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We propose a recursive stochastic algorithm with decreasing step to compute the invariant distribution
v of a Brownian diffusion process, in which we approximate v(f) for a wide class of possibly
unbounded continuous functions f. We consider a somewhat general setting which includes cases
where the diffusion may have several invariant distributions. Our main convergence result contains as
a corollary the almost sure central limit theorem. Further, we investigate the weak rate of convergence
of the algorithm. We show, in the class of polynomial steps y, = n~¢, that it can be at most n'/?
when the white noise has third moment zero and n!/* otherwise, where n denotes the number of
iterations of the algorithm.

Keywords: almost sure central limit theorem; central limit theorem; diffusion process; invariant
distribution; numerical probability; stochastic algorithm

1. Introduction

The aim of this paper is to propose and study a stochastic recursive algorithm for the
computation of the invariant distribution v of a Brownian diffusion process

dY, = b(Y)dt + o (Y)dW,, (1

where b : R? — R? is a continuous vector field, o is continuous on R? with values in the set
M(d X q) of matrices with d rows and ¢g columns, and ¥ is a g-dimensional Brownian
motion.

Invariant distributions are crucial in the study of the long-run behaviour of diffusions. We
refer the reader to Has’minskii (1980) and Ethier and Kurtz (1986) for background on the
stability of stochastic differential systems. In general, the functions b and ¢ are given by
some physical model, and a numerical procedure for the computation of the invariant
distribution is needed. A typical situation of this kind is given by randomly perturbed
mechanical systems (see Soize 1995). Talay (1990; 2002) was the first to design and
analyse such a procedure, and we will briefly discuss below the difference between his
approach and ours.
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In order to motivate our algorithm, recall that if the diffusion is stationary and ergodic
with invariant distribution v, then, for every v-integrable function f,

1 t
lim —J f(Yy)ds = J fdv =v(f) almost surely.
t—+400 0 R4

t
This suggests the use of the average of f along the path of the diffusion as a proxy for v( f).
However, since the exact simulation of the diffusion Y itself cannot be achieved, we first
discretize the diffusion and then compute a discrete analogue of the average. Therefore, we
propose an algorithm consisting of two successive phases.

Phase I: Discretization. Compute the Euler discretization of (1) with a sfep 7, vanishing
to 0, i.e.

VneN, Xpi1 = Xy + V1 b(Xy) + VVnr10(X) Uy, 2

where X, € L%J(Q, A, P) and (U,),cn+ is an RY-valued white noise defined on a
probability space (Q, A, PP), independent of X,. The step sequence v := (¥,)qen satisfies
the condition

Vn e N¥, Y, =0, limy,=0 and limT, = +oo, where T, := Zyk. 3)
n n k:l

Choosing a vanishing discretization step allows for a more accurate approximation of the
diffusion as time goes to infinity.

Phase II: Averaging. Form a weighted empirical measure with the X, using a weight
sequence 77 := (17,) o+ Satisfying the condition

Vn e N¥, N, =0 and linm H, = +o0, where H, :=n1 + ... + n7,. (4

Let 0, denote the Dirac mass at x. For every n =1 and every w € Q, set

(e, dx) = MOxy) + -+ Mis10x,@) + - + Ma0x, ()
n B A B
771 + ...+ 77/1

)

and use v!(w, f) to approximate v(f).

For numerical purposes, it is observed that, for a fixed function f, v’(w, f) can be
recursively computed as follows:

Vha(@, 1) = Vi@, ) (@) = Vi@, 1) with g = (©)
This recursive form shows that v”( f) is given by a linear stochastic algorithm with step 77,
and pseudo-innovation f(X,) (at time n + 1).
Our general almost surely weak convergence result for v/(w, dx) is Theorem 3, stated in
Section 2. Since the full statement of Theorem 3 is somewhat technical, we state a slightly
simpler version (with 7, = v,) usually sufficient for practical purposes.



Recursive computation of the invariant distribution of a diffusion 369

Theorem 1. Assume that there is a C* function V: R? — [vx, +00), vx > 0, satisfying the
following conditions:
D2V s := Supyege | D>V (x)|| < 400, and . |hm Vix)= (7a)
——+00
IVV[?+ b < cpV  for some cy >0, and Tr(oo™)(x) = o(V(x)) as |x| — +o0;
(7b)

(VV|b) < —aV +p, for some a € RY, B € R. (7c)

If the white noise Uy has moments at any order and if (1) has a unique invariant measure v,
then, for every continuous function f satisfying f(x) = o(V¥(x)) for some k&N,

lim, v/(f) = v(f) a.s.

Assumption (7b) is a no-explosion condition for the diffusion process, whereas (7¢) is a
stability condition that guarantees the existence of (at least) one invariant distribution.
Theorem 3 covers more general situations of interest, in particular the cases 7, # v,
Tr(co*) =<V or U, with finitely many finite moments. This theorem also has some
interesting theoretical consequences. One of these is that, applied to the Ornstein—
Uhlenbeck process with y, =, := 1/n, it yields the celebrated almost sure central limit
theorem for sequences of independent and identically distributed (i.i.d.) random variables
(see Brosamler 1988; Lacey and Philip 1990; Berkes and Csaki 2001). This fact is
established in Section 5.

In Section 6, we analyse the rate of convergence of our algorithm when the invariant
distribution v is unique. More precisely, we study v/(w, f) for test functions f of the form
f = Ap, where A4 stands for the infinitesimal generator of (1). Although the choice 7 =y
turns out to be optimal in many cases, it is worth mentioning that the results on the rate of
convergence for v?(w, f) rely on the almost sure convergence of auxiliary weighted sums
with 7 # y. Our study shows that the normalized error may weakly converge towards either
a Dirac mass or a centred Gaussian measure. Actually, both types of limit can be observed
for a given rate, depending on the choice of step sequence (see the beginning of Section 6
for details).

In order to put our results in the context of the recent literature on invariant distribution
approximation, let us first recall that the rate of convergence of the semigroup Pi(x, dy)
towards v has been thoroughly investigated (see Ganidis er al. 1999). Actually, it may
converge quite fast to v (in variation) so that Pi(x, dy) = v for reasonably large t Since P;
is generally not explicitly known, it seems natural to approximate P, by E(Y ), nh~t,
where Y denotes a discretization scheme with constant step 4 > 0, e.g. the Euler scheme
given by

=h =h =h =h
Yoo =Y, +hb(Y) +Vho(Y DUy

Finally, one estimates £(Y h) using N trials of a Monte Carlo simulation. This method induces
three dlfferent errors (dy, denotes a distance for the weak topology): dw(P(x, dy), v),
do(L(Y nh) P,(x, dy)) and the O(N~'/?) induced by the MC simulation.

One way to improve on this first approach is to use the ergodic properties of the
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diffusion (if any). Thus, inferring that, for a small enough step /4, the discretization scheme
(Y,),en 1s an ergodic Markov chain with invariant distribution v;, one has

1 n
P-a.s. 726_;1 weakly converges to 1" ®)
n =l Yy

In this method, there are only two sources of error: that in (8), which can generally be
controlled by a central limit theorem; and that in d,(v”, v), which can be estimated along
smooth enough functions f. This method was first designed and studied by Talay (1990). He
obtains some explicit rates for d(v”, v) (but not for the convergence in (8)).

Another alternative is to get rid of the asymptotic methodological error due to the step 4
of the discretization scheme. To this end one may consider a discretization scheme with a
vanishing step. This idea was investigated by Basak ef al. (1997) and also appears in
Pelletier (1998, Theorem 7): it is established, under suitable assumptions, that the recursive
sequence (X,),en defined by (2) converges weakly towards the unique invariant distribution
v of the diffusion. Here the two sources of error are dy(X,,v) and the Monte Carlo
fluctuations.

Our algorithm combines the advantages of both approaches: the computation of v’( f) is
recursive as in (8) and almost surely does converge towards its true target v( f) (at least for
a wide class of unbounded continuous functions f). From a technical point of view, we
obtain this result under less stringent assumptions on the underlying diffusion: even the
uniqueness of the invariant distribution v is not crucial. Note, however, that Talay (1990)
and Basak et al. (1997) require strong ergodicity assumptions on the diffusion.

There is a formal analogy between the recursive procedure defined by (2) and (5) and
that designed in Fort and Pages (1998) (see also Pages 2001) in the framework of regular
stochastic approximation. However, in Fort and Pages (1998) the noise is essentially
vanishing so that the asymptotics of the algorithm is described by an ordinary differential
equation.

Like any numerical method for computing the invariant distribution of a diffusion, our
algorithm is an alternative to partial differential equation methods for solving the stationary
Fokker—Planck equation: any invariant distribution v solves 4*u =0, u =0, u(R?) =1,
where 4™ denotes the adjoint of the infinitesimal generator of the diffusion. Probabilistic
methods are especially efficient in higher-dimensional settings (d = 3) or when A4 is
degenerate.

Let M(d X g, R) denote the set of matrices having d rows and ¢ columns. For every
A€ M(dXq,R), let A¥ € M(qXd,R) denote its transpose matrix. For every d X g
matrix, let ||4|| denote the related operator norm defined by | 4[| := supjy—; |4x|.

Let S.(d, R) denote the set of symmetric non-negative d X d matrices. For
S € 8(d, R), ||S|| = supjy—; (x|Sx) = max;{4;}, where 4; is the ith eigenvalue of S. If S,
S"€8(d, R), then S < §" if S'— S € S.(d, R). For every S € S(d, R), 15 := max({4;}, 0).
The real Ag is the lowest real number satisfying

Vy € RY, y*Sy$/15|y|2.

One may readily verify that g < ||S|| and that, if S < S’, then As < Ag. By extension, if S
denotes a mapping from R? into S(d, R), then
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/‘LS = Sup AS(x)~
xeR?

For every non-negative symmetric matrix S € S,(d, R), the trace operator defined
by Tr(S) = ZLSI-,- satisfies the inequality Tr(S) < d||S|| < dTr(S). For every A4 €
M(d X q, R), Tr(4*A4) = Tr(44™) is simply the square of the Euclidean norm of A4
viewed as a vector in RY*9,

We will make extensive use of the Chow theorem (see Hall and Heyde 1980) for
martingale increments. This yields, under suitable assumptions, the almost sure convergence
(in RY) of a martingale having possibly non-square integrable increments.

Theorem 2 (Chow). Let (M,),.n+ be a martingale with respect to some filtration F =
(Fn)nen. Then

Vp € (0, 1], M, "2 M., € R as. on the event {Z E(|AM, " [ F, ) < —|—oo},

n=1

where AM,, := M, — M ,_,.

Most of the time, this theorem will be combined with the Kronecker lemma for series
(Neveu 1972):

Lemma 1 (Kronecker). Let (a,),cn+ and (by),cn be two sequences of real numbers. If
(bn) pen* Is non-decreasing, positive, with lim, b, = +oo, and ), _,a,/b, converges in R,
then

R
11£n b, ; a, = 0.

The rest of this paper is organized as follows. In Section 2, the main almost sure weak
convergence theorem is stated in full generality. The step and weight conditions are
(successfully) tested in some classical settings (y, =n"% or y,:=In"%n, 5, =n").
Section 3 deals with the almost sure tightness of the empirical (random) measures
v (w, dx), whereas Section 4 is devoted to the identification of the limit. Section 5 points
out the link with the almost sure central limit theorem. Section 6 deals with the weak rate
of convergence of v” towards the invariant measure v. This leads to optimization of the
choice of steps according to whether the third moment E(U ?3) is 0 or not. Finally, some
recommendations and numerical illustrations are given in Section 7.

2. The main a.s. weak convergence results
The main assumption will be the existence of a Lyapunov function for the diffusion.

Assumption (Ly, ). There exists a C> function V: R? — [vx, +00), vx > 0, satisfying, for
some p =1,
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(@) [|D*V]|oo := SUpyepe || D?V(x)|| < +00 and lim Vs too(x) = +00,
(i) |[VV? + |b]* + Tr(oo™) < ¢y V,
(i) (VV|b)+A,Tre(00™) < —aV + f3, for some a € Rj and B € R,

where A, =y, 1y (VV @ VI)/V.

Conditions (7) in Theorem 1 will be referred to as (Lyp). We clearly have
(Ly )= (Ly,p) for all p = 1. More generally, since 1, is a non-decreasing function of
p,for p'=p=1, (Ly )= (Ly,). Further comments on these assumptions will be made
in Section 2.1.

Concerning the white noise, we assume that (U,),.n+ is a sequence of i.i.d. R?-valued
random vectors, independent of X, satisfying E|U > < +oo, E(U;)) =0 and Iy, :=
[cov(U}, U] = Id,. Our results are likely to remain valid for suitably dependent noise, but
for the applications that we have in mind dependent noise seems irrelevant.

Henceforth, the filtration F := (F,),en 1S given by F, :=0o(Xy, Uy, ..., U,), n=0.
Actually, we will also assume that X, is deterministic. This entails no loss of generality for
our main results, which can be obtained in the non-deterministic case by conditioning on
Xo.

We now introduce a condition on the steps y, and weights 7, as follows:

n

ZL<A&> < +o0 and lim LZ
+

" n—oo Hy 4=

A
Vi

= 0. )

n=] """
Condition (9) is clearly satisfied if the sequence (17,,/yx)nen i non-increasing.

Theorem 3. Let p € [1, +00). Assume (Ly,,) and E|U;[*P < oo. Let p € (0, 1]. Assume that
y and n satisfy (9) and

Z( " >1+p<+°°' (10)

n=1 Hn Vn

(a) Then

sup vVI(w, VP/U) < 100 P(dw)-as. (11)

neN

(b) When p <1+ p, assume also that oo* = o(VP/+P)) and > MnVn/ Hy < 400.
Then, with probability 1, any weak limit of the sequence (V!),en is an invariant
distribution for the diffusion (1).

Remark 1. When p =1+ p, the assumption that > _ 97,7,/ H, < +oco turns out to be
unnecessary.

Note that (11) implies that (v7),cn is almost surely tight, since limyy_ o V(x) = +oo. If
we add to the assumptions of Theorem 3 the uniqueness of the invariant distribution of the
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. . . (RY) . . . .. .
diffusion, we obtain that P-a.s. v/ = v, where v is the invariant distribution, and, for every

f €CR, R),
(/@) = oV () as x| — +o0) = (P-as. (/) = v(f)- (12)

Note that if, in Theorem 3, we have n = y, condition (10) is satisfied with p = 1. This
shows in particular that Theorem 1 is a corollary of Theorem 3.
Further comments are made below on the main assumptions of Theorem 3.

2.1. The Lyapunov assumptions (L y,,), p =1

The main assumption we make on the diffusion, i.e. on functions » and o, is the existence of
a positive Lyapunov function V' satisfying (Ly ,). Actually, this kind of assumption is quite
standard as soon as one wishes to investigate the long-run behaviour of a dynamical system,
either in the stochastic or in the deterministic world.

Remark 2. Requiring the Lyapunov function V' to be bounded away from 0 is not a true
restriction since one may always consider /' + 1 instead of V.

Remark 3. Assumptions (ii)—(iii) in (Ly, ,) induce a quite stringent constraint on the drift b
and on the function V. As a matter of fact (iii) implies that, for every 4 > 0,
L
AVV| +T =20V —2p.

Combined with (ii), this yields that |[Vv/¥| is bounded and bounded away from 0 near infinity
so that V(x) = O(|x|*) and b(x) = O(|x|). Actually, in most examples, V(x) =< |x|* and
|b(x)| = |x].

Remark 4. In the more specific case where V(x) = |x|*> 4+ 4 for every x € R? one can verify
that A, =2p — 1 (so it does not depend upon the real constant 4). Then (Ly,,) becomes
|b]2(x) + Tr(co™)(x) < cp(1 + |x]?) for some constant ¢y > 0,
(x|b(x)) + 2p — DTr(co™)(x) < B — alx|? where o > 0 and 8 € R,

which we denote by (L ,). In particular, b(x):= —ux, u € th and o(x) := (1 + |x|)Z,
2 € 8.(d, R) satisfy (L ,) if and only if

(13)

u
2p—1°

Tr(E=*) <

Remark 5. Lyapunov functions are typically used to derive the existence of a stationary
distribution (see Has’minskii 1980, Chapters 3—4; Ethier and Kurtz 1986). Concerning
uniqueness, at least two types of uniqueness criteria are available: uniform ellipticity
conditions for diffusions with smooth and bounded coefficients (Has’minskii 1980; Ethier and
Kurtz 1986; see also Karatzas and Shreve 1988, Theorem 5.15 and Exercise 5.40, for one-
dimensional diffusions); and asymptotic flatness (Basak and Bhattacharya 1992).
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2.2. Steps and weights

In this subsection, we will specify the step—weight assumptions of Theorem 3 when n =y
and when 5 # y for two natural parametrized families of steps and weights: polynomial steps
and weights on the one hand, and log-polynomial steps and polynomial weights on the other
hand.

The case n =y. The step—weight condition (10) is equivalent to

Vn (1+p)/2
Z (F) < +400.

n=1

The condition Y ,_,7,¥x/Ts < +oc0 becomes >, _ 7% /T, < +oc.
For polynomial steps y, := n~“, these conditions become:

Y\ (02 2p
Z(Fi) < 400 & 0<a<1+pora:p:1 ,

n=1
n=1

For log-polynomial steps y, := (Inn)~“, we obtain:

Vn (1+p)/2
Z(F) <+4oo& a>0,

n=1
n=1

The case n # y. For polynomial steps and weights, set y, :=n"* 0<a <1, 1, :=n",
f < 1. The assumptions of Theorem 3 are fulfilled if and only if

2p 2p
e (25) w25}

For log-polynomial steps and polynomial weights, set y, := (Inn)"%, 5, := n?, with
a, f>0. Assumption (10) is then satisfied for all values of a and S and
> u=1Mn¥n/Tn < 400 holds if and only if B =1 or (a, f) € (1, +00) X (0, 1).

SRS

<40 li<a=l.

>—1|w

s o

<40 a>1.

*‘J|‘<

3. Almost sure tightness of the weighted empirical measures

This section is devoted to the tightness of the random empirical measures (V’(w, dx)), cp+-
More precisely, we obtain the almost sure boundedness of the empirical moments of V
according to the integrability properties of the noise.

The key inequality is (16), which is a variant of results recently obtained in the field of
stochastic approximation (see Pelletier 1999; Basak et al. 1997). When p =1 it is the



Recursive computation of the invariant distribution of a diffusion 375

discrete-time version of the decay assumption AV < 5 — aV which appears in the diffusion
setting.

Theorem 4. Let p € [1, +00). Assume (Ly,,) and E|U[*P < +oc. If there exists p € (0, 1]
such that

1 77n> N I+p
— (A=) <+ and < +00, (14)
ACHE > ()
then
P(dw)-a.s. sup v(w, VP/IHP)) < oo
neN¥

Lemma 2. (a) If (Ly,) ()(ii) hold, then, for every a =1,
VX 1) = VX)) < Car/V n+1 VX, + |Un+l|2a)- (15)

(b) 1If; for some real number p =1, we have (Ly,,) and E|U,|>? < +oc, then there exist
real numbers & >0 and f§ and ny € N such that

Vn = ny, ECVP (X ni1)/Fn) < VP(X0) + ¥t VP (X)(B — @V (X,) (16)
and, furthermore,

sup E(VP(X,)) < +oo0.

neN
Note that part (b), stated with p = 1, yields sup,en EV (X)) < +o0.

Proof. (a) It follows from the mean value theorem that
VAX 1) = VX)) = aVail(EnH)(V V(EntDIAX ni1)

for some &, € (X,, Xnt1) (geometric segment). Hence, using (L) (ii),

VX i) = VXD < OV 2E LD AX . (17
Now, V/7 being bounded by (L) (ii), v/V is Lipschitz. Hence,

Ve Er) = (VX)) + IVVTIAK !
< 22l (pa12(x,) 4 VTP AX 1), (18)

We also have

‘AXnHl = Vn+l|b(Xn)‘ + VVn+1||U(Xn)|||Un+1|

< CVYurtVVX)(A + U] (19)
Plugging (18) and (19) into (17) leads to
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|Va(Xn+l) - Va(Xn)| = Ca(\/ Y n+1 Va(Xn)(l + |Un+1|) + Va(Xn)VZH(l + |Un+l|)2a)

which, noting that 2a = 1, yields the required result.
(b) The Taylor formula applied to V7 between X, and X, yields

Vp(Xn+1) = Vp(Xn) + pr_l(Xn)(V V(Xn)|AXn+l) + % Dz(Vp)(Erwl)'(AXnJrl)XQs

where &, € (X,, X,.1). Now, starting from D?(VP)= pV?~'D*V 4 p(p —1)
XVP2VYVV*, the very definition of A, implies that

DX(VP)E ) -(AX )™ < 2p2, VP Eni )| AX .
Hence
Vp(Xn+1) = Vp(Xn) + pr_l(Xn)(V V(Xn)lAXnJrl) + plp Vp_](‘SnJrl)lAXnJrl ‘2' (20)

At this stage, one needs to investigate successively the cases p =1 and p > 1. Assume
first that p = 1. It follows from (20) and assumption (L) (iii) that

lE(V(XnJrl)/]:n) = V(Xn) + yn+1(VV|b)(Xn) + /‘Ll(ViJrl |b(Xn)|2 + )/,,+1TI"(O'O'*)(X,,))
< V(X)) + ¥ ut [(VV[DY(X,) + M Tr(0 0 ™) (X)) + Miy? |b(X,) 2

< V(X)) + Va1 (B = aV (X)) + hieryn, V(X). 21)
Consequently, there exist a > 0 and ny € N, such that, for every n = ny,
[E(V(Xn+l)/fn) = V(Xn)(l - an+l) +ﬁyn+1 and 1-— an+l >0.

Then, one shows by induction from (21) that ¥ (X,) € L' for every n € N. Taking the
expectation leads, for n = ny, to

EV (X)) < BV X)) = ayns) + BYns1-

A simple induction yields

sup E(V(X,)) < A

n=ngy a

VEV(X,,)

and completes the proof.
Assume now that p > 1. The function v/V is Lipschitz by (Ly,p) (ii) since VWT) is
bounded. Consequently, as &, € (X, X,11),

VP ) = VPP E ) < (VVX) + VP AX i P70,
Then, using the following straightforward inequalities, valid for every u, v = 0,
VYa € [0, 1], (u+0v)* < u* + 0%,
Vo =1, (u+0v)* <u*+a+v)* 'v<u*+a2 ' u v+ v,

one derives
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VP X)) 4+ (VY1 AX i |)2P7D if2(p—1) <1,
VPN X) + CPCP X ) AX i |+ [AX o PP7D) - if 2(p = 1) > 1,
VP Em )| AX P < VP X)|AX 1 [P+ CIAX o P73

1 if 2p <3,
{ (VCPIR2(X,) + [AX PP if 2p >3

fol(ng) = {

(22)
Combining inequality (22) with (19) leads to the following upper bound (using
Ux :=min V' > 0 for the case 2p > 3):

Vp71(§n+l)|AXn+l |2 = Vpil(Xn)‘AXnH |2 =+ Cy‘:ﬁi/Z Vp(Xn)(l + |Un+l |2p)- (23)

By plugging (23) into (20), one obtains
[E( VP(XnJrl)/fn) = Vp(Xn) + pr_l(Xn)ynJrl((V V(Xn)|b(Xn)) + ipTr(GO*(Xn)))

+ pA VPN XY B+ CyPa P veix,),

et
< VP + pV P (X)y i (B — aV (X)) + CVP (X + 7101,
(24)
As yP"3/2 = o(y,), there exist @ > 0, f > 0 and some ny € N such that, for every n = ny,
/7 (X00)/Fa) < VPK) + 7t VP X (B — GV (X)),

The boundedness of the sequence (EV?(X),)),en follows as in the case p = 1. O

Lemma 3. Let W: R? — R, be a non-negative Borel function.

(a) ]f SUPneN [EW(Xn) < +oo and En?l(l/Hn)(A(nn/Vn))-‘r < +o0, then

— 1
lim — — — AW(X:) <0 a.s.
mw ]?:1 " (X%

(b) If W is bounded and lim, (1/H,)Y \_|AM/yi)| =0, then
. RN
lim——» —AW(X;) =0 aus.
T

Proof. (a) Setting, without loss of generality, 17¢/y0 := 0, one obtains

LS M eI
—— Y —AW(Xy) =— W(X,)+— Al — |\ W( X 25
2 AW == o ST W e

1 n
< (A ﬂ) W(Xi_1).
H}’l k=1 ?/k +
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The series assumption implies that

1 n

S (AT Ewx, ) < too.
n=1 H, Vn +

Hence the series

1 n
Z— Al W(Xu-1) P-a.s.
n=1 H” nj 4

converges in RY. The Kronecker lemma completes the proof.
(b) This follows from (25), once it is noticed that lim, #,/(H,y,) = 0. This follows from
the triangle inequality. O

Proof of Theorem 4. From Lemma 2(b), we have, for some ny € N,
Vn=ny,  EVP(X )/ Fa) < VX + yan V2 (X)(B — GV (X)),
or, equivalently,

B —av(X,)

gV (Xni1)
V(Xy)

=
Vp(Xn) /fn) 1 + yi’l+1

Now set p' := p/(1 + p). For n = ny, we have, using Jensen’s inequality and the concavity
of x — xl/(1+ﬂ)’
P (X ) g-arery)”
—a
E : n+1 fn < 1 ., n
( e YT

Vait B—aV(Xn)

<1
+1+p V(X,)

The last inequality can be rewritten as follows:
BV (X)) ) < VP C0) 517 0B = @V (),

Using the fact that, for any € > 0, yP' =1 < C, + eV? for some constant C,, we obtain, for
some 4 > 0 and some f3,

ECV” (X 1)/ Fa) < V' (X) + Va1 (B — aV? (X)),
or, equivalently,

VrX) — B (X )/ Fa) | B

Vn = n, VP(X,) < - =
VrH—la

Consequently, the almost sure finiteness of sup, .y« v (w, VP") amounts to showing that,
P-a.s.,
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1 & ' '
sup - TE WP (Xey) — BV (X)) Frep)) < +oc.
n nojp=1 Vk

Now

Z%(V‘”,(kal) — E(VP (X0)/F 1)
=1

n n
= ST )+ 30 TE W O — B (X0 F i)
k=1 Vi =1 Vi
On the one hand, Lemma 3(a) applied to W := V'?' implies that

w— 1 /
lim — — —AV?(X;) < 0.
me k§:1 ’ (X%)

On the other hand, the Kronecker lemma shows that the conclusion will follow from the
almost sure convergence of the martingale

\%

M, :=;IZI;,((V’”'(X/()—[E(V”'(Xk)/fk—l))a "

(Mg := 0). In turn, this almost sure convergence will follow, using the Chow theorem, from
the convergence of the series

S (A TR 06 — B 00 F |
n=1 Hn)/n

First, observe that
177 (X)) — B (X Fr-Dllip < IV (X0) = VP (XDl
+ 177 (Xio1) = EO7P (X0 / F Do
< |77 (X)) = V7 (X )l14p
+ BV (Xk-1) = VP (X Fie- Dy
<2/ (Xp) = V7 (XDl
Combining this inequality with Lemma 2(a) yields
E[V? (X,) — BV (X)) Fuon)| T < 22Oy PPE (X)) P(1 + [ULPP)).

Consequently the above convergence holds as a consequence of assumption (14) and
sup, EVP(X,) < 4o0. O
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4. Identification of the limit

In this section we characterize — P(dw)-a.s. — the weak limiting distributions of the tight
sequence V’(w, dx). To this end we will essentially establish that any weak limiting
distribution v’ (w, dx) satisfies

Vf € C3(RY), v (w, Af) =0 (26)
where
A()(x) = (b\Vf)(leXd:(oo*)i;(x) 7/ (x)
2 5= 7 0x0x;

denotes the infinitesimal generator of the diffusion (Y;);cr,. It will then follow from the
Echeverria—Weiss theorem (see below) that v’ (w, dx) is an invariant distribution of (¥;)c, .
In fact, establishing (26) will even prove the existence of at least one invariant distribution (of
course, the assumptions we made are not optimal for that purpose, but we are looking for
much more than that).

4.1. Some background on the Echeverria—Weiss theorem

The key to the identification of the limit is the Echeverria—Weiss theorem (see Ethier and
Kurtz 1986, Chapter 4, Theorem 9.17) for linear operators satisfying a positive maximum
principle.

Definition 1. Let E be a locally compact and separable metric space. A linear operator A
defined on the subset D(A) of the set Co(E) of continuous functions that vanish at infinity
satisfies the positive maximum principle if

YV € D(A), sugf(x) = f(x0) = 0= Af(x0) < 0.
(When E is a compact set, Co(E) is defined as Co(E) = C(E)).

Theorem 5 (Echeverria—Weiss). Let E be a locally compact Polish space and A a linear
operator satisfying the positive maximum principle. Assume that its domain D(A) is an
algebra everywhere dense in (Co(E), || - ||~), containing a sequence (f,)nen satisfying

sup ([[fullo + |4fullc) < 400, Vx € E,  fu(x) =1 and Afu(x)—0.  (27)
neN

If a distribution v on (E, B(E)) satisfies fE Afdv =0 for every f € D(A), then there exists a
stationary solution for the martingale problem (A, v) (this means that there exists a
stationary continuous-time homogeneous Markov process with infinitesimal generator A and
invariant distribution v).

Remark 6. Although assumption (27) is not explicitly stated in Theorem 9.17 of Ethier and
Kurtz (1986), it seems to be used implicitly in the proof.
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Lemma 4. If the functions b, o and V satisfy |b|> + Tr(cc™) + |VV|* < ¢y V, then the above
operator A satisfies the assumptions of the Echeverria—Weiss theorem.

Proof. 1t is well known that the generator of a diffusion satisfies the positive maximum
principle. In order to check (27), observe that the function ¥ satisfies ¥(x) = O(|x|?), which
in turn implies that |b(x)| < C(1+ |x|) and [(00™);(x)| < C(1 + |x|*). Now one sets
fu(x) := @(x/n), where ¢ is C> with compact support and ¢(0) = 1. The fact that f,(x) goes
to 1 while A(f,)(x) goes to zero is straightforward. The uniform boundedness simply follows
from the above bounds for b and oo *. O

4.2. The main identification result

In this subsection we need a kind of ‘light’ Lyapunov assumption on the functions b and o,
which is that there exists some function V' : RY — R, such that

lim V(x) = +oo, |VV|?+|b? +Tr(co™)<cV and supEV(X,) < +oo. (28)

|x|—+00 neN

Theorem 6. Assume that b and o are continuous functions. Assume that (28) is fulfilled for
some function V. Assume that (3) and (4) hold and that

m k=1

A
Vi

M\’
=0 and < +o00. (29)
n=1 <Hn \% y")

Let a = 4. Assume that sup, vVI(V*) < +oo P-a.s. and Tr(o0™) = o(V?). If a < 1, assume
Sfurthermore that > =1 WnYn/ Hy < +00.

Then, P(dw)-a.s., every limiting distribution v (w, dx) of the sequence (VI(w, dx))nen is
an invariant distribution of a (weak) solution of (1).

Note that Theorem 3 follows from Theorems 4 and 6.
The proof of Theorem 6 relies on the two technical lemmas below.

Lemma 5. If condition (28) is fulfilled and if the step—weight assumptions (3), (4) and (29)
hold, then, for every bounded Lipschitz continuous function f: R? — R,

L
P-a.s. lim — % —EAf(X 1) =0.
as.limgd o FAX/Fi) =0

Proof. The proof is similar to that of Theorem 4. Setting 79 /v0 := 0 gives
LSS p) P = S P aron - 2 ST () — EGOG) Fen)
Hi’l k=1 Vk N Hl’l =1 Vk Hn =1 Vk - '

As fis bounded, Lemma 3(b) implies that, a.s.,
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Lk
lim — ) —Af(Xy)=0.
P2
Then

Z (X0 — (XD i)

m k=

will converge to 0 once the martingale

~ 7
M = Zyk—,’;k(f(xk) — E(f(X0)/Fi 1)

k=1

a.s. converges in R. Now, using assumption (28),

B0 = Y () e — B/ Aol = X (7)o = ool

n=1 n=1

s[f]ZZ(HV> ISAEE Z( ) S

n=1 n=1
where

[fli:= sup M

x,yERY x#y |X - y‘

Lemma 6. If the assumptions of Theorem 6 hold, then for every twice continuously
differentiable function f with compact support,

hm( an[E(Af(Xk)/]:k 1)—V77(Af)> —0as.

Proof. Setting Ry(x, y) := f(») — f(x) — (Vf(x)|y — x) — 1D f(x).(y — x)®?, one obtains
SXO) = [(Xio1) = (VXD AXG) + 3D (X DAX G + Ro(Xi—1, Xi)

for every k € N*. Hence, using the fact that E(Ur/Fr-1) =0,
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B/ (Xk) — f(Xk—1)/ Fr=1) — vieAf (Xi—1)

2
= %sz(Xk—l).b@@‘z(kal) + E(R (X1, Xi)/Fik-1),
%[E(f()(k) — f(Xk-1)/Fr-1) = miAf (Xp-1)

— %sz()(k—l)b@z()(k—l) +%[E(R2(Xk_l, X0/ Fir).

First, note that
1 1 1 n oo

H, D?f(Xi-1)b™* (Xy—1)| < | DS 5% loo —— 0.
Hﬂ;nm S(Xi— )b (Xp—1)| < || D7 f.677] Hn;nkyk Y

Let us now deal with the conditional expectation involving R,. Let, for every x, y € R?,

r(x, y) =3 SH)PI) D2 f(x+ (y = x) = DX f ().

2
te

This defines a bounded continuous function on R? X R?, satisfying 7,(x, x) = 0. One may
straightforwardly verify that

[Ro(x, p)| < rax, p)|x = ¥
Then, as [AX;|> < 2vi(yi|b(Xi_1)> + |0(Xi_1)U|?), one obtains

% |E(R(X k-1, X&)/ Fr-1)|

< 201¥k |72l oc |B(X )P + 2dni Tr(o 0" WX )E(r2(Xi—1, XUkl /Fr-1)s

< 204kl| 72 oo |B(X k- )P + 2dm (VO X 1) (Vks Xi—1),
where

Tr(oo™)(x) := V(x)*0(x) with ‘ ‘lim 0(x)=0
X|—+00

and
J(y, x) = qu ra(x, X+ yb(x) + /7o (x)u)|ul* u(du), u = L(Uy).

Note that J is still a bounded continuous function, on R, X R?, and J(0, x) := 0.
The term ||72|oo747k|6(Xi-1)]> can be handled as follows. If a = 1, P-a.s.,

Fanyk|b(Xk,1)|2 < Fanka(Xk,l) =20 as supv(V) < 400 and y, — 0.
"=l =l "

If a € [%, 1), the result follows from the Kronecker lemma and > ,=1 #,y./H, < +oc.
Finally, it remains to prove that
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1 n
P-a.s. lim — J Wiy Xe—1)(VO)Xy—1) = 0.
s lim 3 eI 0o XXV OXi0)
Let 4 >0 be a temporarily fixed real number. The function J is ulﬂlajformly continuous
on the compact set [0, ||y]|] X B(0; 4), hence J(y4, XDy, =4y =50 so that, V96
being bounded on B(0; A),

N .
lim FZ”"J(V’“ Xe-Dlx, j=ay(VO)(Xj—1) = 0 P-a.s.
S
To complete the proof, let 4 — +o0 in the inequality

T 1 . a a
llnm A g Nid Vi Xe- )V XDy, >4y < sup [0(0)|[| || sup v (V).
n n

k=1 |x|>4

O

Proof of Theorem 6. Combining Lemmas 5 and 6 yields that, if f is C> with compact
support, lim, v1(Af) = 0. As Af is bounded and continuous, we obtain that v/ (4f) =0 a.s.,
and may apply Theorem 5. O

5. Theoretical application: the almost sure central limit
theorem

As far as numerical simulations are concerned, the choice of a Gaussian or a Bernoulli white
noise for (U,),cn+ seems more appropriate than a square-integrable sequence of i.i.d. random
vectors having no finite higher moments. (In fact the existence of higher moments will be
required later in Section 6 to derive some rates of convergence.) However, relaxing the
moment conditions to square integrability is of some interest from a theoretical point of view:
applied to the Ornstein—Uhlenbeck diffusion process, Theorem 3 yields a natural proof of the
almost sure central limit theorem, stated with its minimal moment conditions.

Theorem 7 (Standard almost sure CLT). Let (U,),.n+ be a sequence of i.i.d. square-
integrable random vectors satisfying E(U;) = 0 and Zy, = 14. Then

1 1 ®)
P-a.s. mz%é(Uﬁ—...#—U;{)/\/z :N(O, ]d)
k=1

The almost sure (or almost everywhere) central limit theorem was first established
independently by Brosamler (1988) and Schatte (1988) under slightly more stringent
assumptions: U; € L*™0, 0 > 0, in Brosamler (1988); and U, € L* in Schatte (1988); see
also Fisher (1987). In Brosamler (1988) a functional version of the theorem is proved using
Skorokhod embedding. These moment assumptions were relaxed in Lacey and Philip
(1990); see also Touati (1995). Recently, this theorem has been generalized in several
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directions. We mention the extension of the almost sure CLT to vector-valued martingale
increments by Chaabane (1996) and Chaabane et al. (1996) or that to converging recursive
stochastic algorithms established by Pelletier (1999; 2000).

In another direction, there has been some discussion of the rate of convergence in the
almost sure CLT: see Csorgé and Horvath (1992) for a central limit theorem, Heck (1998)
for some large-deviation results, and Chaabane and Maaouia (2000) for a law of the iterated
logarithm, among others. In Section 6, we also deal with the rate of convergence of
algorithm (2) which, as a by-product, will allow us to recover the central limit theorem for
the almost sure central limit theorem.

Actually, we are naturally led, in our framework, to establish an extension of the almost
sure CLT that embodies a slightly wider class of weights than #, = 1/n.

Theorem 8 (Weighted almost sure CLT). Let (U,),.n+ be a sequence of ii.d. square-
integrable random vectors defined on a probability space (2, A, P) and satisfying E(U;) = 0
and Zy, = 1q4. Let (17,),cn+ be a sequence of weights satisfying

”n nnn 1 77n71 ””7%,
2, < +o00, ,?21 , 1 - (l — ;) . < +oo and nil 2 <+4o0. (30)
Then

1 <& (G
P-a.s. anké(Uﬁu--FUk)/\/z = N(0, 1,).
k=1

Note that assumption (30) holds for the family of weights
Inf n

Ny = s = —1.
n

Remark 7. Assumption (30) is not satisfied by polynomial weights 7, := n® except for
f := —1, which is the setting of the standard almost sure CLT.

The starting point of the proof of Theorem 8, as in the original proof of the almost sure
CLT, is to write the CLT in a recursive form: set

7 0 Z':U1+”'+U"
0 N b n - \/;1‘ b

1

Vn - n= 1
n

One may easily verify that
Zy 1
Zni1 = Ly = Vns1 -5t VY1 Unit + Ry, where R, ;1 := O 3 Z,. (31)

This procedure appears as a perturbation of the general decreasing-step Euler scheme (2)
with drift b(x) := —x/2 and diffusion coefficient o(x) := ;. This suggests the investigation
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of the asymptotic behaviour of the difference A, between this perturbed procedure (31) and
the standard algorithm defined by

X
VneN, X, =X, _Vn+17n+\/'yn+lUn+la Xo :=0.

As A, = Z, — X,, it is straightforward that

1
A= (1————|A,+ R,i1, Ay = 0. 32
+1 ( 20+ 1)> + Ryt 0 (32)

Lemma 7. The sequence of random variables (A ,),en defined by (32) P-a.s. converges to 0.
That is,

1Al = o(})

Pas.  Ay= o(%)

Proof. One shows by induction that, for every n € N, A, = (1/c,)>_;_, Reck, where

L 1\ A 2%k
o 1(1-5) =TTt~ v

k=1 k=1

by the Wallis formula. On the other hand,

1R l2 = 0(-5) 1zl = 0( 5 )12l = 0o ).

so that > .= ¢,||Ry|l2 < 4o0co. This in turn implies that > ,=;¢,||R.||1 < +oo and,
consequently, that >,=;c,R, P-as. converges in R?. Hence A, ~A/y/n and ||A,|, =
O(1/+/n). O

Proof of Theorem 8. 1t follows from the above lemma that the #-empirical random measures
related to the sequences (Z,),en and (X,),en [P-a.s. have the same weak limiting
distributions. This is obvious once it is noticed that bounded Lipschitz functions characterize
weak convergence of probability measures and that

1 n
P-a.s. lim — Zy — Xi| = 0.
a.s im - ;WH k= Xkl
Consequently, one may focus on the sequence (X,),.n+. We now apply Theorem 3 with
p=1, b(x):=—x/2 and o := I, so that the diffusion is the Ornstein—Uhlenbeck process
dY, = —%Ytdt + dW, with unique invariant distribution A(0, 1,;). Assumption (28) is clearly
satisfied with V(x) := |x]> + 1. O
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6. Rate(s) of convergence

Throughout this section, we assume that diffusion (1) admits a unique invariant distribution v.
It then follows from Theorem 3 that, under some appropriate step—weight assumptions,

P(dw)-a.s. vi(w, dx) = v.

The aim of this section is to elucidate the rate of this convergence for a given pair (y, 77) of
acceptable step and weight sequences. This rate will be evaluated along some smooth ‘test
functions’

f = Ap + C, with ¢ at least twice differentiable and C a real constant.

In fact [ Apdv is always 0 and one may assume without loss of generality that C = 0. We are
looking for some weak rate, i.e. a sequence p, — oo, depending only on y and 7, such that
pPaV1(f) converges weakly towards a distribution depending on f (and the parameters b, o of
the diffusion). Then, we will be able to recommend some sequences y and 7 that maximize
the rate of convergence p, for practical use.

A large part of what follows is carried out in the special case # = y. A posteriori, this
apparently restricted setting embodies the best possible rates of convergence when this rate
pn 1s associated with a regular CLT (see below). When it is not, the (slight) improvement
induced by the choice of weights 1 # y will be clarified.

Our main results in this section are Theorems 9 and 10. In Theorem 9, we fully describe
the global structure of the rates of convergence as a function of the step sequence y: a
‘reachable’ rate of convergence p, can usually be achieved either with ‘fast-decreasing
steps’ vy, leading to a regular CLT in which p,v’(w, f) converges weakly towards a
centred Gaussian measure, or with ‘slowly decreasing steps’, leading to a convergence in
probability of p,v’(w, f) towards a deterministic real constant m(f).

From a practical point of view, the choice of error type — bias or variance — is left to
the user. There is only one exception: when the rate p, is maximal, both phenomena get
mixed and the rate of convergence holds as a biased CLT. This optimal rate is achieved at
the boundary between fast and slowly decreasing steps, as expected. See Section 7 for more
details.

Finally, we observe that it is in the ‘slowly decreasing step’ setting, when the rate of
convergence holds in probability, that choosing some ‘heavy’ weights 7, different from the
step y, can slightly increase the speed (only in terms of constant).

Theorem 9 describes what happens in the general setting: as little as possible is assumed
about the white noise U,. For practical simulations, the choice of the noise is left to the
user and, among all possible choices, a noise with vanishing third moment such as Gaussian
or Bernoulli seems quite appropriate. Now one can easily verify that the limiting parameter
m( f) in the above convergence in probability is zero when U; has null third moment. So in
that case, the rate in probability provided by Theorem 9 is not the real one. The aim of
Theorem 10 is to elucidate how the rate structure is modified in that case. It turns out that a
regular CLT determines the global rate of convergence for a wider family of steps so that
the optimal rate can be substantially improved. More precisely, for polynomial steps, the
optimal rates are the following, according to the value of E(UT?): if E(US?) # 0, then
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Nn = Vs = n "2, which yields a (biased) CLT with a rate /T, proportional to n'/*; if
E(U*) =0, then 7, =y, =n"'3, which yields a (biased) CLT with a rate /T,
proportional to n'/3.

In the special case where f := b (drift), these rates can be substantially improved by
using some log-polynomial steps y, :=1In"%n, a >0 (if U € L*?, p>1) or a>1 (if
U, € I*): for such steps a CLT holds at a \/(n/In“ n) rate. These results have been
confirmed by numerical experiments; see Bignone (1999) and Section 7. On the way, we
retrieve as a by-product the CLT for the almost sure CLT (Section 6.2.2).

The main tool for this study will be the CLT for arrays of martingale increments (see
Hall and Heyde 1980). This is the key to the proof of the technical Proposition 2 below.
Henceforth, the distribution of U; will be denoted by u.

6.1. Optimal choice of the weights in the CLT

In this subsection, we show why the optimal choice for the weight is always 7 = y so long as
the final rate of convergence holds as a CLT. This is based on a very general CLT result
obtained for the drift b = A(/,) of the diffusion which is, in some sense, the simplest non-
constant ‘test function’.

Summing up the original definition of the algorithm successively leads to

Xo—Xo=>_ yeb(Xe1)+ > 7k (Xi 1) Ui (33)
k=1 k=1
Hence
— X
fzykbm D= \ﬁ Vi
ie.
VTV(b) = m fz VIR0 (Xk-1) Uk (34)

Proposition 1. Let p € [1, +00). Assume (Ly,,) and E|U,|*? < +oo. Assume that 7y,
satisfies (3) and that o0* = o(VP/?). Then

R c
— - by S *
VT, kz:;ykb(Xk*I) VTV (b) N<0, JWOO dv).

Proof. We rely on (34). Since llmmﬂ+OO V(x) = 400 and sup,, .+ EV(X,) < 400, (X;)nen
is tight; then (X, — Xo)/v/T, £ 0. On the other hand, we derive from Theorem 3 (with 7 = y
and p = 1) that sup,en Vﬁ(V"/ 2) < 400 a.s. It then follows from Proposition 2 below (with

W = VP/2) that (1/vT)> 11 /7k0 (X)) Ux SN0, [ geoo™dv). O

Remark 8. The remarkable feature of this CLT for the drift is that it holds with no extra
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assumptions. This will not be the case for more general functions, but it will help us optimize
the choice of the weights.

We now comment on the rate of convergence. Since there is no additional constraint on
the step to obtain this CLT for the drift, one derives that the step sequence y, := 1/In* n,
a > 0, yields a rate /T, ~ y/n/In“ n which asymptotically gets close to /7 when a — 0.

On the other hand, starting from (33), one may also introduce the general weights 7,. A
little algebra yields, still using the usual convention 7, /vo := 0,

Nn Nk 1 Nk
V(b)) = X,—— A X, - — ——0(X;_1)Uy. 35
(D) o H, E <Vk> -1 H”kl\/y—k(kl)k (35)

If the auxiliary weight sequence 77, := 52 /v, and the step sequence 7, satisfy the ‘step—
weight” assumptions of Theorem 3, then one shows that

! n
mz  0(Xi-1)Us

converges in distribution to A/(0, jao*dv). Now, with obvious notation,

H, n ,7 1 1 Nk
(b = ( ) S s U G6)

VH, v F Z Ve =g%0
Assumptions that would enable the convergence to 0 of the first two terms of the right-hand
side of the equality are easy to state using the Kronecker lemma, but a little difficult to
handle from a practical point of view. Thus, they hold if X, is L'-bounded (e.g. if
lim, .o V(x)/|x| >0)and y, =n"%0<a<l1,7n,= n?, B = —1). When they do hold, one

has
H,
by BN (o, Joo*dv) .
VvV H,
The rate of convergence of the random integrals v(b) is then H,/+/ H,.
Now the Cauchy—Schwarz inequality shows that

e (5) ()

lyk

M T,
VH,
This shows that the fastest convergence in the CLT for the drift » holds for n = y.

In fact, the same phenomenon occurs for the more general test functions f = A¢
investigated below: a similar martingale increment term, namely ¢'(X;—1)o(X;—1)Up,
appears (it is called N,; see Lemma 8 and Proposition 2). When this term does determine
the global rate of convergence of v”( 1), this rate holds as a CLT. It is optimal when 1 = y
as well, because the same reasoning as in (36) can be used. So, for this reason and for the
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sake of simplicity, we will focus on the case 7 = y. When the term ¢'(X;_1)o(X;—1)Uy no
longer determines the global rate of convergence (this occurs for ‘slowly decreasing steps’),
setting the weights 7, equal to the steps y, is no longer optimal: some limited improvement
can be obtained by considering very heavy weights (see Section 6.3.1 for some results and
comments).

6.2. Rate of convergence for functions /= A¢

6.2.1. General result

In this section, we will provide a CLT for v(4¢) when ¢ is (at least) twice differentiable
with bounded derivatives. The results below are more restrictive concerning the step
assumptions than that obtained for the drift » = A(/;). There is no conflict between these
results since Theorem 9 below determines the rate of convergence of A(¢) for functions ¢
with Hessian not identically zero.

Throughout this section, we will use a new notation for partial sums of powers of the
step: for every a >0, set T'% := p¢ + ... 4 y2,

We will make extensive use of the following proposition which is a consequence of the
CLT for martingale increments.

. e £ . ..
Proposition 2. Assume v —v and sup,enVi(W) < +4o00 a.s., where W is a positive
continuous function on R?. Then, for any continuous vector field, : R? — RY, satisfying

lim|x\~>+oo |C(x)|2/W(x) =0,

1 1 r
VIREX D|U )aN(o, |C|2dv).
VT g VeIt J.

Proof. For every neN" and every positive integer k k<wn, let S(k") =
VIHEX )| U/ VT We have E(E"|F41) = 0 and

n " 1 n
Y EIEIP/Fion) = 5 3 mleXinf =g,
=1 n k=1
Therefore, lim, ., 2 E(|EY 2/ Fi1) = [|E]7dv as.
The lemma will follow from the CLT for arrays of square-integrable martingale

increments (see Hall and Heyde 1980) once we have checked the Lindeberg condition. For
every ¢ > (), set

o 2 d
Kelx, I) = JRJ”' Lewpizey/mpaadn: - x€RLT=0.

We have K. (x,T)<E|Uj|> and, for every positive number A, limr_., .
supjy<4 Ke(x, I') = 0. Now let

R, = ;[E(|§(kn)|21{|§(k”)\;s}/]:k71)~
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We have, for every 4 > 0,

n
Ry = ST e PR, T)
k=11

1 n
= = 2 e D KX Tl =)
k=1

n

+r Vil Xk )P Ke(Xi—1, T)lyix, >4}
n k=1

2
< Cv'(W) sup K¢(x, I';) + sup 6 vi(W).
Ix|<4 =4 \ W (x)

Letting 4 — 400 completes the proof. ]

Theorem 9. Assume that (Ly ~) holds and that the sequence (V,)n=1 IS non-increasing.

(@) Fast-decreasing step. If lirnn(l/\/F,,)ZZ:lyi/2 =0 and E|U|* < +oo, then, for

every C*>  function ¢ with D?@ bounded and Lipschitz —and limy o
lo*(x)Vo(x)]>/V(x) =0, the following CLT holds:

\/rnvg(Ago)iN(o,J |0*V<p|2dv). 37)
R4

(b) Slowly decreasing step. Iflimn(l/\/ﬁ;)zz:lyi/z =7y € (0, +oc] and E|U;|® < +oo,
for every C* function ¢ with D*¢ and D¢ bounded and Lipschitz and sup,cpa
lo*(x)Vo(x)[2/V(x) < oo, we have

VI SN (7 | " VoPar) i <, 68)
I P . -
A if 7 = +oo, (39)

where

1
mim | (J D3<P(x)-(0(x)”)®3ﬂ(d”))V(dx)-
6 Jra \ JRe

Remark 9. One may slightly relax the moment assumption in (a) by simply assuming that
U; € L%, provided the step assumption is strengthened to > ,=; y3/2/y/T,, < +oc. The only
noticeable change in the proof below lies in the treatment of Z(n3). Instead of the L? argument
given in the case E|U;|* < 400, we use the Chow theorem and Kronecker lemma to show
that Z(n3) /T, goes to 0 almost surely.

Remark 10. We derive the following results from Theorem 9.
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For log-polynomial steps y, :=In"*n, a > 1, we have

lim
n

1 & o3
Yi = too.
oS

However, it is computationally easy to show that this leads to poor rates of convergence.
For polynomial steps y, := n~%, 0 < a =< 1, some easy computations lead to

Lo 0 if a e (1],
RIS E R P
" k=1 +00 if a € (0, ).

For this family of steps, the theorem reads as follows: if o« =1, a CLT holds at rate
VI, ~Vnn; if a € (4, 1), a CLT holds at rate /T, ~ n1=9/2/\/T —a; if a =1, a biased
CLT holds, at rate /T, ~v2n'/4; if a € (0,1), the rate of almost sure convergence is
determined by

I, 2-3a .p
ré” 2(1 - a)

This makes the best choice of step a little unclear: the optimal rate of convergence (n'/*) is
obtained in a situation where there is an unknown bias on the limiting distribution, whereas
the range in which a centred CLT holds does not yield the optimal rate.

For the proof of Theorem 9, we first establish the following decomposition of v?(A¢).

Lemma 8. If ¢ is a twice continuously differentiable function on R, then

Ti(Adp) = yide(Xi 1) = 2 — (N, + 200 + 20 + 28 + 7)) (40)
k=1

with
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72V = o(X,) — (Xo) and N, :=> /70X ) Ui Vo(Xi1)),
k=1

1 <& ®
Z0 = EZViDZQD(Xk—I)bgz(Xk—I),
=1

722 ="y (D2 0(Xi1); b(Xih), 0 (X)) Uk,

k=1
29 =33 D (X )0 (X U — B0 o (X 1)U/ Fi 1),
k=1

720 =" Ry(Xi1, X)),
P

where Ry(x, y) = ¢(y) — ¢(x) = (Vo(x)|y — x) — 3D (x).(y — x)**.
Proof. We deduce from the definition of the algorithm that
AG(Xi) = (Vo(Xs DIAXG) + 3 D2p(Xe NAXD)™ + Ro(Xi 1, 1)
= VkAe(Xi—1) + V(0 (X)) Uk |[Vo(Xi—1))

2
+ 25 DX )b (X + 73/ H D20 (Xa1); b(Xie1), (X)) Ui)

+ D D20 )(@ (Xi ) U — ED20(Xe )0 (X )Un) ™ F )]

+ Ro(Xi—1, X).
The lemma follows from summing the equality for k =1, ..., n and reordering the terms.

O

The next lemma characterizes the behaviour of N,,.
Lemma 9. Assume that (Lys) holds and that, for some p =1, E|Ui[*? < +oo and
S =1 (7 /T2 < doo for some p € (0, 1]. If ¢ € C2(RY) with

o @Vel _
otoo  VPIAEA(x) 7

then
1 n
v

VY0 (Xe-) U Vo(Xi-1)) £>N<0, JRdIO*szdV> : (41)
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Proof. We deduce from Theorem 4 that sup, v’ (V?/(+7)) < oo. We also deduce from
Theorem 3 that v/ = v a.s. It remains to apply Proposition 2 with §(x) = o *(x)Ve(x) and
W = ypr/(+p) O

For Theorem 9(b) we will need the following lemma.

Lemma 10. Under the assumptions of Theorem 9(b), we have, in the notation of Lemma 8§,

. AR, 1
P-im EJW JWD3w(x)(U(X)u)®3#(du)V(dX)-

Proof. We have, using Taylor’s formula,

Ro(x, ¥) = LD p(x)(y — ©)° + Ra(x, »),

with
[D3(P]1 4
s— - .
Hence
Ry(Xi-1, Xp) = 1D (X, DAX + 1,
with
D3
|7l < Dol IAX|* < CObX—)|* + vilo (XD Uil

24
< CYAV3A (X )(1 + | Ur).

Since [E|U)|* < 400, we have, using Lemma 2, sup,EV?(X,)<occ. Therefore,
EY_ |r] < C>2f_,y%. From the assumption lim, Zzzlyi/z/\/l"n =7y € (0, +o0], we
deduce that lim,_ 22:17/1/2 = 400 and lim,_. Zzzlg/i/l"(;ﬂ) = 0. Therefore,

1 & P
—F(3/2) Z Ty — 0.
n k=1
We now prove that
1 < 3 P ‘
7 2 D XS || DYoot uduma)
n k=1

We have that D3p(X; )(AX)™ = v 2O(yk, Xt 1, Uy), where

Oy, x, u) = D3(p(x)(\/j7b(x) + O(x)u)®3.

Since E|U;[® < oo, sup, EV3(X,) < oo, so that sup, E|®(y,, X, 1, U,)|> < oo, and we have
(since lim, ., T®)/(TC/2)? = ),
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LZ
e /2) Z v [0k, Xi-1, Up) = EO(i, Xi-1, UDIFi1)] 0.

Observe that E(@(yx, Xi—1, Un)|Fi-1) = J(Xi—1) + /Vke(Yk, Xi—1), where J and & are
given by J(x) := [ge D3p(x)(0(x)u)**u(du) and e(y, x) < CV3/3(x).

We now apply Theorem 3 with p=3, p=1 and 5, = ykz Note that the sequence
N/ Vi = is non-increasing and that

3/2

D L R CEYC) S
Ho/7n (@GR @)

n=1 n=1

Therefore, we can assert that v £y as. and that sup, v1(V3/?) < co with probability 1.
Since J = o(V?3/?), we conclude that lim,, VI(J) = [Jdv as., and the lemma follows easily.
O

Proof of Theorem 9. Using the notation of Lemma &, we first observe that, for any sequence
of positive numbers (a,),=; such that lim, ., a, = +oo, we have Z¥/aq, Eo. Indeed, we
know that the sequence (X,)en is tight (because sup, EV(X,) < o). Since ¢ is continuous,
the sequence (¢(X,)) is tight as well.

We also derive from the definition of ZV, Z2) and Z® the inequalities

n

E[ZP] < CY_ yillD*¢llEV(Xe 1), (42)
k=1

E[ZPP < C> yilID?ol 3 EVA(Xs ), (43)
k=1

[EZ(3)2<Cn 21 D20 E[VA(Xko)(1 + |Uyl* 44

1Z0P < CY v D ol BV (X )1 + Uk )] (44)
k=1

(@ Now assume that lim,_. (1/vT,)Y ;_ 1y3/2 =0. We then have Ilim, .
> i—1V3/VTh =0, and it follows from (42) that Z/\/T, T, 20, We also deduce from
(43) and (44) that Z(J)/\/——>0 for j =2, 3. Here we use the assumption E|U;|* < oo,
which, due to Lemma 2, implies sup, EV?(X,) < occ.

We now study Z%. Note that, due to our assumptions on ¢,

|Ra(Xi1, Xp)| < CIAXL < Oy VP (X ) + |UP).

Since [E|U;> < oo, we have, using Lemma 2, sup, [EV3/2(X)<oo The assumption

lim, oo D51 3/2/\/ = 0 now implies that Z(4)/\/ L.
Finally, we apply Lemma 9 with p =2 and p =1 to obtain

\;\%ij\/(o, J|O*V(p|2dv>,

which completes the proof of part (a).
(b) We now assume that (1/vT,)> /_ 13/3/2 =7 € (0, +oc]. We then have that
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lim, ., T/ = to0. Therefore, Z(O)/F(3/2) 2.0. 1t follows from (42) that Zh T2 L, L
and from (43) and (44) that Z(/) /F(3/2)_,0 for j =2, 3. Applying Lemma 9 with p =3 and
p =1, we have

Ny
miN(o, J|0*Vgo|2dv>. (45)
We also know from Lemma 10 that
Z{ e 1 , -
= D7 o(x)(o (x)u)™” u(du)v(dx) = —m. (46)
02 6 Jgu )
Now, if 7 < 400, we have Z;f)/\/l‘“;ﬂo for j=0,1,2,3, and
zZ9 g
% 47
g (47)

and (38) follows from (45) and (47).
If § =+oo, we have 20/ T 50, for j=0,1,2,3, and N,/T%? 50, and (39)
follows from (46). This completes the proof of Theorem 9. UJ

6.2.2. An application: a CLT for the (standard) almost sure CLT

The above theorem yields a CLT for the almost sure CLT. It will follow from the fact that the
step sequence y, := 1/n, n = 1, satisfies the step assumption of Theorem 9(a) and as a result
the rate is v/In n. The rate of convergence in the standard almost sure CLT has been studied
by Csorgo and Horvath (1992) for real-valued i.i.d. random variables. Analogous results have
been obtained by Chaabane (1998) for real-valued martingales and by Maaouia (1998) for
additive functionals of Markov processes. Chaabane and Madouia (2000) examine the rate of
convergence for the so-called strong quadratic law of large numbers in the context of vector-
valued martingales (see Section 6.3.1).

Proposition 3. Denote by v, the standard d-dimensional Gaussian measure. If U, € L?, then,
for every function f € CH(R?), such that . Df and D*f are bounded and Lipschitz continuous
on R4,

1 &K1, (U +...+ U c
lnn<lnn;k f<1\/_kk) — J f(u)vd(du)> =N, 09, (48)

with 0% = [|Ve(x)[*va(dx), where g satisfies Ag = f and [gigdvg=0, and A is the
Ornstein—Uhlenbeck generator A¢ := 1A(/) — —(x\V(p)

It should be mentioned that the results of Csorgé & Horvath (1992) for real-valued
random variables require less regularity for the function f. The proof of this proposition
will follow from Theorem 9 and the following lemma.

Lemma 11. Assume f € C*(RY), with f. Df and D*f bounded and Lipschitz continuous on
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RY. There exists a function g € C*(R?), with Dg and D?g bounded and Lipschitz continuous,
such that [ gagdvy =0 and

1 1
7= rav=588=561v0)

Proof. We can assume, without loss of generality, that [ fdv; =0. Let (7})=0 be the
Ornstein—Uhlenbeck semigroup. The infinitesimal generator of (7;)=o is 4. We refer to
Nualart (1995) for the basic properties of the Ornstein—Uhlenbeck semigroup. Note that our
definition of the Ornstein—Uhlenbeck generator differs (by a factor of %) from that used in the
context of Malliavin calculus. Denote by P, the orthogonal projection on the nth Wiener
chaos. We have Pyf = [ga fdv; =0 and

T,f = Ze—”’/zp t=0.

It follows that the integral f(fo T,fdt is convergent in L. Let g = — fom T,fdt. The function g
may be unbounded but is in L?(v;). We have

= -2
= —In d Ag= s
g ; ~Pf and Ag=f
and it remains to check the regularity properties of g. Recall Mehler’s formula,
10 = | AP VI e T
Rd

One may easily derive from this formula the commutation relations

O e iy (OF
Bxi Tlf -° Tt <8x,'> ’

og > —1/2 of

== T, == |d¢

0x; Jo ¢ ! 0x;
and ||Vglloo < 2||Vf]lx- A similar argument shows that the second-order derivatives of g are
bounded and Lipschitz. O

Therefore

Proof of Proposition 3. Let g be as in Lemma 11. We use the notation of Section 5. Theorem
9(a) above, together with Remark 9, implies that (48) holds for the sequence X} instead of
Zy = Uy + ...+ Uy)/Vk, and f = Ag. Now f is Lipschitz, so that

| [T EAL (]
Vine| Z (f(e) — f(Zk))‘ Z i ‘0<m>’

and the proposition follows easily. O
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6.3. Rate of convergence for noise with zero third moment

One interesting feature of Theorem 8(b) is that, whenever y = +oo and E((U%)*) =0 for
every £ € {1, ..., q}, the limiting term is zero, i.e. the (weak) rate of convergence for ‘large
steps’ is o(I',/ F(,f’/ ). It seems natural, then, to investigate what really happens in this case.

Theorem 10. Assume that (Ly ) holds, that the sequence (y,)nen is non-increasing, with
lim,, o (Zzzlyi/z)/\/rn = +o0, and that E|U|® < +oo and E(UT?) = 0.

(a) Fast-decreasing step. If lim,(1/y/T,)> 7_,v% =0 then, for every C* function ¢ with
D?¢ bounded, D3¢ bounded and Lipschitz, and sup,cpa |0™.Vo(x)|?/V(x) < oo, we have
\/I“,,VZI(A(p)iN<O,J |0*V(p|2dv). (49)

R

(b) Slowly decreasing step. If lim,(1/vT,)> _,y3 =7 € (0, +00] and E|U;[® < +oo,
then, for every ct function @, with qu) and D3q) bounded, D4g0 bounded and Lipschitz,
and supycga |0* Vo(x)>/V(x) < +o0,

mvaA(p)iN(m JRd|o*V<p|2dv) i 9 < +oo, (50)
L, P . o
F(nz)vn(Aqu m if 7 =+oc. (51
where
= —JW G D?p(x)b(x)%* + c1>4(x)> v(dx), (52)
with

1 1
@0 = | <5 (D*p(x): b0, (0 () + ﬁDﬂp(x)(o(x)u)@“)ﬂ(du).

Proof. (a) Using (40), (42), (43) and (44) and the assumption lim, ZZ:N’% /T, =0, we
see that Z'//\/T, goes to zero in probability, for j = 0, 1, 2, 3. Since we know from Lemma
9 that N,/v/T, £ N(0, [|0*Ve|*dv), it remains to show that Z% /T, & 0.

We have, in the notation of the proof of Lemma 10,

1 ®
Ry(Xp—1, Xi) = 8D3§0(Xk—1)(AXk)®3 + 7,
with
7] < CYAV2(X1(1 + |Uil*).
We also have

DPo(X, )(AX)™ =y D3 (X )0 (X )UD™ + p(Xi_1, X,
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with
p(Xi-1, X = CyaV 2K + (U,

Using the assumptions E|U;|® < +oo and EU{? = 0, we obtain

n

<C Zﬁf

2 k=1

n
Sy D (X (0 (X ) U™
k=1

Since lim, ., 7,73/ = 0, we conclude that lim, ., || Z% /\/T,|| 2 = 0. This completes
the proof of (a).

(b) If lim, Y ;_,73/VI, =79 € (0, +<], we easily deduce from (43) and (44) that
Z'7 /T, goes to zero in probability, for j = 0, 2, 3. We observe that Z'})/T'? = Ly (y), if
we set 17, = ¥2 and yP(x) = (D2@.b)(x)*2. Since ¥ = o(V'*/?), we have

1
- o — 3 JW D% p(x)b%?(x)dv(x).

We now examine Z4. Using Taylor’s formula and AXy = yb(Xs_1) + /Vk0 (Xs—1) Uy, we
derive

Ry( X1, Xi) = Vi/2a3(Xk71, Ur) + yras(Xi—1, Up) + P,

with

ax(x, 1) = ¢ D g0 (),

s, 1) = 5 (D2 B0, (00)7?) + 57 Doa)o (0™,

4l < CrP VR + U,
It is clear that
1 & 1 &
FTIZ) k=1 VT, k=1

The assumption on the third moments of U; implies that

ﬁkﬂo'

2 n n
1
=36 2 NED (X O (X )UNTP < C Yy = o).
L k=1 k=1

n
S vl as(Xior, U
k=1
Hence

=0.

12

1
lim

n—oo /I,

Z v ax(Xi1, Up)
=
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Finally, we must study Zzzlyicu()( -1, Ur). We observe that
|aa(x, w)| < V21 + [ul*),
so that, using the assumption E|U;|® < +o0, sup; E|as(X;_1, Up)|> < +oo. Therefore,

2 n
< CZ}/‘,t
2 k=1

n

> vias(Xio1, Un) — E(aa(Xe-1, U/ Fr)]
k=1

L

and
1 1 P
\/—r—n;%[m(){k—l, Up) — E(as(Xi_1, Up)/Fi1)] 0.

We have E(aq(Xi—1, Up)/Fi-1) = Pa(Xi—1), with ®y(x) = [, as(x, u)u(du). We now apply
Theorem 3 (with 7 = yi, p =4, p=1) to assert that

I A
lim FTIZ); ViPa(Xp—1) = JRdV(dx)(D4(x) a.s.

Therefore,
Z(;j) P 1o e
F(z)—?‘l\Rd ED qu +(I)4 dV.
Using the weak convergence of N,/+/I,, it is now easy to derive (50) and (51). U]

When applying Theorem 10 to polynomial steps, one can easily verify that parts (a) and
(b) of the theorem respectively lead, for y, :=n™ 0 <a =< %, to the following weak rates
of convergence. In the case %< o= %, a CLT holds at the rate /T, ~ n1=9/2/\/1 —«a
which enlarges the range of validity of the CLT formerly obtained in Theorem 9(a) for
%< a <1 when the white noise is standard. For o = %, a biased CLT holds at the rate
VT, ~ \/§n1/3. For 0 <a <1, a weak I,/T? ~ (1 —2a)/(1 — a))n* rate holds.

6.3.1. Some further improvements

For functions f = A(¢@), with ¢ quadratic, one may obtain the improved rates of Theorem 10
even if the third moment of U, is not zero. In fact, the rate structure of Theorem 10 holds if
(Ly ) holds, E|U;[>? < 400 for some p > 1, and the sequence (¥,),cn is non-increasing
and satisfies

Z Y (l+p)/2< N f 0. 1] d Z Yn p/\z< N 53)
— oo, forsome p € (0, 1], an 00.
n=1 <r§l> n=1 <\/I:;)

The proof relies on the fact that, D3¢ being identically 0, the third moment of U; no longer
appears in the expansion. The method of proof is the same as above; details are left to the
reader.

If we apply this result with ¢@(x) = |x|* —d and p > 2, we recover the CLT for the
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strong quadratic law of large numbers of Chaabane and Maaouia (2000), in the special case
of i.i.d. random variables in L?”. Indeed, in that case, 4p(x) = —p(x) = d — |x|*.

If we no longer assume that 7 =y, we may slightly improve the rate of convergence for
slowly decreasing steps by choosing arbitrarily heavy polynomial weights #,, as shown by
the following proposition.

Proposition 4. Assume that E(UT?) = 0. If v, = cn™%, 0 < a <1 (slowly decreasing step)
and 9, =nP, B<1, then

L4 ﬂ;ﬂm’
Y Va(49) e
where ¢ and m are as in Theorem 10 and ¢ is bounded. One may verify that
1 - 1 -
min 7ﬁn& = lim ‘ﬁn% = |m|.
=<t |1 —(a+p) p——oc |1 = (aa+p)

Finally, we may increase the rate of convergence still further for a subclass of test
functions. In this paragraph we set d =1 for the sake of simplicity. Furthermore, we
assume that b and o are smooth. Let us consider a white noise whose first four moments
coincide with those of the standard normal distribution, i.e. E(U;) = E(U3) = 0, E(U?) = 1
and E(U?) = 3. Then a little algebra yields

o2
m= ——J bAp' +— Ap"dv.
R 2
Set A'g:=b"g+o00'g". Formal computations show that, if there is some function W
satisfying j024'(¢') = AW, then
2

1 X
bAp' + %A(p” —JAMW -~ ®), where B(x) = J Ao (u)du.
0

Consequently, m = 0, which in turn implies that the rate of convergence in probability
obtained in Theorem 10 is not the real one for such functions ¢. In fact, this means that the
CLT still holds for larger steps along this subclass of test functions.

7. Simulations and recommendations

7.1. Operating conclusions

The two schemes below show the rate of convergence in a polynomial scale n? as a function

of the power a of the polynomial step v, = n~*.

e The fastest possible speed of convergence for generic test functions is #n'/3, achieved in
the case 77, = y, = n~'/3. This holds as a biased CLT (with unknown parameters).
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For a given rate, it seems that the ‘slowly decreasing step’ solution (convergence
in probability) is more stable than the ‘fast-decreasing step’ side. This is illustrated by
Figure 1.

When convergence in probability holds, Proposition 4 shows the rate is improved by
the use of heavy weights, i.e. 57, := n# with  — —oo. This causes no problem for
implementation since the recursive form of VI(f) only wuses #,:=n,/
H, ~ B/n(f — 1). Numerical experiments show that the greater |3| is, the later the
rate improvement becomes significant. So the specification of 5 depends on the a priori
order of the simulation size.

7.2. Some simulations

We choose to illustrate the rate structure obtained in Theorem 10, in particular to compare
in a practical simulation how 7 — v7( f) behaves with the steepness of the step sequence.
To this end, we consider the one-dimensional standard Ornstein—Uhlenbeck process

dy;

= f%Y,dt+th, and its Euler scheme with (decreasing) step implemented with a

Gaussian white noise. The test function selected is

Figure 1. Plot of 0 as a function of a from the rate of convergence n’ when the step size is y, = n~
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1 1 2 4
S :_A(1+x2) AT A (S

Then, for a given reachable rate 6 < (0, %], we set

slow

20 1-0 1
fast ._ —
o= R and 5o = 200"

In both cases, constants have been set so that the rate of convergence is equivalent to n’ as
n — +00.

Numerical simulations have been carried out up to n = 10° iterations for the theoretical
rate 6 = 0.3 with both fast (centred CLT) and slowly (bias) decreasing step sequences. Note
that & = 0.3 is close to the optimal rate % The same simulation has been processed
simultaneously with the optimal polynomial step sequence y, = n~'/? (biased CLT with rate
nl /3)

In Figure 2 the thick line is for y*°V with 6 = 0.3, the regular line is for y™ still with
6 = 0.3 and the dashed line is for y, = n~'/>. One can verify that for a given theoretical

rate of convergence, convergence in probability seems numerically more stable than the

0-03 L T T T T T T T T T
0.02p .

3
0.01114.5 :

nu_n(f)

-0.01

-0.02 |

1 L 1 I 1
100 200 300 400 500 600 700 800 900 1000
n= lterations*10"3

-0.03 :
0

Figure 2. Rates of convergence of v?(f) for different polynomial step functions
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centred CLT. When 6 = 0.3, it competes with the optimal step sequence. This is confirmed
by other simulations; see Pages (2001) when the diffusion has several invariant distributions.

Note added in proof

After this paper was accepted for publication we learned of work by Piccioni and Scarlatti
(1994) in which the mean square convergence of a similar algorithm for diffusions on
compact Lie groups is studied.
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