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Abstract

We consider the semidirect product G = K x V where K is a connected
compact Lie group acting by automorphisms on a finite dimensional real
vector space V equipped with an inner product (,). We denote by G the
unitary dual of G (note that we identify each representation 7 € G to its
classes [rt]) and by gt/ G the space of admissible coadjoint orbits, where g is
the Lie algebra of G. It was pointed out by Lipsman that the correspondence
between g¥/G and G is bijective. Under some assumption on G, we prove
that the Lipsman mapping

0:gt/G — G
0O — TO

is a homeomorphism.

1 Introduction

Let G be a second countable locally compact group and G the unitary dual of
G, i.e., the set of all equivalence classes of irreducible unitary representations of
G. It is well known that G comes equipped with the Fell topology [8, p. 426].
The description of the dual topology is a good candidate for some aspects of
harmonic analysis on G (for example, see [4, 7, 20]). In such a situation, the nat-
ural and important question arises of whether the bijection between the space
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of coadjoint orbits g*/G of G (g* is the dual vector space of g := Lie(G)) and
Gisa homeomorphism. For a simply connected nilpotent Lie group and more
generally for an exponential solvable Lie group G = exp(g), its dual space G is
homeomorphic to the space of coadjoint orbits through the Kirillov mapping (see
[16]). In the context of semidirect products G = K x N of compact connected Lie
group K acting on simply connected nilpotent Lie group N, then it was pointed
out by Lipsman in [17], that we have again an orbit picture of the dual space of
G. The unitary dual space of Euclidean motion groups is homeomorphic to the
admissible coadjoint orbits [7]. This result was generalized in [4], for a class of
Cartan motion groups.

According to [5, Definition 0.1], we introduce the following Definition.

Definition 1.1. Let G be a (real) Lie group, g its Lie algebra and exp : g — G its
exponential map. We say that G is exponential if exp(g) = G.

In this paper, we consider the semidirect product G = K x V where K is a
connected compact Lie group acting by automorphisms on a finite dimensional
real vector space V equipped with an inner product (, ). In the spirit of the or-
bit method due to Kirillov, R. Lipsman established a bijection between a class of
coadjoint orbits of G and the unitary dual G. For every admissible linear form
of the Lie algebra g of G, we can construct an irreducible unitary representation
7ty by holomorphic induction and according to Lipsman (see [6, p. 23]) (com-
pare [17]), every irreducible representation of G arises in this manner. Then we
get a map from the set gt of the admissible linear forms onto the dual space G
of G. Note that 71y is equivalent to 7 " if and only if ¢ and ¢’ are in the same

G-orbit, finally we obtain a bijection between the space gi/ G of admissible coad-

joint orbits and the unitary dual G.
The preceding discussion motivates our main result:

Theorem 1.2. We assume that G is exponential. Then the Lipsman mapping

O:¢t/G — G
0O +— TO

is a homeomorphism.

The present work is organized as follows: Section 2 is devoted to the descrip-
tion of the unitary dual G of G. Section 3 deals with the space of admissible
coadjoint orbits g¥/G of G. Theorem 1.2 is proved below in Section 4.

2 Dual spaces of semidirect product

Throughout this paper, K will denote a connected compact Lie group acting by
automorphisms on a finite dimensional real vector space (V, (,)). We write k.v
and A.v (resp. k.f and A.¢) for the result of applying elements k € Kand A € ¢ :=
Lie(K) tov € V (resp. to £ € V*).
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Now, one can form the semidirect product G := K x V which is a so-called gen-
eralized motion group. As a set G = K x V and the multiplication in this group
is given by

(k,v)(h,u) = (kh,v + k.u), V¥(k,v), (h,u) € G.

The Lie algebra of G is g = £ ® V (as a vector space) and the Lie algebra structure
is given by the bracket

[(A,a), (B,b)] = (|A,B], Ab — Ba), V(A,a), (B,b) € g.

Under the identification of the dual g* of g with ¢* & V*, we can express the
duality between g and g* as F(A,a) = f(A) + {(a), forall F = (f,¢) € g* and
(A,a) € g. The adjoint representation Adg and coadjoint representation Ad; of
G are given respectively, by the following relations

Adg(k,0)(A,a) = (Adg(k)A ka— Adg(k)A0),V(kv) € G,(A,a) € g,
Adg(k,0)(f,0) = (Adg(k)f +klOo kL), (k)€ G,(f L) € g,

where ¢ © v is the element of £* defined by
LOv(A) =L(Av) = —(AL)(v),VAet,leV,veV.

Note that the map © : V* x V — ¢* defined by ({ ®v)(A) = ((Av), v € V,
A € t satisfies a fundamental equivariance property:

AdL(K)(L@v) = (k6)© (ko), k € K.

Therefore, the coadjoint orbit of G passing through (f,¢) € g* is given by

0%, = {(Ad;z(k) frktoo, k.e),k cKove v}. 2.1)

For ¢ € V*, we define Ky := {k € K; k£ = /{} the isotropy subgroup of ¢ in K
and the Lie algebra of Ky is given by the vector space ¢y = {A € ¢, A.l = 0}. Let
10 : & — € be the injection map, then 1; : £* — ¢} is the projection map and we
have

& = Ker(i)) (2.2)
where £} is the annihilator of ¢,. If we define the linear map h/ : £ — V* by
hy(A):=—Al, VA€,

then we have ¢, = Ker(h,). The dual hj : V — ¢ of h; is given by the relation
h;(v)(A) = hy(A)(v) = —(AL)(v), and so hj(v) = LOov, VL € V¥, Vo € V.
(for more details see [3, p. 2-6 ]).

The following is a useful lemma from [3, p. 2-6], giving a characterization of the
annihilator £; in terms of the linear map #,.
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Lemma 2.1. Using the previous notations, then we have the equality
£, = Im(hy).

Here we recall briefly the description of the unitary dual of G via Mackey’s
little group theory (see [18]). For every non-zero linear form ¢ on V, we denote
by x/ the unitary character of the vector Lie group V given by x, = ¢'. Let p be
an irreducible unitary representation of K, on some Hilbert space H,. The map

p® xe: (ko) — p(k)

is a representation of the Lie group K, x V such that one induce up so as to get
a unitary representation of G. We denote by X, ) := L?(K, H,)P the subspace of

L?(K, H,) consisting of all the maps ¢ which satisfy the covariance condition
E(kh) = p(h1)&(k),Vk € K, h € K,.

The induced representation

Tp,0) "= Iﬂdﬁ:;vv(p X Xg)

is defined on H,, s by

(o) (k,0)E(h) = " O e(k~1h)

where (k,v) € G,h € Kand ¢ € H, ). By Mackey’s theory we can say that the
induced representation 7, 4 is irreducible and every infinite dimensional irre-

ducible unitary representation of G is equivalent to one of 7, ;. Moreover, the

representations 7, sy and T are equivalent if and only if £ and ¢ are con-

o' l)
tained in the same K-orbit and the representation p and p’ are equivalent under
the identification of the conjugate subgroups K, and K. All irreducible represen-
tations of G which are not trivial on the normal subgroup V, are obtained by this
manner. On the other hand, we denote also by T the extension of every unitary
irreducible representation 7 of K on G, which is simply defined by 7(k, v) := t(k)
fork € Kand v € V. Let Q) be a K-orbit in V*. We fix £ € () and we define the
subset G(Q) of G by

G(Q) = {1mdf (o @ x)ip €Ki}

Then we conclude that L R

¢=RU( U c)

QeA

where A is the set of the non-trivial orbits in V* /K.
In the remainder of this paper, we shall assume that G is exponential, i.e., Ky is
connected for all £ € V* (see [5, Proposition 5.1]). Let p,, be an irreducible repre-
sentation of Ky with highest weight y. For simplicity, we shall write 7, ;) instead
of T (o, 0) and H, ) instead of Hip,0)-
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We close this section by presenting two results which are being used in the
description of the dual topology of G. These are required for our proof of
Theorem 1.2.

We denote respectively by C(K) and Y the space of all closed subgroups of K
equipped with the compact-open topology and the set of all pairs (L, k), where
L € C(K) and k € L. It is easily seen that Y is a closed subset of C(K) x K and
the subspace of continuous functions with compact support Cy(Y) is a normed*-
algebra with the supremum norm (||f*[| = [|f]| := sup;cc (k) [[PL(f)[]), where
®; is defined below. The completion As(K) of Co(Y) with respect to this norm is
a Banach *-algebra called the subgroup algebra of K.

For each L € C(K), the mapping f — f1 defined on Cy(Y) by

fulk) = f(L k)

extends to a continuous *-homomorphism, which we shall call ®; : A;(K) —
LY(L). The map ®; has a dense image.

Every unitary representation T of L can be lifted to a *-representation WhT of
As(K) (WET := To®p). Let A(K) be the set of all pairs (L, T), where L is a
closed subgroup of K and T is an unitary representation of L. Note that Im®y
is dense, hence the map (L, T) — W is one-to-one. By the inner hull-kernel
topology of A(K) we mean that topology which makes the one-to-one mapping
(L, T) — WLT a homeomorphism with respect to the inner hull-kernel topol-
ogy of the space of unitary representations of A;(K). This is the only topology of
A(K) which we shall use. An important fact worth mentioning here is that C(K)
and A(K) are compact spaces (equipped with their topology) (for more details
see [8, p. 429-440]).

If p is an element of K, then the triple (£, (K, p)) is called a cataloguing triple.
From the notations of [2], we denote by (¢, Ky, p) the induced representation
Ii’ldﬁj;vv (p & Xg).

Referring to [2, p. 187], we have

Proposition 1. The mapping (¢, (K;,p)) — 7(€, Ky, p) is onto Kx V.

Therefore, every element in K % V can be catalogued by elements in the topo-
logical space V x A(K). Larry Baggett has given an abstract description of the
topology of the dual space of a semidirect product of a compact group with an
abelian group in terms of the Mackey parameters of the dual space (see [2, The-
orem 6.2-A]). The following result provides a precise and neat description of the

topology of K V.

Theorem 2.2. Let B be a subset of K % V and 7 an element of K V. Then rtis weakly
contained in B if and only if there exist: a cataloguing triple (¢, (Ky, p)) for 7T, an element
(L, T) of A(K), and a net {(xn, (Ky,, pn))} of cataloguing triples such that:

(i) for each n, the irreducible unitary representation 1t(€,, Ky ,0n) of K x V is an
element of B;

(ii) the net {(£n, (Ky,, 0n))} converges to (¢, (L, T)) in V x A(K);

(iii) Ky contains L, and the restriction representation Reslf‘ (p) contains T.
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3 Admissible coadjoint orbits of semidirect products

We keep the notations of section 2. Fix a non-zero linear form ¢ € V*, and we
consider an irreducible representation p, of K, with highest weight y. Then the
stabilizer Gy of ¢ = (u,£) in G is given by

Gy = {(k,v) € G; (Ad}(k)y—f—k.ﬁ@v,k.ﬁ):(y,f)}
= {(k,v) €G; ke Ky Ady(k)jp+£0v = y}
- {(k,v) €G; ke Ky, (Ady(R)u+ L ®v) = y}
- {(k,v) €G; ke Ky, Ady(k)u = y}

since 1; (¢ ® v) = 0 (see Lemma 2.1). Thus, we have Gy, = Ky x Vj, then ¢ is
aligned (see [6, p. 23]). A linear form @ € g* is called admissible if there ex-
ists a unitary character x of the identity component of Gy such that dy = i1p|g¢.

According to Lipsman (by [6, p. 23]) (compare [17]), the representation of G ob-
tained by holomorphic induction from (, ¢) is equivalent to the representation
7t(,0)- Let Ty be an irreducible representation of K with highest weight A, then the
representation of G obtained by holomorphic induction from (A, 0) is equivalent
to 7). The coadjoint orbit of G through (A,0) € g* is denoted by OY. It is clear
that O¢ is an admissible coadjoint orbit of G. We denote by g C g* the set of
all admissible linear forms on g. The quotient space g*/G is called the space of
admissible coadjoint orbits of G. Moreover, one can check that gt/G is the union

of the set of all orbits (98{ 0 and the set of all orbits (9%.

We conclude this section by recalling needed results. Let L be a closed subgroup
of K, C K with Lie algebra I. Let Tk, Tk, and T be maximal tori respectively in K,
Ky and L such that T;, C Tk, C Tk. Their corresponding Lie algebras are denoted
by t;, t; and t;. We denote by Wk, Wk, and W; the Weyl groups of K, Ky and L as-
sociated respectively to the tori Tk, Tk, and T;.. Notice that every element A € Px
takes pure imaginary values on t¢, where P is the integral weight lattice of Tx.
Hence such an element A € Px can be considered as an element of (itg)*. Let C
be a positive Weyl chamber in (it;)*, and we define the set P} of dominant inte-
gral weights of Tx by P¢ := Px N Cg. For A € P¢, denote by OX the K-coadjoint
orbit passing through the vector —iA. It was proved by Kostant in [15], that the
projection of OX on t; is a convex polytope with vertices —i(w.A) for w € Wk,
and that is the convex hull of —i(Wk.A). For the same manner, we fix a positive
Weyl chamber C; in t; and we define the set P; of dominant integral weights of
Tr.

Also we denote by 1/ the C-linear extension of both the natural projection of £*
onto [* and the natural projection of t; onto t;. Consider the irreducible represen-
tations p, € Ky and 7, € L with respective highest weights s € P¢ andv € P
Let g be the restriction of 1{ to €. We have the following results.
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Lemma3.1. Ifv = q(s.u) with s € Wk, then 1, occurs in the restriction representation
Reslf‘ (oy)-

We refer to [1], for the proof of this Lemma.

Let (95‘ and O be the coadjoint orbits of K and L passing through —iy and —iv,
respectively. According to Guillemin and Sternberg (see, [9, 10]) (compare [11]),
we have the following result.

Lemma 3.2. If the restriction representation Reslf‘ (ou) contains 7v,, then the orbit O
is contained in q(Oy").

4 Main results

Let us now return to the context and notations of the previous sections. Now, for
each irreducible representation p, of K, with highest weight  and a non-zero lin-
ear form £ on V, we associate the representation TC(31,0) of G and its corresponding
cataloguing triple (¢, (K¢, p;1)). Also for an irreducible representation 7, of K with
highest weight A, we denote by (0, (K, 7))) the cataloguing of the trivial extension
of T) to G.

We easily find the following remark:
Remark 4.1. If we have the following convergence

Kgn — L (42)

where L is a subgroup of K, then K, contains L.

To study the convergence in the quotient space gt/ G, we need to the following
result.

Lemma 4.2. Let G be a unimodular Lie group with Lie algebra g and let g* be the vector
dual space of g. We denote g* / G the space of coadjoint orbits and by p. : g* — ¢*/G
the canonical projection. We equip this space with the quotient topology, i.e., a subset
V in g* /G is open if and only if p_1 (V') is open in g*. Therefore, a sequence (OF), of
elements in g* / G converges to the orbit OC in g* /G if and only if for any | € O, there
exist [, € OS, n € N, such thatl = lim I,.

n——+0o0
A proof of this Lemma can be found in [6, p. 17].

Now, we may prove the following propositions.

Proposition 4.3. Let (O, , \) be a sequence in g/ G.

(1) n
If (O(Gy”,fn))n converges to (’)(C;,g) in gt/ G, then (7 4, )n converges to 7z, o) in G.
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Proof. Referring to [3, Theorem 10.1], we show that the coadjoint orbit (98{ 0 18

always obtained by symplectic induction from the coadjoint orbit M = Ogl 0 of
H := K, x V passing through (y, {) € £; © V* (¢, x V := Lie(H)), i.e.,

Ofy = Min:=]g (0)/H, (43)

where [ : M=MxT*G — ) x V* is the momentum map of M and the zero
level set ]]\_7[1(0) is given by

J510) = { ((Adz(0)m, 0), 8, (Adi () + £ ©0,0)), k€ Kpog € Go e V.

Let ¢y be the action of H on M, hence H acts on M = M x T*G by ¢ 1 as follows

ou(h)(mg f) = (@u(h)(m),gh™, Adjy(h)f ), (4.4

forallh € H,(m,g, f) € M x T*G. By identifying g* with the left-invariant 1-
forms on G, we can write T*G = G X g*.
Let us assume that the sequence of admissible coadjoint orbits ((’)(C;n fn))n con-

verges to Oa 0 in g¥/G. By compactness of A(K) there exists a subsequence of

subgroup representations {(Ky, ,0umn)}m, which converges to (L, 7t,) in A(K)
(where v is the highest weight of 77,). Now, using Lemma 4.2 and by combin-
ing (4.3) with (4.4), then we deduce that there exist sequences ky,, hm € Ky, ,
Um, Wm € V,and g, € G such that the sequence (¢, ), defined by

O = @1k, vm) ((Adg (hu )y, Lnyy)s s (Adgc (B ) ™
+ Enm © W, Enm ))
= (Ad[*((kmhm),unm + lznm (Enm ® Um)/ gnm)/ 8m (km/ vm)_lz
(Adg (kb 1" + Adi (ki) (G, © i) + sy, © O, ) )

converges to ((y,£),ec, (1, £)). It follows that
by, — / (4.5)
and
Adg (kmh)p"™ + 15 (bn,, ©Om) —> H (4.6)

as n —» +o00. By compactness of K we may assume that (ky, /1, ) converges to an
element k € K;. Using the fact that 7j_ (4, ®vy) = 0, we obtain from (4.6) that

u' = Adg(k~Nu (4.7)

for m large enough. On the other hand, we have Ad} (k™!)u = s.u for some s in
the Weyl group Wk, (see [12, p. 285]). Hence p"" = s.u for m large enough. From
the fact that the mapping (Ky, 0,) — py, is continuous (see, [8, p. 429-440]), we

get that v = s.p. By Lemma 3.1, it follows that 71, € Resf‘f (ou). Comparing to
Theorem 2.2 we obtain the desired result. [ |
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Proposition 4.4. If the sequence (O(C;n én))n converges to OF in g/ G, then (7T, 4, )n

converges to Ty in G.

Proof. We use the same arguments and proceedings as in the proof of Proposi-
tion 4.3. u

Proposition 4.5. We have (O$,),, converges to O in gt/ G if and only if (Tyn), con-
verges to T in G.

Proof. Suppose that (0%, ), converges to O in gt /G, then there exists (ky ), C K
such that

Adg (k)M — A as n — +o0. (4.8)

By compactness of K we may assume that (k;,), converges to k € K. Then we
obtain A" = Ad} (k~1)A for n large enough. Hence there exists w € W such that
Adi (k™) = w.A for n large enough. It follows that A" = w.A for n large enough.
Since the weights A" and A are contained in the set iC{ and since each W-orbit
in €* intersects the closure iC} in exactly one point, it follows that A" = A for n
large enough and this means that ()« ), converges to T,.

Conversely, assume that (Ty»), converges to 7). Since K is compact, then Kisa
discrete space and we obtain T)» = T, for n large enough. Hence A" = A for n
large enough. Applying Lemma 4.2, it follows that (O%,), converges to OF in
gt/G. =
We summarize the above results into.

Theorem 4.6. The Lipsman mapping
©:gt/G — G
O — mp
is continuous.
It remains to prove:

Theorem 4.7. The inverse of the Lipsman mapping

is continuous.

Proof. Let (7t,n 4, )n be a sequence in G, such that (7C(un,0,))n converges to 7, ).
According to Baggett’s result (Theorem 2.2), then there exist a cataloguing triple
(¢, (Kg, py)) for 7, ¢y, an element (L, 7t ) of A(K) and a sequence { (¢4, (Ky,, o)) }n
for which we have:
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1. The sequence { (¢, (Ky,, 0un)) }n converges to {(¢, (L, 7ty))} in V* x A(K);

2. Ky contains the subgroup L;

3. The representation 7t, occurs in the restriction Reslf‘ (o).

From (3), we can write also

lim pu € Resp'(op). (4.9)

n—>—+oo

Using (4.9), we deduce by Lemma 3.2 that there exists p € K, such that

W' = q(Adg(p)p
for n large enough. On the other hand we use the fact that the mapping

(L, (K¢, pu)) — ResILQ (pu) is continuous (see, [8, Theorem 3.2]), then (4.9) im-
plies that

lim py €  lim_Resg! (o) (4.10)

n—>—+oo

Applying Lemma 3.2 to (4.10), then there exists h;,, € K, such that
lim p" = 111751r 1 (Adg (hn)p).

n—>—+oo n—-

Let By := 1} (Ady(hn))p, (n € N). In view of Lemma 2.1, there exists w, € V
such that

ﬁ?’l + En @ wy = Ad?((hn)]/l. (4.11)

Then
nin}_oo‘u = niﬁ}_oo(AdK(hn)y —4,® wn) (4.12)
= q(Adg(p))p. (4.13)

By assuming that (h,), converges to i € K;, we check that the sequence
(£n © wy)n converges in £*. Hence (4.12) becomes as follows

lim (Ady(h Yy +h i, ontw,) = u (4.14)

n—>—+oo

Now, we fix (k,v) in G and for each n € IN, we put
(kn,vn) == (kh™ 1, kh~ ' .w, + v) € G.

We can easily see that (k,,.¢,,), converges to k./ and according to (4.14) we see that
the sequence («,), defined by

ay = Ady (k)" +ky by © vy = Adj(K)p +kh 1.6, ©v

converges to the element Ady (k)i + k.£ © v. We conclude by Lemma 4.2, that the

sequence of the admissible coadjoint orbits 081” () converges to O& 0 in g¥/G.
If (ﬂ(ﬂn’gn))n converges to T, then it is very similar to see that (’)(C;,Z () converges

to OF. This completes the proof of the Theorem. m

We have finished the proof of the main result (Theorem 1.2).
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