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We consider likelihood-based asymptotic inference for a p-dimensional parameter 6 of an identifiable
parametric model with singular information matrix of rank p—1 at 6 =6* and likelihood
differentiable up to a specific order. We derive the asymptotic distribution of the likelihood ratio test
statistics for the simple null hypothesis that 6 = 0* and of the maximum likelihood estimator (MLE)
of & when 6 = 6*. We show that there exists a reparametrization such that the MLE of the last p — 1
components of 6 converges at rate OP(n*I/ 2). For the first component 6 of 6 the rate of convergence
depends on the order s of the first non-zero partial derivative of the log-likelihood with respect to 6,
evaluated at 0. When s is odd the rate of convergence of the MLE of 6 is Op(nfl/zs) . When s is
even, the rate of convergence of the MLE of |6; — OT\ is OP(n*I/ 2%) and, moreover, the asymptotic
distribution of the sign of the MLE of 6, — GT is non-standard. When p =1 it is determined by the
sign of the sum of the residuals from the population least-squares regression of the (s + 1)th derivative
of the individual contributions to the log-likelihood on their derivatives of order s. For p>1, it is
determined by a linear combination of the sum of residuals of a multivariate population least-squares
regression involving partial and mixed derivatives of the log-likelihood of a specific order. Thus
although the MLE of |6, — GT\ has a uniform rate of convergence of OP(n*I/ 2%), the uniform
convergence rate for the MLE of 6; in suitable shrinking neighbourhoods of 67 is only O,(n~1/@s+2),
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1. Introduction

The asymptotic distributions of the maximum likelihood estimator (MLE) and of the
likelihood ratio test statistic of a simple null hypothesis in parametric models have been
extensively studied when the information matrix is non-singular. In contrast, the asymptotic
properties of these statistics when the information matrix is singular have been studied only
in certain specific problems, but no general theory has yet been developed.

Silvey (1959) noted that in a single-parameter identifiable model the score statistic can be
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zero for all data configurations, but did not discuss the point further. Rothenberg (1971)
proved that under local identifiability the set of parameters where the score vanishes
identically has Lebesgue measure zero. Cox and Hinkley (1974, p. 303) noticed that a zero
score can arise in the estimation of variance components parameters, and they showed that
the asymptotic distribution of the MLE of the variance components can be found after a
power reparametrization. Sargan (1983) constructed identifiable simultaneous equations
models with singular information matrix and derived the asymptotic distribution of specific
instrumental variables estimators of the parameters of his model. Kiefer (1982) noted that in
parametric mixture models that include one homogeneous distribution, the Fisher
information about the mixing parameter value corresponding to the homogeneous
distribution is zero. Lee and Chesher (1986) derived the asymptotic distribution of the
corrected score statistic for testing homogeneity in a mixture model with a location—scale
mixing distribution. Chen (1995) derived the asymptotic distribution of the MLE of the
parameter indexing a finite mixture model when the true mixing parameter value
corresponds to a mixing distribution with one support point. Lee (1993) calculated the
asymptotic distribution of the MLEs of the parameters in a stochastic frontier function
model with a singular information matrix.

Non-singular information matrices can also be encountered in parametric models that
allow for non-ignorable non-response in the sense defined by Rubin (1976), also called
selection bias in the econometrics literature. Lee (1981) showed that regression models with
selection bias and a probit selection model (Gronau, 1974; Heckman, 1976; Nelson, 1977)
can have singular information matrix. Lee and Chesher (1986) provided tests for selection
bias that are asymptotically equivalent to tests based on the MLE derived in Section 2.
However, they did not derive the asymptotic distribution of the MLE of the model
parameters when the information matrix is singular. In particular, they did not discuss the
possibility of a bimodal likelihood function and the local distributional theory when the
variance of the potentially missing data is known. Copas and Li (1997) have recently
carried out a largely numerical study of the performance of likelihood-based inferences in
models for selection bias.

The goal of the present paper is to provide a unified theory for deriving the asymptotic
distribution of the MLE and of the likelihood ratio test statistic when the information matrix
has rank one less than full and the likelihood is differentiable up to a specific order. We deal
only with the case of independent and identically distributed random variables, although our
results can be extended to independent and non-identically distributed random variables.

The paper is organized as follows. In Section 2 we describe as a motivating example the
estimation of the mean of a normal distribution under non-ignorable non-response when a
parametric non-response model is assumed. In Section 3 we give some heuristics and state
our results in a one-dimensional parametric model with zero Fisher information at a
parameter value. The results are illustrated in a nonlinear regression model with normal
errors. In Section 4 we describe our results for the multidimensional parametric models
with singular information matrix of rank one less than full. Our results are applied to derive
the asymptotic properties of the estimators of the example in Section 2. In Section 5 we
describe some key identities from which specific asymptotic properties of the high-order
derivatives of the log-likelihood follow. In Section 6 we give some final remarks.
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2. A motivating example

To motivate the general discussion in the remainder of the paper, we begin with a quite
informal account of a special case. The model is a simple representation of informative non-
response; for similar more complicated models, see Heckman (1976) and Diggle and
Kenward (1994). The example will reveal some unusual types of behaviour that it is the
object of the later part of the paper to illustrate.

Suppose that Y is normally distributed with mean 3 and variance o2. There are available
for study » independent individuals but for each there is the possibility that the value of ¥
cannot be observed. If the probability of not being able to observe Y is assumed
independent of the unobserved value the analysis proceeds with just the fully observed
individuals. Suppose, however, that conditionally on Y = y the probability of observing y
has the form

P.(y; ao, a1) = exp{ H(ao + ai(y — B)/0)},

where (0, o)) are unknown parameters and H(-) is a known function assumed to have its
first three derivatives at oy non-zero. Interest may lie in small values of a; and in particular
in testing the null hypothesis a; = 0.

We thus consider two random variables (R, Y), where R is binary, taking values 0 and 1.
The value of Y is observed if and only if R = 1. The contribution of one individual to the
log-likelihood is thus

—rlogo — r(y — B)*/Q20?) + rH{ag + a1(y — B)/o } + (1 — r)log O(ao, 1),

where
Oc(ap, ay) = E{1 — P(Y; ao, a1)}

is the marginal probability that Y is not observed. For n individuals the log-likelihood
L,(f, 0, ag, ay) is the sum of »n such terms.

To study behaviour for small a;, we expand in powers of a;. If terms are retained only
up to order a? the data enter through terms in

ne. Y (i=B Y (i — B

where n. is the number of complete observations and the summation ) . is over the
complete observations. Inference is thus to this order based on the statistics

ﬁcznc/n, yc:Z,V]/”w 6%:2(}}]—.}_}6)2/"6
c c

Similarly, if the expansion is carried to the term in o] the above statistics are augmented
by the standardized third cumulant of the complete data, 7.3.

We now consider separately the cases where ¢ is first known and then unknown. With o2
known there are three unknown parameters so that in the first place we take the expansion to
the term in a?. Equations locally equivalent to the maximum likelihood estimating equations
are then obtained by equating p., y., 62 to their respective expectations.
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Now
Pe(a, ar) = exp{ H(ao)} + O(a}),
E(Y) =B+ aioH' (ag) + O(a3),
var.(Y) = o?{1 + ot H"(ap)} + O(a}),

where P.(ag, o1) = 1 — Q.(ao, a1), E.(Y) = E(Y|R = 1) and var.(Y) = var(Y|R = 1).
It follows that the approximate estimating equations are initially of the form

pe = exp{ H(a)},
Je = B+ a0 H (G),
62 = o*(1 +aj H"(ao)).

These equations are easily solved for the estimates; account, however, has to be taken of the
restriction that a% = 0, leading in particular to

a7 =max{(6. — 0%)/H"(a), 0}.

Thus if interest is focused on |a,|, as would be the case, for example, if the sign of any non-
zero value of a; can be regarded as known, then sampling errors in |&;| are OP(n_l/ ) for
values of |a;| that are within O(n~!/4) of zero because the values of @? are within O,(n~'/?)
of zero. If, however, interest is in estimating [ taking into account selection bias, the sign is
very important, and if it is to be estimated this must be done by going to a higher-order
expansion, essentially estimating sgn(a;) via sgn(#.3), this having a probability of error of
1/2 for these values of |a,|. Thus as regards the estimation of 3 the possibility can arise that
the magnitude of the adjustment to the sample mean is reasonably well known but the
direction of the adjustment essentially unknown.

Next suppose that 62 is unknown, giving four unknown parameters, leading directly to
the use of terms up to order O(«a3}) in the expansion of the log-likelihood. By the same
argument as before, we obtain estimates based on p., V., (3%, ]e3. In particular

a = {H"(@)} e

It follows that the sampling fluctuations in &, are OI,(n’l/ 6).

There are thus some quite striking qualitative differences in the behaviour according to
whether there are three unknown parameters or four. We shall see in Section 4 the general
explanation of that difference.

To study the distributional behaviour for small but non-zero values of a; we introduce a
sequence of non-null values tending to zero as n — co. Such sequences are totally notional
and are devices for producing approximations that will be useful in appropriate
circumstances.

We shall outline a number of possibilities in which

o = an’b,
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where b takes values in the range 0 < b < 1/2. This compares with the choice b = 1/2 in the
regular Cochran—Pitman theory of asymptotic relative efficiency. The objective of the various
asymptotic considerations is to highlight the quite different forms of distributions of the MLE
that can occur.

First, if b<1/6 the value of the third cumulant is asymptotically large compared with its
standard error and the sign of a; is determined with high probability. Further, in the case
where 02 is known, the atom of probability at zero in the distribution of &? is also
negligible.

Next, if b = 1/6 then asymptotically the probability that ¢ has the correct sign tends to
a constant bounded away from one; that is to say, the possibility that the estimate has the
wrong sign cannot be ignored. Also, in the case where o2 is known, the atom of probability
at zero in the distribution of a3 is negligible.

If 1/6 <b<1/4 then asymptotically the estimate @; is equally likely to have either sign,
and when o? is known, the atom of probability at zero in the distribution of a3 is
negligible.

If b = 1/4 the conclusion about @; remains the same, but when 0?2 is known there is an
atom of probability at zero in the distribution of &2. Finally, if 5> 1/4 that last probability
is 1/2.

In some contexts difficulties in the asymptotic theory of maximum likelihood estimates
are wholly or partially avoided by concentrating on likelihood ratio tests and on associated
confidence regions, although this is much less straightforward when there are nuisance
parameters and the profile likelihood is used. This is not the case here, however. Indeed, so
far as inference about § is concerned, maximization over a; to form a profile likelihood
would conceal the problems mentioned above concerning ambiguities of sign. In this paper
we shall not consider the calculation of confidence regions.

Note, finally, that quite apart from the unusual distribution theory and the slow rates of
convergence there is extreme sensitivity to assumptions. Thus when ¢? is unknown any
non-normality in the observed values of y is interpreted as a consequence of selection bias
rather than as non-normality of the underlying distribution of Y. One of the points of our
analysis is to make very explicit how this sensitivity arises.

The special features of this problem are probably best seen from the rather direct
arguments summarized above. Nevertheless, to link with the general discussion in the rest
of the paper and to see the essential reason for the unusual behaviour, we examine the score
vector of first partial derivatives of the log-likelihood evaluated at the null point 3, ay,
a; = 0. The contribution from a single observation is, setting =0 without loss of
generality,

mw/o?,  rH'(ag) — (1 — e ™ H'(ag) /(1 — @), ryH'(ag)/o.

The key feature is that as a vector random variable this has dimension 2, because of the
proportionality of the first and third components. That is, the score vector is degenerate at
this particular parameter point. Equivalently, the information matrix calculated from
expected second derivatives is singular at this parameter point.
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3. Inferences in one-dimensional parametric models

3.1. Introduction

The asymptotic properties of the estimators in the example of Section 2 can be derived from
the general asymptotic properties of the MLE in multidimensional parametric models in
which the information matrix is singular and of rank one less than full. Indeed, identifiable
models with zero Fisher information also exist in one-dimensional parametric models. The
asymptotic derivations in the one-parameter problem are somewhat simpler than in the
multiparameter problem because in the former zero information is equivalent to the vanishing
of the score statistic with probability 1, while in the latter a singular information matrix is
equivalent only to the existence of a linear dependence among the scores for the different
parameters. Thus, in this Section we restrict attention to the one-parameter case.

Suppose that Y7, ..., Y, are n independent copies of a random variable Y with density
f(y; 0%) with respect to a carrying measure, where 0* is an unknown scalar. In Section 4
we formally state the regularity conditions assumed on f(y; 6). These essentially consist of
the usual smoothness assumptions that guarantee uniqueness and consistency of the MLE
and in addition the existence in a neighbourhood of 8 of 2s + 1 derivatives with respect to
0 of log f(Y; 6) for some positive integer s with absolute values uniformly bounded by
functions of Y that have finite mean. We assume, however, that exactly the first s — 1
derivatives of log f(y; 0) are, with probability 1, equal to 0 at @ = 6*. That is, letting
[9(Y; 0) denote &' log f(Y; 60)/06/, we assume that with probability 1,

IV(Y; 6%) = 19Y; 6% = ... = I"D(y; 6%) =0, (1)
and with probability greater than 0,
19(Y; 6%) #£0. )

Condition (1) for some s = 2 is equivalent to zero Fisher information at 6. Throughout we
use ~» to denote convergence in distribution under & = 6*. In a slight abuse of notation, for
any pair of random variables X and W we use the identity X = W to denote that X and W
are equal with probability 1 if they are defined on the same probability space, otherwise to
denote that they have the same distribution. In addition, we use /(4) to denote the indicator
of the event A4, that is I1(4) =1 if 4 occurs and /(4) = 0 otherwise.

3.2. Informal look at inferences under 0= 6*

An informal examination of the log-likelihood function under (1) and (2) and the regularity
conditions of Section 4.2 will help provide some insight into the asymptotic properties that
are stated formally later in Section 3.4. Denote the log-likelihood function > I(Y;; 6) by
L»’Z(B)’ and write LY)(0) for its jth derivative. A Taylor expansion of the log-likelihood around
0" gives
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B4 106%) 55+
L) = Li0") + 3 0 =0 s 0 0 ®

where 0D = £@stD(g) — L2+D(9*) for some 6 satisfying |0 — 6*| < |0 — 6. In Section
5 we show a set of identities for the second and higher-order derivatives of the log-likelihood
when (1) and (2) hold that include the following key results:

(R1.1) For s<j<2s—1, IO, 0% = fOY; 6°)/f(Y; 6%). Thus, (Y, 6%) is a
mean-zero random variable. Letting /U(Y; 6%) denote IV)(Y, 6*)/j!, we have, in
particular,

(@) n~12L9O%)/s! = Zy + 0,(1), where Zy ~ N(0, I) and

I =E[{M(Y; 6%}

(i) n7'2LY0") = 0,(1), s+1<j<2s—1.

2
(25) *y FONY; 67) _ l(Zs) FOY; 0%)
L2 O =0 s e T

n LCO%) = —(29)!1/2 + o,(1).

(R1.3) [@+D(y, %) =

@s+D)y. p* ) (V. p*\ £G+Dy. p*
/ (Y,e)_<zs+1>f (0 65 [0 %)

f(Y; 6% § S 0% f(y; 0%
n LESTD0F) = —(25 + 1)IC + 0,(1), where C = E{/)(Y; 0")Is+1(Y; 6%)}.

Note that (R1.1) and (R1.2) are direct generalizations of familiar results and identities
involving first and second log-likelihood derivatives in the theory of regular parametric
models. In fact, /~! coincides with the Bhattacharyya bound of order s for unbiased
estimators of (6 — 6™)° evaluated at 6 = 0* (Bhattacharyya, 1946). The Bhattacharyya
bound of order u for unbiased estimators of g(6) is defined as the variance of the least-
squares projection under 6 of any unbiased estimator of g(6) on the space spanned by

fOs0) O 0) 1Y 0)
fY;0) 7 f(x;0) 77 f(Y;0)

From expansion (3) these results imply that under regularity conditions on Lﬁfﬁ“(@), for
n'2(6 — 6*)* bounded,

Ly(0) = Ly(0") = G,(0) + Ry, 4)

where

I
Gu(0) = Zon'2(0 = 0%)" = 2 {n' (0 — 0)'}?,
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and the remainder R, converges to 0 in probability. More specifically,
Rn — n*l/(ZS){nl/(Zs)(e _ 9*)}S+l Tns (5)

where

L(S+l)(0*)
— —1/2 =n _ /2,0 _ p*\s
T, {n 1D Cn'/2(0 —07) 4+ 0,(1) ¢.

The expansions above show that the shape of the likelihood near * depends critically on
the parity of s. When s is odd, the function G,(0) is unimodal and has a unique global
maximum at 0% + n='/@)(Z,/I)'/5. When s is even, G,(0) is symmetric around 0. For a
positive Zy, G,(6) is bimodal, it has a local minimum at 0* and two global maxima
attained at 0% — n=1/@) (Z,/1)'/* and 6" + n='/®9(Z,/I)!/5. For a negative Zj, G,(0) is
unimodal, and its global maximum is attained at 0*. Because with probability going to 1 as
n — oo (which we will abbreviate to as with a probability tending to 1), the log-likelihood
ratio L,(0) — L,(6™) differs from G,(0) locally near 6 by a vanishing amount, we would
expect, and we will later show, that under the regularity conditions of Section 4.2 the
following happens:

(R2.1) The asymptotic behaviour of the MLE and of the likelihood ratio test statistic
depends on the parity of s.
(R2.2) When s is odd the maximum of L,(6) is attained at 6" + n~1/2) (ZO/I)l/S +

op(1).
(R2.3) When s is even, with a probability tending to 1 the maximum of L,(6) is attained
at 0 whenever Z, is negative, and at either 6, = 0% — n=1/)(Zy/1)'/* + 0,(1)

or 6, = 0% + n’l/(zs)(Zo/I)l/s + 0,(1) when Z, is positive.
(R2.4) Because Z; is a mean-zero normal random variable, when s is even the
probability that the maximum is attained at 6% converges to 1/2 as n — oo.
(R2.5) Because G,(6) is symmetric around #* when s is even, the determination of
whether the global maximum of the likelihood is attained at él or at éz is driven
by the behaviour at these two points of the remainder R, defined in (5).

Now, since the remainder R, is the product of {n'/?9(§ —0*)}**! and T,, and this
product is positive when n'/?9(6 —6%) and T, have the same sign and is negative
otherwise, then if 6 denotes the MLE of 6%, the sign of 6 — 6* has to agree asymptotically
with the sign of 7,. But from the results (R1.1) and (R1.3) and from the asymptotic
representation of 61 and 02, it follows that

T, = nl/z{z sy 0%y — cr ' By, 6*)} + 0,(1). (6)

i=1

Thus, up to an o0,(1) term, T, is equal to the normalized sum of residuals from the
population least-squares regression of /B+1(Y;; 6%) on I1(Y;; 0). Because these residuals
are mean-zero random variables that are uncorrelated with the regressors /41(Y;; 6%), we
conclude that 7, ~» T, a mean-zero normal variable independent of Z,. Thus, the sign of
0 — 6* will be asymptotically determined by /(7 > 0) which is a Bernoulli random variable
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with success probability 1/2 that is statistically independent of Z, and hence of the absolute
value of 6 — 6*. Finally, it follows from (R2.2)—(R2.4) that 2{Ln(é) — L,(6%)} converges in
law to y?, a chi-squared random variable with 1 degree of freedom, when s is odd and to a
mixture of a y? random variable and 0 with mixing probabilities equal to 1/2 when s is
even. The analysis above has assumed that when s is even, [¢*D(Y; %) is neither identically
equal to zero nor linearly dependent with /®)(Y; 6%), which is the case considered in this
paper. See the remark at the end of Section 3.3 for some discussion on failure of this
condition.

3.3. Informal look at local inferences near 0= 0*

The discussion above has concerned behaviour at the anomalous point 6 = 6*. Somewhat
similar behaviour may be expected in the neighbourhood of 6*, and this we now explore
informally. The richness of the possibilities that follow is a warning of the care needed in
applications in obtaining sensible confidence regions for 6 in the neighbourhood of the
anomalous point 0. To study the behaviour of inferences locally near 6 we consider
parameters 6, = 0* +an? and 0, =0" —an=? for some fixed values a and b>0.
Throughout, 0, (n~“) indicates a sequence of random variables that when multiplied by »n*
converge to 0 in probability when the data are generated under 0,. In the Appendix we
provide an outline of the derivation of the following results.

Consider first » = 1/(2s). Expansion (4) is valid also when the data are generated under
0 =6, or under O =0, except that when b= 1/(2s), Zy~ N(a*l, I). Thus under
regularity conditions (A1)—(A7) and (B1)—(B3) of Section 4.2, we observe the following:

(R3.1) Conclusions (R2.1)—(R2.3) and (R2.5) of the previous discussion on inferences
under § = 6™ remain valid when the data are generated under 6,.

(R3.2) Conclusion (R2.4) remains valid under 6, when b>1/(2s). When b = 1/(2s) and
s is even, the probability that the maximum of L,(6) is attained at 6™ converges
under 6, to ®(—a*/1)<1/2.

(R3.3) When b>1/(2s), 2{L,(0) — L,(6*)} converges in law to the same random
variable under @ = 6™, under 6 = 6, and under 6 = @,. When b = 1 /(2s) and s is
even, 2{Ln(9) — Ln(ﬁ*)} converges under either 6, or 8, to a mixture of the
constant 0 and a non-central chi-squared random variable with 1 degree of
freedom and non-centrality parameter a>*I with mixing probabilities ®(—a’v/T)
and ®(a*\/1), respectively. When s is odd and b = 1/(2s) it converges to a non-
central x} random variable with non-centrality parameter a*/.

(R3.4) For b= 1/(2s) and s even, 2{L,(0) — L,(6,)} converges to the same random
variable when the data are generated under 6, or under 6.

(R3.5) From (R3.3) and (R3.4) we have the following implications:

(i) The likelihood ratio test 2{Ln(é) — L,(6")} of the null hypothesis
Hy: 0 =0 has power against the alternative Hy,: 60 =6, or Hi,: 6 =0,
that converges to its level when b>1/(2s), which is to say that the test is
asymptotically completely ineffective. Its power converges to a number
strictly greater than its level but bounded away from 1 when b = 1/(2s).
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(i) When b = 1/(2s) and s is even, the likelihood ratio test 2{Ln(é) — L,(6,)}
of the null hypothesis Hy,: 0 =0, has power against the alternative
hypothesis H;,: 8 = 0}, that converges to its level.

(iii) Thus, from (i) and (ii), the likelihood ratio test of H, is sensitive to local
departures of order O(n~'/?9) but not of order O(n~'/?). However, when s is
even as the sample size n converges to oo, the data provide essentially no
indication of the directionality of departures of order O(n~'/%),

Now consider 1/(2s+42)<b<1/(2s). Under the regularity conditions stated in the
Appendix, we have that

L,(0™) — L,(6,) converges in probability to — oo under 6,. 7
Furthermore, when s is odd,
L,(0%) — L,(68,) converges in probability to 4+ co under 6;,. ®)
However, for any s and for 6 satisfying
Vn{(0 — 67y — (6, - %)’} = 0(1), (€)]
the log-likelihood function satisfies
Ly(0) = Ln(6,) = G(6) + Ry, (10)
where
Gu(0) = Zon'*{(0 = 0) — (0, — 07)'} — [n”z{(e 0*) — (6, - 0"y}, AD

and R, = n'2{(0 - 0"y — (6, — 0*)S+1}T,,, with T, = Z, — Cn'/2{(0 — 6%)° —
(0, — 0%} + 0p,(1).

Here [ and C are defined as before and (Zy, Z,) is a bivariate mean-zero normal random
vector with var(Zy) = I, cov(Zy, Z;) = C and var(Z;) = J, where J = E[{/**1(Y; 6%)}2].
Now, when s is odd and (9) is true, G,(f) has a unique maximum attained at
0* + {0, — 19*)Y +n~Y2Zy/I}'/5. When s is even, for values of 6 satisfying (9) and such
that sgn(@ — 0) is constant, G,(6) is concave. Furthermore, G,(6) is symmetric around 6*
and has two global maxima attained at 6™ + {(6, — 0*)S +n 1270/ 1}V/5 and 6F—
{0, — 0%) + n~'22y/I}'/5. Also, because n'/{(0 — 6*)*' — (6, — 6)**'} = o(1) when
(9) holds, R, = 0p,(1). This suggests the following results.

(R4.1) From (7),
L,,(é) — L,(6™) converges to + oo under 6, (12)

and therefore the asymptotic distribution of the MLE no longer has an atom of
probability at 0. .
(R4.2) When s is odd, L,(f) has a unique maximum at 6 satisfying

0=0"+1{(0,— 0" +n 2 Z/1 + 0,,(n” A}/

— en + nb(s—l)—l/ZaS—IZO/(S[) + Op”(nh(s—l)—l/Z). (13)
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(R4.3) When s is even, the MLE 0 of 0 is equal to él or éz satisfying, for j =1, 2,
0; — 0% = (—1)*sgn(8, — 0%){(0, — 0°) + V2 Zy /T + 0, (nV/})}/5. (14)

(R4.4) Determining at which of 6, or 6, L,(0) attains its global maximum is driven by
the behaviour of the remainder R, evaluated at these two points. Thus, as argued
carlier for the case of inferences under @ = 6*, the sign of the MLE has to agree
asymptotically with the sign of 7, evaluated at either point. But at either point,
T, satisfies T, = Z; — CI"' Zy + 0,,(1). Thus, since Z; — CI~'Z, is a mean-zero
normal random variable, we conclude that the probability that the sign of 0 — 6*
is the same as the sign of 6, — 0™ converges to 1/2.

(R4.5) Evaluating L,(0) at 6, and at 6,, we obtain

La(0) — L(0,) = H Zo/VI}? + 0,,(1). (15)

(R4.6) Because when s is even, G,(0,) =0, then L,(6}) — L,(6,) = 0p,(1). Thus, (15)
and (12) also hold when the data are generated under 6.
(R4.7) From (R4.1), (R4.5), (R4.6) and equation (8) we conclude that
(i) The likelihood ratio test Z{L,,(é) — L,(6")} of the null hypothesis
Hy: 0 =60" has power that converges to 1 for detecting the alternative
hypothesis Hy,: 0 =6, or Hi,: 0 =0,.
(i) The likelihood ratio test 2{L,(6)— L,(6,)} of the null hypothesis
Hy, : 6 = 0, has power against the alternative hypothesis H;,: 6 = 0;, that
converges to its level when s is even. When s is odd the power converges to
1.
(iii)) From (i) and (ii) we conclude that the likelihood ratio test of H, has power
converging to 1 for detecting local departures of order O(n~"). Nevertheless,
when s is even the directionality of the departure is left inconclusive.

Now consider b = 1/(2s 4 2). Under the regularity conditions stated in the Appendix, (7)
and (8) remain valid. However, when (9) holds,

Ly(6) — Ly(6,) = Gu(0) + R,(6), (16)
where
Ga(0) = {Zo + d (024 CYn' 2 {(0 — 6F) — (6, — 6%}
— SO - 0% = 6, — %))
dy(0) = {1+ (=1)"}|sgn(6 — 6%) — sgn(0, — 0¥)],
and

R,(0) = —dy(0)2a""{Z, + a*"' T} + op,(1).
When s is odd, d4(60) = 0 and therefore for values of @ satisfying (9),
Ln(e) - Ln(an) = Gn(e) =+ Opn(l)a (17)
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where G,() is defined in (11). This suggests (and it is shown in the Appendix under
regularity conditions) that (R4.2) for the case 1/(2s +2)<b<1/(2s) remains valid when
b=1/2s+2).

When s is even, equation (16) describes the shape of the log-likelihood function for
values of 0 satisfying (9) and the role of the constant C in determining its shape, as well as
suggesting the behaviour of likelihood-based inferences. Specifically, we have the following
results:

(RS.1) For values of 0 satisfying (9) such that sgn(6 — 0™) is constant, the function
G,(0) is concave. The two local maxima of G,(6) are attained at the points

0* + sgn(6, — 6){(0, — 0%) + n~122Zy/1}'/*
and
0* — sgn(, — 60, — 0 + nV2{Zy + 24 CY/1TV*
(R5.2) From (R5.1) we would expect (and we show in the Appendix) that under

regularity conditions the maximum of L,(6) is attained at one of the points 6,
and 6, satisfying

él = 6* + sgn(@n — 0*){(6}1 _ 0*)v + n_l/zz()/l + Op"(n—l/Z)}l/x
= O+ 0 2y (D) 0y, (0D (18)
and

0, = 0* — sgn(6, — O)[(0, — 0%)° + n~V2{Zy +2a*' C} /I + 0, (n"V/?)]V/*

=20% — 0, — n VDY 70 4 2a°T1CY /(ST + 0, (0D, (19)
(R5.3) By (16), (18) and (19),
La(01) — La(02) = 2(Z10 + 07 g) + 0p,(1), (20)
where

Zig=a"N(Z -~ CI"'Zy) and o}, =d*"(J - CI").
Now, since (7) holds when b=1/2s+2), (R4.1) for the case
1/(2s +2)<b<1/(2s) remains valid. From (20) we conclude that, asymptoti-
call~y, the global maximum of L,(6) is attained at 6; whenever Z; o + 0%0 >0 and

at 6, otherwise. Since Z; o 1S a mean-zero pormal random Vgriable with variance
equal to 0%, the probability that the MLE 6 coincides with 6; (and therefore that

sgn(6 — 0%) = sgn(6, — 6%)) converges to D(\/o?,)>1)2.
(R5.4) The distribution of Z; o+ 0%, is the same as the limit law under 6, of

n,l/z Z{l[s+1](y” 0*) 7ﬁl[5](Yn 9*)}, (21)

where 8 = cov{/st(Y; %), I1(Y; 0%)}var{/¥)(Y; 6*)}!. Thus, the sign of
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(R5.5)

(R5.6)

(R5.7)

(é — 60™) is asymptotically determined by (21). The sign of the random variable
[st1(y; 0%) — BI¥N(Y; %) is interpreted as the effective score for estimating
sgn(6 — 0) after taking into account the estimation of |6 — 0*|.

Suppose now that C = 0. Then G,(6) is symmetric around 6*. Thus, for values of
0U), j=1,2, satisfying (9) and such that 60 — 6" = —(6® — 6*) with, say,
sgn(0M — 0%) = sgn(6, — 6F), L,(0") differs, up to an 0,,(1) term, from L,(69)
by the value 2a°*'{Z; +a**'J} independent of 6. But since, by (R5.3),
asymptotically sgn(6 — 6*) = sgn(8, — 6) if and only if 2a¢**'{Z, + a*t'J} >0,
we conclude that for any pair of points equidistant from 6" satisfying (9) the
likelihood will tend to be greater at the point whose difference from 0 has the same
sign as the difference of the MLE from 6*. Thus, likelihood-based confidence
regions for 6 when the data are generated under 6, will, with high probability for
large samples, be comprised of two disjoint intervals located at each side of %, with
the interval located on the same side as the MLE having the largest length.

If C # 0, after some algebra it can be shown that L,(6V) — L,(6?) is, up to an
0,,(1) term, equal to

2a°TIC s+1 1/2 2) X\ O ks 2
f[a C—In""{(6"7 —0") —(0—0")}+2(Zio+07,)
if Z19+ 0%,>0 or equivalently if sgn(é — 6™) = sgn(f, — 6%), and it is equal to
22°7C 200D _ 0% — (6 — 6% 2
f[—a C— "0 —0") —(0—0")}+2(Zio+07y)

if Z1o+0%,<0 or equivalently if sgn(é — 60™) # sgn(B, — ). Thus, for values
of OV, j =1, 2, equidistant from 0 and such that |0 — 6*| differs by a small
amount from |6 — 6|, the likelihood will be larger at the value % located on the
same side of 0* as the MLE. However, for moderate and large values of
(09 — 6%) — (6 — 6%)| the sign of the difference L,(01M)— L,(0@) will be
essentially determined by the sign of the function

_Za.Y+lCnl/2{(0(2) _ 0*)3 _ (é _ 0*)3}

and will therefore depend on the sign of aC or equivalently of 8,C. In particular, if
C has sign opposite to the sign of 8,, so that aC <0, then as the parameter points
move away from 6™ the likelihood function will tend to decrease more rapidly on
the side of 6* opposite to where 6, is located. The contrary will occur when
aC > 0. Thus, when the data are generated under 6,, then, with high probability for
large samples, the relative length of the intervals comprising a likelihood-based
confidence region for 6 will depend on the sign of 6,C.

By (16), (18) and (19),

La(0) — Ln(0,) = Go(0)(Z1g + 03 ;> 0)
+{Gu(02) + Ru(02)}(Z1 + 0%, <0) + 0, (1)

=W Zo/VIY = 2Z10+ 01 )(Z1o + 07 <0) + 0,,(1). (22)
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Thus, the likelihood ratio test 2{L,(f) — L,(6,)} of the null hypothesis
Ho,: 6 = 6, converges to the sum of a y? random variable and an independent
truncated positive normal random variable.

(R5.8) Equation (22) is valid also when the data are generated under 6 = 6}, except that
Zy ~ N(=2a**'C, I) and Zy ~ N(—202%,, 0},). Thus, the likelihood ratio test
2{L,(0) — L,(6,)} of the null hypothesis Ho,: 6 =6, has power against the
alternative H,,: 6 = 6}, that converges to a value strictly greater than its level but
bounded away from 1.

(R5.9) From (R5.7) and (R5.8), the likelihood ratio test of Hy: 6 = 0* has power
converging to 1 for detecting local departures of order O(n~'/?5+2). Nevertheless,
the directionality of the departure is only correctly determined with probability
that converges to a number bounded away from 1.

(R5.10) From (22), the likelihood ratio test 2{L,(6) — L,(6,)} of the null hypothesis
Hy,: 0 =20, converges in law under 6, to a random variable that is
stochastically larger than the y? random variable. This implies that likelihood-
based confidence regions computed using the 1—a critical point of the y?
distribution will not have uniform asymptotic coverage equal to 1 — a.

Finally consider b<1/(2s+ 2). Under the regularity conditions of the Appendix, (7)
holds and therefore the likelihood ratio test of the hypothesis Hy: 6 = 6™ has power
converging to 1 for detecting the alternative hypotheses H,: 0 =6, and Hi,: 0 =0,.
Furthermore, (8) holds for all values of s. Thus, 2{Ln(é) — L,(6,)} converges in probability
to +oo under 6. Thus, the likelihood ratio test of the hypothesis Hy,: 8 = 6, has power
converging to 1 for detecting the alternative hypothesis Hj,: 6 = 6),. We conclude that
departures from 6% of order O(n~") are detected with a probability tending to 1 and the
directionality of the departure is firmly determined.

Figure 1 illustrates the variety of likelihood functions that arise. More detailed properties
are summarized in the previous results.

Remark. When [¢tD(Y; 6%) vanishes identically but [Ct3(Y; %) is not zero, the
determination of the sign of (é — 6™) under 6" is driven asymptotically by higher-order
terms of the log-likelihood expansion. Specifically, it can be shown that under 6%,
sgn(@— 6™) is asymptotically determined by the sign of the sum of residuals from the
population least-squares regression of /B+31(Y;; 6%) on I(Y;; 6). Also, in this case, Z;, J
and C are all equal to 0. Then, from (16), L,(8%) — L.(6,) = 0,,,(1) when s is even and
b =1/(2s+2). Thus, the likelihood ratio test of Hy,: 8 = 6, has power converging to its
level for detecting the alternative Hy,: 6 = 6. A similar situation occurs in the example of
Section 2 if H"(ap) =0 and the fifth derivative HY(ap) is not equal to 0. When
I5tD(Y;; %) does not vanish identically but is equal to KI®)(Y;; 6) for some non-zero
constant K, the reparametrization 1 = 0 — 6™ + K {s(s+ 1} 1(O - 0™)? yields a model with
Ist, ..., (s — D)th and (s + 1)th log-likelihood derivatives that vanish identically at ™ = 0,
so that the above remarks hold for the estimation of the sign of . Interestingly, in this case
the likelihood ratio test of Hy,: 8 = 0, when s is even and b = 1/(2s + 2) has power for
detecting the alternative H,: 6 = 0;, converging to a number strictly greater than its level
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Figure 1. Schematic forms of L,(0) —

b>1/(2s): two log-likelihoods with 0=06%,

@ o~ on 6O

L (é) for s even; data generated under 6, = 0* +an?. (a)
asymptotic probability 1/2. (b) b>1/(2s): two bimodal

log-likelihoods with 6=60 or 6=069, asymptotic probability 1/2. (¢) b=1/(2s): two log-
likelihoods with 6 = 6%, asymptotic probability less than 1 /2. (d) b=1/(2s): two bimodal log-
likelihoods with 6 =61 or 6 = 6@, asymptotic probability greater than 1/2. (e) 1/(2s+2)<
b<1/(2s): dotted curve, global maximum at 61); dashed curve, global maximum at 6, asymptotic
probability of both types 1/2. (f) b =1/(2s + 2): as for (e) except that the asymptotic probability of

the dotted curve is greater than 1/2.



258 A. Rotnitzky, D.R. Cox, M. Bottai and J. Robins

even though the difference Ln(él) — L,,(éz) = 0p,(1). Thus, the likelihood ratio test of the
composite null hypothesis H{: >0 remains asymptotically ineffective for detecting the
alternative hypothesis H: 8 < 0. Further terms of the log-likelihood expansion are required
if both [CTD(Y; 0*) and I6T)(Y;; 0*) vanish identically. Alternatively, a second
reparametrization is needed if /“*D(Y;; %) is linearly dependent with ®)(Y;; 6*) and the
(s + 3)th and sth derivatives of the log-likelihood under the initial reparametrization are also
linearly dependent.

3.4. Asymptotic properties under 0 = 0*

The following two theorems establish the asymptotic distribution of the MLE of 6 and of the
likelihood ratio test statistic when 6 = @* for odd and even values of s. They are special
cases of the Theorems 3 and 4 stated in Section 4. We nevertheless state them here for the
sake of completeness.

Theorem 1. Under regularity conditions (A1)—(A7), (B1) and (B2) of Section 4.2, when s is
odd: (a) the MLE 0 of 0 exists when 6 = 0™, it is unique with a probability tending to 1 and
it is a consistent estimator of 0 when 0=0% () n'/®0—0%) - Z\/5, where
Z ~ N, I7V); and (¢) 2{L(0) — L,(6%)} ~ 23.

Theorem 2. Under regularity conditions (A1)—(A7) and (B1)—(B3) of Section 4.2, when s is
even: (a) the MLE 0 of 0 exists when 6 = 0%, it is unique with a probability tending to I and
it is a consistent estimator of 0 when 0 = 0*; (b) n'/@9(0 — 0%) - (=1)8Z'/51(Z>0),
where B is a Bernoulli random variable with success probability equal to 1/2, and
Z ~ N(0, I"Y) independent of B; and (c) 2{L,(0) — L,(6%)} ~» Z*2I(Z* >0), where
Z* ~ N(0, 1).

Theorems 1 and 2 imply that when the Fisher information is zero at a parameter 6™ then,
under suitable regularity conditions, there exists s such that n'/ 2(@ — 0% is asymptotically
normally distributed with variance that attains the Bhattacharyya bound of order s for
unbiased estimators of (6 — 6™)° evaluated at 6.

In the Appendix we give the proofs of Theorems 1 and 2. These proofs essentially rely
on a first-order expansion of the score function in order to determine the asymptotic
distribution of the roots of the score equation, and then on the expansion of the remainder
R, to determine at which of these roots the likelihood is maximized. In particular, the
proofs show that the difference between the likelihood ratio test statistic and its limiting
random variable is of order O,(n~'/9) and, when s is even, this difference is positive. The
difference between the respective cumulative distribution functions is of order O(n~!/29)
when s is even, but it is of order O(n~'/*) when s is odd (Cox and Reid 1987a).

Some but not all of the above results when the data are generated under & = 0™ can be
obtained by reparametrization. If s is odd, one can use the one-to-one transformation
A =6%+(0—0%) to show that the model admits a regular parametrization (Bickel et al.
1993, Section 2.1, Proposition 1) and hence the results of Theorem 1 follow. In fact, this



Likelihood-based inference with singular information matrix 259

argument shows that the model is locally asymptotically normal (LAN) at A = 6™ with
normalizing constant of order O(n'/?) (Ibragimov and Has’minskii 1981, Section 2.1,
Theorem 11.1.2; Bickel et al. 1993, Section 2.1. Proposition 2). In particular, the LAN
property implies that the optimal rate for estimating A under A = 0* is no better than
0,(n~'/?), and thus the optimal rate for estimating for 6 is no better than O,(n~'/29)
(Ibragimov and Has’minskii 1981, Section 2.9, Lemma 9.1). Interestingly, the second
derivative of the log-likelihood in the reparametrized model does not exist at A = 0 unless
all of the derivatives of log f(y; 0) at @ = 6™ of order s+ 1 to 25 — 1 are 0. When s is
even, the transformation 1 = 0 + (6 — 0)° in effect yields inference only about |6 — 6*|.

3.5. Example

Suppose that Y; = (W;, X;), i=1,..., n, are independent bivariate random variables.
Suppose that the marginal law of X; is known and that, conditional on X;,

s—1 k
—1
W= esp(-0x) Y L0 K e, 23)
k=0 :

with &; ~ N(0, 0%). Suppose that o2 is known but 6 is unknown. A simple calculation shows
that the first s — 1 derivatives of the log-likelihood with respect to 0 evaluated at 6 = 0 are
identically equal to zero. Furthermore, at 6 =0, II(Y;; 6%) = (s)~'o (= 1)*¢; X and
(Y 0%) = () 'o2(=1)" e, X3!, Thus when s is odd, n'/@9( —0) ~» Z'/5, and
when s is even, n'/@)(@—0)~» (=1)BZY5[(Z>0), where Z~ N(0, ") with
I ={(0s)7? E(X*)}~!. The random variable B is Bernoulli with success probability 1/2
independent of Z. As noted before, the distribution of B follows because it is the limiting
distribution of the sign of the sequence 7, in (6). In this example, 7, is equal to

n (—1)S+1X'§+1 (_I)YX;‘
Ze,{ (s+1)! L }’ @4

i

where y = —(s + 1)7'E(X*THE(X?%)~!. We have chosen this example because it offers a
nice heuristic explanation of why the sign of the MLE of 6 is asymptotically equivalent to
the sign of T,,. Specifically, Taylor-expanding exp(—6.X;), we obtain that (23) is the same as
(_I)SXS | (_1)3+1X§+1
s R el 95+ A ety S 03+1 N 25
gt G D) +0(07) + & (25)
Letting f; denote 6%, B, denote sgn(f), and defining Xii= (sH7(=1)’X% and
Xoi = {(s + DI} 1=y 1X5H — (sH)~1(—=1)* X3, the model (25) with unrestricted 6 is the
same as the model

Wi = Bi(1 — B B)X i + BaPr BV Xai + 0BT + &, (26)

where 5; = 0 and ﬁg € {—1, 1}. Because, by construction, X 1; and X ,; are uncorrelated, the
MLEs of 5;(1 — ﬁl/ *B,) and of ﬂzﬂlﬂ}/ * are asymptotically independent. Furthermore, under
B1 =0, i.e. under O = 0, the MLE of (1 — ﬂ}/sﬂz) is asymptotically equivalent to the MLE

W=
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Bl of ;. Thus, asymptotically, inferences about 3, in model (26) are equivalent to inferences
about ﬂl under the linear regression model W; = 5,.Xy; +&;, with B =0. The MLE of
ﬂzﬁlﬁl in (26) is asymptotically equivalent to the least-squares estimator in the linear
regression of W; on X;. Thus, conditional on ﬁl >0, the MLE of 3, is asymptotically
equivalent to the sign of the MLE of ﬂzﬂlﬂl , i.e. the sign of

Z WX,

which under 8, = 0 is asymptotically equivalent to the sign of (24).

4. Inferences in multidimensional parametric models

4.1. Introduction

In this Section, we consider the estimation of a p X 1 parameter vector 0 = (0,, 0,, ..., 0,)
indexing the law f(y; 6) when the information matrix at a point 6* is singular and of rank
p — 1 and log f(y; 0) is differentiable up to a specific order. In what follows S;(6) denotes
the score with respect to 6;, dlog f(Y; €)/060;, 1 < j < p, and S; denotes S;(0"). The rank
of the information matrix at * is p — 1 if and only if p — 1 elements of the score vector, say
the last p — 1 scores,

Sy, ..., S, are linearly independent (27)
and the remaining score is equal to a linear combination of them, i.e.
=K(S, ..., S,)" (28)

for some 1 X (p — 1) vector of constants K. In this Section we show that when (27) and (28)
hold the MLEs of some or all of the components of 6 will converge at rates slower than
O,,(n’l/ 2). Furthermore, we derive the asymptotic distribution of the MLE of 8 and of the
likelihood ratio test statistic for testing Hy: 0 = 0* versus H,: 0 #+ o*.

The informal derivation of the asymptotic distribution of the MLE of 6 in Section 3 relied
heavily on the first and possibly higher-order derivatives of the log-likelihood at 6™ being
identically equal to 0. When 6 has more than one component, the singularity of the
information matrix does not imply the vanishing of any of the scores corresponding to the
components of 6, so the derivations in Section 3 cannot be directly extended to the
multiparameter problem. Our derivation of the asymptotic distribution of the MLE 6 of 6*
and of the likelihood ratio test is carried out in two steps. First, we consider the more
tractable special case in which the following two assumptions that resemble the key
conditions of the one-dimensional problem are satisfied: (a) the score corresponding to 6, is
zero at 0, i.e. §) = 0 and K = 0 in equation (28); and (b) higher-order partial derivatives of
the log-likelihood with respect to 6, at 6" are possibly also zero, but the first non-zero
higher-order partial derivative of the log-likelihood with respect to 6, evaluated at 6 is not a
linear combination of the scores S, ..., S,. Analogously to the one-parameter problem, we
show that for this case there exists a (positive integer) power of 6; — 0 that is estimable at
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rate \/n. When the parity of the power is odd the asymptotic distribution of the likelihood
ratio test statistic is chi-squared with p degrees of freedom. When the parity of the power is
even, the likelihood ratio statistic behaves asymptotically as that of an experiment based on
data Yy, ..., Y, in which 8, — 6* is known to lie in a closed half real line. Specifically, the
asymptotic distribution is a mixture of chi-squared distributions with p and p — 1 degrees of
freedom and mixing probabilities equal to 1/2. Next, for a general model with information
matrix of rank p — 1 at 8%, we reduce the derivation of the asymptotic distribution of the
desired statistics by working with a reparametrization of the model that satisfies (a) and (b).

4.2. Assumptions

We assume that Y, Y5, ..., ¥, are n independent copies of a random variable Y with density
f(y; 0%) with respect to a carrying measure. Let I(y; 0) denote log f(y; 6) and, for any
1 X p vector r=(ry, ..., 1), let I(y; 0) denote 0" log f(y; 0)/0"6,06, ...9"6,,
where 7. = >°F_ ry. Write L,(0) and L(6) for S_I(Y;; 0) and S°17(Y;; 6) respectively, and
define [|6]*> = >_F_,07. We assume the following regularity conditions:

(Al) 0® takes its value in a compact subset ® of R?” that contains an open
neighbourhood ./~ of 6*.

(A2) Distinct values of 8 in ® correspond to distinct probability distributions.

(A3) E{supgeo|l(Y; )|} < cc.

(A4) With probability 1, the derivative /")(Y; ) exists for all 6 in ./ and r. < 2s + 1
and satisfies E{supge ,|/")(Y; )|} < co. Furthermore, with probability 1 under 6*,
f(Y; 6)>0 for all 6 in .J".

(A5) For s < r. <2s+ 1, E[{I"(Y; 6%)}*] < .

(A6) When r.=2s+1 there exists €>0 and some function g(Y) satisfying
E{g(Y)*} <oo such that for 6 and 6’ in ./, with probability 1,

1LD©O) = LYO| < 110 — 0" > (Y. (29)
(A7) Conditions (27) and (28) hold with probability 1 for some 1 X (p — 1) constant
vector K.

We initially require the following additional conditions:

Let S, j =0, 1, denote &/ I(Y; 6)/067 |-

(B1) With probability 1, &/I(Y; 9)/80‘“0* =0, lsjs<s-1

(B2) For all 1 X (p —1) vectors K, S(ls) # K(Ss, ..., S,)" with positive probability.

(B3) If s is even, then for all 1X p vectors K, SU"™V £ K'(S{, Sy, ..., S,)T with
positive probability.

4.3. Asymptotic results under (A1)—(A7) and (B1)-(B3)

The following theorems state the asymptotic distribution of 6 and of the likelihood ratio test
statistic 2{L,(0) — L,(0*)} when I(y; 0) satisfies conditions (A1)—(A7) and (B1)—(B3). As
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in the one-dimensional problem, the asymptotic behaviour depends on the parity of s. In what
follows, I denotes the covariance matrix of (S(IS)/S!, S, o, Sp), I’* denotes the (j, k)th
entry of [ -1 z= (Zy, Zy, ..., Z,,)T denotes a mean-zero normal random vector with
variance equal to /~! and B denotes a Bernoulli variable with success probability equal to
1/2 that is independent of Z.

Theorem 3. Under (41)—(A7) and (B1)—(B2), when s is odd: (a) the MLE 6 of 0 exists when
0 = 0%, it is unique with a probability tending to 1, and it is a consistent estimator of 6 when

0=6% )

~ 1/s
n1/(2s)(9l _ HT) Z,
n'/2(6, — 07) Z;
> 5
1/2 5 * .
n'/2(0, - 07) z,

and (¢) 2{L,(0) — L(0%)} ~» X%;'

Theorem 4. Under (A1)—(A7) and (B1)—(B3), when s is even: (a) the MLE 0 of 0 exists
when 0 = 0%, it is unique with a probability tending to 1, and it is a consistent estimator of 0
when 6 = 0*; (b)

. s 0 1
/@96, — 0%) -1z
nl/Z(é2 _ 9?) 7, Zy, — ([21/1”)21
> 1(Z,>0)+ 1(Z,<0), (30)
26, - 0% '
O =0y Z [ 2, — (7 /12,
and (c)

p p
2{L,(0) — L(0%)} ~ Z Z7I(ZT > 0) + Z Z7I(Z} <0),
J=1 j=2

where ij, j=1,2, ..., p, are independent N(0, 1) random variables. That is, the
asymptotic distribution of the likelihood ratio test statistic is a mixture of a 9671 and a X;
random variable, with mixing probabilities equal to 1/2.

The second term of the limiting random vector in (30) is the MLE of the mean of Z
when the mean of the first component Z; is known to be 0. The differences
Z;—(I''/1'")Z, are the residuals Z; — E(Z;|Z;) from the population (linear) regression

of Z; on Z;.
In Theorems 3 and 4, the covariance of Z, I}, is the Bhattacharyya variance bound of
order s for unbiased estimators of [(6; — GT)S, 0, ...,0,] evaluated at 0= 0*.

Bhattacharyya (1946) gives the multivariate generalization of his univariate bound given
in Section 3.
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In the proof of Theorem 4 (equation (33)) we show that when s is even and for
n'2[(6, — 0;‘)“, 6, — 9;, oo 0, — 0?] bounded, the log-likelihood is, up to an o,(1) term,
a function of |6; — 0T|, 0, ..., 0,. Thus, the calculation of the statistic that asymptotically
determines the sign of the MLE of 6 — 6™ requires a higher-order expansion of the log-
likelihood. This is shown in the Appendix to effectively yield estimation of the
sign of 6 — QT from the sign of the product of the MLE of 6 — 6™ and the sum of
residuals of the population least-squares regression of the vector

[l[s+1’0’m’0](Yl‘, 0*)’ 1(1,1,0,“‘,0)()7[’ 6*), e, l(l,O,m,O,l)(Yi, 0*)]
on the vector
[l[s’o ,,,, 0](Yi5 0*)’ l(o’l,o’m’O)(Yis 9*)7 ceey Z(O’O’W’O,l)(Yiz 0*)]7 i= 17 o, N,

(equation (44), where [Is+70---00(y; §%) = [t70--. 0y, 6%)/(s + j)\. If interest is focused
on 6, the other components of the vector 6 being regarded as nuisance parameters, an
analysis of the local behaviour of inferences near 6 = 6] similar to that carried out in
Section 3 would reveal several possibilities as in the one-parameter problem. In particular, it
would indicate the possibility of profile likelihood confidence regions for 6, being comprised
of two disjoint intervals located at each side of @] when the data are generated under
0y =an"b and 1/(2s +2) < b<1/(2s).

The results of Theorem 4 when s is even are strongly connected with the results of
Geyer (1994) on maximum likelihood estimation subject to a boundary constraint. See also
the related results under more stringent regularity conditions of Moran (1971) on the
distribution of the MLE, and of Chant (1974) and Self and Liang (1987) on the distribution
of the likelihood ratio test statistic, the latter drawing from the earlier work of Chernoff
(1954) on the distribution of the likelihood ratio test statistic of a composite null hypothesis
when the true parameter is in the interior of the parameter space but on the boundary of the
parameter sets defining the null and alternative hypothesis. The essence of the connection is
that the asymptotic distribution of the MLE of [(6; — 0))%, 6, ..., 6,] at 6 = 6™ in the
submodel in which 6; is known to satisfy 6, = GT can be obtained from the results of
Geyer (1994) after reparametrization. This distribution agrees with the asymptotic
distribution of the MLE of [(6; — GT)‘V, 0, ..., 0,] given in Theorem 4. Thus inference
about [|6; — 0T|, 0,, ..., 0,] is unaffected by the constraint 6; = HT.

4.4. Asymptotic results under (A1)—(A7) when (B1)—(B3) do not hold

We now derive the asymptotic distributions of the MLE and of the likelihood ratio test
statistic when conditions (A1)—(A7) hold but conditions (B1)—(B3) are not true. The
fundamental idea behind our derivation is the iterative reparametrization of the model until
conditions (B1)—(B3) are satisfied. Specifically, when equation (28) holds with K # 0, we
start with a reparametrization 1 = 1(0) such that: (i) the scores corresponding to 95, ..., ¥,
evaluated at y* = y(0™) are equal to the scores corresponding to 65, . . ., 0, in the originally
parametrized model evaluated at 0*; and (ii) the score corresponding to 1, evaluated at y* is
orthogonal to, i.e. uncorrelated with, the vector of scores corresponding to 5, ..., ¥,
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evaluated at ™. Conditions (i) and (ii) imply that the score for 1, evaluated at y* is
simultaneously orthogonal and linearly dependent with the vector of scores for v, ..., ¥,
evaluated at 3™, which in turn implies that the score for 1; evaluated at y™ is equal to 0.
The reparametrization v = 6 + [0, KT]7(6, — 0;") satisfies conditions (i) and (ii) (Cox and
Reid 1987b). Notice that under this reparametrization ¥; = 0; and 1/)* = 6*. Furthermore,
the constant K satisfying condition (28) is equal to the population least-squares projection
constant, i.e. K = E(SiD)E(I'TT)"!, where T' = (S,, ..., Sp)". In the model parametrized by
Y the score for y; evaluated at ™ is equal to 0. To check if conditions (B1)—(B2) are
satisfied in this model with s =2, we need to evaluate the second partial derivative with
respect to i of the reparametrized log-likelihood evaluated at ™. If it is neither equal to
zero nor a linear combination of the scores for the remaining parameters, then the
reparametrized model satisfies conditions (B1) and (B2) with s = 2. Otherwise, we set K,
equal to the coefficients of the linear combination or K, = 0 if this derivative is zero. That is,
we set K, equal to the population least-squares projection constant, E(S’(lz)F)E(F I'")~!, where
3(12) is the second partial derivative of the reparametrized log-likelihood with respect to )
evaluated at ™. Next, we consider the new reparametrization v = 6 + [0, K]T(0; — GT) +
[0, 1/2K,17(6, — HT)Z. The newly reparametrized model satisfies 1, = 6, and 1 = 6" when

6 = 0*. Under the new parametrization: (a) the scores for ¥, ..., Y, evaluated at
y* = (0™) remain unchanged; and (b) the second partial derivative of the log-likelihood
with respect to 1, evaluated at 3™ and the vector of scores for ¥, ..., 1, evaluated at 3™

are orthogonal. Thus, in particular, in the newly reparametrized model the first and second
partial derivatives of the log-likelihood with respect to ¥, evaluated at y* are equal to zero
and the scores for the remaining parameters are equal to the scores for 6,, ..., 6, in the
originally parametrized model. For the newly parametrized model, we now check whether the
third partial derivative of the log-likelihood with respect to 1, is neither zero nor a linear
combination of the scores for the remaining parameters. If that is the case, the iterative
reparametrization stops and the reparametrized model satisfies conditions (B1) and (B2) with
s = 3. Otherwise, the process of reparametrization continues until condition (B2) is satisfied.
If s is even, we now need to check further that condition (B3) is satisfied by the
reparametrized model. If this condition fails, further reparametrization is needed. However, in
this paper we consider only models in which condition (B3) is satisfied if condition (B2)
holds.

We will henceforth assume that the following conditions hold for some positive integer s.

(C1) Set Ky =0 and A4j equal to the p X 1 null vector. With probability 1, there exist
1 X (p—1) (possibly null) vectors K, Ky, ..., K,—1 defined iteratively for
I<j<s—1by

i—1

J—
Bfl{ Y; 0— ZA;(@l - 9?)1}

1=0
90]

= Kj(S27 S35 crto SP)T5 (31)

9*

where 4; denotes the p X 1 vector [0, (/)1 K;]".
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(C2) For j =0, 1, define

s—1
asﬂ‘z{ Yi0 - A6 - 0;*)1}
S(ls+j) =

=0
st/
067" o*
Then with probability greater than 0, S'(ls) is neither zero nor a linear combination of
Sy, ..., S, and, if s is even, S(ISH) is neither zero nor a linear combination of
Qls)
S, 8, .., S,

Note that K defined in (C1) exists and is equal to K defined in (28). Furthermore, K; is
the population least-squares projection constant of the random variable on the left-hand side
of (31) on the vector (S, S3, ..., Sp).

Let / denote the covariance of (S’(F) /s, 8o, ..., S)), let I’ denote the (j, k)th element of
IYlet Z=(Zy, Zs, ..., Zp)T denote a mean-zero normal random vector with covariance

17! and let B be a Bernoulli random variable with success probability 1/2 independent of Z.

Theorem 5. Under (41)—(A47), (C1) and (C2): (a) the MLE 6 of 0 exists when 0 = 0, it is
unique with a probability tending to 1, and it is a consistent estimator of @ when 6 = 0 (b)
when s is odd, we have

(1)
_ n1/(2s)(9l _ 0’1") 1
. s—1 . X Z}/S
n'2{(6, — 6F) + Z(}'!)*ll{jl(ﬁl - 07y}
/=0 &
. s—1 “ .

n1/2{(9p _ 9;‘;) 4 ZU!)*IKj(p_l)(el - 9;(()/} Z,

L j:O -

whereAKj/ is the Ith element of K;, 0<j<s—1, 1slIs<p—1,
(i) 2{La(0) — La(0™)} ~> 22
and (c) when s is even, we have

(@)
- n'/@96, — 6F) ]
A . s—1 . N .o WI
n1/2{(92 —0))+ ;U!)_ K6 —67)} i,
A s—1 “ . w
{0, - 6%) + Z(]'!)*IKJ'(P_I)(GI - 607Y} P
L j:O B
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where
1/s 0 ]
W, -z
W, Z, Z, = (1*'/1'"Z,
- 1(Z,>0) + 1(Z, <0),
w
P Zp _Zp_(lpl/lll)zl_

(ii) 2{Ln(0) — Lo(6™)} ~» PAZPIZE > 0) + 350, Z7PI(Z] <0), where Z7, j=1, 2,
.., p, are independent N(0, 1) random variables.

Notice that when conditions (B1)—(B3) hold, S'(f“) is equal to S(IS“), j=0, 1, because
the vectors K, j =1, ..., s — 1, defined in (31) are all equal to 0. Thus, Theorems 3 and 4
are special cases of Theorem 5. We nevertheless stated these theorems separately because
our proof of Theorem 5 builds up from the asymptotic results under the more stringent
conditions (B1)—(B3).

In proving Theorems 3 and 4 (equation (39)) we show that the difference between the
likelihood ratio test statistic and its limiting random variable is of order O,,(n’l/ 29). The
difference between the respective cumulative distribution functions is of order O(n~'/?%)
when s is even but it is of order O(n~'/*) when s is odd (Cox and Reid 1987a).

4.5. Example

We now apply the iterative reparametrization and the results of Theorem 5 to derive the
asymptotic distribution of the estimators of the example of Section 2. Suppose, first, that o is
known and equal to 6*. Let 6 = (a1, f, ap)’, and 0% = (af, B, a(’)k)T, where af =0, az)k is
a fixed and arbitrary value, and 8* = 0 without loss of generality. The individual contribution
to the derivative of the log-likelihood evaluated at 6 = 0*, (S1, S, S3), is given by

[RH'(ag)o ™'Y, Ro™2Y, {R — (1 — R) Ao} H'(a)],

where 4p = e"@){1 — e”@)} - Since S| = Ky Sy, where Kj; = 0* H'(af) and S, and S;
are linearly independent, we consider the reparametrization (ay, 3, ag) — (ai, B +
Kiiay, ag). The second derivative of the log-likelihood with respect to «; evaluated at
6 = 6" in the reparametrized model is equal to

S = RI{H'(a¢)}* + H"(af)o* "Y1 — (1 = BI{H ()} + H'(af)] 4. (32)

Since 5’(12) is a function of Y?, it cannot be a linear combination of S, and S;. Thus, the
iterative reparametrization stops and by Theorem 5,

(', ”1/2$ + Knan), n'*(ao — aé)]

converges under @ = 6 to the random vector W = (W, W,, W3) given in part (c)(i) of that



Likelihood-based inference with singular information matrix 267

Theorem with [ equal to the covariance of (5(12) /2, S5, S3). The distribution of W coincides
with the asymptotic distribution of the estimators found in Section 2 when ¢ is known.

Suppose now that o is unknown. With 6 and 0* redefined as 0 = (a1, B, ag, )T and
o0* = (aT, ﬁ*, az)k , 0T, the derivative of the log-likelihood with respect to o evaluated at
0 = 0*, S,, is equal to Ro*™ (Y2 — ¢**). Since S is linearly independent of Sy, S, and S,
we consider the reparametrization (ay, 3, ag, 0) — (a1, S+ Ky1a1, 09, 0). In the repar-
ametrized model the individual contribution to the second derivative of the log-likelihood
with respect to «; evaluated at 6 = 6* remains equal to (32). However, now 5’(12) can be
written as K2S3 + K»3Ss, where Ky = {H'(af)} '[{H'(af)}* + H"(af)] and K =
o0*H"(ag). Thus, we consider the new reparametrization

(a1, B, ag, 0) — (a1, B+ Knay, ag + 27 Kpal, 0 + 27 Kpdd).

In the newly reparametrized model, the third partial derivative of the log-likelihood with
respect to a; evaluated at 6 = 0* is equal to

5(13) _ _3{H7(a3<)}—1{Hr/(a:)k)}ZO.*—l Y + Hr/r(a3<)0.*—3 Y3.

This expression is a cubic polynomial in Y and therefore cannot be a linear combination of
the scores S, S3 and S4. The iterative reparametrization therefore stops and by Theorem

5(b)(@),
(0%, n' 2B+ Kyjay), n'/* (o — ag + 27 Kndd), n'2(6 — o* + 27 Kpdd)]

converges under 8 = 6* to a normal random vector with mean 0 and covariance matrix /
equal to the covariance of (S(f) /6, S», S5, S4), which agrees with the results derived in
Section 2.

5. Asymptotic properties of the second and higher-order
derivatives of the log-likelihood

The results in Sections 3 and 4 rely heavily on the asymptotic distribution of the second and
higher-order derivatives of the log-likelihood. These distributions are derived here as a
consequence of a general result stated in the following lemma on the properties of the high-
order derivatives of the logarithm of a function whose first s — 1 derivatives vanish at a point.
This lemma, implicit from the exlog relations described in Barndorff-Nielsen and Cox (1989,
pp. 140—142), is shown in the Appendix to follow immediately from Faa di Bruno’s (1859, p.
3) formula on the derivatives of a composition of two functions. Define the 1 X p vectors
)=, 0,0,...,0), R(,);(j, ,0,...,0),0=j=<2s+1l,and a=(1,2,0,...,0).

Lemmal. Let h:Q — R, where Q is an open set of RP. Suppose
O* TV h(u)/Ou" Ou™ ... u"r, S ri=2s+1, exist at an interior point u* = (uy, uj,
ceey uj) of Q. Define G(u) = log h(u), and for r = (r1, r2, ..., r,) and r. =) r; let
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{07 h(u)/Oul Ouy ... Ouly }

= h(u*) :
and

G(u) = 9" G(u)/Ou}' duy: . .. ouyy.
Then:

1) for l=sj<s—1, hr” =0 if and only if GUD(u*) = 0.
Furthermore, if GUO(u*) = ... = G("*“)(u*) =0 then:
(i) for s<j=<2s—1, GU0(u* )— h
(i) GUo(u®) = K, — {@23)1/ 2 H G w2
(iv) G(r‘z‘*”)(u*) — F(M) N(ZH'I)G(r(")(u*)G(r“*”)(u*);
W) for 1<j<s—1, GRIW*) = h*
(vi) G<R<‘>)(u*) = h~ — G(’“’)(u*)G(R‘O))(u*)
(vid) <R<v+”>(u*) = h* = (5 DG G ) — G ) G R,
(viii) G9(u*) = ZG(R(”)(M*)G(R(O))(M*) 3 }
(ix) parts (v), (v1) and (vii) are also true if R, and a are defined as before but R;

has 0 in its second entry and 1 in its kth entry, and a has 0 in its second entry
and 2 in its kth entry, and k is any fixed index between 3 and p.

The following corollary of Lemma 1 follows immediately from the central limit theorem
under the regularity conditions (Al), (A4), (AS5) and (B1) of Section 4.2, since under
conditions (A1), (A4) and (A5), f(Y; 0%)/f(Y; 6*) has zero mean and [7)(Y; 6*) has
finite variance for all r with r. <2541, and under condition (B1l) the derivatives
I(Y; 0) can be obtained from Theorem 5. The corollary states the asymptotic behaviour
of the derivatives of the log-likelihood. For any r = (71, 1o, ..., 7,) let L(}[)(G) denote
STIO(Y; 0) and write V(Y5 0F) for fO(Y; 0%)/{m!f(Y; 6¥)}, where m = max {r, ...,
Ty}

Corollary 1. Define
Ly = EB[{IM(y; 09, I = B[{IR)(y; 6%))7),

Ly = I, = E{I'0)(y; 6%)1Rol(y; 6*)},
Cy = E{l[r(”](Y; 9*)1[V<s+n](y; 9*)}’ Cy = E{I[R“”](Y; 9*)1[111)]()/; 9*)}’

Cp = E{l[r(“’)](Y; 9*)1[&1)](& 9*)}, Cy = E{][R(m](y; 0*)1[V(s+1)](y; 9*)}
Then, under assumptions (A1), (A4), (A5) and (Bl) of Section 4.2:
(@) For s<j=<2s—1,

’1/2L("”)(6’* jin~12 Z oly; 6%)

= Zy; + op(1),
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where Z,  is a mean-zero normal random variable. The variance of Z, is equal to (s)214,.

(b) For 1 <j<s—1,

T(s)

n\2LRD(6%) = (jlyn~ /2 Z 1Ry, 0%)

= ZRU) + 01’(1)’
where ZRm is a mean-zero normal random variable.
(© n ' LSe0%) = —{(29)!/2} 111 + Op(n~172).
(d) n 'Ly 0F) = —{@2s + D Cry + Op(n1/2),
(@ n'Ly(0%) = —slliy + Op(n~ '),
1) n L (%) = —(s + DH{Ciz + Cai} + O, (n712).
(@) n'L'9O%) = —2Cpn + 0,(n"11?).

6. Discussion

There are a number of directions in which the results of the present paper need to be
extended. The information matrix at @ = 6™ may be of rank p — ¢, where 1 <g < p. For
example, in the model of Section 2, the rank is p — 2 if H'(ap) = 0. Then the structure of the
maximum likelihood estimate is similar to but more complex than that derived above for
q = 1, and the law of the likelihood ratio test statistic is a mixture of chi-squared distributions.
Even when conditions (B1) and (B2) of Section 4.2 hold, it is possible for the (s + 1)th and sth
derivatives of the log-likelihood with respect to 0, to be linearly dependent. Then the calculation
of the statistic that asymptotically determines the sign of 6, — OT requires examination of higher-
order terms of the log-likelihood expansion and, in some cases, additional reparametrization.
If the parameter 6 is partitioned into a parameter & of interest and a nuisance parameter
¢, then inference about & independent of ¢ may raise special problems near 6 = 6%,
especially if there is serious ambiguity over the sign of certain components in ¢. For
example, in the special case discussed in Section 2, with the mean (8 as the parameter of
interest, the adjustment to the sample mean has a sign determined by the sign of a;; it can
then happen that the magnitude but not the direction of the adjustment is fairly well
determined. Then the confidence set would be a pair of intervals. An interesting consequence
is that in such cases intervals for 3 obtained from the profile likelihood sometimes have the
wrong structure. This and more complex issues will not be discussed in the present paper.

Appendix

Proofs of Theorems 1—4

Theorems 1 and 2 are special cases of Theorems 3 and 4 when p = 1. Therefore we only
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need to prove Theorems 3 and 4. For simplicity of notation we prove the result for p = 2 and
state at the end of the proof the additional steps required to extend the result for an arbitrary
p. Let 0= (6, 6} ,) be a sequence satisfying [(0) — 09*)S (6, — 0*)T] =0, (n’l/z) When
p=2,0,is a scalar We nevertheless write the transpose of 6,, indicated by the superscript
T, and use scalar transposition occasionally throughout the proof, to facilitate the extension
later to an arbitrary p. Throughout, if v is a vector of dimension p, we write v = O,(n" %)
and v = op(n‘“) to indicate that all the elements of v are O,(n™“) and o,(n~“), respectively.
Let (@1, @) = [nY/@)0, — 6F), n'2(6, — 65)"] and LUW2(0) = 8/ L,(0)/06] 0601
Denote L(f‘ /2)(0*) by L(f‘ ) By assumptlon (B1) L(f D=0, 1<j<s5-1, so, formlng
the Taylor expansion of L (0) around 0* we obtain

~ (5,0)
Ly(0) = L(0") + @y Hn”z L }

s!
L+10) s—1 L( . .
NS ICHD S Ve et MY S QIS V/C D) 12 R(1=iD/2s) gy
s+ D1 ; (s+/1)' :

L(ZS,O) L(2?+1 ,0) 6(2v+1 0)
—1=n ~s —1/(2s) ~ S+1 ~ S+1
+{” Qe C1( T T e i®

s—1

JAvR)
4ol {n—l/ng,l)}Jrn—l/Qs) {n—l/ng,%l}Jr Z —ip L7 j' p1=10/@3) gy
=2 1

LD L( s+1,1) 2s LUtD . )
-1 %n =5 —1/(2s) 71 ~s+1 —1~n (1—j1)/(2s) 1
+ {n T +n 7“ T 1)'a) + E n i n w1

J1=s5+2
100 e o
— n —S S§) ;.28
+3yn 29)! n W]

L(O,Z) ~ , L(l,z) L
+{n_l”Tw2 +n—1/(23) n_l”Twlwz

25—1 1,2 247
LU12) ) . J1
E ’ —1_"n (1=j0)/@2s) =1 =
* " Q2+ ) e w2< Ji )

§5@s=12) 25+ 1
+ nfl n n(272s)/(2s)d)%s7 1 (Z)2
: 2s — 1
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25+1 ( k
L/‘ -J2) ) e
Z Z n! {(1*./1)+(2*]2)é}/(23)w{1wé2 1<. )
J1

=3 jitih=k
J2=3,j1=0
oY1) ) ) o 25+ 1
+ n! 2'141 n{(l711)+(2712)S}/(ZS)J){1 ol
s @s+D Ji
J2=3,/1=0

= L(0") + @&} (A1, + 145, + 07V 45, 4 Ay + 07 VCN(Us, + A6n))
+ @1 {47, + n V@) Ay, + Aop) + Argn + 1N Ay 4 Aran + A13)

+ Argn + 17V (A5, + Argn + Arn + Aign + Aion)},

where for jj+j,=2s+1, 6(nj"j2) = L(nf“ﬁ)(é) - L(nf"ﬁ)(e*), for some 6 satisfying
|16 — 6™ || <||0 — 6"|| and the terms 4;,, 1 < j =< 19 correspond to the terms in braces in
the order they appear.

By Corollary 1(a)—(b) of Section 5 and by w; = O,(1) and @, = O,(1), we have that
Az, = 0,(1) and Ay, = 0,(1). By assumption (A5) and the weak law of large numbers,
n LU = 0,(1) for ji+j><2s+1 and hence by @; = O,(1) and @, = Oy(),
Aon = 0p(1), Atsn = 0,(1) and Az, = 0,(1). By assumption (A6), and by @ = O,(1)
and @y = O,(1), Asp = 0p(1), A1z, = 0p(1), A17, = 0p(1), and A19, = 0,(1). By Corollary
1(c)—(g),

Ay = {~111/2+ 0,(n VPN @3, A5, = {~C11 + 0)(n” /N @5,
Aton = {—In + op(nfl/(zs))}d)‘f, Ajy, = {—CE — Gy + op(nfl/(z‘v))}fu‘f*l,
Avan ={—-1n/2+ Op(n_l/(ZS))}(Z)zs Aisp ={—Cn + Op(n_l/(ZS))}&)]d)za
where 1 and Cy, j, k=1, 2, are defined in Section 5. Thus, regrouping terms, we obtain
Lo(0) = Lu(0") + G(@}, @2) + R}(@1, @2), (33)
where
Go(@], @) = (@}, @)[{n 2Ly /sl (n7 PLODTT = 31(@3, @)],
Ry (@1, ) = 0 {T7) (@], @2) + 0,(1)}, (34)

TH@;, @) = (@], @)[{n PLETO (s + DL (0 2LENTYT — C@f, @3)"],

_ [ 1Iu I
Iy Ip|

and

Cnu Cn
= . 35
|:C21 sz} (33)
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The remainder R (@, ;) will be used later to calculate the statistic that asymptotically
determines the sign of 01 9 when s is even.

Part (a) of Theorems 3 and 4 follows because the regularity conditions (A1), specifically
the compactness of ©, (A2) and (A3), and the continuity of log f(y; 6) guarantee the
existence, uniqueness with a probability tending to 1 and consistency of the MLE 0 of 0
when 6 = 6™ (Newey and McFadden 1993, Theorem 2.5). Furthermore, because under (A1)
© contains an open neighbourhood ./ of 8 and because log f(y; ) is differentiable in
/)", the MLE is with a probability tending to 1 a solution of the score equation

[L2(6), (LEV(6)"] = (0, 0) (36)

(Newey and McFadden, 1993, Section 3.7).
Define (a)l, o)) =[n 1/<2>>(0 0*) n'2(0, — 05T and (@, @1) = [n"/®(6, — 67),
n'2(6, — 05)T], where 6 = (6, A1) is the MLE of 6 = (6, 6,). Forming the Taylor
expansions of n /@I LA0G) and LOD() around 0 and analysing the convergence of
each term of these expansions similarly to what was done for the log-likelihood expansion

gives that 6 must solve
Pi(w1, w2)
, (37
Py(w1, w)

Miy(w1, ) = w0 n ' PLGO s [ e “i
1n\W1, W2) = 0 1 nfl/zL(nO’l) Iy I»n w? ’
wj
(0)) |

and Pj(w;, w;) and Py(w, w,) are polynomials in w; and w;. (Consistency of 6 under

6 = 0* and assumption (A6) are used to show that the factor multiplying these polynomials

is 0,(1)). By Corollary 1, n~ 1210 = 0 (1), n7'2LOD = 0 (1), n~'2LEH10 = 0,(1),
n~' 210D = 0,(1). Thus, since 0 satisfies (37), & = o, ),(1) and @, = O)(1).

Define (Zy,, Zgn)T = I [n 12 L0 /g, (n‘l/zL(nO”)T]T, where the matrix 7 is defined as
in Theorems 3 and 4. The matrix /~' exists since, by assumption (B2), / is non-singular.
By definition, Z;, = A" X (n712LE80 /sl — [, e 2 LO0D) and Z, 4, = 1) n™ /2L,
where Zy1, = Zy, — IP'(I'") ' Z1,, A= (111 — I1215)' 121) and I is the (j, k)th entry of
the matrix /~'. By Corollary 1(a), (Zin, Z3,)" =(Z1, Z3)" + 0,(1), where (Z;, Z3)"
N(O, I"). Solving for @&, in the second equation of (37) and substituting its solution in the
first equation of (37) and in (33) gives

- s w w2 s
0= M (w1, w)+n W“{{ 0‘ " }Mzn(a)‘l, w2) + 0,(1)
1

where

2s+1)Cip sCrp
Cx Cyp

n V2L /(5 4 1))

Mzn(a)i (1)2) =
’ —1/27(1,1
n / L( )

0= (Zi, — @)+ 0,(n V@), (38)
and

Lo(0) = Ly(0%) + @IA(Zy, — @3 /2) + Z3 | 122 Za 1w + Op(n~1/29), (39)
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Next we show that when s is odd, (38) and (39) imply that
O3 = Zyn+ Op(n" V), (40)

But when (40) holds, substituting @} with Z;, + O,(n~'/?) in the second equation of (37)
implies that

(@3, DY) = (Ziny Z3,) + Op(n~ 1), (41)

which shows Theorem 3(b). To show (40) it is enough, by (38), to show that there exists no
subsequence n' of n such that @; converges in law along the subsequence to a random
variable with an atom of probability at 0. That is, if @; ~» U along the subsequence n’, then
for all 6>0, there exists an €>0 such that P(|U|>¢e)>1—09. We show this by
contradiction. Henceforth, suppose that there exists a subsequence n’ such that @; ~» U and
P(U=0)=06>0. Thus, by (39), there exists a constant M such that for all £>0,
Ly(0) — Ly(0™)<eM + 7%, 157}, /2 with probability that converges to a number
greater that 0/2 along the subsequence. However, letting 6 = (@}, @>), where @} = Z;,» and
@y = L) (0 2LOY — 1,@}), we have that

Ly(0) = Ly(0") = AZ3,, /2 + Z3 | 10 Za1w /2 + Op(n' =139,

Thus, L,(0) — Ly(9)> AZ3,,/4 >0 >0 with probability converging along the subsequence
to a strictly positive number. This is a contradiction since 6 is the MLE. This concludes the
proof of Theorem 3(b). Next, by (41), evaluating (33) at (@1, ®;) gives

L(0) = L(0%) + 421, ZDI(Z1, ZD)" + Op(n /@), (42)

This shows Theorem 3(c) since (Z, Z;) ~ N(0, I™1).

To show Theorem 4(b), note that since wj >0 when s is even, then, conditional on
Z1, <0, Zi,—@}<Z,<0 and therefore conditional on Z;,<0, Z;,— @] cannot
converge to a random variable with an atom of probability at 0 along any subsequence.
Thus, by (38), conditional on Z;, <0, @; = 0,(1). So, by (37), conditional on Z;, <0,

(@1, @3) — [0, (I35 0~ 2LODYT] = 0,(n~1/9), (43)

or equivalently (@1, ®@1) = (0, Z},,) + O,(n~"/®9). For Z;,>0, arguing as for s odd, we
conclude that @; cannot converge to a random variable with an atom of probability at 0 along
any subsequence, and hence (@;, @,;) must satisfy (41). Thus, conditional on Z;,>0,
(|an|, @) =(Z K,S, Z3,)+ O,,(n’l/ 29)). To calculate the statistic that asymptotically
determines the sign of @;, we note that by (33) the log-likelihood evaluated at (@, ®;)
depends on the sign of @ only through the remainder R*(@;, @,). Thus, the sign of @; must
be chosen to maximize this remainder. But, by (34), Ri (@1, @2) = n~ /@& {T* 4 0,(1)},
where

Ty = [n ' PLEO )L (ALY
n 121619 /(5 4 1) T RLSO ()

X —cr . (44)
n71/2L(nl,1) n—l/zL(nO,l)
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Thus, P(@,7%>0)— 1 as n— oco. Equivalently, P{I(@®; >0)=I(T*>0)} — 1 as
n — oo. But,

n1/2LOD "

where D; is, by Corollary 1, the residual from the population regression of the vector
[0y, 0%), (I1V(Y;; 6%)T] on the vector [/50(Y;; 6%), (%1(Y;; 6%)T], which is
not identically equal to zero by assumption (B3). Thus, D; is uncorrelated with
[0y 6%), (11(Y;; 6%))T]. Also,

n V2L /(s 4 1))
n—l/zL(nl,l)

-1

DU 0%, (O )T = (L5l (L),

1

Thus, n~'/23°" D; ~» (W1, W}), with (W, W]) a mean-zero normal random vector
uncorrelated  with  (Z;, Z1).  Finally, 7%~ Z\W, + ZYW, and  P(Z, W, +
ZyWy>0|Zy, Zy) =4 Thus, B=I1(Z\W, + Z;W,>0) is independent of (Z;, Z3). This
concludes the proof of Theorem 4(b). Theorem 4(c) then follows by noting that, conditional
on Z;, <0, (43) holds, and then, from (39),

Lu(0) = L(0)+ 7 | 122 Z210/2 + Op(n~ /@),

and conditional on Z;, >0, (41) holds and therefore (42) holds.
The proof of Theorems 3 and 4 for an arbitrary p follows identically as for the case
p = 2 after making the following series of substitutions: first,

0, — (02, 65, ..., 0,), 05 — (65, 65, ... 0%, 0y — (02, 05, ..., 0,),
0, — (6, 65, ..., 0,);
second, for s < j < 2s+ 1, and with 7 and L{(6) defined as in Section 5,
LYO — L0,
and
SR 1 Can)() — LU (g*);

third, for 0 < j <25, 2 < k < p and with R(; defined as the 1 X p vector with first entry
equal to j, kth entry equal to 1 and all other entries equal to 0,

LD — [LFo2)(0%), LF %), ..., L6
and
02D [LRes2)(@), [Res)(@), ..., LFem(@)]T — [LEe2)(9*), LR (9%), ..., LResn)(6%)]T;
fourth, for 0 < j < 25 — 1,

LY — C(j2yn(0)



Likelihood-based inference with singular information matrix 275

and
6(’125—1,2) _ C(zs—l,z)n(é) — C(zs—l,Z)n(e*)’

where  C(j2),(0) is the (p—1)X(p—1) matrix with entry (u,v) equal to
OL2(0)/06,00,190y.1; and finally

2s+1

I’lil/(zs)(z);rAlgn N nfl/(2s) Z Z CriflL(n’)(e*)n{“’”H(z”'”l)s}/(z”wf‘a)gz o wg;
k=3 r.=k
r.—r=3

n_l/(zs)d)"erlgn N n—l/(Zs) Z crn—l6(’:)"{(1—r1)+(2—r-+V1)S}/(2S)wlrlw2’2 wg);
r.=2s+1
r—r=3
where c, are appropriate constants, and, for any r such that ». =2s+ 1 and r. — r; = 3, 6(,1’)
is defined as L)(6%) — L(6).

Furthermore, 1,5, I51 and Iy, are redefined respectively as the 1 X (p—1), (p —1) X 1
and (p — 1) X (p — 1) block submatrices of the partitioned matrix / in (35), and Cy;, Cia,
Cy1, Cyp are redefined respectively as the 1X1, 1X(p—1), (p—1)X1 and
(p—1)X(p—1) block submatrices of the partitioned matrix in (35), where / is the
matrix defined in Theorems 3 and 4 and C is defined as

C = E{[[Ue(Y; 0%)/(s + 1)), [Re2)(y; %), .., (Ren)(y; %))

X [I70)(Y; 0%)/s), (Fea)(y; 6%), ..., [Ron)(y; 6%)]}.

Derivation of the results in Section 3.3

Derivations for the case b = 1/(2s)

In the proof of Theorems 1-4, we showed that under the regularity conditions (A1)—(A7) of
Section 4.2, equation (4) holds for any @ such that n'/2(6 — 6™)° = O(1) when the data are
generated under 0. This implies that L,(6,) — L.(6™) = G,(6,) + op(1). Thus, as n — oo,
L,(0,) — L,(0") converges under 0* to 0 when bh>1/(2s) and to Zya® — Ia**/2 when
b =1/(2s). Hence, by LeCam’s first lemma (Hajek and Sidak 1967, p. 202) the sequences of
distributions with densities /"(y; 6,) and f”(y; 6*) are contiguous. Similarly, /"(y; }) and
f™(y; %) are contiguous. Thus, for any sequence of random variables X,, n =1, 2, ...,

Xu=0,(1) = X, = 0p,(1). (45)

This implies that equation (4) also holds for values of 6 satisfying n'/2(6 — 0™)* = O(1)
when the data are generated under 6,. In addition, by LeCam’s third lemma (Héjek and Sidék,
1967, p. 208), Zy ~ N(a*I, I) when b = 1/(2s) and Zy, ~ N(0, I) when b > 1/(2s). Remark
(R3.1) follows from (45). Remark (R3.2) follows from the fact that P(Z,<0)=1/2 if
b>1/(2s) and P(Zy<0) = ®(—a’\/I) if b = 1/(2s). To show (R3.3), notice that, by (45),
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Ly(6) — Ly(0%) = G(6) + 0,,(1), (46)
n'2(0 — 0%y = 171 Zy1(Zy>0) + 0,,(1)  if s is even (47)

and
n'20 - 6%y =17 Zy+0,,(1)  if s is odd. (48)

Remark (R3.3) then follows by substituting n'/2(6 — 6*)* in the expression for G,(6) with
the right-hand side of expressions (47) and (48). The distribution of 2{L,(6) — L,(6*)} under
0, follows by an identical argument because, by contiguity of f"(y; 0}) and f”(y; 6%), (46),
(47) and (48) are also valid when o,,(1) is used to indicate convergence to 0 in probability
under 0),. To show (R3.4), notice that L,(0}) — L.(6,) = 0p,(1) since expression (4) is valid
under 6, and G,(0) is symmetric around 0. Remark (R3.4) then follows by LeCam’s third
lemma.

Derivations for the case b < 1/(2s)

In what follows we assume that, in addition to (A1)—(A7) and (B1)—(B3), the following
regularity conditions hold:

(D1) With probability 1, /(Y; 6) has 2s + 2 derivatives with respect to 6, for all 6 € /"

(D2) For 0< ;<2542 and some v>2, supge,Eo{|lP(Y; 6%)"} <oco, where the
subscript 6 indicates expectation under the parameter 6.

(D3) For 0 < j < 2s+ 2, supge s Ea[{/(Y; 6)}?] < oo.

(D4) Condition (A6) of Section 4.2 holds with ».=2s+2, with g(Y) satisfying
supge. s Eo{g(Y)?*} < <.

Suppose first that 1/(2s +2) < b<1/(2s). We first show the identities (10) and (16). Let
tn,; = n'PE{IU(Y; 6%)}, where the subscript 7 denotes expectation taken under 6 = 0),.
Under (D2), by the central limit theorem, for j =0, 1, n='2LET(0%) = Z; 4+ u, ; + 0, (1),
and for 0 <j<s—1, n 2L = u,; + 0,,(1), where O, (1) denotes a sequence
that is bounded in probability under 6,. Also under (D2), by the law of large numbers,
n L0 = i 2 u 060+ 0p,(1), 0 < j < 2. Thus, with

din(0) = n'2{(0 — 0%y — (0, — 0¥y}, j=0,

a Taylor expansion of L,(0) and L,(6,) around 6" gives
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Jj=0

1
Ln(e) = Ln(en) - [Z{Z] + ,un,erj + Opn(l)}djn(e):|

1
+ D P + Opn(l)}nl/zdSJrj’”(e)]
=0

s—1
| (s + opn(1>}djn(0)] + [0, ()" Pdy2,0(6)]
=2

+ {A1n(0 — 052 4 Agn(6, — 0742}

= Ln(en) - (Bln + BZn + ...+ BSn)a (49)
where Ay, = n~ {LZ2(0") — L0}, Ay, = 0~ {LZF(0") — L2F2(6%)} for some

6" and 0" satistying [|0' — 0|| < ||0 — 6*|| and ||0" — 6*| < ||6, — 0*||, and the terms B,
correspond to the square-bracketed terms of the expansion in the order they appear. But
under (D1)—(D3),
tns = (6, — 0%) + Cn'/*(6, — 6%)"" + o(1),
tnsir = Cn'2(0, — 0%) + Jn'/2(0, — 0"y + o(1),
s = O{n'%(0, — 0%)}, 2<j<2s—1,
n P unas =—1/2+0(), 0 Puyagr =—C+o(l), 1P =00).
Suppose first that n'/2{(6 — 6)* — (6, — 6*)*} = O(1). Then with
c1ju(0) = n'(0, = 0°)d;u(0),  j=2.
c2u(0) = n'2dy12,(0),
c3n(0) = n(6, — 0*)2S+29

the following identities hold:

c1jn(0), c2n(0), c31(0) = o(1) d1,(0) if 1/(2s +2)<b<1/(2s), (50)
c1ju(0), c2,(0) = o(1) if b=1/(2s+2), (51)
c3n(0) = a2 if b=1/2s+2). (52)

Equation (50) implies that Bz, = 0, (1)d1,(0) if 1/(2s+2)<b<1/(2s), and (51) implies
that Bz, = 0p,(1) if b=1/(2s+2). Equation (51) implies that Bs, = 0,,(1)d,(0) if
1/(2s +2)<b<1/(2s), and also implies that Bs, = 0, (1) if b =1/(2s + 2). Furthermore,
under assumption (C4), A;, =o0,,(1) and Ay, = 0,,(1), and therefore (51) implies that
Bsy = 0p,,(1)d1,(0) if 1/(2s +2)<b<1/(2s), and (51) and (52) imply that Bs, = 0,,(1) if
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b =1/(2s +2). In addition, by n'/2(6, — 0*)**? = o(1) and after some algebra, it can be
seen that

1

> st jdin(0) + P g in' 2 d g a(6)
J=0

1
_ —én{(@ —0*Y — (6, — 6% + Cn'/? H{(G — 0%yt — (6, — 6%y}
=0
+ Jnl/z(H,, _ 0*)s+1nl/2{(0 _ 9*)s+1 _ (Gn _ 0*)s+1} + 0(1) (53)

Equation (16) follows after substituting in the expansion (49) the left-hand side of (53) with
its right-hand side and noting that, for b= 1/(2s+2), n'/?8, — 0"y =a*' and
n'2{(0 — 0%yt — (0, — 0%y} = —d(0)2a**" + o(1). Equation (10) follows by perform-
ing the same substitution in the expansion (49) and noting that when b>1/(2s+ 2),
n'2(6, — 6%yt = o(1). A

We now show that the MLE 6 satisfies equations (13) when s is odd and
1/(2s+2) < b<1/(2s), and when s is even it is equal to one of the points 6, or 6,
satisfying equation (14) when 1/(2s +2) <b<1/(2s) and satisfying equations (18) or (19)
when b = 1/(2s + 2). Under the regularity conditions (A1)-(A7) the MLE 0 is a consistent
estimator of 6 when 6 = 6, and solves the score equation LY(6) = 0. Forming the Taylor
expansion of L(nl)(é?) around 6, we obtain

1

L) =0 = v/n(® — 0"y~ | § D (s + DZ + s + 0, (DO — 07

j=0
s—1 . )

+ 3 (s 4 D tnsej+ 0p,(D}O — 67
Jj=2

1
+ 32 @s {0 Pitnasi + 0p,(DIn(0 — 0%

j=0
[2s+/1¢Q R
+{(2s + 2)7L" © V(0 — 0*)”2}]
n
= Vn(0 — 0%)"Y(Bi, + Bb, + B5, + Biy). (54)

The terms Bj, correspond to terms in braces in the order they appear. Note, first, that
n'/261D} O — 0*) is equal to

sgn(0, — 60%)sgn(0 — 0%y 1 n! /2640 g, — 0*|[1 4 n'/2{(0 — 0F) — (6, — 0F) Io(1)].
Thus, for b>1/(2s +2), n¥/{26+D}(@, — 6%)° = o(1), and we have
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n/ 260k G — 0%y = o(1)[1 + n'/2{(6 — %) — (6, — 0°)*}1, (55)
and for b = 1/(2s + 2), n®/26+D}(G, — 6%)* = ¢* and we have
n! BT — %) = sgn(a’)|alsgn(§ — ) [1 + n'2{(0 — 6%) — (8, — 0)’}o(1)]. (56)
Consider now the term Bj,. For j =2,

fns ) (0 = 07) = (w1 CCDHO, — 0% nl BTG — 07)}(O — )

=[1+ n'2{(0 — 6%)* — (6, — 6%)'}o,,(1). (57)

where the last equality follows from equations (55) and (56) and the consistency of 6. Thus,
B3, is also equal to the last member of (57). Turn now to the term Bj,. By equations (55)
and (56) and by f(@ 0% )2 = {n!/ @+ — 9%)}5T1(O — 6%) and the consistency of 6,
we have that /n (0 0™ ) t2 is equal to the last member of equation (57). Also, by (D1)—
(D4) and the consistency of 6, n’anz”Z 6) = 0p,(1). Thus, Bj, is also equal to the last
member of equation (57). Now, by the consistency of 6 and after some algebra,

By + Biy = s[{Zo + 0p,(1)} — {1 + 0, ()}n'2{(0 — 6%)* — (6, — %)}

+{C + 0, (D}n'2{(0, — OF) ' — (6 — %)} + 0, (D]

For 1/(2s+2)<b<1/(2s), we have by (55) that n'/>{(6, — %) — 6 — 0y} =
[n1/2{(6 — 6%) — (6, — 6%)°} + 1]o,,(1). Thus,

Biw + By = s[{Zo + 0p,(D} = {1 + 0,,(D}n"/{(6 = 6%) — (6, — 6%)'} + 0, (D],
and from (54) we conclude that 6 satisfies
0= 0" or n'2{(6— 0% — (0, — 6"y} =1"Zy+0,,(1). (58)
For b = 1/(2s + 2), we have by (56) that
Bl + Bl = s[{Zo + 0p,(D} = {1+ 0, (D} n'*{(0 — 6°) — (6, — 07)’}

+Ca” {1 = sgn(6 — 61} + 0, (D],
and from (54) we conclude that when s is odd or when s is even and sgn(é —6%) =1, 0
satisfies one of the identities in (58). When s is even, 6 satisfies either (58) or
nl/Z{(é _ 0*)? _ (en _ 6*)?} _ ]_1{20 + za.H-l} + Opn(l)-

Thus, to show the desired identities it only remains to prove that the probability that 0 is
equal to 6™ converges under 6 = 6, to 0 as n — oo. But to show this it is enough to show
that (7) holds. But (7) follows for b < 1/(2s) by noticing that n'/?(6, — 0*)° diverges and
under (D1)—(D4), a Taylor expansion of L,(6,) around 6% gives

La(0,) = Lo(0%) + 020, — 0% {Zy + (I + 0,,(1))n"/*(0, — 6%) /2 + 0,,(1)},

which diverges to +o0o because [ is positive.
Remark (R5.8) made for the case b= 1/(2s+2) follows by LeCam’s third lemma
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because, by equation (16), 2{L,(0}) — L.(60,)} converges under 6, to —2a**'(Z; + a**1J),
which is a normal random variable with mean equal to —1/2 times its variance.

Finally, we show that when s is odd and b<1/(2s) or when s is even and
b<1/(2s+2), (8 holds. Because, by definition, 6} — 0" = —(6,—60%), a Taylor
expansion of L,(6}) and L,(6,) around 6 gives

s—1
Ln(9;1) _ Ln(en) o Z{l o (—l)”]}n71/2L5+J](0*)n1/2(62, o 6*)s+j
j=0

+ 1207 L0 (0], — 0F) ]+ [(Ary — Aon)n(@), — 07)]

= Ln(an) - (Bl”n + BZNW + Bé,n )

where Ay, = n= {LZ*2(0,) — L2FD(6™)} for some [|0; — 0| < ||6, — 07|, k=1, 2, and
B, j=1,2,3, correspond to the terms in square brackets in the order they appear. Under
assumptions (D1)—(D4), B3, = o, ()n(6;, — 6*)>+1. When s is odd and b <1/(2s),

Bl =200, — 0" Zo + {1 + 0,,(1)}n" 20}, — 0%) + 0,,(1)],
and B3, = 0,,()n(0, — 6*)*. Thus,
Ly(63) = Lu(00) = {I + 0,,(DHn' 20, — 6"} = {Zo + 0, (D}20'2(6), — 67)°. (59)

Then (59) converges in probability under 83 to +oco as n — oo since [ is positive and
n'2(6, — 6)° diverges. When s is even and b < 1/(2s + 2), then

Bl = n'2(0), — 0" {Z) + 0, (1)} + Cn' 20}, — 6% + {J 4 0,,()}n"/2(6), — 6%)*]
and
B3, = n(0), — 0"y {—=C+ o0, (D)}
Thus,
La(83) = L) = {n"2(0; = 6"Y T P {J + 0, (D} + 0205 — 67) T {Z1 + 0D}

And the convergence in probability of L,(03) — L,(6,) to +oo under 6 follows since by
definition J is positive and n'/?(8), — 0*)**! diverges when b <1/(2s + 2).

Proof of Theorem 5

The proof of Theorem 5 will use the result of the following proposition that is easily shown
by induction:

Proposition A.1. Let b(y): R — R?X! be a vector function of a scalar v whose jth
derivative exists. Let b)(y) denote 0'b(y)/0y', 1 <1< j. Let h(u): RP”*! =R and
assume that h(u) is j times differentiable. Let Dh(u) denote the gradient of h(u). Define
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m(y) = ho b(y) and let mP(y) denote the jth derivative of m(y). Then there exists a
function H: R"PU=D — R such that

mP () = bPy) Dh{b(y)} + H{bw)", bV (w)", ..., BV D()'}.

Let (0): © — R? be defined as y(0) = 9+Z 0A1(6; — 67, and let W denote the
range of . Define y* = y(0*). Clearly, y* = 0*. Furthermore, the first element of the
vector (0) is equal to the first element of 0, i.e. 11(0) = 0;. In addltlon the function 1(0)
is one-to-one and onto W with inverse given by 0(y) =y — > - OAl(t/)l ). For any o
in W, let f(Y; ) denote f{Y; 6(y)}. Then clearly, for 2 < k <

Olog/(Ysy)| _ dlog/(¥; 0)

> 60
oYy " 00y, 0" (60)
and, by definition of S’(lsﬂ), j=0,1,
s+ 7 Y: .
0 o‘gf( s Y) S, 61)
aﬁ-ju)l w*

Thus f(Y; ) satisfies conditions (B2) and (B3) of Section 4.2 at the parameter ™. We will
later show that it also satisfies (B1). Then, since clearly f(Y; 1) satisfies all the other
regularity conditions of Theorem 2, the asymptotic distribution of the MLE v of y* and of
the likelihood ratio test statistic follow from this theorem. But since (60) and (61) hold, the
conclusions of Theorem 5 follow because: (a) by the invariance of the MLE, P = 1/)(0) and
(b) by y* =(6*) and the fact that 7 = {f(Y; y): y € W} and 7 = {f(Y; 0): 6 € O}
are the same statistical model, the likelihood ratio test statistics for testing Hy: ¢y =y*
versus H,: 1) # ¥ in 7 and for - testing Ho: 0 = 0" versus Hy: 0 # 60" in 7 are exactly
the same. It remains to show that f (Y; ) satisfies condition (B1). We show this by induction
in s. For s =2, (B1) is true because

Olog/(Y;y)|  _ dlog f(Ys 9 — Ai(y1 — 7))
31/)1 1/):1/,* 8'(/)]

where the second identity is true by (31). Suppose now that f (Y; v) satisfies (B1) for s — 1.
In order to show that f(Y; ) also satisfies (B1) for s, it will be convenient to define

=8 —-KI'=0,
y=y*

s—1
b)) = [r, 3. - il =D Ay — ),
=0

c(pr) = b)) + A1 (1 — i),

h(u) = log f(Y; u), m(y1) = h{b(y1)}.

With these definitions and letting the superscript (/) denote the jth derivative of a function,
the following identities hold:

by = cy}) = v, (62)
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POy =@,  j=1,...,s-2 (63)
Dy =0, (64)
pO D) = [0, K1, m(y) =log f{Y: yi, 93, ..., ¢} (65)

and, for any j,
& log f(Y; )
Oy y=y*

Now, letting Dh(u) denote the gradient of /(u), by Proposition A.1 there exist functions H;,
for j=1, ..., 5 —2, such that

1)y, —yr = BN DR{bW} + H{bw)), 8O, ..., 5V DD}y (67)
but, by (62) and (63), the right-hand side of (67) is equal to
D@ Dh{c@)} + Hifcw?), @), ..., D@}y = & r{en)}/dpil,, -

This in turn is equal to 0 by the inductive hypothesis. Thus, by (66) the first s — 2 partial
derivatives of log f(Y; 1) with respect to 1| evaluated at ™ are equal to 0. Also,

m @)y —yr = =10, KIDh{c@D} + Hei{e@]), V@), ..., 2@}

& r{e(y)}
di/ﬁ{71 1=y
where the first equality is by Proposition A.1, and equations (62), (63) and (65), the second

equality is by Proposition A.1 and (64) and the third equality follows because, by assumption,
(31) is true for j = s — 1. This concludes the proof of the theorem.

m(j)(¢1)|¢1:wf = (66)

= *Ks_l(Sz, S3, ey Sp)T+ :O,

Proof of Lemma 1

The lemma follows directly from Faa di Bruno’s formula on the gth partial derivative of the
composition of two functions. This formula, applied to G(u) = log A(u), gives

97Gu) g (@logy\ (Bhw\ " (18w " (1ot R

oul Zkll...kq!( dy? )<8u1> PARNGIT "'(q! 614?) 69
where the summation extends over all partitions of ¢ such that p=>"% k;, and
q=">1_ k.

Lemma 1(i) follows immediately from formula (68). Specifically, if hfm =0 for all
l=<j=<ys5—1, then, for 1 < g =<ys5—1, all terms in the summation are equal to 0 and
therefore GU@(*) = 0. The proof that GV (u*) =0 for all 1 <j<s— 1 implies that
h;k(j) =0 for all 1 =j<s—1 is easily carried out by induction, the induction step
consisting of noting that, under the inductive hypothesis, formula (68) implies that
GU@(u*) — GUe)(u*) = 1 . Part (ii) follows by noting that when hf(/_) =0, for all

T(q)
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1 <j=<ys—1, the only non-zero term in the summation in (68) when s < ¢ <2s—1
corresponds to the choice k; =0, 1 < j<gq and k, = 1. Part (iii) follows by noting that
when g = 2s there are only two non-zero terms in the summation in formula (68) which
correspond to the choices (a) k; =0, 1 <;j<2s—1, and kp, =1 and (b) k; =0, for
1<1[=<2s [#s and k; = 2. Part (iv) follows similarly by noting that when ¢ = 2s + 1,
the only two non-zero terms in the summation in (68) correspond to the choices (a) k; = 0,
1=<j<2s,and kpgo,y=1and (b) ky=0for 1 <[=<2s, [#s,s+ 1, and k; = ko) = 1.
Parts (v)—(ix) can be shown similarly by taking one or two derivatives with respect to u, in
both sides of (68) and examining the non-zero terms in the summation.
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