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CHAPTER XI

Integration on Locally Compact Spaces

Abstract. This chapter deals with the special features of measure theory when the setting is a
locally compact Hausdorff space and when the measurable sets are the Borel sets, those generated
by the compact sets.

Sections 1-2 establish the basic theorem, the Riesz Representation Theorem, which says that any
positive linear functional on the space Ccom(X) of continuous scalar-valued functions of compact
support on the underlying space X is given by integration with respect to a unique Borel measure
having a property called regularity. The steps in the construction of the measure run completely
parallel to those for Lebesgue measure if one regards the geometric information about lengths of
intervals as being encoded in the Riemann integral. The Extension Theorem of Chapter V is the
main technical tool.

Section 3 studies more closely the nature of regularity of Borel measures. One direct general-
ization of a Euclidean theorem is that the space of continuous functions of compact support in an
open set is dense in every L” space on that open set for 1 < p < co. A new result is the Helly—Bray
Theorem—that any sequence of Borel measures of bounded total measure in a locally compact
separable metric space has a weak-star convergent subsequence whose limit is a Borel measure.

Section 4 regards Ccom (X) as a normed linear space under the supremum norm and identifies the
space of continuous linear functionals, with its norm, as a space of signed or complex Borel measures
with a regularity property, the norm being the total-variation norm for the signed or complex Borel
measure.

1. Setting

This chapter brings together the measure theory of Chapters V-VI and the theory
of topological spaces of Chapter X in a way that takes many of our earlier most
interesting examples into account. Specifically we shall study the special features
of measure theory when the underlying space is a locally compact Hausdorff
space. Our primary example from earlier is that of Lebesgue measure, first on
R! and then in RY. In R! we considered also the class of all Stieltjes measures
and showed how they are classified by monotone functions satisfying certain
properties. We introduced Borel measures in R but did not attempt to classify
them.

Along the way we saw glimpses of some other examples: The unit circle of C
can be regarded as [—m, 7] if we identify —m and 7, and we obtained Lebesgue
measure on the circle. As we saw, any open set or any compact set in R has
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1. Setting 535

a theory of Borel measures associated with it. Most of our concrete examples
of such measures when N > 1 came about as a consequence of the change-
of-variables formula for multiple integrals. Of particular interest is what we
anticipated in Section V1.5 would ultimately come to be regarded as a “rotation-
invariant measure on the sphere,” the sphere SV ~! being a compact metric space.
This measure corresponds to the expression dw when Lebesgue measure dx on
RV is written in spherical coordinates and the factor rV=! dr is dropped. In the
concrete case of R3, in which r is the radius, 6, is the latitude from the north pole,
and 0, is the longitude, Lebesgue measure is given by dx = r2sin 6, d6, do, dr
and we have dw = sin6, d0, df,. The change-of-variables formula in the N-
variable case then reads

o0

f(x)dx:/ / fro)yrN Ydwdr
RN r=0 JweSN-1

for every Borel measurable function f > 0 on RY. We shall be making sense of
dw as a genuine measure on S ! in the course of the present chapter.

In the opposite direction it is important not to get the idea that all important
measure-theoretic examples in mathematics arise from locally compact Hausdorff
spaces. Examples that arise from probability theory need not fit this pattern. This
fact becomes clearer after one encounters some specific measure spaces that arise
in the theory.!

Let us turn to the setting of this chapter, a locally compact Hausdorff space X.
In order that the measure theory have some connection with the topological-space
structure, we shall build our o -algebra out of topologically significant sets. There
will be a choice for how to do so, and we come to that point in a moment.

We shall follow as much as possible the pattern of the development of Lebesgue
measure on an interval of R! or on all of R!, as occurred in Chapter V, in order
to construct measures on X. The thing that is missing for general X occurs right
at the start: it is the kind of geometric information that goes into regarding the
length of an interval as a quantity worthy of study. That is where an ingenious idea
comes into play, that of studying linear functionals on the vector space Ccom(X)
of continuous scalar-valued functions on X that vanish off a compact subset of X.
As in earlier chapters, it will not be important whether the scalars for C.opn(X)
are real or complex, and the reader may fix attention on either of these.

On an interval [a, b], we thus consider the space C([a, b]) of scalar-valued
continuous functions on the interval. The particular linear functional of interest
is the Riemann integral £(f) = R fab f(x) dx, the notation with the R being as
in Section VI.4. This kind of integral is a fairly simple object analytically; it was

The measure-theoretic foundations of probability theory are discussed in the companion volume,
Advanced Real Analysis.



536 XI. Integration on Locally Compact Spaces

quickly shown to make sense in Theorem 1.26. Our point of view will be that the
Riemann integral encodes information about the lengths of all intervals.

Why might one consider linear functionals? In the subject of linear algebra,
linear functionals play an important role. Two important ways of realizing subsets
of Euclidean space are parametric form and implicit form. In the case of a vector
subspace of R”, the idea of parametric form leads us to represent the subspace
as all linear combinations of members of a spanning set. If we use implicit form
instead, the subspace is realized as all vectors satisfying a set of homogeneous
linear equations, thus as the kernel of some linear function. The most primitive
case of the latter is that there is just one nontrivial equation. Then the linear
function has range the scalars, and the linear function is a linear functional. When
there are several equations, the subspace is in effect described as the intersection
of the kernels of several linear functionals.

Thus linear functionals in linear algebra arise in describing vector subspaces,
specifically in describing subspaces by limiting their size from the outside. In
analysis we have occasionally needed this kind of control of a subspace in proving
theorems by an approximation argument. Two nontrivial examples were the
proofs in Chapter VI of differentiation of integrals and the proof in Chapter IX of
the boundedness of the Hilbert transform. In each case we proved a theorem for
“nice” functions, and we obtained some estimate for all functions of interest. To
connect the one conclusion with the other, we needed to know that the subspace
of “nice” functions is dense. Corollary 6.4 was a result of this kind, saying that
Ceom(RY) is dense in L' (R") and in L?(R"). The proof given for Corollary 6.4
was more like an argument using spanning sets, showing that we can pass from
Ceom(RY) to simple functions and then recalling that simple functions are dense
as a consequence of basic properties of the Lebesgue integral.

However, we can visualize another argument of this kind, one with continuous
linear functionals. If one could prove, for any proper closed vector subspace of
our total space of functions (L' or L? or something else), that there is a nonzero
continuous linear functional on the total space vanishing on the closed subspace,
then we could test whether a given vector subspace is dense by examining the
effect of continuous linear functionals when restricted to the subspace. Histor-
ically this idea began to be applied in analysis in the early part of the twentieth
century at about the same time that people began thinking frequently about spaces
of functions and not just individual functions. The key general existence tool for
such continuous linear functionals was the Hahn—-Banach Theorem, which we
shall take up in Chapter XII.

In any event, out of this confluence of ideas arose the idea of considering
continuous linear functionals on Ccop, (X) as capturing enough information about
X to make measure theory possible. The continuity of a linear functional will
actually be somewhat concealed in what we do for most of this chapter, and
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instead we impose on the linear functional the natural condition that it needs to
satisfy in order to provide a notion of integration—that it be > 0 on functions
> 0.

Let us be more precise about the definitions. Let X be a locally compact
Hausdorff space, and let C.on (X) be the vector space of scalar-valued functions
on X that vanish outside some compact set. For a specific function f, the support
of f isthe closure of the set where f is not zero. The members of C¢or, (X) are then
the continuous scalar-valued functions on X having compact support. A linear
functional £ on Con(X) is said to be positive if £(f) > 0 whenever f > 0.
The Riesz Representation Theorem, to be stated formally in Section 2 with all
details in place, will say that to any such £ corresponds a measure & on a certain
o -algebra of “topologically significant” sets such that

L(f) =/ fdu for all f € Ceom(X).
X

The “topologically significant” sets have to include the sets necessary to make
each f in C.on(X) measurable. At first glance it might seem that the smallest
o -algebra containing the open sets is the right object. But in fact this o -algebra
is unnecessarily large. In an uncountable discrete space, we do not need to have
every subset measurable in order to have all the functions of compact support be
measurable. Accordingly we define the o-algebra B(X) of Borel sets of X to be
the smallest o -algebra containing all compact subsets of X.

The plan of attack now follows the steps in the construction of Lebesgue
measure. We take the compact subsets of X to be the analog of the bounded
intervals in R', and we thus define the elementary sets in X to be the sets in the
smallest ring (X) containing all the compact sets. In the case of R', every set
in the ring generated by the bounded intervals is a finite disjoint union of sets that
are the difference of two bounded intervals. We shall prove for X in Section 2
that every member of (X)) is a finite disjoint union of sets that are the difference
of two compact sets.

For R!, we defined the measure of the difference of two bounded intervals to
be the difference of their lengths as soon as the second interval is contained in
the first; this was no loss of generality because the intersection of two bounded
intervals is a bounded interval. The measure of a finite disjoint union was defined
as the sum of the measures. We showed that this was well defined, and then we
had a finite-valued nonnegative additive set function on a ring of sets.

For X, we define the measure of a compact set K by the natural formula

K)= inf ¢
H(K) feclfm(xx /).

Ixk<f

where I as usual is the indicator function of K. The intersection of two compact
sets is compact, and thus we can define the measure of K; — K; for K| and K,
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compact, to be w(K;) — (K1 N K,). We define the measure of the disjoint union
of such sets K| — K to be the sum of the measures. We have to prove that this is
well defined, and then we have a finite-valued nonnegative additive set function
w on the ring K(X).

The next step for R' was to prove complete additivity on the ring generated
by the bounded intervals. With X, the problem is the same; we are to prove
complete additivity on the ring C(X). Suppose that this has been done. Since
w is everywhere finite-valued on /C(X), we can apply the Extension Theorem
(Theorem 5.5) to extend w to the generated o -ring. Either this o-ring is already
the generated o -algebra B(X), or Proposition 5.37 supplies a canonical extension
to a measure on the generated o-algebra B(X). This completes the construction
of the measure n on B(X). It is then a fairly easy matter to see that £(f) is
recovered as the integral of f if f is in Ceom(X): In the case of R!, we carried
out this step by first establishing the Fundamental Theorem of Calculus for the
Lebesgue integral of a continuous function; the argument appears at the end of
Section V.3. A more direct argument would have been possible, and that direct
argument works for general X.

Thus the problem comes down to proving that the set function, as defined on
the ring of sets, is actually completely additive on that ring. In the case of R!, that
complete additivity was an easy consequence of “regularity” of Lebesgue measure
on the ring generated by the bounded intervals; in other words, the measure of
any set in the ring could be approximated from within by the measure of compact
sets in the ring and from without by the measure of open sets in the ring. Exactly
the same approach works for general X, but the regularity has to be established.

Quantitatively the construction of the measure comes down to defining p(K)
for K compact as above and then proving three identities:

(1) w(Kp)+p(Ky) = pu(KiUKy)+ pu(K;NKy)if Ky and K, are compact,
(>i1) sup  L(f) = u(K) — u(K — U) if U is any open set contained in

.fECCOm(X)v
0<f=<ly

some compact set K,

(iii)) sup w(K)= sup £(f)if U is open and has compact closure.
KcU, f€Ceom(X),
K compact 0<f<lIly

Identity (i) and an elementary but lengthy computation in elementary set theory
together allow us to prove that u is well defined on the ring KC(X) under the
definitions above. Once u has been so extended, the right side of (ii) is just ©(U)
if U is open with compact closure. Thus (iii) says that ¢« (U) is the supremum of
w(K) over compact sets K contained in U, provided U is open and has compact
closure. Since p(U) is trivially the infimum of w (V) for open sets V in K(X)
containing U, this is the regularity conclusion for U. It is easy to see that the
subclass of /C(X) for which regularity holds is a ring and contains the compact
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sets, and hence regularity is established for K(X).

When the locally compact Hausdorff space X is a metric space, the three
identities above are fairly easy to prove. When X is metric, any indicator function
Ik for K compactis the pointwise decreasing limit of members of Ccon, (X) thatare
> 0. Infact, if D(-, K) is the distance to K, then the sequence { f,,} with f,(x) =
max{0, 1—nD(x, K)}hasthe required properties. A little trick proves in this case
that w(K) = lim, £(f,). To prove (i), we choose such sequences { f,} and {g,}
for K| and K. If ¢ is amember of C¢op (X) thatis identically 1 on the union of the
supports of f; and gy, then f, + g, = min{f;, + gu. @} + (max{f, + g». ¢} — @)
decomposes f,, + g, into the sum of such sequences for K| U K, and K| N K>,
and identity (i) follows from linearity of £ and a passage to the limit. Identities
(i1) and (iii) follow from equally simple arguments.

The difficulty for a general locally compact Hausdorff space X is that the
indicator function of a compact set need not be a pointwise decreasing limit of a
sequence of continuous functions. The technicalities introduced by this fact have
the effect of making the proofs of (i), (ii), and (iii) be more complicated, but these
complications need not obscure the line of argument that is so clear in the metric
case.

2. Riesz Representation Theorem

Throughout this section we fix the locally compact Hausdorff space X. We
continue to let C.om (X) be the space of continuous functions of compact support,
K(X) be the ring of elementary sets, and B(X) be the o-algebra of Borel sets.

A subset E of X is said to be bounded if it is contained in a compact set,
hence if E! is compact; it is o-bounded if it is contained in the countable union
of compact sets. The class of all o-bounded Borel sets is a o-ring containing
K(X), and it is therefore the smallest o -ring containing KC(X).

A measure on the Borel sets of X is called a Borel measure if it is finite on
every compact set. A Borel measure u is said to be regular if it satisfies

w(E)= sup wu(K) for every set E in B(X)
ch{oalEp)élct
W(E) = Uigffs w(l) for every o-bounded set E in B(X).

U open o -bounded

Theorem 11.1 (Riesz Representation Theorem). If £ is a positive linear func-
tional on Ccom (X), then there exists a unique regular Borel measure i on X such
that

L f) =/ fdu for all f € Ceom(X).
X
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EXAMPLES.

(1) If X is the line R' and ¢ is given by Riemann integration [(f) =
R fab f(x)dx whenever [a, b] contains the support of f, then £ is a positive
linear functional on Ceo, (R!) and the corresponding 1 is Lebesgue measure.

(2) If X = S is the unit sphere in R?, parametrized by latitude 6; from 0 to 7
and by longitude 6, from 0 to 277, then £(f) = R 02” £ (61, 6,)sin6, d6, do,
is a positive linear functional on C (S?), and the corresponding measure, which is
written dw in the same way that Lebesgue measure is written as dx, is a rotation-
invariant measure on the sphere such that [, F(x)dx = [, [ F(ro)r*dodr
for every nonnegative Borel function on R" . The proof of this identity and of the
rotation invariance will be indicated in Problem 5 at the end of the chapter.

(3) If X is general and if p is a regular Borel measure on X, then £(f) =
f y J du is a positive linear functional on Ceom(X).

The proof of Theorem 11.1 will occupy the remainder of this section. We begin
with some lemmas clarifying the nature of the ring KC(X), the linear functional
£, and general compact and open subsets of X. Then we recall the definition of
1 (K) for compact sets and establish the identities (i), (ii), and (iii) in Section 1.
Finally we give the details of how the three identities imply the theorem.

We begin with information about the ring KC(X).

Lemma 11.2. The members of the ring KC(X) are exactly all finite disjoint
unions of subsets V of X of the form K — L with K and L compactand L C K.
The ring (X) may be characterized also as the smallest ring containing all
bounded open subsets of X.

PrROOF. If K; — L; and K, — L, are two sets of the same kind as V in the
statement of the lemma, then the identity

(K1 — L) U (K> — L»)

= ((K1UK2) = (L1UL))U((KaNLy)—(L1NL2))U(K1NLy)—(L1NLy))
shows that a union of two such sets is a disjoint union, and the identity
(Ki—L1) — (K2 — L) = (K1 N L) = (L1 N L)) U(Ky — (L1 U (K1 N K?)))

shows that the difference of two such sets is such a set. Therefore the collection of
all such sets is a ring of subsets of X. This ring contains all compact sets because
any compact set K is of the form K — &, and hence this ring equals KC(X).

Any open bounded set U is the difference of the compact sets U' and U — U,
and hence it lies in /C(X). In the reverse direction Corollary 10.23 shows that any
compact set K is contained in the interior L° of some compact set L. Thus K is
the difference of the bounded open sets L° and L° — K, and K(X) is contained
in the smallest ring containing all bounded open sets. O
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Next we observe some properties of the linear functional £. It is to be under-
stood throughout the section that £ is a positive linear functional on C¢op, (X). The
positivity implies that £(f — g) > 0 if f — g > O; the linearity therefore gives
L(f) = £(g) for f > g. The linear functional has a kind of continuity property,
according to the following lemma.

Lemma 11.3. Let K be a compact set, and let { f,,} be a sequence in C¢op (X)
converging uniformly to amember f of Ccom(X) in such a way that support( f,,) <
K for all n. Then lim,, £( f,,) exists and equals £( f).

PROOF. Corollaries 10.23 and 10.44 show that there exists a function F in
Ceom(X) such that F takes valuesin [0, 1]andis 1 on K. Since f,, — f < |f,— f]|
and —(f, — f) < |fu — fI|, we have

[ECfn) = €O = 18(fn — DI = b fn — fD = leaF) = cnl(F),

where ¢, = || f, — f Nl sup- The assumed uniform convergence means that c,
tends to 0. Since £(F) is some fixed constant, the asserted convergence of £( f},)
follows. ]

Lemma 11.4 (Dini’s Theorem). If { f,,} is a sequence of functions in C¢op (X)
decreasing pointwise to 0, then { f;,,} converges uniformly to 0.

PROOF. Because of the pointwise decrease to 0, all the functions f, have
support contained in the compact set K = support(f;). Let € > 0 be given, and
let U,, be the open set where the continuous function f,, is < €. The pointwise
decrease implies that the U, are increasing with n, and the limit of O implies that
each x in K is in some U,. Thus the open sets U, form an open cover of K. By
compactness, there is a finite subcover. Since the sets U,, are increasing, some
particular Uy covers K. Then | f, ||Sup <eforn > N. ]

The final step of preparation is to observe some properties of compact and open
sets. A bounded subset of X is said to be a G if it is the countable intersection of
bounded open sets. It is said to be an Fj, if it is the countable union of compact
sets. We shall be especially interested in compact G5’s and in open bounded Fy ’s.

Lemma 11.5. Let f be a member of C¢on, (X) with values in [0, 1]. If r > 0,
then the set where f is > r is a compact Gs. If r > 0, then the set where f is
> r is a bounded open F,.

PROOF. The set where f is > r is closed because of continuity, and this closed
set is a subset of the compact support. Hence the set is compact. Similarly the
set where f is > r is open because of continuity, and this open set is a subset of
the compact support. Hence the set is bounded.
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When r > 0, the set where f is > r is the union, for n > 1, of the sets where
fis>r+ % For r > 0 when N is large enough so that r — % > 0, the set
where f is > r is the intersection, for n > N, of the sets where f is > r — %
The lemma follows. O

Lemma 11.6.

(a) If K is a compact G, then there exists a decreasing sequence of bounded
open sets U, such that U, 2 U,fﬂrl foralln and N7, U, = K.

(b) If U is a bounded open F,, then there exists an increasing sequence of
compact sets K, such that K, € K, forall n and U2 | K, = U.

PROOF. For (a), let {V,,} be a sequence of bounded open sets with intersection
K. This is possible since K is a Gs. Without loss of generality we may assume
that the V,, decrease with n. We define the sequence {U,} inductively on n. Put
U, = V,. If U, has been constructed, use Corollary 10.22 to find an open set V,
such that K € V, and V,:Cl C Uy, and then define U, 4| = V, N V,,4;. Then the
sets U, have the required properties.

For (b), let {L,} be a sequence of compact sets with union U. This is possible
since U is an F,,. Without loss of generality we may assume that the L, increase
with n. We define the sequence {K,} inductively on n. Put K| = L;. If K, has
been constructed, use Corollary 10.22 to find an open set V! such that U 2 V/!
and V/ D K,. The compact set L/, = V! has (L,)° 2 V/. If we define
K,+1 =L, UL, then the sets K, have the required properties. O

Lemma 11.7.

(a) If K is a compact G, then there exists a decreasing sequence of functions
Jfn in Ceom(X) with values in [0, 1] such that each f;, is 1 on some neighborhood
of K and lim f,, = Ix pointwise.

(b) If U is a bounded open F,, then there exists an increasing sequence of
functions f;, in C¢om(X) with values in [0, 1] such that each f, has compact
support contained in U and lim f,, = Iy pointwise.

PROOF. For (a), apply Lemma 11.6a to choose a sequence of bounded open
sets U, with intersection K such that U, 2 U,?H for all n. Using Corollary
10.44, let g,, be a member of C¢y,(X) with values in [0, 1] such that g, is 1 on
U,flJrl and is O off U,,, and put f, = min{gy, ..., g,}. Then the functions f, have
the required properties.

For (b), apply Lemma 11.6b to choose a sequence of compact sets K, with
union U such that K, € K, for all n. Using Corollary 10.44, let g, be a
member of Ceon(X) with values in [0, 1] such that g, is 1 on K, and is O off
K, ., and put f, = max{gy, ..., g,}. Then the functions f, have the required
properties. O
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Now we begin the proofs of the three identities in Section 1. If K is compact,
let .
(K) = inf £(f),

the infimum being taken over all f in C.om(X) such that f > Igx. Since
L(min{f, 1}) < £(f), there is no harm in considering only those f’s taking
values in [0, 1]. It is immediate from this definition and the positivity of £ that u
is nonnegative and monotone in the sense that K’ C K implies u(K’) < u(K).
The next lemma is the key to being able to prove the three identities in Section 1.

Lemma 11.8. If K is a compact subset of X, then the infimum of £( f) over
all f in Ceom(X) such that f > Ix equals the infimum of £(f) over all f in
Ceom(X) with values in [0, 1] such that f > Iy for some neighborhood N of K
depending on f.

REMARK. Inparticular, (K) can be computed by using only functions f > Ix
that are equal to 1 in some neighborhood of K.

PROOF. The problem is to show that the first infimum /; is not less than the
second infimum /. Let € > 0 be given. Choose f in Ccon(X) with values in
[0, 1] such that f > Ix and £(f) < I; + ¢, and let L be the set where f is
> 1. Lemma 11.5 shows that L is a compact G, and Lemma 11.7a produces a
decreasing sequence of functions f, in Ccom(X) with values in [0, 1] such that
each f, is 1 on some neighborhood of L and lim f,, = I pointwise. Then the
sequence {max{ f,, f}} is pointwise decreasing with limit max{/;, f} = f, and
hence {max{f,, f} — f} is a pointwise decreasing sequence in Ccom(X) with
limit 0. By Dini’s Theorem (Lemma 11.4), the sequence {max{f,, f} — f}
converges uniformly to 0, and hence £(max{ f,,, f}) decreases to £( f). For some
sufficiently large ng, we therefore have £(max{ f,,, f}) < I) + 2¢. The function
max{ fy,, f} is one of the functions that figures into I, and thus I, < I; 4 2e.
Since € is arbitrary, I, < . O

Lemma 11.8 puts us in a position to prove identity (i) in Section 1 and to deduce
that u extends in a well-defined fashion to a nonnegative additive set function on
K(X). We make use of the formula a + b = min{a, b} + max{a, b}, from which
it follows that @ = min{a, b} + (max{a, b} — b).

Lemma 11.9. If K| and K, are any two compact subsets of X, then
w(K1) + u(Kz) = u(Ky U Kr) + w(Ky N Ks).

REMARK. The argument in Lemma 11.8 adapts to give a quick proof of the
present lemma when X is a metric space. In the metric case we can find a
decreasing sequence { f,,} of functions < 1 in C¢om (X) with pointwise limit /g, . If
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f = Ig,, then the proof of Lemma 11.8 shows that f, f converges uniformly
to f and hence £(f, f) decreases to £(f). It follows that £( f,) decreases to
w(K1) whenever f, decreases to Ig,. If we similarly choose {g,} decreasing
to /g, and choose, by Corollary 10.44, a function ¢ € Ccom(X) with values in
[0, 1] that is identically 1 on the support of f; + g1, then the formula stated just
above shows that f, + g, = min{f, + g, ¢} + (max{f, + gu, ¢} — ¢). The
first term on the right side decreases pointwise to /k,uk,, and the second term
decreases to Ix,nk,. Thus a passage to the limit in the formula £( f,,) + £(g,) =
e(min{ f, + gn, }) + £((max{f, + gn. ¢} — ¢)) immediately yields the result
of the present lemma.

PROOF. Let f and g be functions in Ceon,(X) with values in [0, 1] such that
f = Ik, and g > Ig,, and choose, by Corollary 10.44, ¢ € Ccom(X) with
values in [0, 1] that is identically 1 on the support of f 4+ g. Then we have
f+g=min{f + g, ¢} + (max{f + g, ¢} — ¢). The first term on the right side
is > Ik, uk,, and the second term is > Ik nk,. Therefore

L(f) + £(g) = L(min{f + g, ¢}) + £L((max{f + g, ¢} — ¢))
> uw(Ki U K>) + u(KyNK>).

Taking the infimum over f and then over g, we obtain
(K1) + n(Kz) = (K U Kz) + pn(Ki N K>).

For the reverse direction let F' be a member of C¢n,(X) with values in [0, 1]
thatis > Ik, Uk, and is equal to 1 at least on some open set U containing K| U K.
Similarly let G be a member of Cc¢om(X) with values in [0, 1] that is > Ik, nk,
and is equal to 1 at least on some open set V containing K; N K. Lemma 11.8
shows that F and G are the most general functions of a kind needed for the
computation of w(K; U K3) and w(K; N K3). The sets U and V have compact
closure in X since they are subsets of the supports of F and G. Choose, by
Corollary 10.44, ¢ € Ceom(X) with values in [0, 1] that is identically 1 on the
support of F 4+ G. Let V) be an open set with K; N K, € Vp € V(fl C V. Then
(Kh —Vo)NKy=K,NVyNK; € VopNVy = 3. So there exists an open set
W such that K, — Vo € W € W C K.

We define f and g to be members of C¢on (X) having compact support con-
tained in U and having values in [0, 1] such that

7 1 on Ky,
1o on W,
{ 1 on K>,
and g=
0 on support(f) — V.
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The functions f and g exist by Corollary 10.44 if it is shown that the closed sets
K and W are disjoint and the closed sets K, and support(f) — V are disjoint.
The sets K1 and W are disjoint since W! € K¢. For K, and support(f) — V,
we observe that support(f) € (W) € (W) = We C (K, — V)¢ =
Vo U K5 € V U KJ. Therefore

(support(f) —V)NK, C (VUK NV NK,
=(VNVNK)UKSNVNKy) =2.

We conclude that f and g exist.
By inspection, f > Ik, and g > Ik,, from which f + g > Ik, + Ix,. Then
min{f + g, ¢}is 1 on K; U K, and is O off U. Since F is 1 on U, we obtain

min{f + g, ¢} < F. (%)

Since f + g > Ik, + Ik, = Ik,uk, + Ik nk,. the function max{f + g, ¢} — ¢
equals f + g — 1 on K| U K>, and this in turn is < 1 everywhere. Let us see that

max{f + g, ¢} -9 <G (k)

everywhere. The only points x at which () could possibly fail are those where
G(x) < 1, hence points of V. At such points the definition of g shows that
f(x) 4+ gx) < 1. If also x is in U, then ¢(x) = 1 and we compute that
max{f(x) + g(x),p(x)} —¢(x) = 1 —1 = 0. Thus (xx) holds at points of
U N Ve Atpoints of U N V€, the equality f(x) = g(x) = 0 implies that
max{ f(x) + g(x), e(x)} — @(x) = ¢(x) — ¢(x) = 0. Thus again () holds,
and hence () holds at every point of V¢, therefore everywhere.
Addition of (x) and (%) gives f + g < F + G everywhere. Therefore

LF) +L(G) = U(F +G) = £(f +g) = £(f) +£(8) = u(Ky) + ju(K2).

Taking the infimum over F and then over G gives w(K; U K3) + w(K; N Kj) >
(K1) 4+ u(K») and completes the proof of the lemma. ]

Lemma 11.9 yields by iteration a corresponding formula with the sum of n
terms on each side. This extension of Lemma 11.9 is a computation in Boolean
algebra involving no analysis at all—only the fact that the collection of compact
sets is closed under finite unions and intersections. The details are carried out in
the next lemma.
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Lemma 11.10. If K ..., K, are compact subsets of X, then

n n k
uko=>u( U (1K)
=1 k=1 l<ij<—<iz<n - j=1
PROOF. The argument is by induction on r, the base case of the induction being
the case n = 2 that was settled by Lemma 11.9. Thus let n > 2, and assume the
identity for the case n — 1. The inductive hypothesis gives
n n—1 k
Sukn=Yu( U (NK))+nEn. *)
=1 k=1 1<ij<--<ix<n j=1
We shall prove by induction on r > 1 that
k

gu(&):gu«( U (Q’%))

1<ij<--<ix<n

r n—1 k

wu( U (Om))+2ul U (N8).
I<ij<--<ip=n j=I k=r I<ij<--<ix<n j=1

the base case of this induction being » = 1, where this identity reduces to (). The

proof for the case r = n will complete the inductive step for the outer induction

and thereby will complete the proof of the lemma. To pass from » to 7 4 1 in the

inner induction, the question is whether

(LU, Q) U (0%)

1<ij<--<iy=n <ij<--<ip<n

r r+1

ol U (Om))+a( U (NK))
I<ij<--<ir<n j=lI I<ii<-<ipy1=n j=I

The union of the two sets on the left here is the first set on the right side. In view

of Lemma 11.9, this formula will follow if it is shown that the second set on the

right side is the intersection of the two sets on the left. The intersection of the

two sets on the left side is equal to

5@ e

1<iy<---<i,=n,
I<ij<--<il<n

A term in the union in this expression is an intersection of at least » + 1 of the sets

Ky, ..., K,, the last of which is K,, namely the ones corresponding to indices
if,...,i, and i, = n. Every intersection of exactly r 4 1 of the sets K, ..., K,
occurs if the last one is K, because we can take iy = i}, ...,i,—1 =i _,;. Any

intersection of more than r 4 1 sets is contained in one with exactly r + 1 sets,
+1
and thus () equals (U o; .. ; (ﬂ;:1 Ki_].), as asserted. O
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A further formality is the derivation from these results that ¢« extends in a well-
defined fashion to a nonnegative additive set function on the ring (X). Again
no analysis is involved, only the one additional fact that the intersection of two
sets of the form K — L with K and L compact is again of this form, specifically
that (K —L)N(K'—L)=(KNK’')—(LUL".

Lemma 11.11. The set function u extends in a well-defined fashion to a
nonnegative additive set function on /C(X) under the definition

M(U (K; — L,-)) =2 (&) — (L))

j=1 j=1

whenever K; and L; are compact with L; C K; for each j with 1 < j < n and
the sets K; — Ly, ..., K, — L, are pairwise disjoint.

REMARKS. Lemma 11.2 assures us that every member of (X)) is of the form
in this lemma. The subtlety of the lemma arises from the fact that the sets K;
need not be disjoint.

PROOF. First let us see that p is well defined in the case j = 1, i.e., that
K' — L' = K—Lwith L’ C K'and L C K implies u(K') — u(L") =
w(K) — u(L). We are to show that u(K") + (L) = u(K) + (L), and Lemma
11.9 shows that it is enough to show that K’ UL = KUL and K'NL = KNL'.
Suppose x isin K’U L. If x isin L, then x isin K, hencein K U L'. If x is in K’
instead, then either x has to be in L’ in the case that x is not in K’ — L’ or x has
tobein K inthe casethat x isin K’ — L'=K — L. SoK'UL C KUL' Ifx
isin K’ N L, then x is notin K — L and must be in L’ in order to avoid being in
K'—L'.SoxisinLNL € KNL' Reversing therolesof K'— L"and K — L,
weseethat KK UL=KUL andK'NL=KNL"

Next suppose that K’ — L' = | Ji_, (K; — L;) with L' € K', L; C K; for
each j, and the sets K; — L; disjoint. We are to show that u(K’) — u(L') =
S0y (K — (L), e, that j(K') + Yy (L) = w(L) + Xy (K.
The argument will generalize that in the previous paragraph: The set K’ — L’ has
complement L’ U K¢, and therefore the given condition of disjointness means
that

X=@UuKyul &k —Ly (%)
Jj=1

disjointly. Put L, = K" and K, = L', so that we are asking whether

n+1 n+1

S uLy =D uK)).
j=1 j=1
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In view of Lemma 11.10, it would be enough to show that

k
U (ﬂLi/‘) = U (mKij)
1<ij<--<ix<n+1 j=1 I<ij<--<ix<n+1 j=1

for 1 <k < n+ 1. The left side is the set of x lying in at least k of the sets
L;, and the right side is the corresponding set for the K;’s. Thus it is enough to
prove that the set of x lying in exactly r sets K; is contained in the set of x lying
inexactly r sets L;, for 1 <r <n -+ 1.

We check this condition separately for the three cases x € L', x ¢ K’, and
x € K' — L. From (*) we see that x in L' U K'® implies that x is not in any
K; — Ljfor1 < j < n. Hence for the first two cases, x isin L; with1 < j <n
if and only if x is in K.

Casel. x € L'. Forx tobe in r of the sets K1, ..., K41, x mustbe inr — 1
of the sets Ky, ..., K,,henceinr — 1 of the sets L1, ..., L,. Since x isin L', it
isin K’ = L, ;. Therefore x isin r of the sets L1, ..., L,11.

Case 2. x ¢ K'. For x to be in r of the sets Ky, ..., K,1+1, x must be in r of
the sets Ki, ..., K,, henceinr of the sets Ly, ..., L,. Since x is not in K’, it is
notin L,;. Therefore x is inr of the sets Ly, ..., L,4;.

Case 3. x € K' — L. Since x isnotin L' U K’¢, (%) shows that x is in exactly
one K; — L; with 1 < j < n. For x to be inr of the sets Ky, ..., K11, x must
be in r of the sets Ky, ..., K,,, henceinr — 1 of the sets Ly, ..., L,. Since x is
inK'=1L,,,itisinr of thesets Ly, ..., L,41.

For the general case, suppose that | J_, (Kj — L) = ], (K; — L;). Inter-
secting both sides with K/ — L, we obtain
K/ — L= ' (K; N K]) — (L; UL}) N (K; N K}))).
j=1
The case just proved shows that
WK~ L) =3 (u(K; N KD — n((L; UL) N (K; N KD))
j=1
and hence

D K] =Ly =YY" (u(K;NK)) — u((L; U L) N (K; NK)))).
i=1 i=1 j=1

~

Similarly

YowK —Lpy=)"
j=1

j=1 i=1

=

M§

(W(K; N K)) — p((L; UL) N (K; NK)))).

~

Therefore Y /L, w(K/ — L)) =>""_, u(K; — L;), and the proof is complete. (]

1
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In short order, we can now prove identities (ii) and (iii). Lemma 11.12 will
prove (iii), and Lemma 11.13 will prove (ii).

Lemma 11.12. If U is any bounded open subset of X, then

sup £(g) = sup wu(K)= sup £(f).

8€Ceom(X), KcU, f€Ceom(X),
0=g=ly, K compact 0=f=<ly
support gCU

PROOF. Let Sy, S, S5 be the three suprema in question. We first check that
S1 < 8 < 83. If g contributes to Sy, then g < Iypportg < fy. If h € Ceom(X)
has Igpportg < h, then g < h and hence £(g) < £(h). Taking the infimum over
all such &, we obtain £(g) < w(support g) < . Taking the supremum over all
g therefore gives S; < 5. Next if K is compact with K C U, Corollary 10.44
allows us to find f € Ceom(X) with values in [0, 1] such that f isequal to 1 on K
and equal to 0 on U€. Then Ix < f < Iy. The definitions of «(K) and S3 yield
W(K) < £(f) < S3. Taking the supremum over all K therefore gives S, < §s.

To complete the proof, we show that S; > S3. Let € > 0 be given. Choose
fin Ceom(X) such that 0 < f < Iy and £(f) > S3 — €, and let V be the set
where f is > 0. Lemma 11.5 shows that V is a bounded open F,, and Lemma
11.7b produces an increasing sequence of functions f,, in Ceon (X) with values
in [0, 1], each with support some compact subset of V, such that lim f, = Iy
pointwise. Then the sequence {min{f,, f}} is pointwise increasing with limit
min{ly, f}. If x is a point where Iy (x) < f(x), then f(x) > 0, x isin V,
and Iy (x) = 1, contradiction. So there is no such point, and min{/y, f} = f.
Therefore the sequence { f — min{f,, f}} is a pointwise decreasing sequence
in Ceop(X) with limit 0. By Dini’s Theorem (Lemma 11.4), the sequence
{f —min{f,, f}} converges uniformly to 0, and hence £(min{ f,;, f}) increases to
£(f). For some sufficiently large n(, we therefore have £(min{ f,,,, f}) > S3—2e.
The function min{ f;,, f} is one of the functions that figures into S;, and thus
S1 > £(min{ f,,, f}) = S3 — 2¢. Since € is arbitrary, S; > Ss. [l

Lemma 11.13. Let u be extended to a nonnegative additive set function on
K(X) as in Lemma 11.11. If U is a bounded open subset of X, then u(U) =

supng, K compact [L(K)

PROOF. For the bounded open set U, let S}, S,, S3 be the three equal suprema
of Lemma 11.12. By definition, u(U) = pu(L) — w(L — U) for any compact
set L containing U, and we are to prove that u(U) = S,. If K is a compact
subset of U, then K U (L — U) is a disjoint union contained in L, and we have
W(K)+pu(L —U) = u(K U (L —U)) < p(L). Taking the supremum over all
such K, we obtain S, + (L — U) < u(L),ie., S < u(U).
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Let 2 be any member of C¢op, (X) with values in [0, 1] such that 4 > I;_y and
such that 4 is 1 on an open neighborhood N of L — U. Then L € N UU. For
each point x of U, find an open neighborhood U, of x with U;l C U. Then N
and the U,’s form an open cover of L, and there is a finite subcover. Let us say
that LEC NUU,, U---UUy,. Theset K = UCl -U UCl is a compact subset
of U,and L C NUK. Choose by Corollary 10.44, a functlon f € Ceom(X)
with values in [0, 1] such that f is 1 on K and is O off U. This function has
0< f <Iy. Since fislonK andhislonN,h+ fis> 1on L. Hence
u(L) < b(h+ f) = Lh) + £(f) < £(h) + S3. Thus u(L) < w(L —U) + $3
and n(U) < S3. Since S35 = S, by Lemma 11.12, u(U) = §; as required. ]

PROOF OF EXISTENCE IN THEOREM 11.1. If K is compact, we define ;(K), just
as we did earlier in this section, to be the infimum of £( f) over all f in Ceom(X)
such that f > Ix. Lemma 11.11 shows that u extends, necessarily in a unique
fashion, to a well-defined nonnegative additive set function on IC(X).

Consider the set C of all members E of K(X) satisfying the following regularity
property: for each € > 0, there exist compact K and open bounded U with
K CECUandu(U —K) < e. Lemma 11.13 shows that every open bounded
set is in C. We show closure of C under finite unions. If E| and E, are in C, then
we can choose K| and K, compact and U; and U, bounded open such that K| C
E, C U, Ky, CE;, CUy, u(Uy —Ky) <e€/2,and u(U, — K3) < €/2. Then
KUK, C E1UE, C UjUU and (U1UU)— (K 1UK3) € (U —K)U(U>—K>).
It follows that w((U; UUz) — (K1 U K3)) < n((Uy — K1) +u((Uz — K3)) <€,
and C is closed under finite unions.

We show closure of C under differences. If £ and E, are in C, then we again
choose K| and K, compactand U; and U, bounded opensuchthat K| € E; C Uy,
K2 - E2 - U2, /L(U] - K]) < 6/2, and /.L(U2 — Kz) < 6/2 Then K1 - U2 -
Ey — E, CU; — Ky, and (U — Kp) — (K1 — Uz) € (U — K) U (U2 = Kp).
Hence u((Uy — K3) — (K1 — U2)) < u(Ui — K1) + n(Uz — Kz) < €,and C
is closed under differences. By Lemma 11.2, C equals K(X). Thus every set in
K(X) satisfies the regularity property.

Next let us see that p is completely additive on C. Let E,, be a disjoint sequence
of sets in KC(X) with union E in C(X). For every N, we have Zf:/:l W(E,) =
W(Ey U---UEyN) < u(E). Hence ZZOZI W(E,) < wu(E). For the reverse
inequality, let e > 0 be given. Choose, by the regularity property, K compact and
U,openboundedwithK € E,E, C U,,u(E—K) < e,andu(U,—E,) < €/2".
Then K C E =J,2, E, € U, Uy. In other words, the sets U, form an open
cover of the compact set K. Some finite subcollection is a cover, and thus
K C U U---UUyp for some N. Then we have

U(E) = p(E — K) + u(K) < e+ (U U---UUy)
<e+ YN wU) < e+ YN (WE) +€/2") <302 W(E,) + 2.
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Since € is arbitrary, u(E) < Y oo | i(E,). Therefore w(E) =Y o2 | u(E,), and
w is completely additive on C(X).

The Extension Theorem (Theorem 5.5) shows that v extends uniquely to a
measure on the smallest o -ring containing KC(X), i.e., the o-ring of o-bounded
Borel sets. Proposition 5.37 shows further that 1 extends canonically to a measure
on the o -algebra of all Borel sets under the definition

w(E) = sup  u(F).
FCE, FeB(X),
F o-bounded

This defines u on B(X). We are left with showing that u is regular and that
0(f) = [y fdpforevery f € Ceom(X).

In showing that £( f) = fx fduforevery f € Ceom(X),itisenough to handle
an arbitrary f > 0. Fix € > 0, and fix an integer N such that ||f||SLlp < Ne.
For 0 < n < N, define f, = min{f, ne}. Each f, is in C¢om(X), the function
Jfo is 0, and the function fy is f. For0 < n < N, define g, = fu+1 — fu-
We can recover f from the g,’s as f = ZnN:_Ol gn. Forn > 1, define K, =
{x | f(x) = ne}, and let Ky = support(f). All the sets K,, are compact, and

they decrease in size with n. In this notation the formula for g, is

0 ifx ¢ K,,
gn(x) = Jf(x) —ne ifx e K, — Ky,
€ ifx € K,41.
Consequently elg, , < gn <e€lk,. (%)
Integration therefore gives
en(Kns1) < [y gndp < en(Ky). ()

The inequality given as I,,, < € 'g, in () implies that u(K,+1) < € '£(gy).
The other inequality e "'g, < I k, In (x) says thatany 1 € Ceom(X) with Ix, < h
has e ~!g, < h. Taking the infimum over 4 yields e "'£(g,) < u(K,). Thus we
have

en(Kyp1) < L(gn) < en(Ky). (1)
Subtracting (1) and (§1), we obtain

—€(u(Ky) — u(Ky11)) < fX gndp —L(gn) < e(u(Ky) — u(Kns1)).
Since f = fo:_ol gn, summing fromn =0ton = N — 1 gives

| [ fdm— ()] < e XN (w(K,) — 1(Knp1)) = ep(support(f)).
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Since € is arbitrary, | [, fdu —€(f)| =0. Thus £(f) = [, fdu.

Fix a compact subset Ky of X, form the o-ring B(X) N Ky, and let A(Kp)
be the collection of members E of B(X) N Ky such that «(E) is the supremum
of w(K) over all compact subsets K of E and w(E) is the infimum of u(U)
over all bounded open sets in X that contain E; the open sets in question need
not lie within K. Since the sets in A(Kj) all have finite measure, the regularity
condition on F is that there exist, foreach ¢ > 0, K compactand U bounded open
with K € E C U and u(U —K) < €. The same arguments as at the beginning of
the present proof show that A(Kj) is closed under finite unions and differences.
To see closure under countable disjoint unions, let {E,} be a disjoint sequence
in A(Ko) with union E, let € be given, and choose K, compact and U,, bounded
open with K,, C E,, C U, and n(U,, — K,) < €/2". Applying Corollary 10.23,
let L be a compact subset of X with Ko € L°. The sets K, are disjoint, and
thus Y"1, 1(K,) converges. Choose N such that Y 7° \ ., u(K,) < €. Define
U=LNUZ U K = U K, Koo = U2 Knsand F = 2y Koo
Then K is compact, U is bounded open, and K € E C U. Since Koo = K U F,
we have

(U = K) = pU = Koo) + u(F) = (| J Wa = k) +0( U K2)
n=1 n=N+1
=< iM(Un - K, + i w(K,) < ie/Z” + € = 2e.
n=1 n=N+1 n=1

Thus A(Kj) is closed under countable disjoint unions and is a o -ring. Since the
compact subsets of Ky are in A(Kjy), we conclude that A(K() = B(Kp).

This proves regularity for all bounded sets. If E is o-bounded, we can choose
an increasing sequence {L,} of compact sets whose union contains E. Put E,, =
E NL,. Given ¢ > 0, we apply the previous step to choose K, compact and
U, bounded open such that K, € E, € U, and u(U, — K,) < €/2". Taking
U=U,2,Uyand Koo = 2| Ky, wehave Koo € E C Uandu(U—K) < €.
Thus n(U) < u(E)+e€,and u(E) < u(Ko) + €. The first of these inequalities,
being possible for any €, shows that (E) is the infimum of the measures of open
o-bounded sets containing E. Since u(Ky) = limy M( U,]j:l K,,) by complete
additivity, the second of these inequalities, being possible for any €, shows that
W(E) is the supremum of the measures of compact sets contained in E.

This proves regularity for all o-bounded sets. If E is a Borel set that is not
o-bounded, we know that (E) is the supremum of the measures of p(F) for
o-bounded Borel subsets F of E, and we know that ;(F) is the supremum of the
measures of ©(K) for compact subsets K of F'. Therefore w(E) is the supremum
of the measures of ©(K) for compact subsets K of E. This completes the proof
of regularity of . U
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PROOF OF UNIQUENESS IN THEOREM 11.1. Let i be the constructed measure,
and let v be a second measure satisfying the properties of the theorem. The
assumed regularity of v implies that it is enough to prove that v(K) = u(K) for
every compact subset K of X. Fix K, and let @ be the infimum defining @ (K),
namely the infimum of £(f) over all f € C.om(X) with values in [0, 1] such that
Ix < f. Integrating this inequality with respectto v, we see that v(K) < [, f dv
and therefore v(K) < «. Suppose that v(K) < «. By Corollary 10.23 and the
assumed regularity of v, we can find a bounded open set U with U © K and
v(U) < a. By Corollary 10.44 we can find a function g € Cco, (X) with values
in [0, 1] such that g is 1 on K and is 0 off U. Then Ix < g < [Iy. Hence
) = [ygdu = [ygdv < [, Iydv =v(U) < a < £(g), and we obtain a
contradiction. We conclude that v(K) = o = p(K), and the uniqueness follows.

O

3. Regular Borel Measures

The fact that compact sets for a general locally compact Hausdorff X need not be
countable intersections of open sets suggests a look at the ring of sets generated
by the compact sets that are indeed such intersections, as well as the associated
o-algebra. The sets in this o-algebra are known as “Baire sets,” and it turns
out that the members of C.o(X) are measurable with respect to this o -algebra.
The o -algebra of Baire sets can be strictly smaller than the o -algebra of Borel
sets, and thus one can make a case for limiting oneself to Baire sets all along.
This would be a fine point, one not worth pursuing here, but for one fact: the
o -algebra of Baire sets for X x Y is a correct o -algebra to use in Fubini’s Theorem
for changing iterated integrals over X and Y to a double integral —and this may
not be true when Borel sets are used.

This fact about Fubini’s Theorem might seem to be a telling argument for
replacing Borel sets by Baire sets everywhere in the theory. The difficulty is that
it is a little tedious to check constantly whether sets are Baire sets—for example,
whether one-point sets are Baire sets. Thus the normal practice is to work with
Borel sets and to resort to Baire sets only when Fubini’s Theorem comes into play
in a way that makes the distinction important. The most frequent case that arises
in applications of Fubini’s Theorem in this theory is that a function on X x Y
is continuous with compact support, in which case only Baire sets are involved
anyway.

Thus let X be a locally compact Hausdorff space. The sets in the smallest
o-algebra B(X) containing the compact sets are the Borel sets, and the sets in
the smallest o-algebra By(X) containing the compact G;’s are the Baire sets.
Measurable functions in the first case will be called Borel measurable functions
or Borel functions, and measurable functions in the second case will be called
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Baire measurable functions or Baire functions. We shall observe in Corollary
11.16 below that every member of C.o, (X) is a Baire function.

If the locally compact Hausdorff space X is a metric space, then any closed
set F is the intersection of the sets U, = {x | D(x, F) < %}, where D(-, F) is
the distance to the set F'. Consequently every compact subset of X is a G, and
every Borel set is a Baire set.

Proposition 11.14. If K and U are subsets of X with K compact, U open,
and K C U, then there exist a compact G, say Ky, and an open bounded F,,
say Up, suchthat K C Uy € Ky C U.

PROOF. Choose by Corollary 10.44 a member f of C.on(X) with values in
[0, 1] such that f is 1 on K and is 0 on U°€. If K| is the set where f is > % and
Uy is the set where f is > %, then Lemma 11.5 shows that Ky and Uj have the
required properties.

Corollary 11.15. Any o-compact open subset of X is a Baire set.

PrROOF. If U = |J,_, K, is open with each K, compact, we can apply
Proposition 11.14 to the inclusion K,, € U and find a set (K},) that is a compact
Gsandhas K,, C (K,)o C U. ThenU = Uf,o:I(Kn)o exhibits U as the countable
union of compact G;’s, hence as a Baire set.

Corollary 11.16. Every member of C¢on(X) is a Baire function.
PROOF. This is immediate from Lemma 11.5 and Corollary 11.15.

Proposition 11.17. If X and Y are o-compact, then the product o -algebra for
X x Y obtained from the Baire sets of X and Y is the o-algebra of Baire sets of
X xY.

PROOF. If Ky and Ky are compact Gs’sin X and Y, then Ky X Ky is acompact
Gsin X x Y, and it follows that By(X) x By(Y) C By(X x Y). For the reverse
inclusion let K be a compact Gs in X x Y, and write K as K = ﬂff:l U, with
each U, open. We construct open sets S, in By(X) x By(Y) with K € §,, C U,
and then it follows that K = (1)), S, and K is a Baire set.

To do so, it is enough to show that if K € W with W open, then there is an
open set S in By(X) x By(Y) with K € § € W. For each (x, y) in K, find open
neighborhoods U, of x and V; of y such that U, x V, € W. Proposition 11.14,
applied to the inclusion {x} € U, and then to the inclusion {y} C V,, shows that
we may assume that U, and V, are open F;’s. In view of Corollary 11.15, they
are then Baire sets. Hence U, x V, isin By(X) x Bo(Y). As (x, y) varies, the
sets U, x V, form an open cover of K, and there is a finite subcover. We can
take S to be the union of the elements in the finite subcover, and then S has the
required properties.
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Now we turn our attention to measures. A Baire measure on X is a measure
on the Baire sets that is finite on every compact Gs. The restriction of a Borel
measure to the Baire sets is a Baire measure. We are going to prove that Baire
measures are automatically regular in the same sense that Borel measures in R"
are automatically regular.

Proposition 11.18. Every Baire measure p is regular in the following sense:

n(E) = sup u(K) for every set E in By(X),
K cfmg])g(;t Gs
nw(E) = Umg wl) for every o-bounded set E in 5y(X).
D i)
U open F,

REMARK. Since Baire sets and Borel sets are the same in a metric space,
this proposition generalizes the known regularity of Borel measures on any open
subset of R", as given in Theorem 6.25.

PROOF. If L is a compact G5, then (L) is certainly the supremum of ©(K)
for the compact G;’s contained in L. Suppose that U is o-bounded open with
L C U. Proposition 11.14 produces a bounded open set U that is an F,, and has
L C Uy C U. Consequently w(L) is the infimum of w(Uy) for the open F,’s
containing L. Thus every compact G satisfies the stated regularity condition.

The remainder of the proof runs parallel to the proof of regularity at the end
of the proof of existence for Theorem 11.1, and we shall be brief. Fix a compact
G; in X, say K. Form the o-ring By(X) N Ky, and let .4y (Ky) be the collection
of members E of By(X) N K¢ such that u(E) is the supremum of p(K) over all
compact subsets K of E that are Gs’s and @ (E) is the infimum of @ (U) over all
open supersets U of E that are F,,’s; the open sets in question need not lie within
K. Since the sets in Ay (Kj) all have finite measure, the regularity condition on
E is that there exist, for each € > 0, K compact and U open of the correct kind
with K € E C U and u(U — K) < €. The same arguments as earlier show that
Ao (Kp) is closed first under finite unions and differences, then under countable
disjoint unions. Thus A (Kjp) is a o-ring containing all compact Gs’s, and we
conclude that A(K(y) = B(Kj).

This proves regularity for all bounded Baire sets. If the Baire set E is
o-bounded, we can choose an increasing sequence {L,} of compact Gs’s whose
union contains E. Put E,, = E N L,. Then the same argument as earlier, using
the sets E,,, shows that the regularity condition holds for E.

Finally if E is a Baire set that is not o-bounded, we know that @ (FE) is the
supremum of the measures of w(F) for o-bounded Baire subsets F of E, and we
know that w(F') is the supremum of the measures of w(K') for compact subsets
K of F thatare G;s’s. Therefore w(FE) is the supremum of the measures of ©(K)
for compact subsets K of E that are Gs’s. O
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Proposition 11.19. If v is a Baire measure on X, then there is one and only
one regular Borel measure 1 on X whose restriction to the Baire sets is .

PROOF. Since the members of C¢op, (X) are Baire functions (Corollary 11.16),
we can define a positive linear functional £ on Ceom(X) by £(f) = f y fdv. The
uniqueness of the extending p follows from the uniqueness part of Theorem 11.1.
For existence we take u to be the regular Borel measure given by the existence part
of Theorem 11.1. We are to prove that i and v agree on Baire sets. The measures
w and v agree on compact Gs’s by Lemma 11.7a and dominated convergence.
By regularity of Baire measures (Proposition 11.18), u and v agree on all Baire
sets. O

Proposition 11.20. Suppose that X is compact and that u and v are Borel
measures on X with u regular. If v is absolutely continuous with respect to w,
then v is regular.

PROOF. Let € > 0 be given. The Radon—Nikodym Theorem (Theorem 9.16)
and Corollary 5.24 together show that there exists § > 0 such that any Borel
set A with u(A) < 6 has v(A) < €. Let E be a Borel set to be tested for
regularity under v. Since p is regular, we can choose K compact and U open
with K € E C U and u(U — K) < 6. Then v(U — K) < €, and it follows that
V(E) is approximated within € by v(K) and v(U). O

Proposition 11.21. If u is a regular Borel measure on X and if 1 < p < oo,
then

(@) Ceom(X) isdensein L? (X, u),
(b) the smallest closed subspace of L? (X, i) containing all indicator func-
tions of compact Gs’s in X is L? (X, w) itself.

REMARK. This generalizes conclusions (a) and (b) of Proposition 9.9 from
open subsets of R to all locally compact Hausdorff spaces.

PROOF. If E is a Borel set of finite  measure and if € is given, the regularity
of w allows us to choose a compact set K with K € E and u(E — K) < e.
Then we can find a bounded open set U with K € U and u(U — K) < €, and
Proposition 11.14 gives us a compact G set K¢ suchthat K € Ko € U. We have
fx Ue —Ig|Pdp = w(E — K) <€, [y Iy — Ix|?dpn = n(U — K) < €, and
fX Iy — Ik, |’ dpu = n(U —Kp) < €. Consequently we see in succession that the
closure in L? (X, ) of the set of all indicator functions of compact sets contains
all indicator functions of Borel sets of finite u measure, the closure in L? (X, )
of the set of all indicator functions of bounded open sets contains all indicator
functions of Borel sets of finite i measure, and the closure in L” (X, ) of the set
of all indicator functions of compact G’s contains all indicator functions of Borel
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sets of finite ; measure. Proposition 5.56 shows consequently that the smallest
closed subspace of L?(X, i) containing all indicator functions of compact Baire
sets is L? (X, w) itself. This proves (b).

For (a), let Ky be a compact G, and use Lemma 11.7a to choose a decreasing
sequence { f, } of real-valued members of Com (X ) with pointwise limit /g,,. Since
flp is integrable, dominated convergence yields lim,, f x o — Ik 1P dpn = 0.
Hence the closure of C.on(X) in LP(X, 1) contains all indicator functions of
compact Gs’s. By Proposition 5.55d this closure contains the smallest closed
subspace of L” (X, u) containing all indicator functions of compact G;’s. Con-
clusion (b) shows that the latter subspace is L?(X, ) itself. This proves (a).

O

Corollary 11.22. Suppose that X is a locally compact separable metric space.
If 1 is a Borel measure on X and if 1 < p < oo, then

(a) Ceom(X), as a normed linear space under the supremum norm, is separa-
ble,
(b) LP(X, p) is separable.

REMARK. This generalizes Corollary 6.27c and Proposition 9.9c from open
subsets of RY to all locally compact separable metric spaces. The measure
w1 is automatically regular by Proposition 11.8 since Baire measures and Borel
measures coincide in any locally compact metric space.

PROOF. Part (a) is proved by the same argument as for Corollary 6.27c. What
is required is a substitute for Lemma 6.22a in order to obtain a sequence {F,} 72
of compact subsets of X with union X such that F, C F; | for all n. It was
observed at the beginning of Section X.3 that separable implies Lindeldf, and it
follows from Proposition 10.24 that X is consequently o-compact. Application
of Proposition 10.25 then gives the sequence {F,}7°> . Corollary 2.59 is still to
be applied to C (F,); since F, is a compact metric space, the corollary shows that
C(F,) is separable, and the argument goes through.

Part (b) follows from (a) and Proposition 11.21a in the same way that Corollary
6.27d follows from parts (a) and (c) of that corollary. The sequence {F,};2 | of
the previous paragraph is to be used in the argument. (]

Theorem 11.23 (Helly—Bray Theorem). Let X be a locally compact separable
metric space. If {i, }is a sequence of Borel measures on X with {1, (X)} bounded,
say by M, then there exist a Borel measure ; on X and a subsequence {t,,, } such
that u(X) < M and lim, [y fdu,, = [ fduforall fin Ceom(X).

REMARKS. In the terminology of Section V.9, the measures p,, are continuous
linear functionals on the normed linear space Ceom(X), and the norm of the
linear functional corresponding to w, is ©,(X). The convergence is weak-star
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convergence, and the limiting linear functional is given by a Borel measure u
with ©(X) < M. The theorem amounts to an application of the preliminary
form of Alaoglu’s Theorem (Theorem 5.58) and the identification of the limit as
a measure.

PROOF. The proof consists of filling in the details in the remarks above.
We regard ¥ = Ccom(X) as a normed linear space with the supremum norm.
Any Borel measure v on X defines by integration a linear functional on Y with
norm given by [[v|| = supscc.. ), 171<1 Iy fdv|. The right side is certainly
< I fllsupv(X). In the reverse direction, let {K,} be an increasing sequence
of compact subsets of X with union X, so that lim, v(K,) = v(X). Choose
functions f, : X — [0, 1] in C¢on(X) by Corollary 10.44 such that f,, is 1 on
K,. Then || fullwp < 1 for all n, and [, f,dv > fKn dv = v(K,). Hence
[[v|| = limsup, v(K,) = v(X), and we conclude that ||[v| = v(X).

Thus the given sequence {it, } corresponds to a sequence in Y* with ||, || < M
for all n. Corollary 11.22 shows that Y is separable. Theorem 5.58 therefore
applies and yields a subsequence {,,} and a member £ of Y* with ||£] < M
such that limy [ f dp,, = £(f) forall f in Ceom(X). If f > 0, limy [ f dpin,
is certainly > 0, and thus ¢ is a positive linear functional on Co, (X). The Riesz
Representation Theorem (Theorem 11.1) produces a Borel measure @ on X with
0(f)= [y fdpforall fin Ceom(X). Since ||[€]| < M, we have u(X) < M. O

4. Dual to Space of Finite Signed Measures

We continue in this section with X as a locally compact Hausdorff space. We
now change the point of view a little and regard C¢om (X) as a normed linear space
under the supremum norm || f{|g,, = sup,cx [ f(x)|. The problem is to identify
all continuous linear functionals on this normed linear space. We shall see shortly
that it is enough to handle the case that X is compact.

If X* is the one-point compactification of X, then two spaces to be considered
in conjunction with C.on(X) are C(X™), the space of continuous scalar-valued
functions on X*, and Cy(X), the space of continuous scalar-valued functions on
X that “vanish at infinity.” When applied to a function f, the term vanishes at
infinity means that for any € > 0, there is some compact set with the property
that | f(x)| < € outside that set. It is equivalent to say that f extends to a member
of C(X*) that is 0 at oco.

The three spaces Ceom(X), Co(X), and C(X™) are related. In the first place,
Ceom(X) isdense in Cy(X). In fact, if f isin Cy(X) and if € > 0 is given, we find
K compact with | f(x)| < € outside K. Corollary 10.44 supplies a member g of
Ceom(X) with values in [0, 1] thatis 1 on K. Then the product fg is in Ccom(X),
and | f — fg||SLlp < €. Thus C.om(X) is dense in Co(X). Any continuous



4. Dual to Space of Finite Signed Measures 559

linear functional on Ceon, (X) is uniformly continuous by Proposition 5.57, and
Proposition 2.47 shows that it extends uniquely to a continuous linear functional
on Cy(X). Thus the continuous linear functionals on Cy(X) and C¢om(X) are in
one-one correspondence by restriction.

If we identify Co(X) as the subspace of C(X*) of functions equal to O at oo,
then every continuous linear functional on C (X™) restricts to a continuous linear
functional on Cy(X). In the reverse direction every continuous linear functional
on Cy(X) extends (nonuniquely) to a continuous linear functional on C (X*). In
fact, let £y be a continuous linear functional on Cy(X), and fix a member f; of
C(X™*) with fy(oo) = 1. If f is any member of C(X*), then f — f(00) fy is in
Co(X) and it makes sense to define £(f) = €o(f — f(00) fo). Since

(N = Lo (f = f(00) fo)l = ll€ollll.f = f(00) follsup
= ol (Nl fllgup + 1f (@) follsup) = M€0lICL + 1l follsup) 1 f llup

£ is bounded on C (X*) and is therefore continuous. Thus the study of continuous
linear functionals on C.on(X) reduces to the case that X is compact.

The first result below shows that any continuous linear functional on C (X) with
X compact is a finite linear combination of positive linear functionals. In view of
Theorem 11.1, it is therefore given as a finite linear combination of integrations
with respect to regular Borel measures. The remainder of the section will be
devoted to making this result look tidier and seeing what happens to various
norms under the correspondence.

Proposition 11.24. Let X be a compact Hausdorff space, and let £ be a
continuous linear functional on C(X). If ¢ takes real values on real-valued
functions, define, for f > 0 in C(X),

C(f)= sup €(g) and L) =L(f) —L(f);

0=<g=f

then ¢* and £~ extend to positive linear functionalson C (X) suchthat ¢ = ¢t —¢~.
If £ does not necessarily take real values on real-valued functions, then ¢ is a
complex linear combination of positive linear functionals on C (X).

PROOF. The functions f and g in this argument will all be in C (X). For general

£ not necessarily taking real values on real-valued functions, define £( ) = £(f).
We readily check that ¢ is a continuous linear functional on C(X), that £z =
%(6 +0¢) and ¢; = %(6 — {) are continuous linear functionals on C (X) taking
real values on real-valued functions, and that £ = £ + i£¢; exhibits £ as a
complex linear combination of continuous linear functionals taking real values
on real-valued functions. This reduces the proposition to the case that £ takes real
values on real-valued functions.
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In this case, for f > 0, inspection gives the following: £(f) = £T(f)—£~(f),

£T(0) = £7(0) =0, £T(cf) = clT(f) forc > 0, and £~ (cf) = ct~(f) for
¢ > 0. In addition, £+(f) > 0 for f > 0 because

€F(f) = sup £(g) = £(0) =0,
0=<g=f

and £~ (f) > O for f > 0 because

(=) =)= sup £(g) —L(f) = L(f) —£(f) =0.

O0=<g=f

To complete the proof, all that we have to do is show that £T(f] + f2) =
Y (f1) + £7(f>) whenever f; > 0and f> > 0. The argument for > is that

(fi+ )= sup (g > sup £(g+ &)

0=g=fi+/2 81:82
0<gi1<fi,
0<g2=5f>
= sup L(g)+ sup £(g) =LT(f1) +LT(f).
0<g1<fi 0<g:2=f>

For the reverse direction, let g be arbitrary with 0 < g < f; + f>, and set
g1 = min{g, f1} and gop = g — g1. Certainly 0 < g; < f;. Let us show that
0 < g < f>. Infact,

g =g—g =@+ fi) — (fi +g) =max{g, fi} + min{g, fi} — (fi + &)
=max{g, fi} + g — (/i + &) = max{g, fi} — fi.

Thus g, is certainly > 0. In addition, the computation

g =max{g, fi} — fi<max{fi+ fo, fit = fi=(i+ ) - fi= 1

shows that g, is < f,. Thusany g withO < g < f; + f; gives us a corresponding
decomposition

£(g) = L(g1 + g2) = £(g1) + £(g2)
< sup L(g)+ sup £(g) =Lr(f)+LT(f).
0<g1=<fi 0<g2<f>

Taking the supremum over g, we obtain £ (f1 + f2) < €7 (f1) +£7(f>), and the
proof is complete. U
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Let us reinterpret matters in terms of Borel measures. We begin with the real-
valued case. Recall from Section IX.3 that a real-valued completely additive set
function p on a o-algebra is called a signed measure. Itis bounded if |p(E)| < C
for all E in the algebra. In this case Theorem 9.14 shows that it has a Jordan
decomposition p = p*t — p~, where p* and p~ are uniquely determined finite
measures such that any decomposition p = vt — v~ as the difference of finite
measures has p™ < v and p~ < v~. We say that a bounded signed measure p
on the Borel sets of the compact Hausdorff space X is a regular Borel signed
measure if its Jordan decomposition is into regular Borel measures. If p =
vT — v~ is any decomposition of a bounded signed measure p on the Borel sets
as the difference of regular Borel measures, then the equalities p™ < v and
p~ < v~ that compare the decomposition with the Jordan decomposition force
ot and p~ to be regular, in view of Proposition 11.20. Hence p is a regular Borel
signed measure.

The regular Borel signed measures form a real vector space M(X,R). To
see closure under vector space operations, we observe from the definition of
regularity that the sum of two (nonnegative) regular Borel measures is a regular
Borel measure. From this fact we can see that the sum of two regular Borel signed
measures is regular and hence that M (X, R) is closed under addition: in fact, if
p=pT —p ando = ot — o~ are given in their Jordan decompositions, then
the formula (p +0)T — (p+0)~ = (p* +0T) —(p~ +07) shows that p + o is
the difference of two regular Borel measures and hence is regular. Thus M (X, R)
is a real vector space.

Proposition 11.25. The real vector space M (X, R) becomes a real normed
linear space under the definition ||p|| = pT(X) + p~ (X), where p = p™ — p~ is
the Jordan decomposition of p.

PROOF. Certainly ||p|| > O with equality if and only if p = 0. Also, if p
has the Jordan decomposition p = p™ — p~, then —p = p~ — p™ is the Jordan
decomposition of —p, and it follows that ||cp|| = |c|||p|| for any real scalar c.

Finally consider ||p + o||. If p = p* — p~ and 0 = 0" — o~ are Jordan
decompositions, then the formula (o +0)*—(p+0)~ = (pT+o0T)—(p~+07)
shows that (o +o)* < p* 4+ o1 and hence (p + )T (X) < pT(X) + o (X).
Similarly (p 4+ o)~ (X) < p~ X) + 0~ (X). Adding these inequalities, we obtain
lo+oll <lel+lol. O

Returning to the statement of Proposition 11.24, let us write C(X, R) or
C (X, C) for the space of continuous scalar-valued functions when the field of
scalars is important, reserving the expression C(X) for situations in which the
scalars do not matter. Suppose that £ is a continuous linear function on C (X) that
takes real values on real-valued functions. The proposition shows that £ is the
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difference of two positive linear functionals. By Theorem 11.1, £ operates as the
difference of two integrations: £(f) = [, fdvt — [, fdv~, where vt and v
are the regular Borel measures corresponding to £ and £~. Then £ corresponds
to a regular Borel signed measure p and is given by integration: £(f) = f v fdp,
the integral with respect to the signed measure being interpreted as the difference
of two integrals with respect to measures. Conversely any regular Borel signed
measure p yields a continuous linear functional £ on C(X) by the definition
()= fy fdp.

In particular the passage to integration gives us a real-linear mapping of
M (X, R) onto the space C (X, R)* of continuous linear functionals on the real
vector space C (X, R). Both of these spaces are normed linear spaces, and the
theorem is that the map is one-one and that the norms match.

Theorem 11.26. The real-linear map of M (X, R) onto C(X, R)* given by
p +— £ with £(f) = [, f dp is one-one and norm preserving.

REMARK. As in Section V.9 the norm ||£|| of £ is the least constant C such that
L(HI <CIf ||Sup for all f. The constant C equals the supremum of [£( f)| over
all f with || fll.,, < 1.

sup —
PROOF. To see that the map is one-one, suppose that f x fdp=0forall fin
C(X,R). Then [, fdp™ = [, fdp~,and the uniqueness part of Theorem 11.1
shows that p™ = p~. Hence p = p™ — p~ =0.
Now suppose that £ and p correspond. Then we have
eI =[x fdpt = [y fdp™|
< [x1fldp™ + [y |f1dp™
< P XN Fllsup + 27 CONS llgup-

Taking the supremum over all f with || f]|,,, < 1, we obtain

sup —
1l < p™(X) 4+ p~(X) = lIpll.

For the inequality in the reverse direction, lete > Obe given,andlet X = PUN
be a Hahn decomposition (Theorem 9.15) for p. By regularity of p* on P
and p~ on N, choose compact subsets Kp and Ky with Kp € P, Ky € N,
pT(P—Kp) <e,and p~ (N — Ky) < €. Since pT(N) =0and p~(P) =0,

ot (X —Kp) <€ and p (X —Ky) <e. (%)

By Urysohn’s Lemma (Corollary 10.43), we can find a continuous function
f:X —[—1,1]suchthat fis1on Kp andis —1 on Ky. Then

16O = llell] = | [, £dp = 1ot + | [, £do = llp~ 1| + [ xsnis, £ dpl
< [p"(Kp) = p* O] + 07 (Kn) = 0~ X)| + [ [io g £ dpl.
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By () the first two terms on the right side are each < €. Since ,0+(K;; NKy) =
pT(P—Kp) < eand p (KpNKy) =p (N—Ky) < €,and since ||f||Sup <1,
the third term on the right side is < 2¢. Therefore [€(f)—|lpll| < 4€, and our
function f has the property that [£(f)| > (||po|l — 4e)||f||sup. In other words,

€]l = |lp|l — 4€. Since € is arbitrary, ||£|| > ||p||. This completes the proof. []

Now let us consider the case in which the values are complex. A regular
Borel complex measure on the compact Hausdorff space X is an expression
p = pr + ip; in which pg and p; are regular Borel signed measures. In other
words, it is a complex-valued set function whose real and imaginary parts are
regular Borel signed measures. The space M (X, C) of these is a complex vector
space, and we shall make it into a normed linear space shortly. Meanwhile,
the space C(X, C)* of continuous linear functionals on C (X, C) is a complex
normed linear space. Extending the definition of [, f dp to handle members of
M (X, C), we see from Proposition 11.24 that the complex-linear map of M (X, C)
into C(X, C)* given by p > £ with £(f) = [, f dp is one-one and onto.

To have a theorem in this case that parallels Theorem 11.26, we need to define
the norm on M (X, C). Doing so on an element p is not just a matter of combining
the norms of the real and imaginary parts of p any more than writing the norm of
a complex-valued L' function can be done in terms of the L' norms of the real
and imaginary parts. A more subtle definition is needed.

We define the total variation |p| of a member p of M (X, C) to be the non-
negative set function whose value on a Borel set E is the supremum of all finite
sums Y i_; |p(Ej)| with E = [ Ji_, E; disjointly. The total-variation norm of
the member p of M (X, C) is defined to be ||p|| = |p|(X). It is a simple matter
to verify that the total-variation norm is indeed a norm.

Proposition 11.27. The total variation |p| of a member p of M(X,C) is a
regular Borel measure, there exists a Borel function 4 with ”h”sup < 1 such
that p = hd|p|, and the total-variation norm on M (X, C) makes M (X, C) into
a normed linear space in such a way that | [y, fdp| < lplllf llgup for every
bounded Borel function f. Moreover, |p| equals p™ + p~ if p is real valued and

has p = p* — p~ as its Jordan decomposition.

REMARK. It follows that if p is real valued and if X = P U N is a Hahn
decomposition (Theorem 9.15) for p, then the corresponding function # may be
taken to be +1 on P and —1 on V.

PROOF. To see that |p| is additive, let £ and F be disjoint Borel sets. If
E = UL E; disjointly and F = |Jj_, F; disjointly, then E U F =

(UL E) U (U;':1 F;) disjointly, and hence Y"1, |p(E;)| + Z;’:l lp(F))| <
|p|(E U F). Taking the supremum over systems {E;} and then over systems
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{F;}, we obtain |p|(E) + |p|(F) < |p|(E U F). In the reverse direction let
EUF = (Ji_, Gy disjointly. Then E = (Ji_;(E N Gy) disjointly, and
F = J{_,(F N Gy) disjointly. Hence

p
> 1p(Gi)l
k=1

p p p
=2 IP(ENG)+p(FNGY| = X Ip(ENGH)I+ X |p(F NG,
k=1 k=1 k=1

and this is < [p|(E) + |p|(F). Taking the supremum over systems {G}, we
obtain |p|(E U F) < |p|(E) + |p|(F). Thus |p| is additive.

To prove that | p| is completely additive, let E = ;- | E, disjointly. For every
N. SN 1pI(Ed) = IpI(E1 U+ U Ey) < |pl(E), and hence Y22 | |p|(E,) <
[p|(E). For the reverse inequality let {Gk},’::1 be a finite collection of disjoint
Borel sets with union E. Then E, = U,le (E, N Gy) disjointly, and hence

P

P P o)
Y Gl =Y Ip(ENGH = | X
k=1 k=1 k=1"n=1
P o oo p [’}

=< /;1 ; lo(E, NG| = 2/; lp(Ex NGl < 3 IpI(Ey).

n=1

p(En N Gy)

Thus |p|(E) < ZZO=1 |p|(E,), and |p| is completely additive.

The measure |p| is certainly finite on X and hence on all compact sets. To see
regularity, we write p = pgr +ip; = pj — pr +ip; —ip; . Writing a set E as
the disjoint union of n sets E; and writing out p(E;) according to this expansion
of p, we see that [p|(E) < (,o,Jer +pp + p;’ + p; )(E). Each measure on the right
side is regular, and Proposition 11.20 therefore shows that |p]| is regular.

For the existence of &, let us write p in terms of its real and imaginary parts
as p = pgr + ip;. If E is a Borel set, then the definitions give |p|(E) >
lo(E)| = |pr(E)| and similarly [p[(E) > [p;(E)|. Hence pr < [p| and
pr < |p|l. By the Radon-Nikodym Theorem (Corollary 9.17), there exist
functions h and £, integrable [d|p]|] such that pr = hg d|p| and p; = h; d|p]|.
Thus the |p| integrable complex-valued function 2 = hg + ih; has p = hd|p|.
We shall show that 42 has |h(x)| < 1 a.e. [d|p]|]. If the contrary were the case, then
there would exist a constant ¢ with |c| = 1 and an € > O suchthatRe(ch) > 1+¢
on a set E of positive |p| measure and we would have

| [z hdlpl| = | [zchdlpl| = Re [, chd|p| = [, Re(ch)d|pl
> (14 6lpl(E) = (1+e)|pE) =1 +e)l| [, hdlpl

)

a contradiction. Thus % exists as asserted.
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The inequality | f xJf d,o| < lpelllf ||Sup follows from the existence of & since
| [y fdp| =] [x fhdipl] < 1 fhllp [y d10] < 1 ol O = 11 f gyl o1

Finally if p is real valued, then any Borel set E satisfies |p(E)| =
[pT(E) — p~(E)| < pT(E) + p~(E). If E is the disjoint union of Borel sets
E,, ..., E,, we consequently have

S 1o(ENENI = 3. (0" (ENE) +p~(EN E) = p*(E) + p~(E).
j=1 j=1

Taking the supremum over all decompositions of E of this kind gives |p|(E) <
pT(E)+p~(E). For the reverse inequality let X = P U N be a Hahn decomposi-
tion (Theorem 9.15) for p, sothat p™(E) = p(PNE)and p~(E) = —p(NNE).
Then E is the disjoint union of EN P and E N N, and thus p™(E) + p~ (E) =
lo(ENP)|+|p(ENN)| < |p|(E). Inother words, |p| = p™ + p~ as asserted.

O

Theorem 11.28. The one-one complex-linear map of M (X, C) onto C (X, C)*
given by p > £ with £(f) = fx f dp is norm preserving.

PROOF. If f is in C(X), then Proposition 11.27 gives [¢(f)| = | [y fdp| <
lell ||f||5up. Taking the supremum over all f with || f||,,, < 1, we obtain ||£| <

sup —
lell-

For the reverse inequality let ¢ > O be given, and choose a finite disjoint
collection of Borel sets Ey, ..., E, with union X such that }/_, [o(E;)| >

loll — €. Since |p]| is regular, we can find compact sets K; € E; such that
|p|(E; — K;)| < €/nforeachi.

We shall define disjoint open sets U; with K; € U; for all i. We do so by
making an inductive construction as follows. Fori = 1, Corollary 10.22 produces
disjoint open sets U; and V; with Ky € U; and K, U---UK,, € V;. Suppose that
the construction has been carried out for stage i with 1 < i < n. Using Corollary
10.22 for the locally compact Hausdorff space V; and taking into account that
Kit1 U---UK, € V;, we choose disjoint open sets U;,; and V;;; of V; with
Kiyi CUjypand Kipp U--- UK, C V. At the end of the construction, we
have obtained open sets U; with K; € U, for all i, and we have obtained auxiliary
open sets V; with V;; € V; for all i. Let us see that the sets U; are disjoint.
In fact, if j > i, then U; € V;_; C V;. Since V; is disjoint from Uj, its subset
U; is disjoint from U;. This proves the required disjointness and completes the
construction of Uy, ..., U,.

For 1 <i < n, choose f; € C(X) with values in [0, 1] such that f; is 1 on
K; and is 0 off U;. Choose ¢; € C for each i such that ¢;p(E;) = |p(E;)|, and
define fo = Y__, ¢; f;. The function fy has || foll,,, = ! since the sets U; are
disjoint. Then

sup
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€ = Jy fodo = 3 [y, fodo = 3 ([, cxdp + [ (o - e do)

= ; lo(E)| + __Zl-[Ei—Ki(fO —¢i)dp.

Hence
n n
le(fo) = X lpEDI| = X Je,_x, 1fo—cildlpl
i=1 i=1
<2) |pl(Ei —Ki)| <2} €/n=2¢
i=1 i=1
and

leCo) — lipll| < |eCso) — ; 0 (ED| + | ; 0 (ED| — 1oll| < 3e.

Therefore
el = el follswy = €] = N0l = |€Cf0) = llpll] = lloll — 3e.
Since € is arbitrary, ||£|| > ||p]l. ]

5. Problems

In all problems for this chapter, X is assumed to be a locally compact Hausdorff
space. Sometimes additional hypotheses are imposed on X.

1. (a) Prove that if X is o-compact, then the o-algebra of Borel subsets of X
coincides with the o-algebra of intersections of X with the Borel subsets of
the one-point compactification X*.
(b) Prove that if X is an uncountable discrete space, then the o -algebra of Borel
subsets of X is strictly smaller than the o -algebra of intersections of X with
the Borel subsets of the one-point compactification X*.

2. Prove that if X is o-compact and f : X — C is continuous, then f is a Borel
function.

3. Suppose that X is o-compact. Prove that if u is a regular Borel measure on X
and if f is Borel measurable, then there exists a Baire measurable function g
such that f = g except on a Borel set of  measure 0.

4. (Lusin’s Theorem) Let X be compact, let  be a regular Borel measure on X, let
f be a Borel function on X, and let € > 0 be given. By first considering simple
functions and then passing to the limit via Egoroff’s Theorem, prove that there
exists a compact subset K of X with u(K¢) < € such that f | 18 continuous.
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This problem establishes the rotation invariance of the Borel measure dw on the
sphere $2 C R3 obtained from Riemann integration with respectto sin 8y d6, d6,
where 60 and 6, are latitude and longitude with0 < 6; < 7w and 0 < 6, < 2m.

The measure dw was constructed by means of the Riesz Representation Theorem

as one of the examples in Section 2.

(a) A rotation in R3 is the linear function L determined by a matrix A with
AA" =1landdetA=1.For0 <a <1 < b < 00, let S, be the subset of
R3 given in spherical coordinatesbya <r < b,0 <0; < 7,0 <6, <2m.
Show that S, is carried to itself by any such rotation L.

(b) For any bounded Borel function F : Sy, — C, let (LF)(x) = F(L™'x) if
x isin S,p, and L is a rotation. Prove that fSab LFdx = fSab Fdx.

(¢c) Let f : S — C be any continuous function, and define (Lf)(w) =
f (L™'w). Extend f to a function F defined on S, by the definition
Frw) = f(). Prove that [ Fdx = ([)r2dr)([s f(w)dw) and
deduce that [, Lf dw = [ f dw.

(d) Deduce from (c) that dw(L(E)) = dw(E) for every Borel subset E of S2.

Let X be compact.

(a) Let {Ky} be a collection of compact subsets of X closed under finite inter-
sections, and let K = (1), K. Prove that every regular Borel measure x on
X has the property that u(K) = inf, u(Ky).

(b) If p is a nonzero regular Borel measure on X assuming only the values 0
and 1, prove that u is a point mass.

(c) If p is a nonzero regular Borel measure on X with

[ gean=([ raun)( [ san)

for all f and g in C(X), prove that u is a point mass.

(d) If £ is a positive linear functional on C (X) that is multiplicative in the sense
that £(fg) = £(f)€(g) for all f and g in C(X), prove that £ is zero or £ is
evaluation at some point of X.

This problem continues the investigation of harmonic functions and Poisson

integrals in the unit disk of R?, following up on Problems 7-8 at the end of

Chapter IX. Problem 8 in that series provides orientation. The new ingredient

for the present problem is weak-star convergence of sequences in M(S!, C)

against C(S'), where S' is the unit circle.

(a) State and prove a characterization of the harmonic functions u(r, 8) on the
open unit disk such that supy_, _q [lu(r, -)||; is finite.

(b) (Herglotz’s Theorem) Prove that if u(r, ) is a nonnegative harmonic
function on the open unit disk, then there is a Borel measure p on the
circle such that u(r, 8) = f(—n,n] P.(6 —@)du(p).
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Problems 8-10 construct a Borel measure & on a compact space such that p is not
regular. The totally ordered set 2 of countable ordinals was introduced in Problems
25-33 at the end of Chapter V. Let Q* = Q U {oo}, totally ordered so that every
element of 2 is less than {oo}. Give Q* the order topology, as discussed in Problems
25-32 at the end of Chapter X.

8. Prove that Q* is compact Hausdorff.

9. Prove that the class of all relatively closed uncountable subsets of €2 is closed
under the formation of countable intersections.

10. Define it onthe Borel sets of * to be 1 on those sets E such that E —{oo} contains
a relatively closed uncountable subset of €2, and put v(E) = 0 otherwise. Prove
that p is a Borel measure that is not regular.

Problems 11-14 concern decomposing any finite Borel measure on a compact X into

a regular Borel measure and a “purely irregular” Borel measure. They make use of

Zorn’s Lemma (Section A9 of Appendix A). A Borel measure p will be called purely

irregular if there is no nonzero regular Borel measure v such that 0 < v(E) < u(E)

for every Borel set E.

11. Use Zorn’s Lemma to show that any Borel measure on X is the sum of a regular
Borel measure and a purely irregular Borel measure.

12. Provethatifvisaregular Borel measure, if w is purely irregular, andif 0 < pu < v,
then u = 0.

13. Deduce from the Jordan decomposition (Theorem 9.14) that the decomposition
of Problem 11 is unique.

14. Prove that the irregular Borel measure constructed in Problem 10 is purely
irregular.

Problems 15-19 concern extension of measures from finite products of compact

metric spaces to countably infinite such products. Let X be a compact metric space,

and for each integer n > 1, let X,, be a copy of X. Define QW) = X:lvlen,

and let @ = X zo:an. Each of Q) and  is given the product topology. If E
is a Borel subset of QV), we can regard E as a subset of Q by identifying E with

Ex (X —y +1Xn)- In this way any Borel measure on Q) can be regarded as a

measure on a certain o -subalgebra F,, of B(2).
15. Prove that | ;2| F, = Fis an algebra.

16. Let v, be a (regular) Borel measure on Q™ with v(Q™) = 1, and regard v,
as defined on F,,. Suppose for each n that v, agrees with v,y; on F,. Define
v(E) for E in F to be the common value of v, (E) for n large. Prove that v is
nonnegative additive, and prove that in a suitable sense v is regular on F.

17. Using the kind of regularity established in the previous problem, prove that v is
completely additive on F.
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18. In view of Problems 16 and 17, v extends to a measure on the smallest o -algebra
for © containing F. Prove that this o-algebra is B(£2).

19. Let X be a 2-point space, and let v, be 27" on each one-point subset of Q.
Exhibit a homeomorphism of €2 onto the standard Cantor set in [0, 1] that carries
v to the Cantor measure defined in Problems 17-20 at the end of Chapter VI.





