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We show that recursive application of the Stein equation reduces uniform and non-uniform local

estimates to estimates of the difference operator in total variation. We illustrate our approach by an

example of an sth-order signed compound Poisson approximation to the sum of integer-valued random

variables.
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1. Introduction

The elegant adaptation of the Stein method by Chen (1975) to the case of integer-valued

random variables is one of the most powerful techniques in the theory of approximations.

The method employs properties of the solution of a special difference equation. Usually, the

Stein–Chen method is used for estimates in total variation; see, for example, Barbour et al.

(1992a; 1992b), Barbour and Chryssaphinou (2001), Brown and Xia (2001), Barbour and

Čekanavičius (2002), and references therein. The slightly modified Stein–Chen method can

be used for moderately large deviations; see Chen and Choi (1992). As shown by Barbour

and Jensen (1989), the method is also suitable for uniform local estimates.

Only a few papers are devoted to discrete non-uniform estimates; see Barbour (1987),

Barbour et al. (1995), Chen and Roos (1995) and Chen (2000). Direct application of the

Stein–Chen method requires solving the Stein equation for unbounded functions, which is a

serious technical problem. So far, the most accurate estimates strongly depend on the

properties of the approximating Poisson distribution and on the independence of random

variables. Note that, for estimates in total variation, the Stein method is extended to cases

more general than that of the Poisson approximation.

In this paper, we show how recursive application of the Stein equation can reduce non-

uniform local estimates to estimates of a difference operator in total variation. Our approach

has the following advantages: there is no need to solve the Stein equation for unbounded

functions; for the numerous cases with already established estimates in total variation, local

non-uniform estimates can be obtained without much additional effort; and, in principle, the

proposed approach can be extended to the sums of dependent random variables. On the

other hand, the non-uniform functions in this paper are growing no faster than polynomials.

For a Poisson approximation, a similar recursive approach was used by Barbour (1987).

Note that Barbour (1987) and Barbour et al. (1995) used more general unbounded

functions.

The method of our paper is best suited to approximations depending on more than one

Bernoulli 10(4), 2004, 665–683

1350–7265 # 2004 ISI/BS



parameter. That is, it is suited to compound Poisson approximations or asymptotic

expansions, rather than to the standard Poisson approximation. We consider cases where a

perturbation argument can be applied. Introduced by Barbour and Xia (1999), the

perturbation argument simplifies the matter of solving the Stein equation for compound

Poisson approximations. We illustrate our approach by constructing an s-parametric signed

compound Poisson (SCP) approximation. SCP measures can be viewed as a special kind of

compounding asymptotic expansion. Their main advantages are their infinite divisibility and

compound Poisson structure. In its simplest form, an SCP measure can be expressed as the

convolution of Poisson-like measures with possibly negative parameters. An SCP

approximation is not a distribution but rather a signed measure. In this sense, SCP

measures do not differ from other asymptotic expansions. On SCP approximations, see

Kruopis (1986), Barbour and Xia (1999), Barbour and Čekanavičius (2002), and Roos

(2002).

We need the following notation. Let Ea denote the distribution concentrated at a point a,

E � E0. For a (signed) measure G, its total variation norm is denoted by kGk. If G is

concentrated on Z, then we write kGk ¼
P

jkG( j)k. The convolution of measures G and F

is denoted by G � F. If F and G are concentrated on the integers, then

F � Gfmg ¼
X1
k¼�1

Ffm� kgGfkg:

Throughout the paper, f denotes a function f : Zþ ! R. We denote the supremum norm and

‘1 norm by k f k ¼ sup j>0j f ( j) j and k f k1 ¼
P1

0 j f ( j) j, respectively. The difference operator

˜ is defined by ˜ f ( j) ¼ f ( jþ 1)� f ( j), ˜k f ( j) ¼ ˜k�1 f ( jþ 1)� ˜k�1 f ( j), and

˜0 f ( j) ¼ f ( j).

Let Zi, i ¼ 1, 2, . . . , n, be independent non-negative integer-valued random variables,

and let

qij ¼ P(Zi ¼ j ), �i ¼ EZi ¼
X1
j¼1

jqij, � 2
i ¼ var Zi,

W ¼
Xn
i¼1

Zi, W (i) ¼ W � Zi, W (ij) ¼ W � Zi � Z j,

� ¼ EW ¼
Xn
i¼1

�i, � 2 ¼ varW ¼
Xn
i¼1

� 2
i ,

E(Zi)(k) ¼ EZi(Zi � 1) � � � (Zi � k þ 1), d k ¼ kL(W ) � (E1 � E)� kk,
d9k ¼ sup

i

kL(W (i)) � (E1 � E)� kk, d 0k ¼ sup
i, j

kL(W (ij)) � (E1 � E)� kk:

Note that E(Zi)(k) is the kth factorial moment of Zi. The quantities d k , d9k , and d 0k are

used for approximating L(W ) in total variation; see Barbour and Xia (1999) and Barbour

and Čekanavičius (2002). Moreover, as proved by Barbour and Xia (1999),

d1 ¼ kL(W ) � (E1 � E)k ¼ kL(W þ 1)� L(W )k < 2V�1=2, (1:1)
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where

V ¼
Xn
i¼1

vi, vi ¼ minf1=2; 1� kL(Zi þ 1)� L(Zi)k=2g:

The properties of total variation and (1.1) allow one to obtain similar estimates for other d ks.

For example, let us assume that V . 4. Then we can write

W (i) ¼ W
(i)
1 þ W

(i)
2 þ W

(i)
3 ,

where

W
(i)
j ¼

X
i2S j

Zi:

Moreover, the sets of indices S j can be chosen so thatX
i2S j

vi > (V � v�)=3� v� ¼ (V � 4v�)=3, v� ¼ max vi:

Taking into account (1.1) and the properties of the total variation norm, we obtain

d93 ¼ sup
i

kL(W (i)
1 ) � L(W (i)

2 ) � L(W (i)
3 ) � (E1 � E)�3k

< sup
i

Y3
j¼1

kL(W (i)
j ) � (E1 � E)k < 24

ffiffiffi
3

p
(V � 4v�)�3=2: (1:2)

Similarly, d92 < 8(V � v�)�1; see Barbour and Čekanavičius (2002). In general, d k , d9k , and

d 0k are of order O(V�k=2) as V ! 1.

The structure of the paper is as follows. In Section 2, we establish properties of the

solution of the Stein equation for SCP approximation and outline the basic idea of the

recursive algorithm. Section 3 is devoted to auxiliary estimates of the difference operator. In

Section 4, we formulate the main result. In Section 5, we discuss a possible extension to the

case of dependent random indicators.

2. The Stein equation for SCP approximations

Let � denote the (possibly signed) measure with generating function

�̂�(z) ¼
X1
j¼0

�( j)z j ¼ exp
X1
l¼1

º l(z
l � 1)

( )
, º l 2 R: (2:1)

If all º l > 0, then � is a compound Poisson distribution, otherwise � is an SCP measure. Let

us assume that
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º ¼
X1
l¼1

lº l, (Ug)( j) :¼
X
l>2

lº l

Xl�1

k¼1

˜g( jþ k), (2:2)

(Ag)( j) :¼
X
l>1

lº l g( jþ l)� jg( j) ¼ ºg( jþ 1)� jg( j)þ (Ug)( j): (2:3)

A is called the Stein operator for �. It is defined on g : Zþ ! R and, for all bounded g,

satisfies the equation

�fAgg :¼
X1
j¼0

(Ag)( j)�( j) ¼ 0: (2:4)

If

º . 0, Ł ¼ º�1
X
l>2

l(l � 1)j º l j , 1=2, (2:5)

then, for any bounded f , the solution of the Stein equation

(Ag)( j) ¼ f ( j)� �f f g (2:6)

satisfies the inequalities

kgk <
2k f k
1� 2Ł

(1 ^ º�1=2), k˜gk <
2k f k
1� 2Ł

(1 ^ º�1); (2:7)

see Barbour and Xia (1999).

We first note that, for k f k1 , 1, the solution of (2.6) has even better properties than

those given by (2.7).

Lemma 2.1. Let k f k1 , 1. If (2.5) is satisfied, then the solution of (2.6) has the following

properties:

g(i) ¼ 0, i < 0;

k˜gk1 < 2k f k1 (1� 2Ł)�1º�1;

kgk < 2k f k1 (1� 2Ł)�1º�1;

kUgk1 < 2Łk f k1 (1� 2Ł)�1º�1:

Expression (2.1) is related to expansions of generating functions in cumulants. An

alternative approach involves using factorial cumulants. It is applied to the sum of random

variables W defined in Section 1.

Let �s be the SCP measure with the moment generating function

�̂�s(z) ¼ exp
Xs
j¼1

� j(z� 1) j

( )
, � j 2 R, s > 1: (2:8)
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In (2.8), we assume that � j ¼
Pn

i¼1�
(i)
j . Note that the jth factorial cumulant of Zi equals

�(i)j j !. We choose � j for L(W ) and �s, ensuring the matching of s moments. Moreover,

�1 ¼ � ¼
Xn
i¼1

�i:

Note that �1 corresponds to the standard Poisson approximation. Obviously, �̂�s(z) is the

partial case of (2.1) where º ¼ �1 ¼ �,

º j ¼
Xs
k¼ j

k

j

� �
(�1)k� j�k , j ¼ 1, . . . , s; (2:9)

and º j ¼ 0 for j . s.

The Stein operator corresponding to �s can be written in the form

(As g)( j) :¼ �1 g( jþ 1)� jg( j)þ
Xs
k¼2

k�k˜
k�1 g( jþ 1): (2:10)

Indeed, by (2.9) we have

º1 g( jþ 1)þ
X1
l¼2

lº l g( jþ l) ¼ º1 g( jþ 1)þ
Xs
l¼2

Xs
k¼ l

l
k

l

 !
(�1)k� l g( jþ l)�k

¼ �1 g( jþ 1)þ
Xs
k¼2

k�k

Xk�1

l¼0

k � 1

l

 !
(�1)k� l�1 g( jþ 1þ l)

¼
Xs
k¼1

k�k˜
k�1 g( jþ 1):

Moreover,

(Ug)( j) ¼
Xs
k¼2

k�k˜
k�1 g( jþ 1): (2:11)

Now an analogue of Lemma 2 can be formulated.

Lemma 2.2. Let �1 . 0, k f k1 , 1, and

Łs ¼ ��1
Xs
k¼2

kj�k j2k�2 , 1=2: (2:12)

Then the solution of the Stein equation

(As g)( j) ¼ f ( j)� �sf f g, j ¼ 0, 1, . . . , (2:13)

has the following properties:

g(i) ¼ 0, i < 0; (2:14)
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k˜gk1 < 2k f k1(1� 2Łs)
�1��1; (2:15)

kgk < 2k f k1(1� 2Łs)
�1��1; (2:16)

kgk < 2k f k(1� 2Łs)
�1��1=2; (2:17)

kUgk1 < 2Łsk f k1(1� 2Łs)
�1��1: (2:18)

Possible applications of Lemma 2.2 are given in Section 4.

We first discuss how to replace recursively non-uniform estimates by uniform ones.

If k f k1 , 1, then from (2.13) it follows that in order to obtain a uniform local estimate,

it suffices to estimate

jE(As g)(W ) j ¼
����X1

j¼0

f ( j)(P( j)� �s( j))

����:
Very slight changes are required for non-uniform estimates. Let k < s, and let

hk( j) :¼ ( j� �)k g(k), j(s)
k ( j) :¼ (As g)( j)( j� �)k � (As hk)( j): (2:19)

Multiplying (2.13) by ( j� �)k�s( j) and summing over all non-negative j, we obtainX
j

(As g)( j)( j� �)k�s( j) ¼
X
j

f ( j)( j� �)k�s( j)� �sf f gE(W � �)k : (2:20)

Note that, due to the choice of �1, . . . , �s, we have

�sfAs hkg ¼
X1
j¼0

(As hk)( j)�s( j) ¼ 0: (2:21)

Thus, multiplying (2.13) by ( j� �)k P( j), summing over all j, and subtracting the result

obtained from (2.20) leads us to the inequality����X1
j¼0

f ( j)( j� �)k(P( j)� �s( j))

���� < jE(As hk)(W ) þ
����X1

j¼0

j(s)
k ( j)(P( j)� �s( j))

����: (2:22)

The maximum power of ( j� �) in j(s)
k ( j) is k � 1. Therefore, the second summand in (2.22)

can be estimated recursively, the first estimate being the estimate in total variation. Note that

the non-uniform estimates in (2.22) are of the pseudo-moment type and correspond to the

estimates considered by Barbour (1987).

In principle, the proofs of Lemmas 2.1 and 2.2 repeat that of Lemma 2.1 of Barbour and

Xia (1999). Therefore, we prove Lemma 2.2 only.

Proof of Lemma 2.2. Let k f k1 , 1. If g0 solves

�1 g0( jþ 1)� jg0( j) ¼ f ( j)� �1f f g, g0( j) ¼ 0, j , 0, (2:23)

then

k˜g0k < 2k f k1��1
1 ; (2:24)
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see Barbour and Jensen (1989). For bounded g : Zþ ! R, let Tg denote the solution ~gg to the

equation

�1 ~gg( jþ 1)� j ~gg( j) ¼ f ( j)� (Ug)( j)� �1f f g þ �1fUgg: (2:25)

Note that kUg0k1 , 1 by (2.11), and we can recursively define gn ¼ Tgn�1, n > 0,

g�1 ¼ 0. Set

Œn( j) :¼ gn( j)� gn�1( j), j > 0:

Then

�1Œn( jþ 1)� jŒn( j) ¼ �(UŒn�1)( j)þ �1fUŒn�1g: (2:26)

Applying (2.24), we obtain

k˜Œnk1 < 2��1
1 kUŒn�1k1 < 2��1

1

Xs
k¼2

kj �k j 2k�2k˜Œn�1k1

¼ 2Łsk˜Œn�1k1 < (2Łs)
nk˜g0k1 < 2k f k1��1

1 (2Łs)
n: (2:27)

Since Łs , 1=2, the limit g f ¼ limn!1 gn exists and satisfies Tg f ¼ g f . Furthermore,

k˜g f k1 <
X
n>0

k˜Œnk1 <
X
n>0

(2Łs)
n2k f k1��1

1 ¼ 2k f k1��1
1 (1� 2Łs)

�1: (2:28)

Now Tg f ¼ g f is equivalent to

(As g f )( j) ¼ f ( j)� �1f f � Ug f g: (2:29)

But

�sfAs g f g ¼ 0 ¼ �sf f g � �1f f � Ug f g: (2:30)

The proof of (2.15) follows from (2.25)–(2.30). The proof of (2.18) follows from (2.15)

and the definition of U . The proof of (2.16) is evident from the inequality

j g( j) j ¼
����X

j�1

l¼0

˜g(l)

���� < k˜gk1:

Finally, (2.17) can be proved exactly as in Lemma 2.1 of Barbour and Xia (1999). h

3. Local estimates of the difference operator

In this section, we consider the local analogues of d k . For W defined as in Section 1, let

P( j) :¼ P(W ¼ j ), Pi( j) ¼ P(W (i) ¼ j ):

It is evident that

d k ¼ k˜k Pk ¼
X1
j¼0

j˜k P( j) j: (3:1)

On local estimates and the Stein method 671



Therefore, j˜k P( j) j is a local analogue of d k . Obviously, any local estimate is majorized by

the estimate in total variation

sup
j

j˜k P( j) j < d k : (3:2)

Usually application of (3.2) reduces the accuracy of estimation. We shall show that

sup jj˜k P( j) j ¼ O(V�k=2�1=2) as V ! 1, that is, it vanishes faster than d k , which is of

order O(V�k=2). Moreover, we shall show that non-uniform estimates can be obtained as

well as uniform ones. The estimates are formulated in terms of d k and factorial moments of

Zi.

Set

as ¼ 2��1 sds�1 þ d9sþ1

Xn
i¼1

�2i þ E(Zi)(2)
� �( )

, (3:3)

bs ¼ 2ds þ 3 sas�1 þ
Xn
i¼1

a
(i)
sþ1 �2i þ E(Zi)(2)
� �( )

, (3:4)

cs ¼ 6�as þ 2ds þ 3s(as�1 þ bs�1)þ 1:5
Xn
i¼1

2(a
(i)
sþ1�i þ b

(i)
sþ1)(�

2
i þ E(Zi)(2))

n

þ a
(i)
sþ1(�iE(Zi þ 1)(2) þ EZ2

i (Zi � 1))g: (3:5)

The quantities a(i)s and b(i)s are defined by (3.3) and (3.4) with W replaced by W (i). For

example,

a(i)s ¼ 2(�� �i)
�1 sd9s�1 þ d 0sþ1

Xn
j 6¼i

�2j þ E(Z j)(2)

� �( )
:

Theorem 3.1. Let k f k1 , 1. The following estimates hold:

(i) If EZ2
i , 1, i ¼ 1, 2, . . . , n, and s > 1, then����X1

j¼0

f ( j)˜sP( j� s)

���� < k f k1as: (3:6)

(ii) If EZ2
i , 1, i ¼ 1, 2, . . . , n, and s > 2, then����X1

j¼0

f ( j)( j� �)˜sP( j� s)

���� < k f k1bs, (3:7)

����X1
j¼0

f ( j)( j� �)˜sP( j� s)

���� < k f kds: (3:8)

(iii) If EZ3
i , 1, i ¼ 1, 2, . . . , n, and s > 3, then
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����X1
j¼0

f ( j)( j� �)2˜sP( j� s)

���� < k f k1cs: (3:9)

In particular, when f ( j) is the indicator of a point, we obtain the following corollary.

Corollary 3.1. If EZ2
i , 1, i ¼ 1, . . . , n, and s > 2, then

sup
j>0

j˜sP( j) j < as, (3:10)

sup
j>0

j ( j� �)˜sP( j� s) j < bs: (3:11)

Remark 3.1. Suppose that Zi do not depend on n, EZ3
i , 1, and vi . 0 (i ¼ 1, 2, . . . , n).

Then

as ¼ O(n�(sþ1)=2), bs ¼ O(n�s=2), cs ¼ O(n�(s�1)=2):

Remark 3.2. In principle, applying the proof of Theorem 3.1 recursively, we can obtain

estimates for all ����X
j

f ( j)( j� �)k˜sP( j� s)

����, k < s:

However, with the growth of k, the estimates become more and more complicated and, as can

be seen from Corollary 3.1, the order of accuracy decreases.

Proof of Theorem 3.1. All estimates are obtained similarly. Therefore, we prove only (3.9).

We begin with the Stein equation for the Poisson approximation

(A1 g)( j) ¼ �g( jþ 1)� jg( j) ¼ f ( j)� �1f f g: (3:12)

Let us multiply (3.12) by ( j� �)2˜sP( j� s) and sum over j. Note that P( j� m) ¼ 0

for j , m. Consequently,

X1
j¼0

( j� �)2P( j� �) ¼
X1
j¼m

( j� �)2P( j� �)

¼
X1
k¼0

(k � �)2P(k)þ 2m
X1
k¼0

kP(k)� �

 !
þ m2 ¼ � 2 þ m2

and
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X1
j¼0

( j� �)2˜sP( j� s) ¼
X1
j¼0

( j� �)2
Xs
m¼0

s

m

 !
(�1)mP( j� m)

¼
Xs
m¼0

s

m

 !
(�1)m

X1
j¼0

( j� �)2P( j� m)

¼
Xs
m¼0

m

j

 !
(�1)m(� 2 þ m2) ¼ 0:

For the proof of the last equality, note that s > 3 and, consequently,

Xs
m¼0

s

m

 !
(�1)mm2 ¼

Xs
m¼0

s

m

 !
(�1)mm(m� 1)

¼ s(s� 1)
Xs
m¼2

s� 2

m� 2

 !
(�1)m�2 ¼ 0:

Moreover,

( j� �)g( j) ¼ �˜g( j)� f ( j)þ �1f f g, (3:13)

˜k(A1h2)( j) ¼ (A1˜
k h2)( j)� k˜k�1h2( jþ 1):

Therefore,����X1
j¼0

f ( j)( j� �)2˜sP( j� s)

���� ¼
����X1

j¼0

(A1 g)( j)( j� �)2˜sP( j� s)

����
<

����X1
j¼0

(A1h2)( j)˜
sP( j� s)

����þ
����X1

j¼0

j(1)
2 ( j)˜sP( j� s)

����
¼
����X1

j¼0

P( j)˜s(A1h2)( j)

����þ
����X1

j¼0

j(1)
2 ( j)˜sP( j� s)

����
< jE(A1˜

s h2)(W ) j þ sjE˜s�1h2(W þ 1) j

þ
����X1

j¼0

j(1)
2 ( j)˜sP( j� s)

����: (3:14)

Here

j(1)
2 ( j) ¼ ( j� �)2(A1 g)( j)� (A1h2)( j) ¼ ��g( jþ 1)(2( jþ 1)� 2�� 1)

¼ 2� f ( jþ 1)� 2��1f f g � 2�2˜g( jþ 2)� �g( jþ 1):
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Note that, for �1, (2.15)–(2.16) hold with Ł1 ¼ 0. Consequently,����X1
j¼0

j(1)
2 ( j)˜sP( j� s)

���� < 2�(k f k1 þ �k˜g k1)sup
j

j˜sP( j� s) j

þ �kgk
X1
j¼0

j˜sP( j� s) j < k f k1(6as þ 2ds): (3:15)

Similarly,

jE˜s�1h2(W þ 1) j ¼
����X1

j¼0

( j� �)2 g( j)˜s�1P( j� s)

����
< (k f k1 þ �k˜gk1)sup

j

j ( j� �)˜s�1P( j� s) j

< 3k f k1(bs�1 þ as�1): (3:16)

Finally,

h2(wþ l) ¼ h2(wþ 1)þ
Xl�1

m¼1

˜h2(wþ m)

and

Eh2(W þ 1) ¼
X1
j¼0

qijEh2(W
(i) þ jþ 1)

¼ Eh2(W
(i) þ 1)þ

X1
j¼0

qij
Xj

m¼1

E˜h2(W
(i) þ m),

EZih2(W ) ¼ �iEh2(W
(i) þ 1)þ

X1
j¼0

qij j
Xj�1

m¼1

E˜h2(W
(i) þ m):

Therefore,

jE(A1˜
s h2)(W ) j <

Xn
i¼1

j �iE(˜sh2)(Wþ 1)� EZi(˜
sh2)(W) j

<
Xn
i¼1

X1
j¼0

qij �i

Xj

m¼1

jE˜sþ1h2(W
(i) þ m) j þ j

Xj�1

m¼1

jE˜sþ1h2(W
(i) þ m) j

 !
:

(3:17)

By (3.13) we have
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jE˜sþ1h2(W
(i) þ m) j ¼

����X1
j¼0

( j� �)2 g( j)˜sþ1Pi( j� s� 1� m)

����
< (k f k1 þ �k˜gk1)sup

j

j( j� �)˜sþ1Pi( j� s� 1� m )j

< 3k f k1(b(i)sþ1 þ (mþ �i)a
(i)
sþ1): (3:18)

Estimate (3.9) follows from (3.14)–(3.18). h

4. Approximation by �s

Let �s be defined as in Section 2. Recall that � j ¼
Pn

i¼1�
(i)
j , where the jth factorial

cumulant of Zi equals �
(i)
j j!. The quantities a(i)s and b(i)s are the same as in Theorem 3.1. Set

�(i)1 ¼ E(Zi)(sþ1)=s!þ
Xs
k¼1

kj�(i)k jE(Zi)(s�kþ1)=(s� k þ 1)!,

�(i)2 ¼ EZi(Zi)(sþ1)=(sþ 1)!þ
Xs
k¼1

kj�(i)k jE(Zi þ 1)(s�kþ2)=(s� k þ 2)!,

K1 ¼
Xs
k¼1

k(k þ 1)j �k j2k ,

K2 ¼ 3
Xs
k¼1

k(k þ 1)j �k j2k þ ��1=2
Xs
k¼1

k2(k þ 3)j�k jk�1:

Now we can formulate the main result of this paper.

Theorem 4.1. Let k f k1 , 1, s > 3, � . 0, Łs , 1=2, and EZsþ1
i , 1, i ¼ 1, . . . , n. Then

the following estimates hold:

kL(W )� �sk <
2d9s

1� 2Łs
��1=2

Xn
i¼1

�(i)1 ; (4:1)

����X1
j¼0

f ( j)(P( j)� �s( j))

���� < 2k f k1
d9s

1� 2Łs
��1

Xn
i¼1

�(i)1 ; (4:2)

����X1
j¼0

f ( j)( j� �)(P( j)� �s( j))

���� < k f k1
1� 2Łs

d9s

1� 2Łs
K1�

�3=2
Xn
i¼1

�(i)1 þ 3
Xn
i¼1

a(i)s �(i)1

 !
;

(4:3)
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����X1
j¼0

f ( j)( j� �)2(P( j)� �s( j))

���� < k f k1
d9s

(1� 2Łs)2
K2�

�1
Xn
i¼1

�(i)1

þ 3
k f k1

1� 2Łs

Xn
i¼1

(a(i)s �i þ b(i)s )�
(i)
1 þ a(i)s �

(i)
2

n o
: (4:4)

The accuracy of approximation is most evident in the case of independent Bernoulli

variables. In this case, � j ¼ (�1) jþ1
Pn

i¼1 p
j
i= j.

Corollary 4.1. Let Zi ¼ I i, P(I i ¼ 1) ¼ pi < 1=5(i ¼ 1, . . . , n). Let s > 3, and let �1 ¼Pn
i¼1 pi ! 1 as n ! 1. Then

kL(W )� �sk ¼ O ��(sþ1)=2
1

Xn
i¼1

psþ1
i

 !
,

sup
j>0

jP( j)� �s( j)j ¼ O ��(sþ2)=2
1

Xn
i¼1

psþ1
i

 !
,

sup
j>0

j( j� �1)(P( j)� �s( j))j ¼ O ��(sþ2)=2
1

Xn
i¼1

psþ1
i

 !
,

sup
j>0

j( j� �1)
2(P( j)� �s( j)) j ¼ O ��s=2

1

Xn
i¼1

psþ1
i

 !
:

Corollary 4.1 shows that the SCP approximation �s is quite accurate even for pi ¼ O(1),

that is, in the case where the standard Poisson approximation fails. Note that we do not

investigate the convergence to the Poisson law, that is, the case of small pi.

Finally, a few words should be said about the condition Łs , 1=2. In principle, this

condition is quite restrictive. For s ¼ 2, it implies that � , 2� 2 , 3�. On the other hand, if

the factorial cumulant of Zi (recall that this equals �(i)j j!), for some sufficiently large A,

satisfies the standard condition of large deviations

j�(i)j j <
�i

jA j�1
, (4:5)

then Łs , 1=2. Note that the Bernoulli variable I i satisfies (4.5) with A ¼ 1=(max pi).

For the proof of Theorem 4.1 we need an auxiliary lemma.

Lemma 4.1. Let the assumptions of Theorem 4.1 be satisfied. Let h be either of the functions

h1 or h2. Then
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jE(As h)(W ) j <
Xn
i¼1

X1
j¼0

qij
Xs
k¼1

kj�(i)k j
Xj�sþk

m¼1

j� m

s� k

 !
jE˜s h(W (i) þ m) j

8<
:

þ j
Xj�s

m¼1

j� m� 1

s� 1

 !
jE˜s h(W (i) þ m) j

)
: (4:6)

Proof. As usual, we assume that
Pb

a ¼ 0, b , a. By (2.10) we have

jE(As h)(W ) j <
Xn
i¼1

����Xs
k¼1

k�(i)k E˜
k�1h(W þ 1)� EZih(W )

����: (4:7)

By Newton’s formula

h(wþ l) ¼ h(wþ 1)þ
Xt

m¼1

l � 1

m

� �
˜mh(wþ 1)þ

Xl� t�1

m¼1

l � 1� m

t

� �
˜ tþ1h(wþ m),

we obtain

E˜k�1h(W þ 1) ¼
X1
j¼0

qijE˜
k�1h(W (i) þ jþ 1)

¼
Xs�1

l¼k�1

E˜ l h(W (i) þ 1)E(Zi)( lþ1�k)=(l þ 1� k)!

þ
X1
j¼0

qij
Xj�sþk

m¼1

j� m

s� k

 !
E˜s h(W (i) þ m) (4:8)

and

EZih(W ) ¼
X1
j¼0

jqijEh(W
(i) þ j )

¼
Xs�1

m¼1

E˜mh(W (i) þ 1)E(Zi)(mþ1)=m!

þ
X1
j¼0

jqij
Xj�s

m¼1

j� m� 1

s� 1

 !
E˜s h(W (i) þ m): (4:9)

Changing the order of summation, we obtain
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Xs
k¼1

k�(i)k
Xs�1

l¼k�1

E˜ l h(W (i) þ 1)E(Zi)( lþ1�k)=(l þ 1� k)!

¼
Xs�1

m¼0

E˜mh(W (i) þ 1)
Xmþ1

k¼1

k�(i)k E(Zi)(mþ1�k)=(mþ 1� k)!: (4:10)

However, the identity

Xmþ1

k¼1

k�(i)k E(Zi)(mþ1�k)=(mþ 1� k)! ¼ E(Zi)(mþ1)=m!: (4:11)

holds, and this can be proved as follows. Denote by ł(z) the generating function of Zi.

Expanding ł(z) in factorial moments and lnł(z) in factorial cumulants, comparing the

coefficients to (z� 1)k , and applying the identity ł9(z) ¼ ł(z)(lnł(z))9, we obtain (4.11).

Estimate (4.6) follows from (4.8)–(4.11). h

Proof of Theorem 4.1. We shall prove only (4.4). Set

M( j) ¼ �˜g( jþ 1)þ U ( j)� f ( j): (4:12)

Then by (3.1) we have

kMk1 < 3k f k1(1� 2Łs)
�1: (4:13)

We shall apply (2.3) and (2.6), with º j defined by (2.9). As above, h2( j) ¼ ( j� �)2 g( j).
Set

j2( j) ¼ (Ag)( j)( j� �)2 � (Ah2)( j):

Applying (4.13), we obtain

j2( j) ¼ �
Xs
l¼1

l2º l g( jþ l)(2 j� 2�þ l)

¼ �2
Xs
l¼1

l2º l(M( jþ l)þ �sf f g)þ
Xs
l¼1

l3º l g( jþ l): (4:14)

Now we have����X1
j¼0

f ( j)( j� �)2(P( j)� �s( j))

���� < jE(As h2)(W )j þ
X1
j¼0

j2( j)(P( j)� �s( j))

�����
�����: (4:15)

Taking into account (4.14) and (2.16), we see that the second summand in the right-hand side

of (4.15) is majorized by
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2kMk1
Xs
l¼1

l2jº lj sup
j

jP( j)� �s( j)j þ kgkkL(W )� �sk
Xs
l¼1

l3jº lj

< k f k1d9s��1(1� 2Łs)
�2K2

Xn
i¼1

�(i)1 : (4:16)

In (4.16), we used the estimate

Xs
l¼1

l2jº lj <
Xs
l¼1

l2
Xs
k¼l

k

l

� �
j �k j ¼

Xs
k¼1

k(k þ 1)2k�2j�k j

and a similar estimate for the second summand.

Similarly, we have

jE˜s h2(W
(i) þ m)j ¼

����X1
j¼0

Pi( j)˜
s h2( jþ m)

����
¼
����X1

j¼0

( jþ m� �)2 g( jþ m)˜sPi( j� s)

����
¼
����X1

j¼0

( jþ m� �)M( jþ m)˜sPi( j� s)

����
< kMk1 sup

j

j ( jþ m� �)˜sPi( j� s) j

< 3k f k1(1� 2Łs)
�1(b(i)s þ (mþ �i)a

(i)
s ): (4:17)

To finish the proof, it suffices to use Lemma 4.1 and substitute the estimate obtained and

(4.16) into (4.15). h

5. Approximation of dependent indicators

We shall formulate one non-uniform result for a Poisson approximation of possibly

dependent indicators. Note that, in this case, the approach of Barbour et al. (1995) is

inapplicable. For the indicator variable, we use the notation I i as above. However,

emphasizing the possible dependence of indicators, we denote their sum by ~WW, that is,

~WW ¼
Xn
i¼1

I i, P(I i ¼ 1) ¼ 1� P(I i ¼ 0) ¼ pi , 1,

~WW (i) ¼ ~WW � I i, � ¼
Xn
i¼1

pi:
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As before, �1 denotes the standard Poisson approximation with parameter �. Let Vi be

constructed on the same probability space as ( ~WW )(i) so that

P(Vi ¼ j ) ¼ P( ~WW (i)jI i ¼ j ):

Proposition 5.1. For any j 2 Zþ,

j j� �kP( ~WW ¼ j )� �1( j)j < 2kL( ~WW )� �1k þ 6
Xn
i¼1

p2i max
j
jP(Vi ¼ j )

�P(Vi ¼ j� 1)j þ 2
Xn
i¼1

pi max
j
jP( ~WW (i) ¼ j )� P(Vi ¼ j )j: (5:1)

Proposition (5.1) demonstrates which components are needed for a non-uniform estimate.

The estimate in total variation can be found in Barbour et al. (1992b, Theorem 1B).

However, for other summands, an analogue of Theorem 3.1 is required. In fact, obtaining an

analogue of Theorem 3.1 is the hardest part in the dependent case. Therefore, Proposition

5.1 gives an insight to the problem rather than its solution.

Proof. We apply (2.22). By (2.16) we have

����X1
j¼0

j(1)
1 ( j)(P( ~WW ¼ j)� �1( j))

���� ¼ �

����X1
j¼0

g( jþ 1)(P( ~WW ¼ j)� �1( j))

����
< �kgkkL( ~WW )� �1k < 2kL( ~WW )� �1k:

Furthermore, we have

jE(A1h1)( ~WW )j ¼
����Xn
i¼1

pi Eh1( ~WW þ 1)� Efh1( ~WW (i) þ 1)jI i ¼ 1g
� �����

¼
����Xn
i¼1

p2iE ˜h1( ~WW
(i) þ 1)jI i ¼ 1

	 

þ
Xn
i¼1

piqi(Efh1( ~WW (i) þ 1)jI i ¼ 0g:

� Efh1( ~WW (i) þ 1)jI i ¼ 1g)j <
Xn
i¼1

p2i

����X1
j¼0

˜h1( jþ 1)P(Vi ¼ j� 1)

����
þ
Xn
i¼1

pi

����X1
j¼0

h1( jþ 1)(P( ~WW (i) ¼ j )� P(Vi ¼ j ))

���� ¼ J1 þ J2:

Applying (3.13), we can estimate J1 as follows:

On local estimates and the Stein method 681



J1 ¼
Xn
i¼1

p2i j h( j)(P(Vi ¼ j� 2)� P(Vi ¼ j� 3))j

3
Xn
i¼1

pi

����X1
j¼0

( f ( j)� �1f f g � �˜g( j))(P(Vi ¼ j� 2)� P(Vi ¼ j� 3))

����
< 2(1þ �k˜gk1)

Xn
i¼1

p2i max
j
jP(Vi ¼ j )� P(Vi ¼ j� 1)j

< 6
Xn
i¼1

p2i max
j
jP(Vi ¼ j )� P(Vi ¼ j� 1)j:

Similarly,

J2 < 2
Xn
i¼1

pi max
j
jP( ~WW (i) ¼ j )� P(Vi ¼ j ) j:

h
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