting in the queue) at each time ¢ = 0. There are
‘natural’ arrival and service rates, say 4 and u, respectively, in addition to service parameters
u(a) controlled by player 1, and arrival parameters v(b) controlled by player 2. Thus, when
the state of the system is i € S:={0, 1, ...}, player 1 takes an action a from a given set
A(i) C A, which may increase (u(a) = 0) or decrease (u(a) < 0) the service rate. These
actions produce a cost (or reward) denoted by cj(a) =0 (or c¢j(a) <0) per unit time.
Similarly, if the state is i € S, player 2 takes an action b from a set B(i) C B to reject
(v(b) =< 0) or to attract (v(b) = 0) customers, and these actions result at a cost (or reward)
rate ¢3(b) = 0 (or cp(b) < 0). In addition, assuming that player 1 ‘owns’ the system, he/she
gets a reward 7(i) := pi for each unit of time during which the system remains in the state i,
where p >0 is a fixed fee per customer. We formulate this model as a continuous-time
Markov game.
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The corresponding transition rate ¢( j|i, a, b) and reward rate r(i, a, b) for player 1 are
given as follows: For i =0,

q(110, a, b) = —q(0]0, a, b) := u(a) + v(b),

and for i = 1,

ui+ u(a), if j=i—1,
" —(u + )i — u(a) — v(b), if j=1,
q(]‘h a, by = . A . (6.1)
Al + v(b), if j=i+1,
0, otherwise,
r(i, a, b) = pi — c1(a) + cz2(b), for (i, a, b) € K, (6.2)

with K as in (2.2).

The aim here is to find conditions under which there exists a pair of optimal stationary
strategies achieving both the maximum discounted reward for player 1 and the minimum
discounted cost for player 2. To do so, we use the following assumptions:

(E1) u(a)+v(b) =0 for all a € A4(0) and b € A(0); for each i =1, ui+ u(a) =0 for
all a € A(i) and i+ v(b) = 0 for all b € B(i). Moreover, 0 <1 < u.

(E2) The action sets 4 and B are metric spaces, and A(i) and B(i) are compact for each
iesS.

(E3) ci(a), ca(b), u(a) and v(b) are bounded in the supremum norm and continuous
functions on their corresponding domains.

Under these conditions, we obtain the following.

Proposition 6.1. Under (E1)—(E3), the above queueing system satisfies the Assumptions A, B
and C. Therefore (by Theorem 5.1), there exists an optimal pair of stationary strategies.

Proof. We shall first verify Assumption B. Let wi(i) := p~'i for all i€ S, and |u :=

supge4|u(a)l, ||v]] := supres|v(b)|, |lc1]| := supacal|ci(a)|, ||zl := supres|ca(b)|. Then, for
each (i, a, b) € K, under (E1) we have:

wheni=1 > qUli, a, bywi() = p [ — wi — u(@) + v®)] < p~(Jull + [[v])):
jes

when i =0, > q(jli, a, ywi(j) = p~'[u(@) + v(®)] < p~'(|u] + [[v]).
jes

Let wa(i) = p~'(||e1]] + ||call + ||ul| + ||v]]) for all i € S. Then, for each (i, a, b) € K, we
have
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> qUlis a, bywi(j) = wa(i), (6.3)
jes
> q(jli. a. bywy(j) < 0. (6:4)
jes

Hence, Assumption B holds. Now let W := w; + w,. Then, by Lemma 7.3(a) below and
(6.3)—(6.4), we obtain that, for all t=s=0, 7' € II:. e [[. and i €5,

t
J S ps iy, o7, Wy < .

S jes

Therefore, for all t =5=0, 7' € [[1, #* € [[, and i € S,

t
|3 bt iyt -+ 0+l + oDy < oc,

S jes

which together with Proposition 2.1(c) in Guo and Hernandez-Lerma (2003a) implies that
Assumption A holds. Finally, since |r(i, a, b)| < pi+ ||c1]| + ||c2]] < pW (i) and ¢(i) <
Gt u+ ) + ol + 1), letting M(i) = MG+ D2 with 5 = 9p~([lex]| + [|eal] + ]
+ ||o|| + u + A + 1)? and using (E2) and (E3) together with (6.1), we see that Assumption C
holds. O

Example 6.2. In Example 6.1, we further suppose that 4(i) = {ai, ay}, B(i) = {by, by} for
each i € S, except A(0) = {a;}, with 0 < a; < a; < by < b,. Further, u(a) = a, v(b) = b.
Then, by Proposition 6.1, Assumptions A, B and C are satisfied for these data. We now define
non-stationary Markov policies 7! = (2!, t = 0) and 7% = (72, t = 0) as

Jem it if a=a,
aaliy=4 1— ze i, if a = a, 6.5)
1, ifi=0,a=a,
and
) 1—letait,if b= by,
7y (bli) = | (6.6)
le=bait, if b= by,
2
respectively.

Moreover, let [];:=[[j U {#'}, [12:=T5U {#*}. By (6.1), (6.5), (6.6) and (3.1) we
see that [[; and ], satisfy the requirements in Definition 3.1, and [[; D I}, [11 # I1};
[1: 21D, T2 # I

Remark 6.1. 1t should be noted that in Examples 6.1 and 6.2 the reward and transition rates
are both unbounded.
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7. Technical preliminaries

In this section we present some results needed to prove Theorems 5.1 and 5.2. In the
remainder of the paper, a real-valued function on S is regarded as a column vector, and
operations on matrices and vectors are all componentwise.

Lemma 7.1. If Assumption B holds, then for each &' € [[1 and #* € []2, and t = 0:

(a) O(t, al, Pyw, < Wyit, for n=1,..., N —1;
(b) O, o', B*)wy < 0.

Proof. This follows from (3.1), (4.6) and (4.7). 0

Lemma 7.2. Under Assumptions B and C(1)-C(4), the functions r(i, ¢, ) and
> jesd(ilis @, p)u(j) are continuous on P(A(i)) X P(B(i)) for each fixed u € B(S) and
i€S.

Proof. Under the stated assumptions, the two functions >, sq(j|i, a, b)W(j) and r(i, a, b)
are continuous and bounded on A(i) X B(i) for each i € S. Hence, by the definition of weak
convergence of probability measures, we obtain the continuity of r(i, ¢, ¥). Similarly,
replacing the probability measure Q(dy|x, a) in Hernandez-Lerma and Lasserre (1999, p. 48)
with [¢( j|i, a, b)/q(i) + 0], the ‘extended Fatou Lemma’ 8.3.7(a) in Hernandez-Lerma and
Lasserre (1999) gives the continuity of >, sq(jli, ¢, Y)u(j). O

Lemma 7.3. If Assumptions A, B and C(4) hold, then for each pair of strategies
(@, 7)€ [[1 X[]2, u € B(S) and t = s = 0,

@) Pls, &, 7', AW < S0 ((k = DY — 90w

(b) [Z e IP(s, t, 7', AYyWdt < (3 a )W,

©) U< M) a W and |L| < M3 3_ja” YW, with U and L as in (4.2).

Proof. (a) It is well known (see Anderson 1991; Feller 1940; Hou 1994) that, given
the Q-matrices Q(t, n', 7%), the transition probability function P(s, ¢, o, 7)) =
[p(s, i, t, j, @', @%), i, j € S] can be constructed as

P(s, t, ', ) =Y Py(s, t, 7', ), (7.1)
n=0

where

"o urt 2
Py(s, t, ', 7%) := diag(e J; otz e e s,

t
Poii(s, t, ', ) ;:J Po(s, u, ', )N O(u, ', 7*) + D(u, ', 7)) Po(u, t, ', 7°)du, (7.2)

s

for n=0,1, ..., with
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D(u, 7', 1) = diag(qi(u, ', ), i € S), g, 7', ) := —qili, u, 7', ),

for all u =0 and i € S. Hence, by (7.1), to prove (a) it suffices to show that

m

N
1
Z 1 2 : : k—1 v
n=0 Pn(S’ h )W = k=1 (k - 1)'(t_ S) Rk; m = 09 t=s= 09 (73)

with Ry as in (5.3). Obviously, Ry = W and, moreover, (7.3) is of course valid when m = 0.
Now, by induction, suppose that (7.3) holds for some m = 1. Noting that
[O(u, ', %) + D(u, &', 7*)] = 0, by Fubini’s theorem, (7.2) and the induction hypothesis,
together with Lemma 7.1, we can obtain that

m—+1

Z Pn(sa ta ﬂl) nz)W
n=1
= Jt Po(s, u, ', ) (Q(u, 7', %)

+ D(u, 7', 7)Y Pu(u, t, 7, )W du
n=0

N-1 Jt (1 — k!

PO(S5 u, ‘7.[15 '7-[2) (k — 1)' Rk+1 du

+i JIP(S u, 7', 1) D(u, ' RZ)MR du
P 0 b b b b b (k— 1)! k

7Rk + Rl - PO(S> ty ﬂla ﬂz)Rl

Ry — Po(s, t, ', AW, (7.4)

which gives (7.3) for m + 1. Hence, (7.3) holds for all m = 0, and so part (a) follows.
(b) and (c) follow from (a). Ol

We next complete the proof of Proposition 3.1 using Lemma 7.3(a). Note that the Q-
process p(s, i, t, J, ', %) in (7.1) is minimal when the Q-process is not unique, that is,
p(s, i, t, j, &', 7®) < p(s, i, t, j, w', 7?) for all i,j€S,t=s5=0 and any Q-process
p(s, i, t, j, &', 7%); see for instance Anderson (1991), Feller (1940) and Hou (1994).
Moreover, by (2.4) and condition (b) in Proposition 3.1, we have [—q(ili, t, &', 7°)]
< g(i)<cW() for all i€ § and =0, and so Lemma 7.3(a) yields
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t
J Z p(i, s, u, j, ', 7 —q(jlj, u, 7', 7*)]du < oco.

S jes

Hence, by (7.1) we obtain lim,_, f; S jes palis s, u, j, 7', 7A)—q(jlj, u, 7', 7%)]du =0
which, together with the corollary in Feller (1940), yields Proposition 3.1.

8. Proof of Theorems 5.1 and 5.2

Proof of Theorem 5.1. (a) Let us express the operator 7 on B(S) as

Tu(i) := sup inf i, ¢, 1/}) m(i) Z [q(j|l’ ?’ ¥) + (3,-,} u( j) ¢, Vie S,
pEP(A()) YweP(B(i) | a+ m(l) o+ m(l) es m(z) L
(8.1)
where m(i) := 1+ q(i) > 0 for each i € S. Obviously, T is monotone. Moreover, u, =
Tu, =T"uy for each n=1, with uy:= —Mzgzla’kRk. Thus, for each i€ S,
¢ € P(A(i)), and y € P(B(i)), by Lemma 7.1 and (8.1) we obtain
, MW (i) m@i) | MY a R (i) N
= _ — M R
W= =0 at m() m(i) * ,; o« R
MW (i) a‘m@i) . a1 a’km(i) )
= -M R R
{a + m(i) a + m(i) (0] = Z o+ m(z) o+ m(i) KD
N
= =M a *Ri(i) = uo(i). (8.2)
k=1
Therefore
N
—MZ aikRk:u0<u1 s . =<u,...,
k=1

and so u, 1 u™ for some function «*. Hence, assuming for a moment that ™ is in B(S), we
have Tu* = Tu, = u,,, for all n =1, which gives

Tu* = u*. (8.3)
We shall now prove that u* e B(S). To do so, it suffices to show that u, < —uy for all
n = 0, that is,

N
un(i) < MY a FRy(i), Vn=0andi€S. (8.4)
k=1

We prove (8.4) by induction.
When n =0, (8.4) is obvious because uy < 0 < —u. Suppose now that (8.4) holds for



Zero-sum continuous-time Markov games 1025

some n = 0. Then, as in the proof of (8.2), by the induction hypothesis, Assumption C(4)
and Lemma 7.1, we have

|”n+l(i)| =

MW (i) . m(i) q(jli, ¢, 1/)) )
a + m(i) - ¢€P(,I4)(z)) V)G;(B(t)){a + m(z) Z [ m(i) ”}

N
MY a *Re( )
k=1

}

_ MW mG) (MY e R S
Ta+ m(i) o+ m(i) [ : lm(l-) + MZ a "Ri(i)

N
= MZ a ¥Ry (i),
k=1
which implies that (8.4) holds for »n + 1, and so it holds for all » =1 and i € S. Thus, the
proof of (a) is completed.

(b) To prove this part, we need only show that (8.3) holds with equality because it is
easily seen that (5.4) is equivalent to the fixed-point equation u = Tu. Now, for each fixed
n=1,ie€ S and ¢ € P(A(i)), we have proved that u, is in B(S), whereas, by Assumption
C(1), P(B(i)) is compact. Thus, by Lemma 7.2 there exists 1/)1‘ € P(B(i)), which may
depend on i and ¢, such that

N g {70V mO) ali . 9) ]
“”*1(’)/w6¥2£<i>>{a+m(z) a+m(l)z{ m(i) M”} u"(])}

_ G ¢,1/z) m(i) Z{q(] . B, Y3)
a+ m(i) a+m(z) m(i)

+ 6,]] un( J)- (8.5)

Jjes

Since P(B(i)) is compact, without loss of generality we may suppose that
y* — ¢* € P(B(i)). Therefore, as —M>»_a *W(i) < u, 1 u* < MY }_a *W(i) for
all n = 1, by the ‘extended Fatou Lemma’ 8.3.7(b) in Hernandez-Lerma and Lasserre (1999)
and Lemma 7.2 above, letting » — oo in (8.5), we obtain

%, .
atm@) atmi m() +6”]”U)

jes

= i ¢.y)  m) aCili, ¢, ¥) )
- we%(i»{ atmi) ot m(z)z [ m(i) +5"J]” (J)}' (8.6)

As (8.6) holds for all ¢ € P(A(i)) and i € S, we conclude that
* = Tyt

which, together with (8.3), gives u™ = Tu™. Therefore, part (b) is proved.
(c) For each i € S, ¢ € P(A(i)) and y € P(B(i)), let
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+ 05| u* ().

1 gy O 0) D Z{qu Y X0

o+ m(l) a + m(i) m(i)

Obviously, H(i, ¢, 1) is concave in ¢ and convex in ¥ (as it is linear in both of them). Thus,
Fan’s (1953) minimax theorem gives part (c).

(d) Let x*" €[/ (i=1,2) be as in part (c). For any z' = (x!)€ ], we have
7!(-]i) € P(A(i)) for all t=0 and i € S, and from (5.6), (3.1)—(3.2) and (5.1)—(5.2) we
have

a* ()= r(t, iy 7', a7+ gl At A, VLpeS.  (87)
jes

By (8.7) and Proposition 4.2(c) we obtain that
u (i) = V(s, i, 7', 775*2), V' €I, and (s, i) € S,

which in turn implies that

u* (i) = U(s, i), Y (s, i) €S. (8.8)
A similar argument gives
(i) < Vs, i, 71, 1), V€T, and (s, i) € S,
so that
u (i) < L(s, i), Y (s, i) € S. (8.9)

By (8.9) and (8.8) we obtain
L(s, i) = u™(i) = U(s, i), Y (s, i) €S,

which, together with (4.3), gives part (d).

(e) follows from (d), (5.5) and Proposition 4.2(a).

Finally, as in the proof of part (c), for each fixed » =1 and i € S, Fan’s (1953) minimax
theorem gives the existence of the sequence {(¢ (i), ¥*(i))} satisfying (5.9)—(5.10). By the
‘extended Fatou Lemma’ 8.3.7(b) in Hernandez-Lerma and Lasserre (1999) and our Lemma
7.2 above, lettmg n — oo in (5.9)—(5.10), we have that (5.5)—(5.7) hold with (n , )
replaced by (¢, 1™*). Then, as in the proof of Theorem 5.1(e), we conclude that part (f) is
also true. U

Proof of Theorem 5.2. (a) A straightforward calculation using (4.6)—(4.8) shows that

S qUlisa, W)= WGE), V(i a, b) € K. (8.10)
Jjes

Thus, if ¢ := ||q|| < oo, then replacing g(i) in the proof of Theorem 5.1 with g, it follows
from (8.1), (8.10) and (4.9) that
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. . l+4g q( jli, ¢w)
Tu(i)y— T <7 Ju- W w
ITu()) = To®)] < gz v —v LZ; (J)+ W)
1+q|| ||{W@ 4
T l4a+g 1+¢
= y|lu —ollw W (@),
and so
| Tu — To||lw < y|lu—v||w, Vu, v € B(S), (8.11)

with y:= 2+ q)/(1 + a+ §). Hence, as a > 1, we conclude from (8.11) that 7 is a

contraction on B(S) with modulus y < 1. This fact immediately yields part (a), as well as the

existence of a unique solution (or fixed point) u* € B(S) to the optimality equation u = Tu.
(b) By Theorem 5.1(a)—(d) and (8.4) we obtain

N N
W @) < MY aFRi) < MY a T (.
k=1 k=1
Hence

N
¥ lw <MY aF, (8.12)
k=1

which, together with (8.11), gives part (b). l

9. Concluding remarks

In this paper we have studied zero-sum games for continuous-time Markov chains with
respect to a discounted payoff criterion. Under reasonably mild assumptions we have shown
that the game has a value, and also the existence of a unique solution to the optimality
equation (also known as the Shapley or dynamic programming equation), and the existence
of a pair of optimal stationary strategies. In addition, we have shown the convergence of the
value iteration scheme. We believe that our formulation and approach are sufficiently
general and, thus, provide a way to analyse other important problems, such as minimax
control problems, which, as far as we know, have not been previously studied for
continuous-time Markov chains. Research on these topics is in progress.

Other types of results are possible in the context of Theorem 5.1. For instance, we can
easily obtain a ‘martingale characterization’ of optimal strategies, similar to that in
Hernandez-Lerma and Lasserre (2001) for discrete-time ergodic games.

We should also mention that our proof techniques can be simplified, of course, if we
impose additional assumptions. For instance, if the payoff rate function r(i, a, b) is
bounded, then Assumptions B and C, as well as some of our arguments can be simplified in
an obvious manner.
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To conclude, it is worth noting that the recursive definition of the sequence {u,} in
Theorem 5.1(a) may provide a useful way to compute, or at least to approximate, the value

u* of the game, as in the ‘bounded’ case of Theorem 5.2.
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