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CHAPTER III

Brauer Group

Abstract. This chapter continues the study of finite-dimensional associative division algebras over
a field F, with particular attention to those that are simple and have center F. Section 5 is a self-
contained digression on cohomology of groups that is preparation for an application in Section 6
and for a general treatment of homological algebra in Chapter IV.

Section 1 introduces the Brauer group of F and the relative Brauer group of K/F, K being
any finite extension field. The Brauer group B(F) is the abelian group of equivalence classes of
finite-dimensional central simple algebras over F' under a relation called Brauer equivalence. The
inclusion F € K induces a group homomorphism B(F) — B(K), and the relative Brauer group
B(K /F) is the kernel of this homomorphism. The members of the kernel are those classes such
that the tensor product with K of any member of the class is isomorphic to some full matrix algebra
M, (K); such a class always has a representative A with dimp A = (dimp K)2. One proves that
B(F) is the union of all B(K/F) as K ranges over all finite Galois extensions of F.

Sections 23 establish a group isomorphism B(K /F) = H?(Gal(K /F), K*) when K is a finite
Galois extension of F. With these hypotheses on K and F, Section 2 introduces data called a
factor set for each member of B(K /F'). The data depend on some choices, and the effect of making
different choices is to multiply the factor set by a “trivial factor set.” Passage to factor sets thereby
yields a function from B(K /F) to the cohomology group H 2(Gal(K /F), K*). Section 3 shows
how to construct a concrete central simple algebra over F' from a factor set, and this construction
is used to show that the function from B(K /F) to H*>(Gal(K /F), K*) constructed in Section 2 is
one-one onto. An additional argument shows that this function in fact is a group isomorphism.

Section 4 proves under the same hypotheses that H L(Gal(K /F), K*) = 0, and a corollary
makes this result concrete when the Galois group is cyclic. This result and the corollary are known
as Hilbert’s Theorem 90.

Section 5 is a self-contained digression on the cohomology of groups. If G is a group and ZG is
its integral group ring, a standard resolution of Z by free ZG modules is constructed in the category
of all unital left ZG modules. This has the property that if M is an abelian group on which G acts
by automorphisms, then the groups H" (G, M) result from applying the functor Homyz (-, M) to
the members of this resolution, dropping the term Homyzg (Z, M), and taking the cohomology of
the resulting complex. Section 5 goes on to show that the groups H" (G, M) arise whenever this
construction is applied to any free resolution of Z, not necessarily the standard one. This section
serves as a prerequisite for Section 6 and as motivational background for Chapter IV.

Section 6 applies the result of Section 5 in the case that G is finite cyclic, producing a nonstandard
free resolution of Z in this case. From this alternative free resolution, one obtains a rather explicit
formula for H2(G, M) whenever G is finite cyclic. Application to the case that G is the Galois group
Gal(K /F) for a finite Galois extension gives the explicit formula B(K /F) = F* /NK/F(K *) for
the relative Brauer group when the Galois group is cyclic.

123



124 1I1. Brauer Group

1. Definition and Examples, Relative Brauer Group

The “Brauer group” of a field allows one to work with the set of all isomorphism
classes of finite-dimensional central division algebras over the field. The core
theory in principle reduces the study of all such division algebras to questions in
the cohomology theory of groups. The latter theory was introduced in Chapter VII
of Basic Algebra and will be developed further in the present chapter and the next.

Let F be a field. Theorem 2.4 shows that every finite-dimensional central
simple algebra A over F is of the form A = M,, (D) for some uniquely determined
integer n > 1 and some finite-dimensional central division algebra D over F that
is uniquely determined up to F isomorphism. We can introduce an equivalence
relation for finite-dimensional central division algebras over F' that exactly mir-
rors the relation of F' isomorphism of the underlying finite-dimensional central
division algebras. Specifically if A = M,(D) and A" = M,,(D’) are two such
central simple algebras for the same F such that D = D’, then we say that A
is Brauer equivalent to A’, and we write A ~ A’. It is immediate from the
definition that “Brauer equivalent” is an equivalence relation. We shall introduce
an abelian-group structure into the set of Brauer equivalence classes, hence into
the set of isomorphism classes of central finite-dimensional division algebras
over F.

Proposition 10.24 of Basic Algebra gives the definition of the tensor product
of two F algebras! over F, and this operation is associative, up to canonical
isomorphism, by Proposition 10.22. It is also commutative, up to canonical
isomorphism. In fact, if A and B are given algebras over F, then the canonical
vector-space isomorphism ¢ : AQr B — BRp Aisgivenby p(a®b) = bQa.
If a; ® by and a; ® b, are given, then the computation

(a1 @br)e(ar @ by) = (b1 @ ar)(by @ az) = b1by @ a1az
= (a1 @ biby) = ¢((a1 ® b1)(a2 ® b))

shows that ¢ respects multiplication. Hence tensor product is commutative for
algebras, up to canonical isomorphism.

Lemma 3.1. If F is a field, then

(a) M,(R) = R ®r M,(F) for any algebra R with identity over F,
(b) Mm(F) ®F M,,(F) = M(mn)(F)‘

PROOF. For (a), the F bilinear map (r, [a;;]) — [ra;;] of R x M, (F) into

! All algebras in this chapter are understood to be associative.
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M, (R) has a unique linear extension ¢ to an F linear map of R @ p M,,(F) into
M, (R). The map ¢ has

o((r ® [ai D' ® [al{j])) =o(rr'® [aij][a,{j])
= rr,[aij][a;j]
= rla;;1r'laj;] since each g;; is in F
= ¢(r ®r lai Do’ ®[a;]),

and hence ¢ is an F algebra homomorphism. If {r;} is a vector-space basis of R
over F and if { E;;} is the usual basis of M, (F), then ¢(r; ® E;;) = riE;j, and it
follows that ¢ carries a vector-space basis onto a vector-space basis. Hence ¢ is
one-one and onto.

For (b), the result of (a) gives M,,(F) @ M,(F) = M,(M,,(F)), and the
algebra on the right is isomorphic to the algebra M, (F') of matrices of size mn
by the multiplication-in-blocks isomorphism. (|

Proposition 3.2. For the field F, the operation of tensor product on finite-
dimensional central simple algebras over F descends to an operation on the set
of Brauer equivalence classes of such algebras and makes this set into an abelian
group.

PROOF. The tensor product of two finite-dimensional algebras over F is again
a finite-dimensional algebra, and Proposition 2.36 shows that the tensor product
of two central simple algebras is again central simple. Hence tensor product is
well defined as an operation on finite-dimensional central simple algebras over
F. Let us see that tensor product is a Brauer class property. Thus suppose that
A~ A and B ~ B/, say with A = M,,(D), A’ = M,,,(D), B = M,(E), and
B’ = M,/ (E). Since the tensor product of some M, (F) with an algebra over F,
up to isomorphism, does not depend on the order of the two factors and since
tensor product is associative up to isomorphism, Lemma 3.1 gives

A®Fr B=M,(D)®r M,(E) =D ®r M,(F) ®r M,(F) ®r E
=D QF Munn)(F) ®F E = My (F) ®r D Qr E
= M(mn)(D QF E)

Similarly A’ ® p B = Mwn)(D ®F E). Thus AQr B~ A'®F B'.

We have observed that the tensor product operation on algebras over F' is
associative and commutative, up to canonical isomorphisms, and hence so is the
product operation on Brauer equivalence classes. The class of the 1-dimensional
algebra F is the identity, and the class of the opposite algebra A° is an inverse to
the class of A because of the isomorphism A ® p A’ = M,,(F) given in Corollary
2.38. O
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The abelian group of Brauer equivalence classes of finite-dimensional central
simple algebras over F is called the Brauer group of F and is denoted by B(F).
We use additive notation for its product operation.

EXAMPLES ALREADY SETTLED IN CHAPTER II.
(1) If F is algebraically closed, then B(F) = 0.
(2) If F =R, then B(F) = 7Z/27Z by Frobenius’s Theorem (Theorem 2.50).

(3) If F is a finite field, then B(F) = 0 by Wedderburn’s Theorem about finite
division rings (Theorem 2.48).

The group structure for B(F') given in Proposition 3.2 offers little help by
itself in identifying the finite-dimensional division algebras over a particular field.
Instead, the usual procedure for understanding B(F') is to isolate certain special
subgroups of B(F'), known as “relative Brauer groups” and denoted by B(K / F),
K being any finite extension of F'. Under the assumption that K is a finite Galois
extension of F, Theorem 3.14 below says that B(K/F) is isomorphic to the
cohomology group H?(G, N), where G is the finite group G = Gal(K/F) and
N is the (abelian) multiplicative group K * of the field K. This cohomology group
is in principle manageable. Corollary 3.9 below says that B(F) is the union over
all finite Galois extensions K /F of B(K/F), and we therefore obtain a handle
on B(F).

If A is any finite-dimensional central simple algebra over F and if K /F is any
field extension, then Proposition 2.36a shows that A®r K is simple as aring, and
Lemma 2.35b shows that A ® r K has center K. Therefore A ® K is a central
simple algebra over K, and its Brauer equivalence class is a member of B(K).

Let us see that this map of algebras A into B(K) depends only on the Brauer
equivalence class of A in B(F). Thus suppose that A = M,,(D) and A’ = M, (D)
for some finite-dimensional central division algebra D over F. Lemma 3.1a gives
us isomorphisms of F algebras

A®r K =M,(D)®r K = (M,(F)®Fr D) ®r K
=M, (F)®r (D®Fr K) =M, (D®r K),

and similarly A’ @ p K = M, (D ®F K). In each case the left member of
the isomorphism is a K algebra, with K contained in the center. Thus we can
view each of our isomorphisms as isomorphisms of central simple K algebras.
Since D ®F K is a finite-dimensional central simple K algebra, we know that
D ®r K = M, (E) for some finite-dimensional central division algebra E over
K. Application of Lemma 3.1b allows us to continue the displayed isomorphisms
as
A ®F K= Mm(D ®F K) = Mm(Mr(E)) = M(mr)(E)-
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Similarly we have A’ @ p K = M, (E). Thus A ®r K and A’ ®f K yield the
same member of B(K), and (- ) ® K induces a well-defined function from B(F)
into B(K).

The function from B(F) into B(K) is a group homomorphism. In fact, if A and
B are finite-dimensional central simple over F', then we have K isomorphisms

(A®r K) ®k (BQr K) = AQr (K ®k (BQF K))
= AQr (B®r K)= (A®r B) ®r K,

and the map is indeed a group homomorphism.

In addition, the resulting homomorphism satisfies the expected compatibility
condition with respect to compositions. In more detail, if we have nested fields
F C K C L, then the L isomorphisms

(AQrK)Qxk LEZAQr (KQk L)Y=ZAQr L

show that the composition of tensoring with K over F, followed by tensoring
with L over K, yields the same result as tensoring directly with L over F.

We define the relative Brauer group B(K/F) to be the kernel of the homo-
morphism of B(F) into B(K). The members of the group B(K / F) are the Brauer
equivalence classes of finite-dimensional central simple F algebras A such that
A ®r K is F isomorphic to M, (K) for some n. We say that such algebras are
split over K, that K splits such algebras, and that K is a splitting field for these
algebras and their Brauer equivalence classes.

Theorem 3.3. Let K /F be a finite extension of fields. Then K is a splitting
field for a given member X of B(K/F) if and only if there exists an algebra A
over F in the Brauer equivalence class X containing a subfield K’ isomorphic to
K such that dimp A = (dimp K")2.

REMARKS.

(1) The theory of the Brauer group makes repeated use of this result. Corollary
2.47 shows that the subfield K’ of A is a maximal commutative subalgebra of A
and in particular is a maximal subfield of A.

(2) Observe that the field K is given in the theorem, and hence the integer n =
dimg K is known. Then A must have dimension n”. The equality dimr A = n?
determines A up to F isomorphism. In fact, Theorem 2.4 shows that A = M, (D)
for a central division algebra whose isomorphism class is determined by the class
X. Then n? = dimp A = r2dimp D, and r? = nz/ dimg (D). So A is indeed
determined up to F isomorphism.

(3) In view of the previous remark, any class X in B(K/F) has a distinguished
representative that is unique up to F' isomorphism; the distinguished representa-
tives of the members of B(K /F) for fixed K all have the same dimension.
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PROOF. Suppose that A is a central simple algebra in the Brauer equivalence
class X containing a subfield K’ isomorphicto K suchthatdimy A = (dimy K)2.
We are to prove that K’ splits A. Write n for dimg K’, so that dimp A =
n’. Regard A as an n-dimensional K’ vector space with K’ acting by right
multiplication on A. Define an F bilinear mapping f : A x K’ — Endg (A) by

f(a, c)(@) = ad'c; the image f(a, ¢) is in Endg/(A) because
fla,e)d'c) =ad'c'c = (ad'c)c’ = (f(a,c)(@))c.

Extend f without changing its name to an F' linear mapping f : A @ K’ —
Endg- (A) such that f(a ® ¢)(a’) = aa’c. The mapping f is actually K’ linear
because

fl@a®c)c)a) = fla®cc)a) =ad'cc’ = (fla®c)a))c.
Also, it respects multiplication, since

fla®o)(fl@d®c)a)) = fla®c)da"c)=ada"c'c =ad'a"cc
= f(ad' @ cc)(@") = f(@®c)(d ®))(@").

Thus f is a homomorphism of K’ algebras. The domain A ® r K’ is central
simple over K’, as we saw when setting up the homomorphism B(F) — B(K),
and therefore f is one-one. Since A®r K’ and Endg- (A) both have K’ dimension
n?, f has to be onto. Thus f exhibits A ® K’ as isomorphic to a full matrix
ring over K’, and K’ splits A.

Conversely suppose that K is a splitting field for the members of the class X
in B(F). Let D be a division algebra in the class X. Since B(K/F) is a group
and therefore contains the inverse class D?, we must have D° @ K = M,,(K)
for the integer m such that dimz D° = m?. Let us rewrite this K isomorphism as
D° ®r K = Endg (K™). The algebra Endg(K™) is central simple over F, and
up to an isomorphism, it contains the K algebra D° ® p K and hence also the F
algebra D° ® p F = D°. Let A be the centralizer of D? in Endg(K™). We shall
prove that A has the required properties.

The algebra A contains (center D°) ® p K, which is a subfield K’ isomorphic
to K because D? is central over F, and A is simple by the Double Centralizer
Theorem (Theorem 2.43). The center of A matches the center of the centralizer
of A, which is the center of D° by Theorem 2.43, which in turn is . Thus A is
central simple over F. Yet another application of Theorem 2.43 gives

(dimg A)(dimy D°) = dimp Endp(K™) = m?(dimy K)>. (%)

Since dimp D° = m?, we see that dimp A = (dimy K)2. Thus the subfield K’
of A isomorphic to K has the required dimension.
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To see that A is in the Brauer equivalence class X, start from the F bilinear
map A X (D° ®@r F) — Endp(K™) given by (a,d ® 1) — ad, and form its
F linear extension ¢ : A ®r (D° ®¢ F) — Endp(K™). The map ¢ respects
multiplication because the members of A commute with the members of D°®r F:

9@ ®([d® 1) (pd ®(d ® 1)) =9 (d® 1)(ddv) =ada'dv
=aad'dd'v=¢(ad ® (dd ®1))(v).

Since A @ (D° ®f F) is simple by Proposition 2.36, ¢ is one-one. A look at
(%) shows that

dimp (A ®F (D’ ®F F)) = (dimp A)(dimp D?) = dimp Endp(K™)

and allows us to conclude that ¢ is onto. Therefore A @ D° = Endg(K™).
Since Endr(K™) is Brauer equivalent to F', the Brauer equivalence class of A is
the inverse of the class of D°. Hence the class of A equals the class of D, which
is X. g

Corollary 3.4. If D is a finite-dimensional central division algebra over the
field F, then any maximal subfield K of D splits D.

PROOF. This is the special case of Theorem 3.3 in which A = D. The formula
for the dimensions holds by Corollary 2.47. O

Corollary 3.5. If F is a field, then the Brauer group B(F') is the union of all
relative Brauer groups B(K /F) as K ranges over all finite extensions of F'.

REMARKS. This result is all very tidy but is not very useful, since we have no
indication how to identify B(K /F) for a general finite extension F. In Corollary
3.9 below, we sharpen this result to make K range only over the finite Galois
extensions of F, and we shall see in Section 3 that B(K /F') can be realized for
such fields K in terms of the cohomology of groups.

PROOF. Any member of B(F) has some central division algebra D as a
representative, and Corollary 3.4 identifies an extension field K of F' that splits
D, namely any maximal subfield of D. O

Corollary 3.6. Let D be a finite-dimensional central division algebra over a
field F, and let dimp D = n2. If K is a splitting field for D, then dimp K is a
multiple of n.

PROOF. If K is a splitting field for D, then Theorem 3.3 says that there
exists an integer r such that M, (D) contains a subfield K’ isomorphic to K with
dimp M, (D) = (dimp K’)2. Thus r?n? = (dimp K)?, and rn = dimp K. O
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Theorem 3.7 (Noether—Jacobson Theorem). If D is a noncommutative finite-
dimensional central division algebra over the field F, then there exists a member
of D thatis not in F and is separable over F.

REMARKS. Within a field extension K /F, we know from Corollary 9.31 of
Basic Algebra that the subset of all elements of K that are separable over F is
a subfield of K containing F'. Consequently an equivalent formulation of the
theorem is that D contains a nontrivial separable extension field of F.

PROOF (Herstein). Arguing by contradiction, suppose that no element of D
outside F is separable over F. Let the characteristic of F be p, necessarily
nonzero. If a is any element of D not in F, then the assumed nonseparability
implies that the minimal polynomial f(X) of a over F has f'(X) = 0, according
to Proposition 9.27 of Basic Algebra. Hence f(X) = fi1(X?) for some polyno-
mial f1(X) in F[X]. In turn, the minimal polynomial of a” is f1(X), and if a? is
not in F, then f1(X) = f>(X?) for some polynomial f,(X) in F[X]. Since the
degree decreases at each step as we pass from f to fi, from f] to f>, and so on,
we conclude that a”” is in F for some e. In short, each a in D has the property
that there is some integer ¢ > 0 depending on a such that a?* is in F.

In view of the assumption that D # F and the argument that we have just
seen, there exists an element a in D outside F such that a” is in F. Define a
functiond : D — D by d(x) = xa — ax. The function d is F linear, and it is
not identically 0 because a is not in the center ' of D. If r and [ denote right
and left multiplication, we can rewrite d as d(x) = (r(a) — [(a))(x). The linear
maps r(a) and /(a) commute with each other, and thus the Binomial Theorem is
applicable in computing d” (x) as

d?(x) = (r(a) — (@)’ (x) = (r(@)” = l(@")(x) = xa” — p“x =0,

the last equality holding because a” is in F and is therefore central. Since d? is the
zero function and d is not, there exist an integer s with2 < s < p and an element
yin D withd*~'y #0and d°y = 0. Put x = d*~'y. Since x = d(d*2y), the
element w = d*2y has the property that x = wa — aw. The condition dx = 0
says that xa = ax. Put x = au. The elements a and ¥ commute because a and
x commute. If we set ¢ = wu~"', then x = wa — aw = cua — acu, and hence
a = xu~! = cuau="' —ac. Since a and u commute, we obtaina = ca—ac. Right
multiplying by a~! gives 1 = ¢ — aca™! and therefore ¢ = 1 + aca™'. Raising
both sides to the p¢ power gives o =1 + ac” a~". The first paragraph of the
proof shows that there is some ¢’ > 0 for which cpel is in F', and for this integer

¢/, we obtain the contradictory equation c?* = 1 + ¢?* from the commutativity
of a with F. This completes the proof. O
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Corollary 3.8. If D is a noncommutative finite-dimensional central division
algebra over the field F and if K is a subfield of D that is separable over F', then
there exists a maximal subfield L of D containing K such that L is separable
over F.

PROOF. Because of the finite dimensionality, we may assume without loss
of generality that K is not properly contained in any larger subfield of D that
is separable over F. Arguing by contradiction, we may assume that K is not a
maximal subfield of D. Let E be the centralizer of K in D. This is a division
algebra over F. It is simple by the Double Centralizer Theorem (Theorem 2.43),
and it contains K because K is commutative. Moreover, we know from Theorem
2.43 that

dimp D = (dimp K)(dimp E)

and that K is the centralizer of E. The latter condition shows that the division
algebra E is central simple over K. Since K is not a maximal subfield of D,
Corollary 2.46 gives dimp D > (dimp K)?. Thus dimp K < dimy E. Since E
is central over K, E is noncommutative.

Application of Theorem 3.7 produces an element x in E outside K that is
separable over K. Let L be the subfield K (x) of E. Since K is a separable
extension of F, the Theorem of the Primitive Element gives an element « of K
such that K = F(«). Then L = F(«, x). The implication (b) implies (c) in
Corollary 9.29 of Basic Algebra shows that if « is separable over F and x is
separable over F («), then o and x are both separable over F'. The elements of L
that are separable over F' form a subfield of L, and we have just proved that this
subfield properly contains K. This conclusion contradicts the assumption that K
is a maximal separable extension of F within D, and the proof is complete. []

Corollary 3.9. If F is a field, then the Brauer group B(F) is the union of
all relative Brauer groups B(K /F) as K ranges over all finite Galois extensions
of F.

REMARKS. This is the result of interest. Each B(K/F) with K as in the
corollary will be seen to be given as an H? in the cohomology of groups, and this
group is in principle manageable. Thus we obtain a handle on B(F).

PROOF. If D is a central division algebra over F, then Corollaries 3.4 and 3.8
together show that some finite separable extension K’ of F splits D. That is, the
Brauer equivalence class of D lies in B(K’/F). Let us write K’ = F(«) by the
Theorem of the Primitive Element. If f(X) is the minimal polynomial of « over F,
then every root of f(X) in an algebraic closure F of F containing K’ is separable
over F. Let K be the subfield of F generated by all the roots. This is a finite
normal extension, and Corollary 9.30 of Basic Algebra shows that it is a separable
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extension. We have seen that the composition of the homomorphisms B(F) —
B(K') and B(K') — B(K) is B(F) — B(K), and consequently B(K'/F) C
B(K /F). Therefore the Brauer equivalence class of D lies in B(K /F). ]

2. Factor Sets

Throughout this section let K/F be a finite Galois extension of fields. Our
objective is to construct a function from the relative Brauer group B(K/F) into
the cohomology group H?(Gal(K /F), K*). In Section 3 we shall prove that this
function is a group isomorphism.

We take as known the material in Chapter VII of Basic Algebra on cohomology
of groups. For convenient reference we list the relevant formulas for cohomology
in degree 2. If G is a group and N is an abelian group on which G acts by
automorphisms, the group C?(G, N) of 2-cochains is the group of all functions
a:G x G — N,the group Z*(G, N) of 2-cocycles is the set of members f of
C?(G, N) such that

u(f(v,w)) + fu, vw) = fuv, w) + f(u, v) forall u, v, w € G,

the group B%(G, N) of 2-coboundaries is the set of members f of C>(G, N) of
the form

fu,v) =u(@®)) —a(@v) + a(u) forsomea : G — N,
and the cohomology group H?(G, N) is the quotient
H*(G, N) = Z*(G, N)/B*(G, N).

Here it is understood that we are using additive notation for the group operation
in N and that the action of # € G on a member n of N is denoted by u(n).

In constructing the function from B(K /F) into H*(Gal(K /F), K*), we shall
proceed in somewhat the same fashion as for the identification of group extensions
with an H? that was carried out in Chapter VII of Basic Algebra. Namely we shall
associate a “factor set” to some choices concerning a given finite-dimensional
central simple algebra and see that this factor set is a cocyle. Then we shall show
that the factor set for any set of choices for any Brauer-equivalent central simple
algebra differs from this cocyle by a coboundary. The result will be the desired
function from B(K /F) into H*(Gal(K /F), K*).

Thus write G for Gal(K / F), fix a Brauer equivalence class X in B(K/F'), and
let A be a central simple algebra in the class X meeting the conditions of Theorem
3.3: A contains a subfield K’ isomorphic to K, and dimp A = (dimy K')?. Write
¢ > ¢ for the isomorphism K — K'.
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Let o be an element of the Galois group G. Then ¢ > ¢’ and ¢ — o(c)
are two algebra homomorphisms of the simple algebra K into the central simple
algebra A, and the Skolem—Noether Theorem (Theorem 2.41) says that they are
related by an inner automorphism:

1

o(c) =xoc'x,; for some x, € A.

Some choice is involved in selecting x,, but the element x, is unique up to a
factor from K’ on the right. In fact, if x, and y, both behave as in the boxed
formula, then y_ !x, commutes with K’ and hence is in K’. Thus x, = y, ¢, with
¢y in K'.

The nonuniqueness can be expressed also in terms of a factor from K’ on the
left. In fact, the boxed formula for ¢ = ¢( implies that x, = (xocyx; 1)(x(,c0_ 1) =
o (CO)/y o-

At any rate, fix a choice of x,, for all o € G, and let us examine the effect of
composition. If o and t are in G, then

Xor€'x; = (0T)(c) = 0 (t(c)) = xo7(c) x; " = xgx.c/x7 x5
Using the result of the previous paragraph, we see that x,, and x,x, are related

by a factor from K’ on the left. Hence we can write

XoXr = a(o, T) Xgr witha(o, 1) € K*.

If we examine the effect of composing three elements of G, we obtain a
consistency condition that the functiona : G x G — K™ must satisfy. Namely,
let p, o, and T be in G, and let us compute x,x,x; in two ways, taking advantage
of the associativity in A. With one grouping, we obtain

XpXo Xy = (x,oxa)xr = a(p, U)/xpaxr = a(p? 0)/0(,0(1 r)/xpary
and with the other grouping, we have

XpXo Xy = Xy (XoX7) = X,a(0, T) Xgr
= p(a(o, 1)) xpxsr = pla(o, 1)) a(p, 01) xper.

Therefore the functiona : G x G — K* satisfies

pla(o, 1))a(p,ot) =a(p,o)a(po, 7).

A functiona : G x G — K* satisfying the above boxed formula is called a
factor set. From A, an isomorphism K — K’, and a choice of the elements x,
for o € G, we have obtained a factor set.
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Comparing this boxed formula with the formulas in the second paragraph of
this section, we see that a factor set is exactly a member of Z?(Gal(K/F), K*)
except that the boxed formula uses multiplicative notation for K* and the defi-
nition of 2-cocyle uses additive notation. Thus we have associated a member of
Z%(Gal(K /F), K*) to the triple consisting of A, an isomorphism K — K’, and
a choice of the elements x, foro € G.

With the extension K/ F and the class X € B(K/F) fixed, let us see the effect
on the factor set of making different choices. The algebra A lies in the Brauer
equivalence class X and has dimy A = (dimr K)?. As we saw in the remarks
with Theorem 3.3, A is determined up to isomorphism by these properties.

Thus let us start from a different system of choices: an algebra B in the
class X, an isomorphism K — K”, and elements y, for 0 € G such that

7y,—1

o(c)” = y,c"y;". Define the corresponding factorset b : G x G — K* by

Yoyr = b(0,7)" yor.

We wish to relate a(o, 7) and b(o, T). We have just seen that A and B are
isomorphic as algebras. Let ¢ : A — B be an isomorphism. Then ¢ + ¢’
@(c) and ¢ > ¢” are two algebra homomorphisms of K into B, and the Skolem—
Noether Theorem (Theorem 2.41) produces an element ¢ € B with

" =tp(c)! forall c € K.

Starting from the formula o (¢)’ = x,¢'x; !, apply ¢ and conjugate by ¢ to obtain

o (c)" = tp(a ()" = (tox)t™")e" (to(xo)t™") "

This equation says that ¢ (x, )t ~' serves the same purpose as y,, and therefore

Yo = Cgt(p(xn)t71

for some member ¢ of K" placed on the left. Substitution into the formula
YoV = b(U, T)Nyg-[ giVCS

//C// 1

Cgt‘p(x(r)t_lc;/t‘p(xt)t_l =b(o, 1) grt(p(xor)t_ .

If we substitute from the formula ¢”” = t¢(c’)t ! for all members of K” and then
conjugate by #~! and apply ¢!, we obtain

L xoClxe = b(0, 7)) Xor-
The left side equals

c,0(co) Xoxe = co(c;) a0, T) xgr,
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and comparison of this expression with the right side gives
b(o,1)'c,, =clo(c)alo, 1)

Passing from K’ back to K, we conclude that

b(o, T)cor = co0(cy)a(o, T).

This formula says that b is the product of a and the trivial factor setc : G x G —
K> given by
—1

c(0,7) =co0(cr)Cy, s

where o — ¢, is some function from G to K*. Again referring to the second
paragraph of this section and remembering that we are using multiplicative no-
tation for K, we see that the trivial factor sets are the 2-coboundaries, lying
in B?>(Gal(K/F), K*), in the same way that the general factor sets are the
2-cocycles, lying in Z%(Gal(K /F), K*). We have thus proved the following
proposition.

Proposition 3.10. Let K be a finite Galois extension of the field F'. For
X in B(K/F), let A be an algebra in the Brauer equivalence class X with
dimp A = (dimp K)2, let K — K’ be an isomorphism of K into A, and let
{xs | 0 € Gal(K/F)} C A* be a set of elements such that o (¢)’ = x(,c’xgl.
Then the passage from X to the factor set determined by the triple of data
(A, K—K’, {x;}) descends to a well-defined function from the abelian group
B(K /F) to the abelian group H*(Gal(K /F), K*).

3. Crossed Products

In this section we continue to assume that K /F is a finite Galois extension of
fields. We are going to show that the function B(K /F) — H*(Gal(K/F), K*)
given in Proposition 3.10 is an isomorphism of groups. The homomorphism
property comes last and is the hard part of the argument. In the meantime,
we construct the inverse function by associating an algebra to each member of
Z?(Gal(K /F), K*) and showing in Corollary 3.13 that the resulting function on
Z*(Gal(K /F), K*) descends to an inverse function from H?(Gal(K/F), K*)
into B(K/F). The algebra is called a “crossed product” and is produced in
Proposition 3.12 below. Before either of these steps, we establish one more
property of the system {x, | o € Gal(K/F)} of the previous section that has not
needed mentioning until now.



136 1I1. Brauer Group

Thus let a central simple algebra A be given with dimz A = (dimy K)?, along
with an isomorphism K — K’ denoted by ¢ + ¢’. As in the previous section
we choose x, € A* with

o(c) =x,c'x;! forallc € K.
The corresponding factor set a(o, 7) has
XoXr = a(o, T) Xgz.

We regard A as a vector space over K’ with K’ acting by multiplication on the
left.

Lemma 3.11. With hypotheses as above, the set {x, | 0 € Gal(K/F)}is a
vector-space basis of A over K'.

PROOF. Let G = Gal(K/F). Since |G| = dimy K = dimp K’ = dimg- A, it
is enough to prove linear independence. Arguing by contradiction, assume that
the set {x, | 0 € G} is linearly dependent. Choose a maximal subset J of G
such that {x; | T € J} is linearly independent. For o not in J, we then have

Xo = ) alx; witha, € K. (%)
tel

Every c in K satisfies

0(0)xe =x5¢' =) alx.c' =) alt(c)x,

teJ tel
and thus x, = ), a(c)’_la;r(c)’xr. Comparing this expansion with ()
shows that
/=1 _1 / /
o(c) a,t(c) =a; fort € J. (%)

Since x, # 0, some a., in the expansion (x) is nonzero. For this 7, we can cancel
a’ in (xx) and obtain o (¢)’ = t(c¢)’ forall c € K. Then ¢ = t, in contradiction
to the fact that o is notin J. ]

The linear independence in Lemma 3.11 allows us to read off the structure of
A: as a K’ vector space, the algebra A is given by A = @UeGa](,(/F) K'x,, and
the elements x, have the properties that

xy¢ =0(c)xs force K and XoX = a(o, T) Xgz.

Proposition 3.12 is motivated by these formulas, saying that we can reconstruct
A from a given 2-cocycle a(o, t) in such a way that these formulas hold.
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Proposition 3.12. Let K /F be a finite Galois extension, and let a = a(o, 7)
be in Z?>(Gal(K/F), K*). Then there exist a central simple algebra A over F
with dimr A = (dimy K)?, an isomorphism K — K’ of K onto a subfield K’ of
A, and a subset {x, € A | 0 € Gal(K/F)} such that

(a) A= @aeGal(K/F) K'xg,

(b) xoc'x;! = o (c) forall ¢ in K, with ¢ — ¢’ denoting the isomorphism
of K onto K,

(©) xgx;: = a(o, T) xg<.

REMARKS. We write A = A(K, Gal(K/F),a) and call A the crossed-
product algebra corresponding to the factor set a. The algebra A is completely
determined by the given conditions, up to canonical isomorphism, since (a), (b),
and (c) determine the entire multiplication table of A.

PROOF. Let G = Gal(K/F), form a set {x, | 0 € G}, and let A be the K

vector space (free K module) with basis {x,}. Then A = @, _; Kx,. Define a
multiplication on K basis vectors in A by
(cx5)(dx:) = co(d)a(o, T)Xor, ()

and extend it to a multiplication on A by additivity.
First we shall check that A is an associative F algebra with a(1, 1)~ 'x; as
identity by making use of the cocycle property

pla(o, 1))a(p,o1) =a(p,0)a(po, 7). (o)
For associativity, () gives
(bxp)((cxo (dx;)) = (bx,)(co(d)a(o, T)xyr)
= bp(c)(pa(d))p(alo, T))a(p, 0T)Xpor

and
((bxp)(cxs)(dxs) = (bp(c)a(p, 0)xpo)(dx;)

= bp(c)a(p,o)po(d))a(po, T)xpsr,

and the right sides are equal by (xx). To see that a(1, 1)~'x; is a two-sided
identity, take p = o = 1 in (xx) to get 1(a(1, 7))a(l, ) = a(l, 1)a(l, 7). Since
a takes values in K>, we can cancel and obtain

a(l,7) =a(l,1). 1)
Thus (x) gives

(a(l, 1)71x1)(dx,) =a(l, 1)71 1(d)a(l, T)x; = dx,.
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Similarly another specialization of (xx) is o (a(1, 1))a(o, 1) = a(o, 1)a(o, 1),
from which we obtain

o(a(l,1)) =a(o,1). (1)
Thus (x) gives

(cx(,)(a(l, 1)_1x1) =co(a(l, 1)) la(o, x, = cxy,

and a(1, 1)~ 'x, is indeed a two-sided identity. We denote it by 1. Scalar multi-
plication by r € F is understood to be the additive extension of r (cx,) = (rc)x,
for ¢ € K, and the identities

(r(cx(,))(dxr) =rco(d)a(o, T)xyz,
(cxg)(r(dx,)) =co(rd)a(o, T)xe; =rco(d)a(o, T)xsr,

r((cx(,)(dxr)) =rco(d)a(o, T)Xs¢

show that multiplication in A is F linear with respect to scalars, hence show that
A is an algebra over F.

Second we define K’ C A and an isomorphism K — K'. For b € K, we let
b’ be the member of A given by b’ = b1 = b(a(1, 1)"'x;), and we let K’ be the
image of K under b +> b’. The map b — b’ certainly respects addition, and it
respects multiplication because the identity

(bra(1, )™ 'x)(baa(l, )™ xy) = bibra(l, ) 'x

is immediate from (x). Hence K’ is a subfield of A.
Third we prove properties (a), (b), and (c). For (a), we use () and (1) to obtain
the identity

b'xe = (ba(l, ) 'x)x, = ba(l, D" 'a(1, 0)x, = bx,. €3)

This identity shows that K'x, = Kx,, and (a) follows. From (&), we see
also that x5 (bx,-1) = (1x5)(bx,-1) = lo(b)a(o, o ~")x; and that (bx,-1)x, =
bo(1)a(oc~!, 0)x;; thus x, has aright inverse in A and also a left inverse, hence a
two-sided inverse. Consequently the statement of (b) is meaningful; for its proof
we have only to observe that

xo'x; " = (x5 (ca(l, D7 'x))x; ! = (0 (0)o(a(l, 1) ta(o, Dxo) - x; !
=0(O)xy - x; =0 (c)x.x; =0 (c),

the last three equalities following from (1), (£), and the identity x,x_ I=1.

For (c), we have

XoXr = a(0, T)Xer = a(o, 1) Xsr,
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the second equality following from (¥).

Fourth we show that A is simple. Let I be a proper two-sided ideal in A, and
let o : A — A/I be the quotient homomorphism. Since 1 is not in / and since
K’ is a subfield of A, we know that ker(¢| ) = 0 and that ¢(K’) is a subfield of
A/I. The field ¢(K’) acts on A/I by left multiplication and makes A/I into a
@(K') vector space. The members ¢(x,) of A/I certainly span A/I over ¢(K')
because of (a), and the claim is that they are linearly independent. If so, then ¢
is one-one, I equals 0, and A is simple. For the linear independence, we argue
by contradiction in the same way as for Lemma 3.11. Suppose that / € G is a
maximal subset such that {¢(x;) | T € J} is linearly independent over ¢(K’).
For o not in J, we then have

p(xo) = 3 plap)e(xc) witha, € K. (€]

tel

Every c in K satisfies

(0 (c))p(xs) = @(xz)p(c) =Y pla)px)e(c) =) pla)e(t(c))p(x.),

telJ tel

and thus
P(xs) =Dy 90 (@) pla)e(t(e))e(xr).

Comparing this expansion with (£i) shows that

90 (@) 'p@)e(t(@)) =p@,)  fort el $)

Since x,, is invertible in A, ¢ (x,) is invertible in A/ and cannot be 0. Therefore
some ¢(a;) in the expansion (¥%) is nonzero. For this 7, we can cancel ¢(a’) in
(8) and obtain ¢ (o (¢)’) = ¢(t(c)’) forall ¢ € K. Since ¢ is one-one on K’, we
conclude that o = 7, in contradiction to the fact that o is not in J. Therefore A
is simple.

Fifth we show that A has center F. Thus suppose that ) c.x, is central.
Commutativity with d’x, forces the two expressions

(Zc(’,xa)d’xf =Y clo(d)x.x; =) clo(d)a(o, 1) xs

d
o d/xr(Zc;,xa) =) (d'x)(chxs) =) d't(cs)a(t,0) xz0

[
=Y d't(c;150)a(t, T 0T) x0¢
o
to be equal. Hence

dt(c,-1p)a(t, 7 '01) = cpo(d)a(o, r)  foralld, o, 7. (8%)
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Putting d = 1 in (§8§) shows that 7(c,-1,,)a(t, T~ 'o 1) = c,a(o, T). Substitut-
ing from this equation into the left side of (§§) gives

dcya(o, 1) = cyo0(d)a(o, 1) foralld, o, 7.

If ¢, # 0, we see that 0 (d) = d for all d € K; thus ¢, # 0 only for 0 = 1. For
o =1andd =1, (§8§) reduces to

t(cp)a(r, 1) = cia(l, 7).
Taking into account (1) and (), we obtain
t(cia(l, 1)) = cia(l,1).

Since t is arbitrary, this says that cja(1, 1) is in . Thus the central element is
cixi = cixp = cra(l, Da(l, ~'x; = (c1a(1, 1)1 and is an F multiple of the
identity.

Since {x,} by definition is a basis of A over K, we have dimg A = |G| =
dimy K. Multiplying this equation by dimy K yields dimp A = (dimp K)>.
This completes the proof. (]

Corollary 3.13. If X is a finite Galois extension of the field F, then the map
B(K/F) — H*(Gal(K/F), K*) defined via factor sets is one-one onto.

PROOF. Put G = Gal(K/F). Ifa : G x G — K* isin Z>(G, K*), then
we can construct an algebra A via Proposition 3.12, and the claim is that the
map a — A descends to H>(G, K*) and is a two-sided inverse to the map from
B(K/F) into H*(G, K*) given in Proposition 3.10.

First we show that a > A descends to H*(G, K*). Thus suppose that b is a
second cocycle and is of the form b(o, 7) = a(o, t)caa(c,)cgrl, i.e., represents
the same member of H*(G, K*). Let B be the algebra constructed from b by
Proposition 3.12, say with K mapping to K” C B via ¢ +> ¢” and with

@) B=@,.; K"y, for asubset {y,} of B,
) yoc''y; ' =0a(c),
() Yoyr =b(0, 1)"yor.

Define ¢ : A — B to be the additive extension of the function with ¢(c'x,) =
"¢/ ~'y,. To check that ¢ is an algebra homomorphism, we start from the

formula (¢’x,)(d'x;) = c'o(d) a(o, T) x4, and apply ¢ to obtain

o((('x)d'x)) = "a(@) alo, 7)), Yoo
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Meanwhile,

P('x)pd'x;) = (" ye ) (d ! yy)
=" o (d) o () b(o, ) Yor

=" a@) o) ao, 1) clo(c) . YVor.
Hence ¢((¢'x)(d'x;)) = ¢(c'x4)¢(d'x;), and ¢ is an algebra homomorphism.
Since ¢ carries K basis to K basis, ¢ is an algebra isomorphism.

Thus the map a +— A descends to a map from H?(G, K*) into B(K/F).
Starting from a cocycle a in Z2(G, K*), we can construct A and elements x, by
Proposition 3.12, we can apply Propositions 3.12b and 3.10 to the x,’s to obtain
another cocycle a in Z2(G, K*), and we can use Proposition 3.12¢ to see that
a = a. In the reverse direction if we start from an algebra A, make a set of
choices, and form a factor set @ by means of Proposition 3.10, then Proposition
3.12 constructs an algebra A that has to be isomorphic to A because conditions
(a) through (¢) in Proposition 3.12 determine the same multiplication table for an
algebra as was used in constructing the cocycle a. (]

Theorem 3.14. If K is a finite Galois extension of the field F, then the map
B(K/F) — H?*(Gal(K/F), K*) defined via factor sets is a group isomorphism.

REMARKS. Put G = Gal(K/F). In view of Corollary 3.13, is enough to
prove that the mapping Z%(G, K*) — B(K/F) of Proposition 3.12 is a group
homomorphism. Thus let A, B, and C be the crossed-product algebras A =
A(K,G,a), B = A(K,G,b), and C = A(K, G,ab). We are to prove that
A ®F B is Brauer equivalent to C. Each of A, B, and C has F dimension
(dimr K)?, and hence A ® B will not be isomorphic to C. Consequently we
need to prove Brauer equivalence of two specific nonisomorphic algebras. This
is the circumstance that makes the proof complicated.

PROOF (Chase). Let G, a, b, A, B, and C be as in the remarks. We can regard
A and B as vector spaces over K with K acting on the left in each case. We define
an F vector space M to be the quotient of A @ B by the F' vector subspace /
generated by all vectors ca @ b —a ® cb witha € A, b € B,andc € K. We
write M = A ®g B for this quotient, even though more standard notation for it
might be A’ ® B with A as aright K module and B as a left K module.

The subspace [ is carried to itself by right multiplication by any member of
the algebra A @ B and hence is a right ideal. The quotient M is therefore a
unital right A ® 7 B module with (¢ Qg b)(a’ ®f b') = aa’ @ bb' for a Qg b
inMandad ®r b in A ®F B.

We shall make the unital right A ® B module M into a unital (C, A ®f B)
bimodule by introducing an action by C on the left. For this purpose let {u, }, {vs},
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and {w, } be the distinguished K bases of the algebras A, B, and C indexed by G
and used to form A, B, and C from the 2-cocycles a, b, and ab. Given an element
xwy in C with x € K, define xw, on A ®f B to be (left by xu,) ® (left by v, ).
Let us see that this operation carries the generators of / into /. We have

(xwg)(ca ®f b)—(xwy)(a ®F cb) = xusca f Vob — xttsa Qf vocb
=x0(C)uga QF Vob—xusza Q@p o (c)vsb
=o(c)(xusa) ®f (vob)

— (xuga) ®r o (c)(vsb),

and the right side is indeed in /. Thus we obtain an operation of xw, on the left
for A ® B such that

(xwy)(a @k b) = xusa Qg vab forx e K, c € G, ae A, be B. (%)

We extend this definition by additivity in such a way that all of C operates on the
left for A ®k B.

The claim is that the additive extension (x) to C makes M = A Qg B into a
unital left C module. What needs proof is that 1 acts as 1 and that

((rwe) (Ywy))(a ®k b) = (xw,)((yw:)(a ®x b)). (o)
The element 1 in C is a(1, 1)~'b(1, 1)~ 'w;, and we have
(a(L, D', D 'wy) (@ ®k b) =a(l, D7'b(L, D) 'uja @k vib
=a(l, ) 'ua ®x b(1, 1)"'vib = a ® b.
Thus 1 acts as 1. For (%), the left side is
(xo (n)a(o, b0, T)w,) (@ ®k b) = x5 ()a(o, TG, T)itera Ok Vorb,
while the right side is

(xwe)(Yura @k v:b) = Xusyu:a g voV:b = x0 (Y)Uol-a Qg VoV

=x0(y)a(o, Tus.a g b(o, T)vyb.

These are equal, since b(o, T) is in K and therefore moves across the tensor-
product sign.

Thus M is a unital left C module. The left action by C certainly commutes
with the right action by A ® p B, and M is consequently a unital (C, A ®f B)
bimodule. Each member of A ® ¢ B therefore yields by its right action a member
of the ring End¢ (M), and we obtain a ring homomorphism of (A ® B)? into
End¢(M). Since A @F B is a simple ring, this homomorphism is one-one. If we



3. Crossed Products 143

can prove that this homomorphism is onto, then we will have a ring isomorphism
(A ®pF B)? = End¢ (M), and the rest will be easy.

To see that the homomorphism is onto, we shall calculate dimensions. Let
n = dimg K. Then each of A, B, and C has F' dimension n?, and we have

dimy M = (dimy A)(dimp B)/(dimp K) = n’n*/n = n® = (dimy C)n.

Since the algebra C is simple, every unital left C module is semisimple and is in
fact isomorphic to a multiple of a simple left C module V. The above dimensional
equality says that if r is the integer such that C is isomorphic to rV as a left C
module, then M is isomorphic to nrV.

Let D be the division algebra End¢ (V). As in the proof of Wedderburn’s
Theorem (Theorem 2.2), we know for each integer m that

Endc(mV) = M,,(Endc (V) = M, (D). ()
Taking m = r in (1) gives C° = End¢ (rV) = M, (D). Hence
C = M, (D), (1)

and dimp C = r?>dimg D. Since dimp C = (dimp K)> = n?, we obtain
dimp D = n?/r?. Taking m = nr in (}) gives

Endc (M) = Endc (nrV) = M, (D), )
and we therefore obtain
dimp Endc (M) = n?r?dimp D = (0> r®)(n?/r?) = n*.

Since dimp (A ® B) = n*, we obtain dimp (A @ B)° = dimp End¢c (M), and
we conclude that the algebra homomorphism (A ®  B)’ — End¢ (M) is onto.
Thus it is an isomorphism, and A ® p B = (End¢(M))°.

Combining this isomorphism with (}) shows that AQr B = M, (D). In view
of (1), A ®F B is therefore Brauer equivalent to C. O

Corollary 3.15. If D is a finite-dimensional central division algebra of dimen-
sion m? over a field F, then the m-fold tensor product of D with itself over F is
a full matrix algebra over F.

PROOF. Corollary 3.9 produces a finite Galois extension K of F such that
K splits D. Write G for Gal(K/F). In view of Theorems 3.3 and 2.4, there
exists an integer [ such that A = M;(D) contains a subfield K’ isomorphic to K
with dimz A = (dimyz K’)?. Changing notation, we may redefine K = K'. Let
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n = dimp K. Thenn? = dimp A = [2dimp D = (Im)?, and n = Im. Following
the construction of factor sets in Section 2 and using Lemma 3.11, we form a
vector-space basis {x, | 0 € G} of A over K and a factor set {a(o, T)} such that
XoX; = a(0, T)xs7 and o (c) = x,cx, ! forall ¢ in K.

Example 1 of semisimple rings in Section 1I.2 shows that the left A module A
is the direct sum of / isomorphic simple left A modules. Let V be one of these.
Restricting the module structure of V from A to K makes V into a unital left K
module, hence into a vector space over K. Then we have

n? =dimp A =1dimp V = [(dimg V)(dimg K) = Indimg V,

and dimg V = m. Let vy, ..., v, be a K basis of V. For each x € A, define a
matrix C(x) in M,,(K) by

XVj = Z C(x),-‘,'v,».
i=1

For ¢ and 7 in G, we compute x, X, v; in tWo ways as

m

XoX:Vj = a(o, T)Xevj = a(o, T) Y C(Xq1)ijvi (€))
i=1
and as
XoX:Vj = Xg ) C(x)kjvk =D 0 (C(x)ij)xevk = Y 0(C(x7)ij)C (Xo)ik Vi
k=1 k=1 ik=1

If we write o (C (x;)) for the result of applying ¢ to each entry of C (x;), then we
obtain

Foxety = 3 (Clxp)o ey (+4)
Comparing (x) and () leads to the matrix equation in M,,(K) given by
a(o, 1)C(xor) = C(xg)0 (C(x7)).
Putting ¢, = det C(x,) and taking the determinant of both sides yields
a(o, 1)"cor = co0(Ce).
This equation shows that a(o, t)" is a trivial factor set. Applying Theorem 3.14,

we see that the m™ power of the Brauer equivalence class of A is trivial. Since A
is Brauer equivalent to D, the corollary follows. O
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Corollary 3.16. If F is any field, then every element of B(F') has finite order.

PROOF. If A is any central simple algebra over F, then Theorem 2.4 shows
that A = M;(D) for some integer / > 1 and some central division algebra D over
F. Corollary 3.15 shows that the Brauer equivalence class of D has finite order
in B(F). Since A is Brauer equivalent to D, the same thing is true for A. ([l

4. Hilbert’s Theorem 90

Let K/ F be a finite Galois extension of fields. Our interest in this section will be
in the cohomology groups H?(Gal(K/F), K*) with g possibly different from 2.
For ¢ = 0, H%(G, N) is always the subgroup of elements of N fixed by every
element of G. In the case of a Galois extension, the members of K * fixed by the
Galois group are the nonzero elements of the base field F. Thus we have

H%(Gal(K/F), K*) = F*.
In addition, Theorem 3.14 has established an isomorphism
H*(Gal(K/F), K*) = B(K/F),

and thus we have already obtained some understanding of this group for g = 2.

We shall examine H'! in a moment, but first we take note of another fact about
H?. Problem 16b at the end of Chapter VII of Basic Algebra shows that if G
is a finite group and N is an abelian group on which G acts by automorphisms,
then every element of H(G, N) for ¢ > 0 has order dividing |G|. In particular,
every element of H 2(Gal(K /F), K*) has order dividing dimp K whenever K is
afinite Galois extension of F'. Applying Theorem 3.14, we see that every member
of B(K/F) has order dividing dimr K. In view of Corollary 3.9, this argument
gives a new and shorter proof of the result of Corollary 3.16 that every member
of B(F) has finite order. The estimate of the order via Corollary 3.15, however,
is sharper than the estimate obtained via the shorter proof, and this distinction
makes all the difference in Problem 12 at the end of the chapter.

The result concerning H' and its important special case given as Corollary
3.18 below are known as Hilbert’s Theorem 90.

Theorem 3.17. If K/F is any finite Galois extension of fields, then
H'(Gal(K/F), K*) =0.

PROOF. Let G = Gal(K/F),putn = dimp K, andenumerate G asoy, .. ., 0y.
By the Theorem of the Primitive Element, we can write K = F(«) for some « in
K,andthen{l, @, a?, ..., a" '}isabasisof K over F. Form the n-by-n matrix M
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with entries in K whose (i, j)" entry is of ('~1). This is a Vandermonde matrix,
and Corollary 5.3 of Basic Algebra gives its determinant as [ | i [oj(a) —oi ()]
This determinant cannot be 0, since o;(«) = o;(«) implies o; (oF) = of ()k =
o;()* = o7 (%) for all k and then 0j(x) = o;(x) for all x. Hence the matrix M
is nonsingular.

Let f be a nonzero element in Z'(G, K*). Such a function f : G — K is
nowhere vanishing and has f(ot) = f(o)o(f(r)) for all o and t in G. Since
the matrix M is nonsingular, the nontrivial linear combination ) ., f(0)o
cannot be 0 on all members of the basis {1, «, a2, ..., a""'}. Choose k with
Y owe flO)o (a¥) =y # 0. Applying T € G to this equation, we obtain

) =X t(floNro@) = ¥ f(zo) f(r) 'to @)

oeG oeG
=f@hH Y flo)a(@) = f(o) 'y
oeG
The equation f(z)~! = t(y)y~! shows that f~! is a coboundary, hence that f
is a coboundary. (]

Corollary 3.18. If K/F is a finite Galois extension with cyclic Galois group
and if o is a generator of the Galois group, then every member x of K with
Nk r(x) = 1is of the form x = o(y)y~! for some y € K*.

REMARKS. The instance of this corollary in which K is a quadratic number
field and F is the field Q appears as Problem 27 at the end of Chapter I. In
subsequent problems at the end of that chapter, Problem 27 plays a crucial role
in showing that various possible definitions of genera are equivalent.

PROOF. Let G = {1,0,02,...,0" '} be the Galois group, and define a

function F : Z — K* by F(0) = 1 and

Fk) = xo(x)o%(x)---o* 71 (x) fork > 1.
Then we have

Fk+1) =xox)o?(x) -1 (x)

= (xo(x)crz(x) coghl (x))o*k(xa(x)az(x) coeoll (x))

= F(k)o* (F()), ()
The condition that Ng,r(x) = 1 is exactly the condition that F'(n) = 1. Then
Fk +n) = F(k)a"(F(1)) = F(k) for all k, and it is meaningful to define
a 1-cochain f : G — K> in C'(G, K*) by f(c¥) = F(k). Condition (x)
impliesthat f (c¥0!) = f(c¥)o*(f(c!)),andhence fisacocyclein Z'(G, K*).
Theorem 3.17 shows that f is a coboundary in B!(G, K *), necessarily satisfying

f(r) = t(y)y~! for some y € K* and all T € G. Taking T = o, we obtain
x = f(0) =o(y)y™!, as required. O
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Our final result concerning H9(Gal(K /F), K*) for this chapter gives further
information about the special case in which Gal(K / F') is cyclic, but now for gen-
eral g. In combination with the study of crossed-product algebras, the case g = 2
of this result provides a way of constructing new examples of noncommutative
division algebras. A key step in the proof makes use of a fundamental general
property concerning cohomology of groups, and we therefore digress in Section 5
to establish this property.

5. Digression on Cohomology of Groups

This section develops general material about cohomology of groups. Although
the earlier sections of this chapter are helpful for motivation, the results that we
discuss in this section do not rely on any previous material in this volume. It
will be assumed that the reader is familiar with the definitions of complexes and
exact sequences in Chapter X of Basic Algebra, as well as with the application
of tensor-product functors and Hom functors to exact sequences and complexes.
The material in Chapter VII of Basic Algebra on cohomology of groups will be
helpful as background, but it is unnecessary from a logical point of view. If R is
a ring with identity, we denote by Cg the category of all unital left R modules.

Let G be a group, not necessarily finite. We shall work with the integral group
ring ZG of G. It has the universal mapping property that whenever G acts by
automorphisms on an abelian group M, then the action by G on M extends to
ZG in a unique way that makes M into a unital left ZG module.

Here is a brief overview of what is to happen in this section: If G acts on
the abelian group M by automorphisms, then the abelian group C"(G, M) of
n-cochains is the set of functions into M from the n-fold product of G with itself,
the operation being given by addition of the values of the functions. To define the
cohomology group H" (G, M), one introduces suitable homomorphisms known
as “coboundary maps” 8, : C"(G, M) — C"'(G, M) and shows that the
sequence

0 —> Co(G, M) =2 ... 228 .G, M) 25 Cpi i (G, M) —> - -

of abelian groups and homomorphisms is a complex in the category Cz. Then
it is meaningful to define H" (G, M) = (keré,)/(image,_;) for n > 0 if we
adopt the convention that image §_; = 0. The first thing that we shall do in this
section is to exhibit a certain exact sequence in the category Czg such that the
above complex is obtained from it by application of the functor Homgzg (-, M)
and the dropping of one term of the form Homgzg (Z, M). Except for a single
term Z, the members of this exact sequence will all be free ZG modules, and the
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exact sequence will be called the “standard resolution of Z in the category Cz¢.”
The exactness is proved in Theorem 3.20, and the application of Homzg (-, M)
to it appears after the proof of the theorem.

The next thing that we shall do is show that if the standard resolution of Z is
changed to any exact sequence in Cz¢ in such a way that the free ZG modules
are replaced by other free ZG modules and the module Z is left unchanged,
then application of Homyzg (-, M) to the new exact sequence leads to canonically
isomorphic cohomology groups. This result appears below as Theorem 3.31.
In brief, the cohomology groups H" (G, M) can be computed starting from any
“free resolution of Z” in the category Cz¢ in place of the standard resolution.

We begin by constructing the “standard resolution of Z.” For n > 0, let F),
be the free abelian group with Z basis the set of all (n+1)-tuples (go, - .., &)
with all g; € G. The group G acts on F, by automorphisms, the action on the
members of the Z basis being

8(go, ..., 8n) = (880, --.,88n)-

The universal mapping property of ZG then allows us to regard each F,, as a
unital left ZG module.

Lemma 3.19. For n > 0, the left ZG module F,, is a free ZG module with
Z.G basis consisting of all (n+1)-tuples (1, g1, ..., &), i.e., all Z basis elements
with gg = 1.

PROOF. The formula gy(1, go_lgl, ceey go_lg,l) = (go, &1, - - - » gn) shows that
all members of the Z basis defining F,, are ZG images of the asserted ZG basis;
hence the asserted ZG basis is a spanning set of F), relative to ZG. Suppose
that there are finitely many distinct members /; of G and finitely many distinct
(n+1)-tuples (1, g1, - - ., &i.n), and members Zj njjhj of ZG such that

> (Znijhj)(l, gils---s8n) =0.
j

i
Then Znij(hj,hjgi,l,...,hjg,',,,)=O.
LJ

Since the h;’s are distinct as j varies and the n-tuples (g; 1, .. ., g;,,) are distinct
as i varies, the (n+1)-tuples (h;, hjg; 1, ..., h;gi,) are distinct as the pair (i, j)
varies. Thus the Z independence implies that n;; = O for all i and j. This proves
the lemma. ]
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For n > 1, we define 0,,_ : F,, — F,_; as a function from the Z basis into
Fu_ by

n
8n—1(80, . --’gn) = Z(_l)l(g07 .. -,§i, . '-’gn),
i=0

where the symbol " indicates an expression to be omitted. We extend 3, to all
of F, by the universal mapping property of free abelian groups. For g in G and for
any Z generator x of F),, it is evident that 9,,_1(gx) = g(9,-1(x)). Since d,_1 is
a homomorphism of abelian groups, the formula 9,,_; (gx) = g(9,—1(x)) extends
to all x’s in F;. Since G and Z generate ZG, we obtain 9,1 (rx) = r(3,—1(x))
forallr € ZG andall x € F),. In other words, each 9, is a ZG homomorphism.

We shall make use of one additional ZG homomorphism. According to Lemma
3.19, the ZG module Fj is free on the ZG basis {(1)}. Let us think of the group G
as acting trivially by automorphisms on the abelian group Z. Under this action,
Z becomes a ZG module. Define ¢ : Fy — Z to be the ZG homomorphism with
e((1)) = 1. Then &((go)) = go(e((1)) = go-1 = 1forall go € G. The ZG
homomorphism ¢ is called the augmentation map.

Theorem 3.20. If G is any group, then the sequence

On+1 9, On—1 0 &
’—+>Fn+l *s F, 5 Fy 7 0

of left unital ZG modules and ZG homomorphisms is exact.

REMARKS. The displayed sequence is called the standard resolution of Z in
the category Cz. The proof will be preceded by two lemmas.

Lemma 3.21. The sequence

Ont1 On On—1 do 3

Foi F, e Fo Z 0

in Czg is a complex, i.e., d,—10, = 0 for n > 1 and also €9y = 0.

PROOF. With the understanding that the symbol ~ indicates an expression to
be omitted, we have
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n . A
an—lan(gOa 7gn) = Z (_l)lai’l—l(g07 7gi7 .. "gn)

i=0
n ci=l . R R
=2 (=D' Y (=D'(go, -+ 8&jr-» 8i»--+»8&n)
i=0 =0
n o ) . R
+Z(_1)l Z (_1)]+1(g07"'sgi’"'7gj7"'7gn)
i=0 j=itl
n i—1 o R R
:ZZ(_1)l+](g07""gj9"'vgiv"'7gn)
i=0j=0
n n o . .
_Z Z (_1)’+j(g0""7gl'a-"’gjv"-’gl’l)'
=0 j=i+1

If we interchange the order of summation in the second double sum on the right,
we see that the result equals the first double sum on the right. Thus the difference
is 0.

This handles all the consecutive compositions except for £dy. For this we have
£0o(go, g1) = (g1) —€(go) =1—-1=0. O

Lemma 3.22. Fix s in G. Forn > 0, define ahomomorphism#,, : F,, — Fj11
of abelian groups to be the additive extension of the function with

hn(gOa vgn) = (s$ gO» ,gn)»

and define h_y : Z — Foy by h_1(k) = k(s). Then d,h, + hy_19,—; = 1 for
n > 1, and also dphg + h_1e = 1.

PROOF. On the Z basis of (n+1)-tuples in F},, we have
Onhn(go, - - 8n) = 9,(s, g0, -+ - » &n)

n . R
= (80> &)+ O (=D(s, 80, s Giv s 8n)

i=0
and also
n . R
hu10p-1(80s -, 8n) = 2 (=1)'(5, 80, -- -+ &is---» 8n)-
i=0
The sum of these is (go, - . ., gn), as required. Also,

doho(go) = do(s, go) = (go) — (s) and h_1e(g0) = h_11 = (s).

Thus dpho(go) + h_16(go) = (go), and dpho + h_16 = 1. O
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PROOF OF THEOREM 3.20. Lemma 3.21 gives imaged, < kerd,_; and
image dyp € kere. For the reverse of the first inclusion, let x € F, be given
with d,_;x = 0 and n > 1. Then Lemma 3.22 gives x = d,h,x + h,—10,_1x.
The second term on the right side is 0, and therefore x = 9,,(h,x) is in image d,.

For the reverse of the inclusion image dyp C kere, let x € Fy be given with
ex = 0. Then Lemma 3.22 gives x = dphox + h_1ex. The second term on the
right side is 0, and therefore x = dy(hox) is in image dg. O

With the standard resolution of Z in Cz now known to be exact, we examine the
effect of applying the functor Homzg (-, M) to it. This functor is contravariant
and carries Cz¢ to the category Cz of all abelian groups. On a unital left ZG
module F, this functor yields the abelian group Homzg (F, M). On a Z module
homomorphism ¢ : F — F’, it yields the homomorphism

Hom(g, 1) : Homgzg (F', M) — Homgg (F, M)

of abelian groups given by Hom(p, 1)(¥) = v o ¢ for v € Homgg(F', M).
We know from Chapter X of Basic Algebra that this functor carries complexes to
complexes but does not necessarily preserve exactness.

Before applying Homz (-, M) to the standard resolution of Z, it is customary
to drop the term Z and the augmentation map, obtaining a modified sequence

Ot O On—1 do
e Fn+l Fy to

F()—)O

that is still a complex in Czg. Let us define d,, = Hom(9,,, 1). Then the result of
applying Homgzg (-, M) to the modified complex is the complex

dy dy,
0 —> Homyg(Fo, M) —2> - Homyg (F,, M) —2> Homyg(Fyy, M) =25

in Cz. To each ¢ in Homyg (F,, M), we associate f = ®(¢) in C"(G, M) by
the definition

F g1 8n) =01, 81,8182, .., 81 &n)-
Any member ¢ of Homyg (F,,, M) is determined by its values on (n-+1)-tuples
(1, g1, --., &n), since we can factor out the first entry of the argument of ¢ and
commute it past ¢, and it follows that the system of group homomorphisms

®, : Homyg(F,, M) — C"(G, M)

is a system of isomorphisms of abelian groups. Let
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8p: C"(G, M) — C""1(G, M)

be the map corresponding to d, : Homg(F,, M) — Homg(F,+1, M) under
this system of isomorphisms, namely 8, = @, o d, o ®,!. We can calculate
8n explicitly as follows: If f = ®,(¢), then 8, f = (D,41d, @, ) (D)) () =
®,,11d, ¢, and therefore

G f)81s - s &ny1) = (dno)(1, g1, 8182, -+, 81"~ &nt1)
= @0,(1, g1, 8182, ---, 81" &n+1))
=¢(g1,8182>--->81 """ &n+1)

n ) .

+ Z(_l)l(p(Lgl’”'vgl"'gi7‘--’gl"'gn+l)
i=1

+ (D" o g1, g1 8n)

=g1(f (82,83, ---»&+1))
+ ; (=1 F(@1r s B 8as)
+(=D""f (g1, .., gn)-

Comparing this formula with the original formula defining 6, in Chapter VII of
Basic Algebra, we get a match. That is, we have obtained the complex in Cz
defining the usual groups H" (G, M) by applying Homzg (-, M) to the standard
resolution of Z in Cz¢ and implementing the system of isomorphisms ®,. In
particular, we obtain a more conceptual proof than in Basic Algebra of the fact
that the sequence

0 —> Co(G, M) =2 ... 228 €.(G, M) 25 Cpi i (G, M) —> - -

is a complex and that cohomology groups are therefore well defined.
This completes the discussion of the first main point of the section as outlined
in the overview at the beginning. Next, any exact sequence

9 9 aq 9 /
+1 -1 0 &
. F’ . F,i . F(;

n+1 Z 0

in the category Cz¢ in which all ZG modules F,, for n > 0 are free ZG modules
is called a free resolution of Z in the category Czs. The second main point
of the section is that if we apply the functor Homzg (-, M) to this sequence
with Z dropped, then the consecutive quotients of kernels modulo images are
canonically isomorphic to the cohomology groups H" (G, M) obtained above.
Thus H"(G, M) can be computed from any free resolution of Z, and we are
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not obliged to use the standard free resolution. This result is stated precisely as
Theorem 3.31 below.

By way of preparation, let us establish a slightly more general setting and work
with it for a moment. Let Cg be the category of all unital left R modules, where R
is any ring with identity. According to circumstances, a complex X in Cg might
be written with decreasing indices as

3+1 0, Op—1 On—2
X: 5 Xy — X, — X, —>

or with increasing indices as

dn—2 dn—1 dn dn+l
X : s Xn_1 Xn Xn+1

Mathematically these complexes amount to the same thing: if we rename each
Xy in the second complex as X_; and rename each dj as d_;—_;, then we obtain
the first complex. However, it is convenient to allow both systems of indexing
because of applications.

For the first complex, which has decreasing indices, we define the n™ homology
of X, written H,(X), by

H,(X) = (kerd,_1)/(image d,).

For the second complex, which has increasing indices, we define the n'" coho-
mology of X, written H"(X), by

H"(X) = (kerd,)/(imaged,_1).

In both cases the integer n is called the degree. In either case the homology
or cohomology is again a module in Cg. The condition that X be a complex is
equivalent to the condition that the image of each incoming map be contained in
the kernel of the corresponding outgoing map, and this is precisely the condition
that the homology or cohomology be meaningful. Exactness at a particular
module in one of the complexes is the statement that the image of the incoming
map equals the kernel of the outgoing map. Thus the homology or cohomology
of X measures the extent to which the complex X fails to be exact.

Because the nature of the indexing of a complex is not mathematically sig-
nificant, we will treat only the case of increasing indices for a while, and the
modules associated to our complexes will therefore be cohomology modules. A
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cochain map? between two complexes X and Y in the same category Cy is a
system f = {f,} of R homomorphisms f, : X, — Y, such that the various
squares commute in Figure 3.1.

dy_» dp—1 d, dpy
X : e s X, " X, Xn+1n—>"‘
lfnfl lfﬂ lfiﬁrl
d’—Z d’—] dr/z d/+l
Y : e —/ Y, " Y, Yoi1 NN

FIGURE 3.1. A cochainmap f: X — Y.

Proposition 3.23. A cochain map f : X — Y as in Figure 3.1 induces an R
homomorphism on cohomology H"(X) — H"(Y) in each degree.

PROOF. Suppose that x,, is in kerd,, i.e., that d, (x,,) = 0. The commutativity
of the right square gives d) (f,(x,)) = fut1(d,(x,)) = 0, and hence f,(x,) is
in kerd,,. Suppose that x, is in imaged,_1, i.e., that x, = d,_;(x,_;) for some
Xp—1. The commutativity of the left square gives f,(x,) = fudn—1(xp—1) =
d)_(fu—1(x4—1)),and hence f,(x,) isinimaged, . Thenitfollows that f, |kerdn
descends to the quotient (kerd,)/(imaged,_;), yielding a map of H"(X) into
H"(Y). O

Suppose in the situation of Figure 3.1 that g = {g,} is a second cochain map
of X into Y. We say that f is homotopic® to g, written f ~ g, if there is a system
h = {h,} of maps h, : X, — Y,_; inCg such thatd’h + hd = f — g, i.e., if
d,_ hy+ hpy1dy = fr — gn forall n.

Proposition 3.24. In the situation of Figure 3.1 if f = {f,} and g = {g,} are
two cochain maps of X into Y and if f and g are homotopic, then f and g induce
identical maps H"(X) — H"(Y) in each degree.

PROOF. Suppose that d, (x,) = 0. Then f,(x,) — g, (xn) = d,_,(ha(x,)) +
hyus1(dy(x,)) = d),_; (hy(x,)) 4 0 shows that the images of x, under f, and g,
in ¥, differ by a member of imaged, . d

Now we bring free R modules into the discussion.

2The analogous kind of system in which the complexes have decreasing indices is called a chain
map.

3An analogous definition is to be made in the case of two chain maps. If the maps of X are
9, : Xu41 — X, and the maps of Y are 9}, : Y,,+1 — Y, then we are to have &, : X, — Y41 with
a,/lhn +hp10n—1 = fu — &n-
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Proposition 3.25. For the diagram

F s mm -2y N

7 lf lfl
A\

F/ 3/ M/ 8]/ N/

in Cg, suppose that the top and bottom rows are exact at M and M’, suppose
that the square on the right commutes, and suppose that F' is a free R module.
Then there exists an R homomorphism f : F — F’ that makes the left square
commute.

PROOF. If x is a free generator of F, then 0 = f10,9(x) = 9;(fdx). By
exactness at M’, fox lies in image(d'). Choose any y € F" withd'y = fox, and
define f (x) to be this y. Then fox = 9’ f x, and the left square commutes at x.
The universal mapping property of free R modules says that f extends to an R
homomorphism of F into F’, and the extension has fd = 3’ f, as required. [

Corollary 3.26. In the category Czg, if the rows of the diagram

I 3, I 3 4
T X X, Xo Z 0
J{fn+l lfn J/fo J/I
a’/’ ! 3: 3:’/_ 3” 8/
sy, +1 Y, oo 0 Yo 7 0

are free resolutions and the vertical identity map 1 : Z — Z is given, then the
remaining vertical maps,

f()IX()—)Y(), ey fn:X,,—>Yn, fn+1:Xn+1_>Yn+la ey

can be constructed inductively from the right to make all the squares commute.

REMARK. The resulting system f = {f,} is called a chain map over the
identity map 1 : Z — Z.

PROOF. There is no harm in including a vertical O map at the right between
the two 0 modules. Certainly the square whose verticals are the identity map
1 : Z — Z and the 0 map commutes. Proposition 3.25 is to be applied first to this
square and the second square from the right (with vertical fj to be constructed and
vertical 1 : Z — 7 given) to construct fy, then to the second and third squares
from the right to construct f;, and so on, inductively. O
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Proposition 3.27. For the diagram

F_' L, Fr_ 2, N

l? T lf % lf‘

~ L

F F N
0 0

in Cg, suppose that the top and bottom rows are exact at F", that the left and right
squares commute, that F" and F are free R modules, and that 4, : N - F exists
with f; — 01h; vanishing on image(d;). Then there exists & : F — F such that
dh + h19; = f, and this property implies that f — 0k vanishes on image(9).

PROOF. If x is a free generator of F', then f (x) —h(d;(x)) isinker(d;) because
01(fx —h101x) = fio1x — 9 h101x = (f1 — 01h1)(d1x) and because f; — 91h
vanishes onimage(d;) by assumption. Therefore f (x)—%,(91(x)) is in image(d),
and we can write f(x) — h(9;(x)) = da for some a € F. Put h(x) = a. Then
dhx = da = fx — h10,x, and h has the required property on the generator x.
The universal mapping property of the free R module F allows us to extend 4 to
an R homomorphism # : F — F, and the extension satisfies 0h = f — h,0;.
Once & has this property, then necessarily (f — dh)d = (h;91)d = h(9,9) = 0.

O

Corollary 3.28. In the category Czg, if a free resolution X = {X,,} of Z and a
chain map f = { f,,} of X with itself are given such that the map from Z to itself
is 0, then the chain map f is homotopic to the zero chain map g = {g,} with
gn = 0 for all n.

PROOF. We are given the diagram

/ /
81

3 ’
X, X, —s Xg ——> 7 0
lfn o lfl e lﬁ)/_l lo
L o L o v
X, s X, —— Xo Z 0

in the category Czs with the two rows as free resolutions and all squares com-
muting. We are to construct maps 4, : X, — X, with 9,4, +h,—19,_, = f.
Let h_; be the 0 map from the top 0 module to the bottom Z, and let _; be the 0
map from the top Z to the bottom X,. Then 9, h, + h,—10,_, = f, is satisfied
for n = —1 because the map f_; is the O map from Z to itself. Proposition 3.27
then allows us to construct inductively first g, then A, then k5, and so on. [
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Corollary 3.29. In the category Czg, if a free resolution X = {X,} of Z and a
chain map f = {f,,} of X with itself are given such that the map from Z to itself
is the identity 1, then the chain map f is homotopic to the identity chain map
g = {gn} with g, = 1 for all n.

PROOF. Apply Corollary 3.28 to f — 1. g

Corollary 3.30. In the category Czg, if two free resolutions X = {X,} of Z
and Y = {Y,,} of Z are given and if two chainmaps f : X — Yandg:Y — X
are given such that the map from Z to itself in each case is the identity 1, then gf
is homotopic to 1 and fg is homotopic to 1.

PROOF. Apply Corollary 3.29 to fg and then to gf. O
Theorem 3.31. If
3 Y i 3
. n+1 F’;+1 n F’; 1 0 F(; &€ Z 0

is any free resolution of Z in the category Cz; and M is a unital left ZG module,
then H"(G, M) is canonically isomorphic to the n™ cohomology group of the
complex in Cz, given by

dn
0 —> Homgg (Fj, M) 2> .- Homgg (F,, M) —2> Homyg (F,, . M) 25>
with d, = Hom(d,,, 1) forn > 0.

PROOF. Let the resolution in the statement of the theorem be Y, and let X be the
standard free resolution of Z in the category Czs. Two applications of Corollary
3.26 produce chainmaps f : X — Yandg:Y — Xoverl : Z — Z. Corollary
3.30 shows that gf is homotopic to 1 = 1x and fg is homotopic to 1 = 1y.
Apply the functor Homzg (-, M) throughout, including to the members of the
homotopies. Then we obtain chain maps

Homgzg (f, 1) : Homgg (Y, M) — Homgg (X, M)
and Homyg (g, 1) : Homyg (X, M) — Homgg (Y, M)
with
Homgzg (f, 1) o Homgzg (g, 1) homotopic to 1
and Homyzg (g, 1) o Homzg (f, 1) homotopic to 1.
Proposition 3.24 allows us to conclude that
Homyzg(f, 1) o Homzs (g, 1) induces the identity on H*(Homgzg (X, M))
and
Homgzg (g, 1) o Homzg(f, 1) induces the identity on H*(Homgzg (Y, M)).

Thus Homz (g, 1) induces an isomorphism of each group H" (Homgzg (X, M))
onto H"(Homyg (Y, M)). O
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6. Relative Brauer Group when the Galois Group Is Cyclic

This section has two parts to it. The first part specializes Theorem 3.31 to compute
group cohomology when the group in question is cyclic of finite order. The second
part applies this computation to H*(Gal(K/F), K*) and obtains information
about Brauer groups. As a consequence we obtain new information about the
classification of noncommutative division algebras.

Let G be a finite cyclic group of order n. Theorem 3.31 says that if G acts by
automorphisms on an abelian group M, then H>(G, M) can be computed from
any free resolution of Z in the category Cz¢. The standard resolution of Z is one
such resolution. We shall construct another such resolution that is special to the
case of G cyclic and that makes the cohomology more transparent.

Let G = {1,s,s%, ...,s"!}. Lemma 3.19 notes that the free abelian group
on the 1-tuples (1), (s), (s?), ..., (") is a free ZG module with ZG basis (1).
In other words, the elements of the left ZG module ZG may be identified with
the integer linear combinations of these 1-tuples. Define two operators T and N
from the left ZG module ZG into itself by

T = multiplication by (s) — (1),
N = multiplication by (1) + (s) + - - - + (s"71).

Each of these respects addition and commutes with multiplication by (s), hence
is a ZG module homomorphism. We shall compute the kernel and image of each.

The kernel of T consists of all elements for which left multiplication by (s)
n—1

fixes the element. The elements of ZG are of the form ) j=0 Cj (s7), and (s) times
this gives ¢,_ (1) + Z;’;ll cj—1(s’). Since (1), (s), ..., (s"~ ') form a Z basis,
the condition to be in the kernel of T is thatc,_1 = ¢y =¢; = -+ = ¢,,—2. Thus

kerT = {c((l) +@G)+---+ (s"_l)) | cE€ Z}.
Also,
image T = {integer polynomials in (s) divisible by (s) — (1)}

= {integer polynomials equal to O when s is set equal to 1}
n—1 . n—1

= { Y] Y= O}.
j=0 j=0

In the case of the operator N, we have N(s/) = (1) 4+ (s) 4+ - -- + (s" 1), and
therefore N(Zj cj(s/)) = Zj C; ((1) +)+---+ (s”_l)). Hence

n—1 n—1
kerN = { Y| Y ¢ :O} = image T,
j=0 j=0

image N = {c(()+ )+ 4+ ") | ceZ} =kerT.
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An immediate consequence of this and a supplementary argument concerning the
augmentation map is the following proposition.

Proposition 3.32. If G is a finite cyclic group, then the sequence

LN/ 7RIy e LN fe BN Fc BN J ANy 0

is a free resolution of Z in the category Cyzg.

PROOF. We still need to check exactness at the first ZG from the right. The
map ¢ is the ZG homomorphism with ¢((1)) = 1. Hence ¢((s’)) = 1 for all j,
and £( Y72) ¢j(s7)) = 3"Z) ¢;. Thus ker& = ker N = image T, and exactness
is proved. ([l

Corollary 3.33. If G is a finite cyclic group and M is an abelian group on
which G acts by automorphisms, then

H* (G, M) =M /(D + () + -+ (" H)M,

where M¢ is the subgroup of all elements of M fixed by G.

PROOF. Let us number the terms ZG in the resolution of Proposition 3.32
starting with index O from the right. Combining Proposition 3.32 with Theorem
3.31, we see that we may compute H>(G, M) as the cohomology of the complex
obtained by applying the functor Homzg (-, M) to the terms with indices 1, 2, 3
in the resolution in Proposition 3.32. Thus H?(G, M) is the cohomology at the
middle of the complex

Homy (ZG, M) 25 Homye(ZG., M) -5 Homye (ZG, M).

The mapping o — «((1)) of Homzg (ZG, M) into M is one-one and onto, and
we can identify members o of Homzg (ZG, M) with the corresponding elements
a((1)) accordingly. If « is in ker ((~) o T), then «(7T((1))) = 0, and we thus have
a((s)) = a((1)) and (s)a((1)) = a((1)). Hence a((1)) is in MC. These steps
can be reversed, and thus ker ((-) o T) = MC. If B is in image ((~) o N), then
B = a o N for some @ € Homyg(ZG, M), and thus

BD) =a((D)+ ) +--+ ") = a((1) + (D) +- -+ (" Ha((1)).

Since o ((1)) is a completely arbitrary element of M, we see that image ((~) oN ) =
((1) +G6)+---+ (s"*l))M, and the result follows. 0O
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Now we specialize to the Galois case that has occupied our attention in this
chapter. Let K/F be a finite Galois extension of fields. We are going to set G =
Gal(K/F),n = dimp K,and M = K *. To take advantage of Corollary 3.33, we
suppose that Gal(K / F) is cyclic. Then M® = (K*)¢ = F*. If x is an element
of K*, then the orbit Gx is {x, sx, s%x, ..., s" 'x}. Remembering that we are
using additive notation in working with cohomology of groups and multiplicative
notation in working with K, we see that the element ((1) +6)+--+ (s”’l))
of ZG is to be regarded as operating by giving the product of the members of an
orbit in K*. This product for the orbit of x € K* is Nk r(x), and Corollary
3.33 thus specializes to the following result.

Corollary 3.34. If K/F is a finite Galois extension of fields such that
Gal(K /F) is cyclic, then

H*(Gal(K/F), K*) = F* [ Ng/r(K™).

Corollary 3.34 considerably simplifies the proofs of Frobenius’s Theorem
about division algebras over the reals (Theorem 2.50) and Wedderburn’s Theorem
about finite division rings (Theorem 2.48), and thus the theory in Chapter I1I has
added something to the theory of Chapter II even in these very special situations.
In the case of the Frobenius theorem, the only nontrivial algebraic extension of
R is C, and thus Theorem 3.14 and Corollary 3.34 give

B(R) = B(C/R) = H*(Gal(C/R), R*)
= R* /Ne/r(C*) = R* /(R 2 Z/2Z.

Hence the reals and the quaternions are the only finite-dimensional central simple
division algebras over R.

In the case of the Wedderburn theorem, suppose that a finite field K splits a
central division algebra over a field F' with g elements. Say that |K| = ¢". For
finite fields the Galois groups are always cyclic, and thus Gal(K / F) is cyclic of
order n, generated by the map x +— x?. In view of Corollary 3.34, the Wedderburn
theorem follows if F* / Nk, r(K™) is shown to be trivial, i.e., if the norm map
Nk,r : K* — F* is onto. The group K* is cyclic, say with a generator xo of
order ¢" — 1. Since the norm of an element is the product of the images under
the Galois group, the norm of xj is given by

2 n—1 n—1 i—
_ q.49 q" _ ldgtetgt gl
Nk r(xo) = XoXpXxy Xy =X =x," .

This has order g — 1, not less, and thus is a generator of F'*. Thus the norm map
is onto F*.
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For a more difficult example that we can settle completely, consider the case
that F = Q and K = Q(4/m) for a square-free integer m other than 1. The
Galois group in this case is a 2-element group and is in particular cyclic. Thus
Corollary 3.34 applies. The norm of the member x + y./m of K, where x
and y are in Q, is x> — my>. The problem of determining the quotient group
F> / Nk ,o(K>) may be rephrased in terms of genera as in Section 1.5. Specifi-
cally the field discriminant D is defined to be m if m = 1 mod 4 and to be 4m if
m # 1 mod 4. A genus for Q(y/m ) is an equivalence class of primitive quadratic
forms ax? + bxy + cy? whose discriminant matches the field discriminant D,
except that the theory of Chapter I discards all negative definite forms. Equiv-
alence is determined by the action of SL(2, Q). Lemma 1.13 shows for D > 0
that each nonzero rational number is a value taken on by the members of one and
only one genus at points (x, y) # (0, 0) with x and y both rational; for D < 0,
Lemma 1.13 applies to positive definite forms and positive rational numbers. Let
us now enlarge the definition of genera to include negative definite forms and
negative rational numbers when D < 0.

The definition of the multiplication of classes of forms is set up so as to
be compatible with multiplication of the values of the quadratic forms, and the
genera define a group, the identity element being the principal genus. Since
a representative of the principal genus is x> — my?, the nonzero rational val-
ues corresponding to the principal genus are exactly the members of the group
Nk ,o(K™). Consequently the quotient group F* / Nk (K ™) is isomorphic to
the group of genera.* The easy result concerning the group of genera is Theorem
1.14, which says that this group is finite abelian and that every nontrivial element
has order 2; since B(K/F) = F* /NK/@(K *), Corollary 3.15 gives another way
of seeing that every nontrivial element has order 2. The hard result, which appears
in Problems 25-29 at the end of Chapter I, identifies the order of the group of
genera explicitly.’ If D > 0, then the order of the group of genera is 2%, where
g’ + 1 is the number of distinct prime divisors of D; if D < 0, then the order of
the group of genera is 28!

Consequently if m has g + 1 distinct prime divisors, then the relative Brauer
group is a product of 2-element groups whose order is given by

28 if m > 0and m # 3 mod 4,
8+l ifm > 0and m = 3 mod 4,
281 if m < 0 and m % 3 mod 4,

28%2  ifm < 0 and m = 3 mod 4.

|BQ(v/m)/Q)| =

4With the understanding that genera from negative definite forms are to be allowed if D < 0.
3In quoting this result, we are now making allowances for genera corresponding to negative
definite forms.
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The example with K /Q quadratic shows the kind of information that has to go
into a complete determination of the relative Brauer group when K /Q is Galois.
Showing that a relative Brauer group is nontrivial in a case with Gal(K /Q) cyclic
is considerably easier. According to Corollary 3.34, all one needs to know is that
the norm function does not carry K> onto Q*, and congruence conditions can
be used as a first step in addressing this question; Problem 4 at the end of the
chapter illustrates this principle. Problems 15-17 at the end of Chapter II give
a construction in this situation of nontrivial central simple algebras over Q that
are split by K, and such algebras whose dimension is the square of a prime are
necessarily division algebras. Problems 6—12 at the end of the present chapter
give a sufficient condition for obtaining a division algebra when the dimension is
not the square of a prime.

7. Problems

1. Let A be a finite-dimensional central simple algebra over a field F, let K be a

subfield of A, and let B be the centralizer of K in A.

(a) Arguing as in the proof of Theorem 3.3, exhibit a one-one algebra homo-
morphism A ® r K — Endp. A.

(b) Referring to the proof of Theorem 2.2 and counting dimensions with the aid
of the Double Centralizer Theorem, prove that the mapping in (a) is onto
El‘ldBo A.

(c) Deduce that A ® r K and B yield the same member of B(K).

2. Leta = a(o, t) be a 2-cocycle in Zz(Gal(K/F), K>), where K/F is a finite
Galois extension of fields. Prove for each t that [, €Gal(K /F) a(o, 7) liesin F*.

3. Let K/F be a finite Galois extension of fields with Gal(K /F) cyclic. Corollary
3.34 identifies H?(Gal(K /F), K*) for ¢ = 2. Identify this group for all other
values of ¢ > 0.

Problems 4-5 amplify the discussion of cyclic algebras that was begun in Problems
17-19 at the end of Chapter II. Problem 4 in effect produces an explicit division
algebra of dimension 9 over Q, and Problem 5 hints at the existence of an explicit
division algebra of dimension n? over Q for each integer n > 1.

4. Let: =e?™/7 andlet K = Q(¢) NR.
(a) Show that K/Q is a Galois extension of degree 3, that a basis for K over
Qconsistsof 7 = ¢ + ¢, 10 =2+ ¢72, 13 = £3 + ¢ 73, and that the
Galois group permutes 7y, T2, 3 cyclically.
(b) Show thatif a, b, ¢ are in Q, then
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Nk jglat + bty + c13) = abe(ti + 5 + 13)
+ (a3 +b03+3+ 3abc)T T3
+ (a*b 4 ac® + bzc)(tfrz + T22‘E3 + 7:32‘51)
+ (azc +ab* + bcz)(tl 122 + ‘52132 + 173‘[12).
(c) Verify the following identities:
T1+1mn+13=-1,
N=7+1, 7TB=01+173, TLB=T 171,
‘[12=‘E2+2, 122=r3+2, r32=r1 + 2.
(d) Combine (b) and (c) to show that
Nk jglat 4+ by + c13) = (@ +b° + 6‘3) —abc
+3(a®b + ac® + b*c) — 4(a’c + ab® + bc?).
(e) Under the assumption that a, b, ¢ are integers with GCD(a, b, ¢) = 1, show
that Ng,g(at| + b1z + c73) # 0 mod 3.
(f) Deduce from (e) that r = 3 is not in Ng,p(K*). (Educational note:

Consequently Problems 18-19 at the end of Chapter II produce an explicit
division algebra over QQ of dimension 9.)
5. (a) Show for each integer n > 1 that there exists a prime p such that n divides
p— 1.
(b) Deduce for this p that there exists a field L with Q € L € Q(e¥*i/P) such
that the field extension L/Q is a Galois extension whose Galois group is
cyclic of order n.

Problems 6-12 continue the discussion of cyclic algebras that was begun in Problems
17-19 at the end of Chapter II and continued in Problems 4-5 above. Let F be any
field, and let K be a finite Galois extension of F' whose Galois group G = Gal(K/F)
is cyclic of order n. Let o be a generator of G, fix an elementr # 0 in F, and let A
be the subset of matrices in M,,(K) of the form

(&) (&) 3 t Cn
ro(cn) ol(cr) o(c2) -+ oleu-1)
raz(cnfl) rgz(cn) 02(61) s 0'2(51172)
ra"Y(ea) ro"Hes) ro™ Heq) - 0" er)
Identify ¢ € K with the diagonal member of A for whichcy =candec; =---=¢, =
0, and let j be the member of A for whichc; =0,¢cp = 1,andecz =--- =¢, =0.

Under this identification every member of A has a unique expansion as » ,_; ¢k j k=1

with all ¢; in K, and the element j satisfies j* = r and jcj~! = o(c) for c € K.
Take it as known that A is a central simple algebra over F of dimension n%. This
series of problems leads in part to another theorem due to Wedderburn. (However, a
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more direct proof of the theorem of Wedderburn without the other results is possible.)

6. In the construction of factor sets in Section 2, use x « = jk forO<k<n-—1.
Show that the algebra A above corresponds to the 2-cocycle a with

1 ifk+1 <n,

a(o*, o) = .
r ifk+1>n.

7. Under the assumption that r = Ng,r(x) with x € K>, show that the choice

Cok = XO (x)o2(x) - - - %~ 1(x) exhibits the factor set of the previous problem as

a trivial factor set and hence shows that A = M,,(F).

8. Let F = {F} be the standard free resolution of Z in Czg, and let X = {X;}
be the free resolution of Proposition 3.32. The latter has X; = ZG for every
k > 0. Trace through the proof of Corollary 3.26, and show that the proof allows
a chain map f = { fi} to be defined in such a way that the values of fy, f1, f2
on standard ZG basis elements of Fy, F, F» are fo(1) = 1, fi(1, ok) =
—(140+---+0cF 1N for0 <k <n,and
ol ok oh 0 if0 <k <l <n,
,o0',0) =
2 —o! if0<l<k<n.
9. Let ®, : Homyzg(F2, K*) — C2%(G, K*) be the isomorphism of Section 5,
and let ¥ be in Homz (ZG, K*). Show that the member of C?(G, K *) that
corresponds to ¥ is (¥ o f>) and that

¥ (0) ifk+1<n,
Y (okt—m)=1 ifk+1>n.
10. Let y be a member of K *, and let i be the unique element of Homzg (ZG, K*)

with ¥(1) = y. Why in the context of Proposition 3.32 is i a 2-cocycle if and
only if y isin F*?

DY o fr) (0%, o!) = {

11. Take v as in the previous problem with v (1) = r~!, and show that the member of
Cc? (G, K*) that corresponds to it under Problem 9 is the factor set @ of Problem 6.

12. Deduce from the previous problem that the order of the Brauer equivalence class
in B(K / F) is the order of the coset of r in F* /NK/F(KX). Why does it follow
that A is a division algebra over F if the coset of r in F* / Nk /r(K™) has exact
order n? (Educational note: This result is a theorem of Wedderburn except that
it is here dressed in more modern language. The special case that n is prime
was already handled by Problems 18-19 at the end of Chapter II. Although the
converse was seen in those problems to be valid for n prime, the converse is
known to fail for n = 4.)

Problems 13-20 introduce the reduced norm of a central simple algebra and give an
application. Let A be a central simple algebra over a field F with dimz A = n?. For
a in A, the algebra polynomial of a is defined to be the characteristic polynomial
det(X1 — A) of the F linear mapping L(a) : A — A given by the left multiplication
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x + ax. This monic polynomial lies in F[X] and has degree n>. The ordinary
norm N4/ r(a) is defined to be (—l)”2 times the constant term, and the ordinary
trace Tra,r(a) is defined to be minus the coefficient of X "2_1; these functions of a
take values in F'. Choose a finite Galois extension K of F that splits A, and fix an
isomorphism¢ : AQr K — M, (K). The reduced polynomial of a is defined to be
the monic polynomial det ((p(X 1—a® 1)). This polynomial lies in K[X] and has
degree n. The reduced norm Nrd,,r(a) is defined to be (—1)" times the constant
term, and the reduced trace Trrd4,r(a) is defined to be minus the coefficient of
X"~ these functions of « initially take values in K.

13. Prove that the reduced polynomial of @ does not depend on the choice of the
isomorphism ¢.

14. Prove that det(X1 — a) = det (p(X1 —a ® 1))".

15. Using Galois theory and unique factorization, prove that any monic polynomial

P(X) in K[X] such that P(X)" lies in F[X] already lies in F[X]. Conclude that
the reduced polynomial of any element of A is in F[X].

16. Prove that det (go(X l1—a® 1)) does not depend on the choice of the Galois
extension K of F that splits A.

17. Deduce that Nrds,r is a function from A to F such that Nrds r(ab) =
NI‘dA/F(Cl)NI‘dA/F(b) for all @ and b in A, NI’dA/F(l) = l, and NrdA/p(a)” =
Na/r(a) for all a in A. How does it follow that
(a) anelementa € A is invertible if and only if Nrd4,r(a) # 0 and
(b) A is adivision algebra if and only if Nrd4,r (a) = 0 only for a = 0?

18. Let K /F be a finite Galois extension of fields, put G = Gal(K / F'), and suppose
that a crossed-product algebra A = A(K, G, a) is given as in Proposition 3.12
with K C A and with dimp A = (dimp K)? = n%. Let {x, | o0 € G} be the
system in the proposition such that A = @, .; Kx,. Associate a matrix m (v)
in M,(K) to each v € A as follows. The rows and columns of the matrices are
indexed by G, and E ; denotes the matrix thatis 1 in the (o, 7) entry and is O else-
where. Letm(cx;) =Y o(c)a(o, 1)Es o for ¢ € K, and extend additively to
handleallv € A. Checkthatv — m(v) is aone-one F algebrahomomorphism of
A into M, (K), and prove that Nrd4,r (v) = detm(v). (Educational note: Thus
by Proposition 3.12 the matrix algebra in Problems 6—12 is central simple.)

19. Identify the norm and the reduced norm for the real algebra H of quaternions.

20. A field F is said to satisfy condition (C1) if every homogeneous polynomial
of degree d in n variables with d < n has a nontrivial zero. Using the reduced
norm for a central division algebra over F, prove that condition (C1) implies
that B(F) = 0. (Educational note: Algebraically closed fields and finite fields
satisfy (C1), the latter by a theorem of Chevalley. A deeper fact is that a simple
transcendental extension of an algebraically closed field satisfies (C1); see the
Problems at the end of Chapter VIII.)





