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In a right-angled triangle, the hypotenuse is the longest side. So, if all (hypotenuse) vectors from a
given set of vectors have the same orthogonal projection onto a certain subspace, we have a lower
bound for their lengths. Interpreting the square of such a length as the variance of an unbiased
estimator produces an information bound. The Cramér—Rao bound and the van Trees inequality can
be seen as consequences of this bound. Another consequence is an inequality for the minimax
variance, that is, the maximal variance in shrinking neighbourhoods, minimized over all unbiased
estimators. This bound is non-asymptotic and requires almost no regularity conditions.
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1. Summary and introduction

There are viewpoints from which the existence of bounds for the precision of unbiased
estimation is obvious. In Section 2 we present such a viewpoint and the corresponding
bound; in Section 3 we examine the relation between that bound and the number of
independent draws, and see the use of taking the mean. The question for which unbiased
estimators our bound holds is answered in Section 4; the answer is such that a new
information bound appears, which holds for all unbiased estimators. In Section 5 the
empirical distribution function is found to be optimal for the new criterion. Next we
connect our viewpoint with the customary viewpoint via properties of the parametrization
map that are often present but seldom used, if ever. The Cramér—Rao bound then follows,
in Section 6, from the bound in Section 2 and the chain rule; that is why the Fisher
information is inverted. Once the right setting has been established, the same devices give,
in Section 7, the van Trees inequality. A condition that makes our van Trees proof work is
contained in Section 8; the Appendix explains the differentiability concept we use.

The difference between the present approach and the usual set-up is that, roughly
speaking, in the latter one differentiates 3 — Py, while in the former it is Py — 3
which is differentiated. We are not the first to do this inversion; it is implicit in, for
example, Klaassen ef al. (1988). For more references see Janssen (2003), which itself is a
demonstration of recent interest. New are, we think, the extent to which this approach has
been simplified and exploited in an almost self-contained exposition, and — as hinted at
above — the supplement we provide to the inversion of the parametrization map: the inverse
function theorem for Banach spaces.
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2. One draw

Let P be a set of probability measures on the measurable space (X, A) and x : P — R be
a parameter of interest. If, for a measurable map ¢ : (X, A) — (R, Borel sets of R), we
have

J H(x)dP(x) = k(P) VP eP,
X

then ¢ is called an unbiased estimator for k. Let X, given P € P, be any random element of
X with probability distribution P and abbreviate

T:=toX. (1)

Then [, #(x)dP(x) can be written as EpT, the P-expectation of 7. In this section we show
the existence of a lower bound Bp € R for the numbers varp T := Ep((T — EpT)?), t € T,,
where 7, is the set of unbiased estimators for x that have the special property of being
‘regular at P’. In Section 4 this ‘highly undesirable’ (cf. Fabian and Hannan 1977) restriction
will be removed and a bound will emerge for all unbiased estimators.

The notion involved in the regularity is tangential differentiation. It is explained in the
Appendix; the only things that matter in this section are that tangent spaces are closed
linear subspaces of the whole normed linear space at hand, that tangential derivatives are
maps on tangent spaces, and that no map has more than one tangential derivative at any
point. Here is the definition of regularity.

Let 4 be a measure on (X, 4) and let uclf C Liu. A measurable 1: X — R is
[U-Tregular at u if there is a neighbourhood U of u in U such that

o for every s € U the map s : x € X — #(x)s(x) lies in L3, and
e the map

sEUCUCL%wHOs,s)E[R{

(with (a, b) = [, a(x)b(x) du(x), the inner product in the real Hilbert space L%f,u) is
tangentially differentiable at u, while

o the tangential derivative of this map at u is represented by 27u, that is, it is equal to the
map

h € U(u) — (h, 2u),

where U(u) denotes the tangent space of U at u (just as the derivative at u# of the map
s € R cs? is equal to the map 7 € R — h-2cu).

Theorem 1. If (X, A) is a measurable space, u a measure on (X, A), P a set of probability
measures on (X, A) that have a density with respect to u, P is a member of P, we identify
each Q € P with the corresponding (density of Q)'/? € L},M, K : P — R is a parameter of
interest, and 7T, is the set of the unbiased estimators for i that are P-regular at P, then all
members of {2(t+ ¢)P € Lg\-’,ﬂ 1t €7, c € R} have the same projection onto the tangent
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space P(P) of P at P, so that, with di(P)/dP defined as equal to this unique projection for
T, # D, we have

di(P
2+ 0PI = ’;(P) VieT. ceR, @)
Ly
and, in particular,
2
1| dx(P
varp T = ’;(P) VieT,. 3)
L3,

Proof. If t, ' € T,, then 2¢tP and 2¢'P represent the same map on P(P), namely, the
tangential derivative at P of Q € P — (10, Q) = k(Q) = ('O, Q), and their projections onto
P(P) do the same; therefore, these projections coincide. Further, the definition of tangential
differentiability implies that Q € P — (cQ, Q) = c has derivative # € P(P) — 0 and that, as
we shall show in Section 4, the map x € X — ¢ is regular at P. So h € P(P) — 0 € R is
represented by 2cP. It follows that P is perpendicular to P(P). Now (2) results from
Pythagoras and (3) from taking ¢ = —EpT in (2). Ol

We see that if 7, # O, the map x is tangentially differentiable at P and the vector
di(P)/dP is the unique member of P(P) representing the derivative at hand.

This section concludes with an observation in the case where the tangent spaces are large
and a picture for the case where they are not.

In the situation of Theorem 1 we call the set P of probability measures nonparametric
(for a different definition, see Groeneboom and Wellner 1992) if, for every measurable
g: X —Rwith g0 € L%, for all Q € P, it is true that

g0 1L 0= g0ecPO VOeP.

Let 7% be the set of unbiased estimators for x that are regular, that is, regular everywhere.
For any Q € P, 1, t' € Tg we have 2(¢ — k(Q))Q L Q and

(t—1)0 L 0 because both 7 and ¢ are unbiased,
P(O) because the projection on P(Q) is zero.
Indeed, if P is nonparametric, the implications are
12 2. d
10 = 0 and 2(t—k(0)0 = % Vi, t' € Tx, VO € P.

These findings we express as follows:

Proposition 2. /n nonparametric models, regular unbiased estimators are essentially unique
and attain the bound (3) everywhere.

In Section 5 we give an example. Observe that for a nonparametric P and n > 1, the set



266 A.J. Lenstra

P .= {Q" : Q € P} of probability measures on X" need not be nonparametric, if only
because estimating on the basis of a subsample will, in general, increase the variance, while
not necessarily being less regular; see Section 5. From the next sections we shall also learn
that in estimating on the basis of a draw from P” ‘the mean of optimal is optimal’.

Figure 1 illustrates the non-nonparametric case. The tangent space and all vectors shown
have been translated over P, except P itself. The space L%(',u is depicted as R?, that is, for
the case X = {1, 2, 3}. Of the unit sphere only its intersection with the horizontal plane in
R3 is shown; the set P happens to lie in this intersection and has a one-dimensional tangent
space P(P) at P. The difference of 2¢P and 2¢'P is seen to be orthogonal to the horizontal
plane, which here is equal to the space spanned by P and P(P).

3. Independent draws

Here we examine what happens to the lower bound in Theorem 1 if the estimating is based
on n independent draws from P, that is, one draw from P”.

In the formulation of the theorem below we use the facts that a tangential derivative of
an R-valued function is a bounded linecar R-valued map and that by the Riesz—Fréchet
representation theorem for such maps on real Hilbert spaces there are always vectors that
represent them. From what we saw in the previous section it is clear that the resulting new

2t +c)P

2(t+c)P

P(P) ~

Figure 1. A view of Theorem 1 for a non-nonparametric model P.



Cramér—Rao revisited 267

definitions extend the old ones. We require that 4 be o-finite, so that u” is defined and
dominates P” if u dominates P.

Theorem 3. If (X, A) is a measurable space, u a o-finite measure on (X, A), P a set of
probability measures on (X, A) that have a density with respect to u, P is a member of P, n
of N\{0}, we identify each Q € P with the corresponding (density of Q)'/? € L2 and each
Q” € P with the corresponding (density of 0™")'/? € L3 wgns and K 77 — R and

P - R are related by k,: Q" — x(Q) for all Q €P, then the tangential
diﬁ"erentiabilily of k at P and the tangential differentiability of x, at P" are equivalent,
and if both hold, we have

2
dx(P)
dp

2
dk(P)
dpr

>

1

n

2

Lyu

2
Lo

where dii(P)/dP" is defined as equal to the unique member of the tangent space PP of
P at P" representing the tangential derivative of x, at P", and dx(P)/dP := the unique
member of the tangent space P(P) of P at P representing the tangential derivative of k at P.

Proof. Denote for members ay, ..., a, € Lgm the function (xi,...,x,) € X" —
ay(xy) ...ay(x,) €R by a; ® - ® a, (which, with our identification, leads to
Q" = 0®"). Then Fubini is seen to give a; ® - ® a, € L%KW" and even

n

(@1 @ @ anbi @ @by, :Hl<a,-, bi)p,, Vai bi €Ly,i=1....n 4

With f :a € L, — " € Ly,,» we have
fla+h—fla)=hd" '+a0h®a >+ ... +ad°"'@h
+ terms with more than one factor #;

(4) implies the latter terms are o(||A]|), and T,: h€ L%, — h®@a®" '+a®@ h®a"? +

.+ a®"'® h is bounded, while T, is also linear. Accordlng to the Appendix, f is
everywhere differentiable with derivative f'(a) at a equal to T,, and by Theorem A.l the
restriction f|p is tangentially differentiable at P with tangential derivative at P equal to
T p|75( p)- A f(P) = P", it follows from the chain rule (Theorem A.3) that if x,, is tangentially
differentiable at P", then so is k =, o f|p at P.

For the second half of the first statement of the theorem we construct a map
g:V C Lyn,m — Ly, (We owe this construction to Arnoud van Rooij.) Let b € L3,
b = 0. Then for all x1 € y the function (xy, ..., x,) — b(x, x2, ..., x,) € R is measurable
and

(z(b))(x1) := an—l b(xy, ..oy Xp)P(x2) ... P(xy) du(xz) ... du(xy,)

defines a number in [0, o], while x; € X +— (z(b))(x)) is measurable. By Cauchy—Schwarz
and (4) we have
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J |z(b)h| du SJ \b|.|h| ® PP du”
X o

<|bllz, 4l P12
= ||b||L§(Mﬂ||h||wa’ Vh e Lx,p (%)

and in particular we see that, if X' = U°, 4; for 4; € A with u(4;) < oo, every fz(b)lA,. du
is finite. It follows that z(b)1 4, is u-almost everywhere finite, and so is z(b). If, therefore, in
the integrand of the integral that defined (z(b))(x;) we take an arbitrary b € LXM s the
integral exists and is finite for u-almost every x; € L3 X Call the resulting u- “almost

everywhere defined function z(b) again. We prove z(b) € L2

Take the 4; from above and let /; := 1|, <1 Ui |z(b)| Then h; € LXM, because (5)
still holds for the new b we have |b||h] = jx |2(b)|h;du = [, h7 du. We obtain
[ n du < ||6]|*> for all i; the wu-almost everywhere convergence #h; | |z(b)| entails
[o(=(b)) dut = ||

From (5) with ks :=z(b) it now follows that the linear map b+ z(b) is bounded and
therefore everywhere differentiable; since, away from {0}, taking the norm is differentiable
as well, we have that

z(b) 2,
g:bevcli, ur € Ly,
“ 7 @) ©
is differentiable on the open set ={b:z(b)#0} C LG - Observe  z(Q") =

(f OPdu)"'Q for all Q€ P, so z(P”) = P and P" € V. Agam by Theorem A.1, the
restriction g|pmy is differentiable at P" along the tangent space of P NV at P", which is
PD(P") because V is open.

If Q€ P is such that z(Q") #0, then ([ QPdu)"' >0 because QP =0, so that
lz2(0M|| = (] OPduw)"™" and g(Q") = Q. We conclude that f|p o g|p
Kn|lpmway =K © glpmwny. As g(P") = P, it follows from the latter conclusion and Theorem
A.3 that if x is tangentially differentiable at P, then so is x,|pmny at P", and from the
openness of V again that if «,|pmny 1s tangentially differentiable at P”, then so is «, at P”.
This proves the first statement of the theorem.

From f|p o g|pmay = idpmny and the chain rule we infer that

Tp(P(P)) = P(P™). (6)

nay = idp(n)m; and

We can now determine the relation between the norms of di(P)/dP and dx(P)/dP". Suppose
the corresponding derivatives exist. For them, application of the chain rule to k =k, o f|p

yields
di(P) /. di(P) :
<TP(h) dpr > an“n = <h, d—P> Lf\,’,u Vh e P(P) (7)

We have (P, P>L2 = 1 and, from Theorem 1, (h, P);z =0=(P, h);z forall he P(P),
so that from (4) we obtain ! o
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(Tp(h), Tp(R) 3, , = nlh k), Vh k € P(P), (3)

from which, with & = dx(P)/dP, we see that

1 dr(P dk(P .
(s 11480 (8500w

This gives, with (7) and (6),

r ( 1 dK(P)) _ di(P)

n dP dpr’
so that
2
1 dK(P) di(P)
n? dpr
and the last statement of the theorem follows from (8). O

Continuation 4. [f, under the circumstances of Theorem 3, t : X — R is P-regular at P, then
Z;’:laiti X" = R, where t;:(x1, ..., x,)— t(x;), is P(")—regular at P" for all ay,
, o, €R.

Proof. Suppose > ,a; =1. Let x(Q):= (10, Q), O € P. What needs proof is the
requirement that 2(3_" a;#;)P" should represent the tangential derivative of «, at P". For
all i, we have #,P" = P! @ tP ® P" and therefore
(Tp(h), 26P") 2 = (h@P"™ 4 ...+ P @ h 2P @ P P")
xn un

XN

proof Th. 3
= </’l, ZIP) L,Zw

¢ regular h dK(P)
B TP /L

@ <Tp(h) di(P )> . YhePP),

dpr
so that (-, 2¢;P" >L2 2, d (, dK(P)/dP")Lz , are seen to agree on the image Tp(75(P))
© pin(pry. But tflen (-, di(P)/dP") 12 '”"l agrees  with (-, 20357 0:t7) P") 2 e OD
e

Corollary 5. If P is nonparametric, u o-finite, and t regular and unbiased, then the mean
n_IZ;':l t; is a regular unbiased estimator X" — R that achieves the bound (3) everywhere;
thus, it has the smallest variance everywhere among the regular unbiased estimators with the
same domain.
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In the next section it will turn out that such a mean is also optimal, for a quantity related
to the variance, among a// unbiased estimators.

4. Sufficient conditions for regularity; a new bound

We identify each O € P with the corresponding (density of Q)!/? € L3, . Let 10 € L3, for
all Q in a neighbourhood of P. According to the Appendix, the map 0~ (10, Q)
tangentially differentiable at P with derivative # € P(P) — (h, 2tP) at P if and only if, for
every (¢,);, in R\{0} and (%,);", in Lf,m, with ¢, — 0, h, — h, and P +€,h, € P, one
would have, as n — 0,

(t(P+ ¢,hy), P+ ¢ hy) — (tP, P)
€n

— (h, 2tP).

This is the same as
(hy, 2tP) + (hy, €ythy,) — (h, 2tP)
and, because of (h,, 2tP) — (h, 2tP), equivalent to
(hp, €nthy) —

This convergence certainly holds if #(x) = ¢ for all x € X, as (|| h,||*)>2, is bounded. Thus,
constant real functions on & are indeed regular.

The convergence (/,, ¢,th,) — 0 is also implied by boundedness of (¢P,);,, where

P,:=P+¢yh,. In order to see this, let B> 0 be a bound for (||#(P,— P)||;—,) and
observe that, for every ¢ >0 and n =1, 2, ..., we have

(hu, €nthy) = (hy, (P, — P))
= (hn, t11<c(Pn — P)) + (huljj=c, Py — P)),
so that, by Cauchy—Schwarz,
[(ns €nthn)| < [[nll - cl| P = Pl + [ Anljgscll - [|6(Py — P
and therefore, for all ¢ > 0,

lim sup| (s €ath,)| < 1] - -0+ [l - B
while lim._|//l>.[| =0 by Lebesgue. That P, is bounded if P, approaches P in
PC L , for all (P,),”, in P for which there are ¢, # 0, ¢, — 0, and an h € L2 such that
(P, — P)/en — h, is the same as local boundedness at P (i.e., boundedness on an L2 T
neighbourhood of P in P) of Q € P+ EoT? (for T, cf. (1)), because if P, — P, then

(P, — P)/+/||P, — P|| — 0. We have proved:

Lemma 6. A measurable X — R is regular at Q for every Q in a neighbourhood of P if the
second moments EQTz, O € P, are locally bounded at P.



Cramér—Rao revisited 271

Lemma 6 enables us to provide an information bound for all unbiased estimators, and to
see what happens when an unbiased estimator beats the bound (3).

Theorem 7. If (X, A) is a measurable space, u a measure on (X, A), P a set of probability
measures on (X, A) that have a density with respect to u, P is a member of P, we identify
each Q € P with the corresponding (density of Q)!/? e L2 Yo and k2P — R is a parameter
of interest which is locally bounded at P (e.g., by being tangentially differentiable at P),
then, with

maxVarpT := lim sup vargT
oo QeP
distance(Q,P)<1/n

and

a0 ||’
d0

Bp := lim sup
n—o0 oep 4
distance(Q, P)<1/n

or Bp := 00,

2
Ll’u

where the former definition of Bp applies if and only if Q € P+ k(Q) is tangentially
differentiable on a neighbourhood of P, in which case di(Q)/dQ denotes the unique vector
in the tangent space of P at Q that represents the derivative at Q, we have, with T := the set
of all unbiased estimators X — R for K

maxVarpT = Bp Vte T, 9)

if, moreover, k is indeed tangentially differentiable at P, then

de(P) |’
dpP

varpT < = maxVarpT = 00 VieT.

4

X

Proof. 1If Qv EpT 2 is locally bounded at P, then by Lemma 6 there is a neighbourhood U
of P such that ¢ is regular at Q for all Q € U, so that by Theorem 1 we have
vargT = ||dK(Q)/dQ||Lz for all Q € U; if O — EQT2 is not locally bounded at P, then
neither is QO varpT “Because EoT =x(Q) and x is locally bounded at P, so that
maxVarpT = oco. O

In defining maxVarpT, the L% %, distance could be replaced by the total variation
distance, as these two metrics are equlvalent So we do not need u for maxVarpT.

If x is not locally bounded, then it is not total variation continuous and there are no
uniformly consistent estimators for x based on independent draws from P; cf. Bickel et al
(1993, p. 20).

Proposition 8. If under these circumstances x is tangentially differentiable everywhere, then
every unbiased estimator X — R that achieves the bound (3) everywhere (cf. Corollary 5)
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achieves the bound (9) everywhere; thus, everywhere it has the smallest maxVariance among
all unbiased estimators for ik with the same domain.

Corollary 9. If (X, A) is a measurable space, P is a set of probability measures on (X, A),
K : P — R is a parameter of interest, and t : X — R is an unbiased estimator for k such that
for all total variation convergent Py — Py in P there are a measure u on (X, A) and a
subset P, C {P € P : P has a density w.r.t. u} containing (Py);_, for which dx|p,(P)/dP
exists everywhere and t, as an unbiased estimator for K|p, achieves the bound (3)
everywhere, then t has the smallest maxVariance everywhere among all unbiased estimators
for i with the same domain.

Proof. Let Py € P; let s : X — R be an unbiased estimator for x. Choose P, P,, ... with
Py — Py and varp, T — maxVarp T and choose u, P, as above. Then Proposition 8 gives

maxVarP“ §= maxVarz“T where “P,’ has been added in order to indicate that for the
suprema at hand only members of Pﬂ C P are considered, and maxVarpoS maxVarp[,T
follows from maxVarp$ = maxVarp S = maxVarZZ S and maxVarP” T = maxVar, T =
maxVarp T.

In the next section there will be an application of Corollary 9.

For regularity there is a separate condition saying that one of the vectors representing the
derivative should be 2¢/P. One might wonder if this condition followed from the mere
tangential differentiability of P +— (¢P, P), for, if it did, then the regularity conditions could
be restricted to the first condition: having a finite second moment. This is because the
differentiability condition is just a condition on the statistical problem at hand: the
parameter of interest k. However, there is no such implication, as we now show.

Let X:=R and u be equal to Borel-Lebesgue measure on the Borel sets of [0, 1],
u: {2} — 1, and p: R\([0, 1JU{2}) : = 0. Let P correspond to the density 1y, and P,
to the densrcy (/) 1/,,]+(1 — (/)1 —1/n )2)1{2} and identify P, P, with 1y
€ Ly, and (1/m)lp -1/m+ (1 —(l/nz)(l —1/n) "l € Ly, respectlvely, let P:=
{P, Pz, P, ...}. Then |P,— P”Lz =2-2(1—(1/n*)(1 — 1/n)) , for all xeR we
have (P, (x) P(x))/||P, — P — (), and by Lebesque we also have
(P, — P)/||Py— P|| — 1po,1 in LR# So Rljoyy C P(P); we prove equality.

Suppose there are Q, € P, ¢, #0, ¢, — 0 with (0, — P)/c, — h € P(P), h # 0. Then
0O, — P and O, # P eventually. So there are subsequences of (Q,),, and (P,);_,, again
denoted by (Q,)°2, and (P,)},, with O, = P, for all n, and we have (P, — P)/¢, — h,
(P, — P)/||Py — P|| = 1jo,1. We see that (||P, — P|)/|c] — [|2]| and, for a subsequence,
(1P, — P|))/ex — ||h|, say, so that h = | A1) € closed Rl[o -

Take an arbltrary A>0; there are many R —(0,00) for which
(Lo,1), tPn) jo tP,du — A, tP, € LRM, and #(x) =0 for all x ¢ [0, 1]; take such a ¢.
Then Q € P — (10, Q) is tangentially differentiable at P, but the derivative at P is not
equal to h € P(P)— (h, 2tP) = 0, because it is equal to ulj) € P(P)+— ul € R. This
follows from what happens to (h,, ¢,th,) as n— oco. Namely, if we choose £, :=
(Pn - P)/HPn - PH and 4 := 1[0,1), then
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P,— P
hn, 6nthn - - 5 t(Pn - P)>
< ) <||Pn—P||

P,—P\ /(1
- (npz - P||) (Z> . #P2)

—1-4 as n — oo,

arbitrary /, — h € P(P) reduce to this special case, as we saw above: every subsequence of
(hy,) has a subsequence that behaves as a subsequence of | A||(P, — P)/(||P, — P||) or its
negative.

5. An example

Let 4 be a measure on (R, Borel sets of R) and P be the set of all (square roots of
densities of) probability measures on R that have a density with respect to u. Let » € R and
k: P &P P((—oo, r]). Then f:= 1, is an unbiased estimator for #, which is regular
by ||zP|| <1 for all P € P and Lemma 6. By Proposition 2 it is essentially unique and its
variance k(P)(1 — k(P)) is equal to the bound (3), because P is nonparametric (if gP L P
and y(x) = 2/(1 +e~2%), then

1/2
2 (ng(x))(P(x))*

JRX(W 2))(P(»))* du(y)

77!—) X —

is a map into P, continuous on a neighbourhood of 0 and differentiable at 0 with value at 1
of the derivative at 0 equal to %gP, so gP is even a tangent vector in the strict sense of
representing the derivative of a curve).

For u o-finite and n = 2, however, P need not be nonparametric. In order to see this,
suppose there are P€P and r € R such that x(P) € (0,1). Then varpT #0 and
varps Ty # varpsn 'S T;, while both # : (xi, ..., x,)— #(x;) and n !> "t are
unbiased estimators that are regular according to Continuation 4; apply Proposition 2.

If we change P into the set of all probability measures on (R, Borel sets of R), then it
follows that among all unbiased estimators R” — R for x: P € P — P((—o0, r]) the mean
n~'S"" . t; has the smallest maxVariance everywhere, that is, the empirical distribution
function at r is optimal for that quantity. Namely, for any P} — Pj, we can take
u= (2" Py)" and P, := ({P € P: P has a density w.r.t. Y .27¥P})(" in Corollary 9;
apply Corollary 5.

6. Fisher information and Cramér—Rao

If the parameter of interest x : P — R is the inverse of a given parametrization
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3 € ® C R+~ Py € P of (=bijection on) P, i.e., if K : Py — 3, we might try, in Theorem 1,
to differentiate with respect to & instead of P.

In general, if H is a Hilbert space, ® CR is open, 39 € 0O, and 3+— vy € H is
everywhere differentiable and continuously differentiable at 9, (for the topology on the
derivatives, take the topology of the vectors dvy/d% € H, 3 € O, that are the images of
1 € R under these derivatives) with dvg,/d%y # 0, then

(i) there is an open set U C ® with 9y € U such that 3 € U — vy is a homeo-
morphism between U and V :={vy € H : 3 € U}
(ii) whose inverse, (vg — 3)|r, has a tangential derivative everywhere, in particular at
Uy,, While
(iii) for the unique vector d9y/dvy, in the tangent space of V' at vy, representing this
derivative we have

dtg()

d.U(,J0

dUgO
dd

-2
d9o”’

according to the inverse mapping theorem for Banach spaces and the chain rule (see Lang
1995; Lenstra 1998); in this section we take H := L Y and vy := P, that is, (density of
Pg)l/ 2. (For conditions on the mappings 9 — (density of Py)(x), x € X, that ensure the
required differentiability of 9 — (density of Py)'/2, see Bickel et al. 1993.)

The result is a version of the Cramér—Rao inequality that resembles what Theorem 7.3 in
Ibragimov and Has’minskii (1981) says for the unbiased one-dimensional case, and is
mentioned because of its proof:

Theorem 10 (Cramér—Rao). If (X, A) is a measurable space, u is a measure on (X, A),
© C R is open, (Py)yco is an indexed family of probability measures on (X, A) that have a
density with respect to u, 3y is a member of ©, we identify each Py with the corresponding
(density of Py)'/? ¢ L2 , 3+ Py is injective, everywhere differentiable, and continuously
(see above) dlﬁ”erentlable at g with non-zero derivative d, Ty, is the set of the unbiased
estimators for Py — & for which 3 € ® — Ep, T? is R-locally bounded at 9, dPy,/dY
denotes the image in L3 nof 1 e R under d, and Iy p,(30) denotes the Fisher information at
o for the pammemzatlon &+ Py, that is, the number 4||dPy,/d%%| then we have, with
vary, I := varp, T,

VaI"gOT = (l‘nglg(vg()))71 vVt e Ty.

Proof. Choose an open U C © containing &, such that U and its image V :=
{Pyel%,:9€ U} are as U and V in (i)—(iii) above. For ¢ € T}, the homeomorphism
between U and V' guarantees that Q € V +— EpT 2 is LX -locally bounded at Py, and
Lemma 6 that ¢, which is also an unbiased estimator for K|V, is V-regular at Py,. Now (3)
gives varp, T = ldk|y(Py,)/dPy,||* and we obtain the desired result from (iii). O
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7. The van Trees inequality

The van Trees inequality is ‘a Bayesian version of the Cramér—Rao bound’, which is not to
say that its importance is confined to Bayesians; see Gill and Levit (1995). Our van Trees
inequality reads:

Theorem 11 (van Trees). If

e X is a Polish space, A is the g-algebra of its Borel sets, u is a o-finite measure on
(X, A), (Py)ger is an indexed family of probability measures on (X, A) that have a
density with respect to u, we identify each Py with the corresponding
(density of Pg)'/? € L3 o 3 €Rw— Py is injective and everywhere contmuously
differentiable with non-zero derivative, dPy/d3 denotes the image in L of 1eR
under the derivative at 9, and Iy p,(9) = 4HdP3/d9||Lz ,

e W is a probability measure on © = R that has a density W with respect to v := Borel-
Lebesgue measure on R (so that, for every A € R the function w) := w(. — 1) is such a
density too, of law W), say, and 2 € R W, is a parametrization), we identify each
W) with the corresponding \/w; € L%R’V, A € Rw— W) is differentiable at 0 with non-
zero derivative (so that the derivative exists everywhere and is constant), dW;/dA
denotes the zmage in L[Rw of 1 € R under the derivative at A, and Ij .y, (1) denotes
4||dW,1/d/1||Lz ,

. X — R is measurable and such that
(tl) all expectations E¢T?, 9 € R, are finite, and
(t2) the function A € R E,, T? is locally bounded at 1 =0
(where

M

Eg(f o X):= Lf(x) dPy(x),

E,,(g o (X, 0)) = JREsg(X, ) dW(9),

Jor all 9, 2 € R and measurable [ : X — R, g: X XR — R),

then we have

—1
E(T — 0)* = <JRI‘% P, (HW(I)dI + IAHWA(O)>

for any random element (X, ©) of X X R such that O is distributed according to W and
(Py)yeo is a conditional distribution of X given @ (so E = E,, ) under any extra condition
that justifies (d1) and (d2) below for at least one choice of [], Lfm, for example, the
condition provided by the next section.

(As to the existence of the integrals and of random elements as indicated: the mapping
3 +— Ig.p, () is measurable because it is continuous; the same is true for every
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9 €R— Py(4), A€ A, because J — (density of Py)"/? and (density of P)'/? € L%,
density of P € L' are continuous; see Bickel et al. 1993, p. 464.)

Proof- We shall present a geometric, or rather Pythagorean, setting in which the above
integral of squares of lengths is the square of a length itself, and the same holds for the
resulting sum of squares of lengths. This setting will be completed by the construction of a
suitable 7 that plays the role ¢ played in the preceding sections; the resulting truth translates
into the van Trees inequality.

If (x9)9er, (V9)ger € (L X, M)R are Borel-Borel measurable, the function 3 €&
R — (xy, y‘g)L; € R is measurable by the separability of L? Yo SO that we may define

((x9)9ecrs (¥9)9eRr)w = JR (xg, y.a)ng w(3) dd;

this is a semi-inner product on the subspace of all measurable members (xg)g9cg for which
[|(x9)9er]lw = ((x9)9ers (xg)geu@)yz is finite. Mod out by {x : ||x||,, = 0} and obtain an inner
product space. Let [],, L %, denote a Hilbert space that contains this quotlent space as an
inner product subspace. Clearly, for all 1 € R there is a member of ], L , Which contains
(Py11)9er. We denote it by (Py;)scr again and observe that

Ae€R— v = ((PHH.)SeRa W;') S HL%C# X Lé{,v = H

is a mapping into the product H of the two Hilbert spaces [[,, Lg(’ , and L[,zh; this H is again
a Hilbert space with the usual inner product ((a, b), (c, d)) = (a, ¢),, + (b, d),> . Because
every A — Py, ;, 3 € R, as well as 1 — W, is continuously differentiable at 1 = &Vone could
imagine that

(d1) the same holds for A — v, and
(d2) for the image dv;/dA of 1 € R under the derivative at A one has

dop _ d((Poradoer, W3) _ ((dPser) W3
o da da 96R dﬂ‘
at least at A = 0.

Let, in that case, the square of the length of the above vector at 1 =0 be denoted by
11).,(0). Then one also has

L0 = [ L (W3 89 + L 0) 0,

Now, if UCR and V C H are as in (i)—(iii) in Section 6 with 9y :=0 etc.,
v, €V tv, € H is some function on V, and v, — (fv;, v;) would have a tangential
derivative at v, that is represented by 27v, and is equal to that of v; — A at vy, then from the
proof of Theorem 1 and (iii) in Section 6 it will be seen that

70| = (13-0,0)) ",

which has the same right-hand side as the van Trees inequality. If, moreover,
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[7vo||* = E(T — O,

for a measurable 7 : X — R, then the van Trees inequality would have been established for
this 7. We shall demonstrate that in order for a measurable 7: X — R to provide a
v, € V — fv; € H with the above properties, conditions (t1) and (t2) suffice. Indeed, let

{:= ((t — E()T)‘QG[R, JeR— 9 — E,gT),

and let the juxtaposition 7v; denote the coordinatewise pointwise product
(((t — EgT)Pyy1)9er, F — (9 EgT)W,l({))). We show that fv; € H. First, ((¢t —EyT)
Py ))ser 1s a member of (Lxﬂ) because ‘fX(th+1)2 du = Eg,; T? < 00, and a measurable
member because Py € LXﬂ — tPy € L Y is measurable (taking 7:= 14, A4 € A, makes
Py +— tPy continuous, and if ¢, — ¢, |t | 1 \t| pointwise, then #,Py — tPy in L3 ) and
9 — (EyT, Pyyy) € R X LXM — (EgT) Py, € LXM is measurable as the composmon of a
measurable and a continuous map. Further, we have, with py := density of Py,

It~ BT Pyl = |, (Lu CEaTVpass dﬂ) w(®)d
_ JR (BgeaT? — 2(EsT)(EgiT) + (Es TY)wi(9) d9,

for which we observe [, Eg ) T2w(9)d9 = [ BEgT?*w(9 — 1) d$ =E,, T?,

2
<J (EgT)(E gy, T)W(9) d9> sJ (Es TV w(9) dSJ By T)*w(9) d9,
R R R

and (EgT)?> < EyT?, so that
|((t — EsT) Py 1)serl’, < Eu, T? + 2(Byy T*E\,, TH'? +E,, T,

bounded on a neighbourhood of 4 = 0 by (t2); in particular, ((t — Eg7)Py;1)gcr € [ 1, L%w
on this neighbourhood.
As to 3 — (3 — EgT)W,(3), the last coordinate of fv;, we see that

J (9 — EgT)Y?wy(9)d9 = J (9% = 29E4T + (B4 T)*) wi(9) d9,
R R

for which we observe that [, 32wy (9)d9 = [o(3 + 21)?wo(9)dY = E(O + 1)* < 4E(O* +
1) < oo for all |1] <1 (if E@? = oo, then there is nothing to prove in van Trees), so that
with the same arguments as above we may conclude that the LR , norm of the last coordinate
is bounded on a neighbourhood of A = 0. In particular, the last coordinate is in L% R on this
neighbourhood. For 7v; it follows not only that it is in A, but also that it is locally bounded
at 1 =0, and therefore (Section 4; see the next paragraph) that v; — (7v;, v;) has a

tangential derivative at vy represented by 27v,. As to this derivative, inspection shows that
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(tvy, v;) = J (J (t—EgT)pyis d,u> w(3) dd + J (3 — EgT)w($) dd
R\JX R

= J (EgssT — EgT)w(9)d9 + E(O + A) — J (EsT)wy(9) d9
R R

=1 —ET - 0),

so it is equal to that of v; — A. The equality ||7vy||*> = E(T — ©)* follows from the norm
calculations by taking 4 = 0.

We still have to show that the reasoning of Section 4 which proved Lemma 6 extends to
the new juxtaposition. For this, we may restrict ourselves to what happens in the Hilbert
space [],, L2 %, and prove that, now with

t:= (t — EgT)yer, Uy = (Py12)9eR, tv; := ((t = EyT)Pyi7) gemo

the map vy — (fvy, v;) has a tangential derivative at vy represented by 2fvy, if fv,, is
bounded when v;, approaches vy in H L? Y Mutatis mutandis, so with vy instead of P, v;,

instead of P,, 7 1nstead of t,and [],, L 1nstead of 12 %> We repeat what we did for Lemma
6 and see that the first obstacle is where the old ¢ is split into ¢ = t14=c + t1)y>.. This time
the splitting requires more care because of the desired measurability. Let ¢ >0,
A=t [i—c,i+c]) for all i€Z, and EgT =iy + ry with iy € Z and ryg € [0, 1) for
all § € R. Then 3 — iy and 3 — ry are measurable and if (xy)ger € (L)(ﬂ)R is measurable,
then 9+ xyly, i and 9 — xglAc are also measurable, because {3 € R: xglA € B} =
U, {9 eER:xgly, €B,iyg=1i} and x— xl,, is continuous for each i. Define L=
= (lA )gE[R and 1|,‘> = (lAL 9ecr. Any measurable (xg)ger € (LX#)R then, can be split
1nt0 a sum

(x9)9er = (X9)9er]|7< + (X9)9er 17>
such that the terms (coordinatewise pointwise products) are measurable; in our case
(hus €nthn)w = (hn, 11502, — V0))w + (hnlj=, {2, — Vo)),
so that
[(Bns €nthn)wl < | Ballw - (¢ + Dlfow, = vollw + [[Anl gl - €02, — vo)l[w
and

lim sup|(A,, €nthy)w| < HhHH‘LZ‘# (c+1)-0+ ”,}i_,ngc(h"1\?\>)HHWL§(,,, - B

h—00

(the limit in the last term exists because (h,,l‘;‘>)cjf:1 is a Cauchy sequence in the inner
product space); the juxtaposition /1;- is not necessarily already defined. Let ¢ > 0 and let
ny be such that ||h,, — h,||w < ¢ for all m, n = ny; then

1721 3= Ml < 1A Lgs b + 1y — Aa) =1l

and
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I Yim (bl oz, = Wm sl + €

Two applications of Lebesgue’s dominated convergence have the first term of the right-hand
side converge to 0 as ¢ — oo; we conclude that (%, ¢,7h,),, — 0 as n — oc. O

8. Sufficient conditions for van Trees
Here is a condition guaranteeing the desired behaviour (d1)—(d2).

Proposition 12. In the situation of Theorem 11 let the following hold: there are an
M :R— R and a 1y > 0 with J"R(M(S))zw(l()) d9 < oo and

w42
u s
E€[9—A0,9440] dé

Then 2 € R v; € H is differentiable on a neighbourhood N of 0 with

dv; [ (dPy;a dw;
o= (), &) wew

and continuously differentiable at 0, for any choice of [],, Lgf’#.

<M®) VIeR.

Proof. With w : § — Py € Lg(, , we have, by definition, dP; /d& = (a'(&))(1) and, by the chain
rule, dPy ;/dA = (@' (3 + A))(1) for all &, A, & € R, so that

dPy,;
di

= M(l()‘) VA e [—lo, l()], JeR,

and therefore (dPy.;/dA)ser €[], L%K’M for all A €[—Ay, Ag]. Further, the mean value
theorem (see Lenstra 1998) gives the inequality in

Pyipn — Pyya

< _ s (7Ol
h 13, EE[9+A8+A+h] ®R.Ly,)
dPe
= sup —= ,
ger9+2,9+2+n || € -

X

where L(R, Lg(,ﬂ) is the Banach space of all bounded linear maps R — Lg(,‘u, and we
conclude that

Pyijon — Pys dPyy;
h di

<2M() V9 ER, VA he[—Ao/2 Ao/2],

2
1%,

so that by Lebesgue’s dominated convergence the mapping o :4€
(—20/2, 20/2) — (Pys2)ser € I1,, LEY’M is everywhere differentiable with (77(4))(1) =
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(dPy;/dA)ger for these 1. Again by Lebesgue we have (dPy,;/dA)ser =0 (dPy/dF)ger in
1L, Lgf,u' This says that the differentiability of sz; is continuous at 0. The theorem now
follows from v; = (7r;(A), W;) and the properties of 71y and A — W,. O

Appendix: Tangential differentiation

Let X and Y be normed linear spaces and U an open set in X. The map f: U — Y is
differentiable at a point x € U if there exists a bounded linear map f'(x): X — Y, the
derivative of f at x, such that

J&+h) = fx) = (/")) + o(|| A]]), [[All =0,

or, equivalently,

M _ (f’(x)) (?) — (), n— 0o,
n n y

for all (¢,)57, in R\{0} and (x,);”, in U such that ¢, — 0 and ((x, — x)/€,);", is bounded,
so that, if it exists, f”(x) is unique. Now let ¥ be an arbitrary set in X, not necessarily open,
and x € V. If (¢,)%2, in R\{0} and (x,)?°, in V are such that ¢, — 0 and lim,_
(xy — x)/¢, exists, then this limit is a fangent vector of V at x. The closed linear span of the
tangent vectors is the tangent space of V at x.

Let f: ¥V — Y be a map of V into ¥ and V be the tangent space of V' at x. Suppose
there exists a bounded linear map f'(x): ¥ — Y for which

for all (¢,);7, in R\{0} and (x,);°, in ¥ such that ¢, — 0 and ((x, — x)/c,);>, converges.
Then f’(x) is the only bounded linear map of V into Y with this property, as there is
uniqueness on the vectors that generate V. The map f is said to be differentiable at x along
V or tangentially differentiable at x, and f'(x) is the derivative of f at x along V or the
tangential derivative of f at x.

Two observations connect the two kinds of differentiability that we have exposed here.
The first is obvious from the equivalence of ‘bounded’ to ‘continuous’ for linear maps, and
the boundedness of convergent sequences.

— 0, n— 00,

Y

Theorem A.1. Let X and Y be normed linear spaces and U open in X, V. C U. Let x € V. If
S+ U—Y is differentiable at x, then fly : V — Y is differentiable at x along the tangent
space V of V at x with derivative (f|y)'(x) = f'(x)|y.

In particular, differentiability at x implies differentiability at x along the tangent space U
of U at x, that is, along X. On the other hand, as to the convergence of bounded sequences:
in R” every bounded sequence has a convergent subsequence. These facts lead to the
second observation:
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Theorem A.2. If the domain of f is an open set in X = R" and x lies in that domain, then
differentiability of f at x and differentiability of f at x along X are equivalent.

The first differentiability is often referred to as Fréchet differentiability, the second
differentiability is known as Hadamard differentiability along V. The latter is strong enough
to support the chain rule:

Theorem A.3 (Chain rule). Let X, Y and Z be normed linear spaces and V.C X, W C Y. If
[V —= W is tangentially differentiable at x €V and g: W — Z is tangentially
differentiable at f(x), then g o [ is tangentially differentiable at x and (g o f)'(x)

=g'(f(x)) o f'(0).
Proof. Immediate from the definition, which shows that

fim L0 =S (JE& o x))

so that under f'(x) the image of a tangent vector of J at x is a tangent vector of f(V), and
therefore of W, at f(x). O

n
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