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Abstract

Let () be a Jordan domain in the complex plane whose boundary is piece-
wise analytic, and let A(Q) be the algebra of all holomorphic functions on Q)
that are continuous up to the boundary. We prove the existence of dense lin-
ear subspaces and of infinitely generated subalgebras in A(Q)) all of whose
nonzero members are, in a strong sense, not differentiable at almost any point
of the boundary. We also obtain infinite-dimensional closed subspaces con-
sisting of functions that are not differentiable at any point of a dense subset
of the boundary. In the case of the unit disc, those dense linear subspaces can
be found with their functions being nowhere differentiable in the unit circle.

1 Introduction, Notation and Preliminaries

In 1872 K. Weierstrass [44] exhibited an example of a function f : R — R that
was continuous everywhere but differentiable nowhere. The particular example
was defined as

f(x) =Y a"cos(b"mx),
n=0
where 0 < a <1, bis any odd integer and ab > 1+ 37/2.

Functions with the property described above are called Weierstrass monsters.
As a nice application of the Baire category theorem, S. Banach [7] and indepen-
dently S. Mazurkiewicz [37] obtained in 1931 that the set of continuous func-
tions that are nowhere differentiable is residual —that is, its complement is of first

Received by the editors in August 2017.

Communicated by E. Bastin.

2010 Mathematics Subject Classification : Primary 30H50; Secondary 15A03, 26A27, 46E10.

Key words and phrases : Nowhere differentiable function, disc algebra, lineability, spaceability,
algebrability.

Bull. Belg. Math. Soc. Simon Stevin 25(2018), 241-262



242 L. Bernal-Gonzdlez — ]. Lépez-Salazar — ].B. Seoane-Septilveda

category— in the space of continuous functions on R endowed with the topology
of uniform convergence in compacta (see also [38, Chapter 11] and [43]). It is
our aim in this paper to shed light on the structure of the family of Weierstrass
monsters, not only in the topological sense, but also in the algebraic sense. More-
over, we focus our attention on those periodic functions that can be extended
holomorphically on the unit disc or, more generally, on a given domain of the
complex plane. However, before going on with the history of findings and with
our specific goals, let us fix some notation, mostly standard.

As usual, the symbols N, Ny, Z, Q, R, C, D and T will denote the set of posi-
tive integers, the set N U {0}, the set of all integers, the field of rational numbers,
the real line, the complex plane, the open unit disc {z € C : |z| < 1} and the
unit circle {z € C : |z| = 1}, respectively. The symbol ¢ will represent the
cardinality of the continuum. The symbol C[0, 1] will stand for the Banach space
of all R-valued continuous functions defined on the interval [0, 1], endowed with
the maximum norm. If Q C C, then O and 9Q will stand for the closure and
the boundary of Q) in C, respectively. If () is an open subset of C, A(Q)) will
denote the vector space of all functions from Q) into C which are continuous on
Q) and holomorphic in Q. If ) is bounded, A (Q) is endowed with the topology
of uniform convergence on Q) and then A (Q) is a Banach space. When Q is not
bounded, A (Q)) is endowed with the topology of uniform convergence on the
compact subsets of () and thus A (Q)) is an F-space, that is, a complete metrizable
topological vector space.

By a domain we mean a nonempty connected open subset of C. A domain
Q) C C is said to be simply connected whenever C, \ Q) is connected, where
Coo = CU {oo} stands for the extended complex plane. The symbols O and
0o () will represent, respectively, the closure and the boundary of () in Co; that is,
07 = O and 9,0 = 9O if O is bounded, while O° = QU {0} and
00o() = 0QQ U {00} if the subset Q) is unbounded. A Jordan domain is a domain
() C C such that d.() is a homeomorphic image in C of T. Note that we allow

unbounded domains here; for instance, an open half-plane is Jordan.

Some additional terminology, borrowed from the new theory of lineability,
will be used. The corresponding concepts were coined in [2,4,5,9, 14,25, 28,42].
For an account of results on lineability, the reader is referred to the survey [18] and
the monograph [1]. Assume that X is a vector space and « is a cardinal number.
Then a subset A C X is said to be:

e lineable if there is an infinite dimensional vector space M such that
M\ {0} C A.

o a-lineable if there exists a vector space M with dim(M) = a and
M\ {0} C A.

o maximal lineable in X if A is dim (X)-lineable.
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If, in addition, X is a topological vector space, then the subset A is said to be:

e spaceable in X whenever there is a closed infinite-dimensional vector sub-
space M of X such that M \ {0} C A.

o dense-lineable in X whenever there is a dense vector subspace M of X satis-
fying M\ {0} C A.

o «-dense-lineable in X whenever there is a dense vector subspace M of X with
dim(M) =aand M\ {0} C A.

o maximal dense-lineable in X if A is dim (X)-dense-lineable.

And, provided that X is a vector space contained in some (linear) algebra, then A
is called:

e algebrable if there is an algebra M so that M \ {0} C A and M is infinitely
generated, that is, the cardinality of any system of generators of M is infi-
nite.

o strongly a-algebrable if there exists an a-generated free algebra M with
M\ {0} C A.

We recall that if X is contained in a commutative algebra, then a set B C X is a
generating set of some free algebra contained in A if and only if for any N € N,
any nonzero polynomial P in N variables without constant term and any distinct

flz---/fN & B,WehaveP(fl,...,fN) 7§ 0 and P(fl,...,fN) c A.

A number of implications are obvious. For instance: lineability means
No-lineability, where Xy = card (IN), the cardinality of IN; dense-lineability im-
plies lineability as soon as dim(X) = oo; spaceability implies lineability; strong
n-algebrability implies algebrability if a is infinite. Under the continuum
hypothesis (which is assumed along this paper), we obtain as a consequence of
Baire’s category theorem that maximal (dense) lineability equals ¢-(dense, resp.)-
lineability if X a separable infinite-dimensional F-space.

Turning to our main concern, much progress have been done in the search
for algebraic structures inside the class of nowhere differentiable functions. Gu-
rariy [27] proved in 1991 the lineability of the set ND|0, 1] of continuous nowhere
differentiable functions on [0, 1]. In fact, Fonf, Gurariy and Kadets [23] showed
that ND[0, 1] is spaceable in C[0,1]. Even more, Rodriguez-Piazza [39] proved
that every separable infinite-dimensional Banach space is isometrically isomor-
phic to a space of continuous functions in [0, 1] that are, except for the null func-
tion, nowhere differentiable in [0, 1] (this result was generalized by Hencl [29] to
nowhere holderian functions). It turns out that the family ND|0, 1] is also dense-
lineable in C[0,1] (see [3,13]). In fact, Bayart and Quarta [12] established the
algebrability of the mentioned family (and even algebrability for the smaller class
of nowhere holderian functions), with the additional property that the existent al-
gebra is dense in C[0, 1].
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In all previous results, starting from the Weierstrass example, there is no prob-
lem in assuming that the functions are periodic, so we can in fact consider contin-
uous functions on T. In a set of recent papers, Eskenazis and Makridis [20, 21]
took a step forwards on this research and studied the residuality of the fam-
ily of those F € A(ID) such that F|y is nowhere differentiable on T. It is well
known that not every continuous function f : T — K can be extended to a
function F € A(ID) such that F|p = f. Such extension is possible if and only if

027r e f(e®)dd = 0 for all n € IN (in other words, the Fourier coefficients of f
of negative order are all zero). Specifically, in [20,21] it is proved that the set of
f € A(D) such that f|y is not differentiable at any point of T is residual in A(ID).
In fact, it is shown that, generically, both Rf|r and Sf|1 are not differentiable
at any z € T. Analogous results for nowhere holderian continuous functions on
T and for A(ID'), where I is countable, are also obtained in [21]. In [35], these
results are extended to other domains (2 C C and their corresponding spaces
A(Q) (or spaces X related to these) so as to prove that, for a given closed subset
] C 0Q) without isolated points, the family

{feX: limsup}w} = oo for every zp € |}

z—2() — 2
z€]\{zo}
is either empty or residual in X. Recall that, in fact, in both Banach’s [7] and

Mazurkiewicz’s [37] papers, it is obtained generically the everywhere unbound-
f(xo)

edness of incremental quotients |%

m |, that is, continuous functions on [0, 1]
are generically nowhere Lipschitz.

Our main aim in this paper is to pick up the baton of this study and to lead
it to the setting of lineability in the framework of the algebra A(Q2). To be more
precise, we will establish, for a Jordan domain () having smooth boundary, the
existence of dense vector subspaces and of large free algebras in A(Q)) consist-
ing, except for zero, of functions that are not differentiable at almost (in several
senses) every boundary point. We even obtain unboundedness of incremental
quotients at such points. In Section 3 these results will be stated for O = D, in
which case we obtain nowhere differentiability in the unit circle for the existing
dense vector subspace. In Section 4, our findings will be translated to the general
case. The short Section 2 is devoted to furnish the appropriate approximation and
lineability tools. As an appendix, genericity of this kind of functions in a measure
theoretic sense is also considered.

2 Some auxiliary results

The following approximation theorem, due to Mergelyan, can be found in
[40, Theorem 20.5] (see also [24, Chapter III]) and plays an important role in the
sequel.

Theorem 2.1. Let K be a compact set in C such that C \ K is connected. If f : K — C
is a continuous function which is holomorphic in the interior of K and € > 0, then there
is a polynomial P such that |f (z) — P (z)| < e forall z € K.
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The proof of the following auxiliary assertion, which has its roots in an earlier
version by Aron et al. [3, Theorem 2.2 and Remark 2.5] and is based on the notion
of “stronger than” coined by them, can be found in [17, Theorem 2.3] (see also
[1, Section 7.3]).

Theorem 2.2. Assume that X is a metrizable separable topological vector space. Suppose
that A and B are subsets of X such that A4+ B C A, AN B = & and B is dense-lineable.
We have:

(@) If a is an infinite cardinal number such that A is a-lineable, then A is x-dense-
lineable in X.

(b) In particular, if A is c-lineable, then A is maximal-dense-lineable in X.

Note that since the space X is metrizable and separable, its cardinality is
card(X) = ¢ and hence dim(X) < ¢. Therefore, if A is c¢-lineable, then in fact
dim(X) = cand it follows that A is maximal-lineable.

A strong method to generate (or discover) algebras of strange functions from
[0,1] into R is the one developed by Balcerzak et al. in [6, Proposition 7] (see
also [8, Theorem 1.5 and Section 6] and [10]). This method can be extended to
complex-valued functions (see [15]), so as to yield the assertion contained in the
next lemma. By £ we denote the family of exponential-like functions on C, that
is, the functions of the form

p() = Y el
j=1

forsomem € N, someay, ..., a, € C\ {0} and some distinct by, ..., b, € C\ {0}.

Lemma 2.3. Let Q) be a nonempty set and let F be a family of functions from Q) into
C. Assume that there exists a function f : Q3 — C such that f(Q) is uncountable
and g o f € F for every ¢ € E. Then F is strongly c-algebrable. More precisely, if
H C (0, +00) is a set with card(H) = ¢ and linearly independent over the field Q, then

{expo(rf): re€ H}
is a free system of generators of an algebra contained in F U {0}.

In the proof of Theorem 4.1, we will need the following result about Fourier
series in the disc algebra whose proof can be found in [16].

Theorem 2.4. For each g(z) = Y ;7 ganz" € A(D) and each 0 € R, let
. n .
S(g|t,n)(e?) := Z a,em.
k=-—n

If E is a countable subset of T and the space CF of all C-valued functions on E is endowed
with the topology of pointwise convergence, then the family

FE = {8 € A(D) : {S(glT,n)},> is dense in CE}

is spaceable in A(DD).

Remark 2.5. The residuality in A(ID) of the family F¢ was proved for each count-
able set E C T by Herzog and Kunstmann [31].
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3 Weierstrass’ monsters in the disc algebra

In the disc algebra A(ID), we find a rich algebraic structure inside the set
ND(T) := {f € A(D) : f|t is not differentiable at any point of T}.

Let NL(T) denote the (smaller) class of functions f in the disc algebra such that
f|T is nowhere Lipschitz, that is,

f(z)—f(z0)

Z—20

NL(T) := {f € A(D) : limsup

z€T,z—zg

= +oo for every zg € T}.

Theorem 3.1. The set NL(T) is c-lineable. Hence ND(T) is also c-lineable in A(ID).

Proof. Some of our arguments are based on [36] and [43, Theorem 3.4]. For each
a€ (0,1)]let

fa(z) == i a"z”"
n=0

From the convergence of the geometrical series ) ;. (a" and the Weierstrass
M-test for uniform convergence one derives that f, € A(ID). Define

7 8
V.—span{fa.§<a<§}.

Then, of course, V is a vector subspace of A(ID). First of all, we will prove that
the set {fs : § < a < 5} is linearly independent. Let us suppose that

Alfal +)\2fa2+ T +Akfak =0

forsomek e N, Z <ap < ---<ay<a; < Sand Ay,..., A € C. Then
9 9

Y (Maf + Asal 4+ M) 2 =0
n=0
for every z € D, so the uniqueness of coefficients of the Taylor series yields
Mai +Agay + - -+ Aal =0
for every n € INg. Forn =0, ...,k — 1, we obtain the following conditions:
A1+A2+---+Ak:0
AMay +Apap 4 - - -+ Agag =0
Ala’{_l + /\zaé_l 4+ Akalli_l =0.

These equations are equivalent to the following one:

en)

1 1 - 1 M
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The previous matrix is a Vandermonde matrix, so its determinant is not 0 because
ai,...,a are different and non-zero. Therefore, A1 = 0, A, = 0,..., Ay = 0. This
proves that the set { f, : § < a < §} islinearly independent and thus dim (V) = ¢.

We will prove that every function f € V \ {0} belongs to NL(T), that is, for
every zo € T it satisfies

f(2) = f(20)

= 4. 1
—— +00 (3.1)

lim sup
zeT,z—zg

If f € V\{0}, thentherearek € N, 5 < ap < --- < a3 < Sand Ay,..., A €
C \ {0} such that
f=Mfay -+ Mefay

We can assume that A; = 1. If that were not the case, then we would prove the
property (3.1) for the function

A2 Ak
8 :fﬂl +A_1fﬂk71 +o +/\_1fﬂk

and then f = A;¢ would also satisfy (3.1).

Let zg be any fixed point in T and let xy € R such that zy = '™, For each
m € N there is ay, € Z such that 9"xy — ay, € (—1/2,1/2]. We define

-1 1} gy — 1
7 xm = .

272 g
Then
Ym = X0 = gm N 9Mm  m—co

That is, limy;—e0 X = X0, SO limy;_ye0 77" = z.

Foreachj € {1,...,k} we consider the function #; : R — R defined as

uj (x) = R fo; (¢™) | = n}ia;l cos (9" 7rx) .

Then
uj (xm) —uj(x0) &, cos(9"mxy,) — cos (9" Tx
] m ] — Z a;l ( m) ( 0) — S],m+ Tj,m/
where
Sim = "il a" cos (9" 7tx,, ) — cos (9" txg)
n=0 Xm — X0
and

> cos (9" " 7tx,,) — cos (9™ rrxg
Tjm:=)_ at"
e n=0 J Xm — X0 .
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We will use the following relationship, which holds for every x,y € R:
cos (x +y) —cos (x —y) = —2sinxsiny.
Then we have

P 9" 1t +9" X . 9" 71, —9" 1t
m—1 2sin <f sin | ——"5——"

A n
Siom o g Xm — X0
m—1 sin (9n xm—xo)
S nZ_O 7T (9a])n 97’! Xm J?Q ‘
Since |$2X| < 1 for every x € Rand a; > , we obtain
m=1 (9a)" -1 x
Siml = X 7 (99))" = ”9;].7_1 5 (93))"

Now, we study the series T ;. On the one hand, since &, € Z, we have

-1
cos (9" mxy) = cos (9m+”7TamgT) = cos (9" (ap — 1) 7T)

= (1= (-1

On the other hand, we have

t
cos (9" " mtxg) = cos 9m+”nam9j; m) = cos (9" oy, + 9" 7ty)
= cos (9" may,) cos (9" tty,) — sin (9" 7way, ) sin (9" 7ty

(—1)"" cos (9" 7ty ) .

Therefore,

j 1+t
9111

i n 1+ cos 9”7Ttm).
% 1+t

0 __1’Xm__1’Xm ot
Tim = Zam+n (-1 (—1)™™ cos (9" 7tm)

n=0

(-1

n_

Now, note that
n
a”l + cos (9" rtty,) >0
] 14ty o
for every n,m, j and that cos (7tt,,) > 0 because t,, € (—1/2,1/2], so

= (o)™ Y ar i O hn) g o 1+ cos (hn)
il = nZOa Tl S
2
> (9aj)m 1+% = 3 (9(1j)m.

(3.2)
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Moreover, since a; < 8/9, we have

2,1+ cos (9"tty,)
Tim| = (9a7)"
} ],m‘ ] nzo 14ty
< m):() 2 =36 (9)"
n=0 2
Consequently, we are led to
2
911] < |Tjm| <36 (9a)". (3.3)

Therefore, by (3.2) and (3.3),

uj (xm) — uj (xo)

= [Sjm + Tyn| < 7 (99))" +36 (9a;)" < 37 (9a)"

and
u; (xm) — uj(xp)
B—— =[S+ Tim| = [Tim| = |Sjm]
2 T 4 -7
> 3 (9a))" = < (9a))" = == (99)"
Thus,
4— 7 ui (xm) — uj(xp)
—— (92)" < |~ e xi, <37 (9a))". (3.4)

Next, we study the function vj: R—=R defined as

v]-(x)=%[ (””)] Za sin (

Observe that
v; (Xm) — v; (x0) _ i o sin (9" 7tx,,) — sin (9" 7Txg) —s 4T
Xim — X0 i X — X0 Jm
where
S; . ’”Z_:l a" sin (9" 7txy,) — sin (9" 7txg)
’ e Xm — X0
and

o i e sin (9" " 7tx,, ) — sin (9" 7tx)
. : xm . xO .

We will first study the finite sum S;m To do that, we will apply the following

relationship:
sin (x +y) —sin (x —y) = 2cos x siny.



250 L. Bernal-Gonzdlez — ]. Lépez-Salazar — ].B. Seoane-Septilveda

Then
n n X n _on
1 2 cos (9 rrxm;—9 nx0> sin <9 nxm29 mco)
s ,;) J Xm — X0
— N Xm—XQ
- Z )" sin (9" r*m0)
- — on xm_xo
Since |$2X| < 1 for every x € Rand a; > , we obtain

" (9a))" =1 7 (9a;)" -
=7 9, 1 < g < (9a;)". (3.5)

Now, we consider the series Tj’ - On the one hand, since a;,, € Z, we have that

-1
sin (9m+”7fxm) = sin <9m+” o ) = sin (9" 7t (ay, — 1)) = 0.

On the other hand,
t
sin (9" 7txg) = sin <9m+”n”"”9#> = sin (9" 7ty + 9" 7ty
sin (9" 7y, ) cos (9" ety ) + cos (9" ey, ) sin (9" 1ttyy,)
(—1)"™ sin (9" 7tty,) -
Therefore
o] Km o3 n
;L o — (=1)""sin (9" 7tty,)
'T]/ T 2 a;n ! 1+t
: 9771
B . Sin 9”7Ttm)
= (-1 911] 2 a* 1t
Since a; < g and t,, € (—1/2,1/2], we obtain
< /8\" 1 m
/ m
T, < (9)) 20 <§) 1 =18(9)". (3.6)
n= 2

It follows from (3.5) and (3.6) that, for every j € {1,...,k},

vj (xm) — vj (xo)

= |8} + T)| <19(90))" (3.7)

We recall that
f = fay +Aafay + -+ Arfay,

whereg <y <o <m< gand)tz,...,)tk € C\ {0}. Foreachj =2,...,k let
pj,q; € R be such that A; = p; +iq;. Then

_ k
f (emx> =1 ( + 1’01 Z p] =+ Zq] ( ) + iU]' (X))
]:
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k

01 (x) + 2 (qjuj (x) + pjv; (x))

j=2

+i

k
x) + 22 (pju;j (x) — g0 (x))
=

Hence
%f (e70m) — f (e'7) _  (xm) — w1 (x0) " ZPJ uj (xm) — uj (xo)

Xm — X0 Xm — X0 Xm — X0

£ i (xm) — v (xo)

: Jg LT
By (3.4) and (3.7),

if znxm _f (eirrxo)

3%f (einxm) _ f (eirrxo)

Xm — X0

>

uj (xm) — uj (xo)

;i (xm) — vj (x0)

uq (xm) — uq (x0)
Xm — X0

)

j=2

)

j=2

pj qj

4 —

k
> = (9m)" 237 92;)" |pj| = 319 (94))" ||
=2

— (9m)" [——zmm( 3 219\%'( )]

Finally, since 0 < aj/ a1 < lforeveryj=2,...,kand 9a; > 1, we deduce that

eiﬂxm _ einxo
lim f(e) = f (€7) = +o0. (3.8)
Since )
Xm — X0 -
7%1—1;1}0 eimtXm — piTXg — jrelmXo 70, (3.9)
we obtain
f (eiﬂxln) —f(z ) _ f 17Txm _f (eirrxo)
lim . O] = Jim |- 2m— X0
m—o0 el7l'.X'm _ ZO mM—>00 elﬂxm _ eleXO _ xo 7

and the last limit equals +oo thanks to (3.8) and (3.9). This implies the desired
property (3.1) and the proof is concluded. n

With Theorem 2.2 at hand, it is possible to extract maximal-dense-lineability
from mere lineability.
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Theorem 3.2. The set NL(T) is c-dense-lineable, so maximal dense-lineable in A(ID).
Hence ND(T) is also maximal dense-lineable in A(ID).

Proof. Let P denote the set of restrictions to ID of the family of all polynomials
on C. By Mergelyan’s theorem, P is dense in A (ID) In fact, P is dense-lineable,
because it is a vector space. Consequently, the set of all polynomials with rational
coefficients is dense in A (ID) and thus A (ID) is a separable Banach space. More-
over, if g € NL(T), P € P and zg € T, there exists a sequence (z);,_; in T such
that

8 (zm) — & (20)

lim = +oc0.
m—00 Zm — 20
Then
L8+ P) () — (8 4+ P) (20)
m—soo Zm — 20
> lim 8(zm) —8(20)| [P’ (z0)| = +oo.
m— o0 Zm — Z0

This proves that ¢ + P € NL(T), that is, NL(T) + P C NL(T). Moreover,
of course, NL(T) NP = @. It follows from Theorem 2.2 (with X = A(D),
A = NL(T) and B = P) that NL(T) is maximal-dense-lineable in A(ID). u

In the next and final theorem of this section we show the existence of large
free algebras consisting of functions in A(ID) presenting non-differentiability at
all points of T, except for a small set of them. Denote by m the normalized
Lebesgue measure on T. Moreover, let

ND(T) := {f € A(DD) : there is a closed subset Af C T such that
m(As) = 0and f|t is not differentiable at any point of T \ A¢},

NL(T) := {f € A(D) : there is a closed subset Af C T such that
fz)=f(z)

Z—2Z(

m(As) = 0and limsup

zeT,z—zg
Of course, ND(T) ¢ ND(T), NL(T) ¢ NL(T) and NL(T) ¢ ND(T). Note
that the above sets T \ Ay where differentiability fails are dense, open (in partic-

ular, residual) and full-measure in T, thatis, m(T \ Af) = 1 = m(T). Hence they
are both topologically and metrically large in T.

= oo forevery zg € T\ Af}.

Theorem 3.3. Theset NL(T) is strongly c-algebrable. Consequently, the family ND(T)
is strongly c-algebrable.

Proof. Let us choose any function f € NL(T) and an exponential-like function
¢ (see Section 2). Then ¢ is entire and nonconstant, so ¢’ is not identically zero.
By the Identity Principle for analytic functions, the set Z := {z € C : ¢/(z) =
0} lacks accumulation points in C. By continuity, the set f(T) is compact. In
particular, the intersection Z N f(T) is finite, say

ZNf(T) ={wy,..., wi}.
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Now, since f € NL(T) C A(ID), we have that f is a non-constant function which
belongs to the Hardy space H* of holomorphic functions that are bounded on
D. Therefore, f cannot be constant on any subset of T of positive measure (see
[40, Theorem 17.18]). That is, for each w € C, the set By, := {z € T : f(z) = w}
satisfies m(By) = 0. The continuity of f implies that each By, is closed.

Let us define the function g := ¢ o f, which trivially belongs to A(ID). Let
Agi= By U---UBy,.

Then Ay is a closed subset of T such that m(Agy) = 0. Fix a point zg € T \ Ay.
Then f(zo) ¢ Z, and so ¢'(f(z9)) # 0. Since f € NL(T), there exists a sequence
(zm) C T\ {zo} such that z,, — zp and

'f(zm) — f(z0)

Zm — 20

lim = 400

m—00

Without loss of generality we can assume f(z,,) # f(zo) for all m € IN. The
continuity of f at zg entails f(z,) — f(zo). Therefore

L |90 ) = 9(f(20)
| F(am) — f(z0)

'=ﬂ¢0@wﬂ>0

Consequently,
i [ 80|y | 9em) ()| o)
m—00 Zm — Z0 m—;co f(zm) — f(20) Zm — Z0
But this implies
lim sup g(z) =8 (z0) = +o00.
z€T,z—zg Z—20

Thatis, ¢ = ¢ o f € NL(T). Observe that since f is holomorphic on ID and non-
constant, f(ID) is a nonempty open set and hence it is uncountable. To complete

the proof, it is enough to invoke Lemma 2.3 with O = ID and F = NL(T). u

Remark 3.4. Concerning the first part of the last proof, it is worth mentioning
that, thanks to a theorem due to Fatou (see [32, p. 80]), given w € C and a closed
set K C T with m(K) = 0, there exists f € A(ID) such that {z € D : f(z) = w} =
{zeT: f(z) =w} =K.

We finish this section by posing the following natural problems.

Problems 3.5.

1. Are ND(T) or NL(T) spaceable in A(ID)?

2. Are ND(T) or NL(T) (strongly) algebrable? Can the corresponding algebras be
found dense in A(ID)?

Concerning Problem 3.5.1, see Theorem 4.1(c) in the next section.
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4 Nowhere differentiability on the boundary of more general do-
mains

In this section, it will be shown that, in an algebraic sense, many boundary-
almost-nowhere differentiable functions can be obtained, provided that the struc-
ture of the boundary is smooth enough. With this aim, we now recall some con-
cepts and facts. Let us recall that if O C C, then the symbols (2° and de,() repre-
sent, respectively, the closure and the boundary of () in Ce. For the following, we
refer the reader to, e.g., [30, Chapter 14] and [40, Chapter 16]. According to the
Riemann mapping theorem, for each simply connected domain (2 C C we can fix
an isomorphism Fq : () — D, that is, a bijective biholomorphic mapping. If (and
only if) Q) is, in addition, a Jordan domain, the Osgood—Carathéodory theorem
states that Fn can be homeomorphically extended from Q0" onto D and thus T
corresponds to deo (2.

If () is abounded Jordan domain, then the Jordan curve 0() is called piecewise
analytic if there is a parametric representation z : [, B] — C and a finite subdi-
visiona = 19 < 74 < -+ < T, = B such that the restriction of z = z(7) to each
subinterval [7;_1, T¢| agrees with a function z that is holomorphic on a domain of
the complex plane containing [7;_1, T¢| and whose derivative is never zero. Simi-
larly, if () is an unbounded Jordan domain, then 0() is piecewise analytic if there is
a parametric representation z : (a, f) — C, with lim_,, z(T) = 00 = lim_, B z(1),
and a finite subdivision # < 19 < 71 < -+ < T; < B such that the restriction of
z = z(T) to each subinterval [1_1, T, (&, To] and [1,,, ) agrees with a function
zx that is holomorphic on a domain of the complex plane containing the corre-
sponding subinterval and whose derivative is never zero.

The points z; (1) are called the corners of Q). We represent by Cq, the set
of such corners. In the case Cn = &, we simply say that dQ) is analytic. Then
the Osgood—Caratheodory extension Fn can be holomorphically continued to a
neighborhood of every point zyg € (9Q)) \ Cq, (see [30, Section 16.4]).

At this point, some further notation is needed. Let H! stand for the 1-dimen-
sional Hausdorff measure on the Borel sets of R? (see, e.g., [22, Chapter 2]). For a
domain Q) C C and a subset Z C 9() we set:

D(0Q) := {f € A(Q) : f|sq is nowhere differentiable},
NL(0Q) :={f € A(Q) : f|sq is nowhere Lipschitz},
NDz(0Q)) := {f € A(Q) : flaq is not differentiable at any zg € (0Q)) \ Z},
NLz(0Q)) := {f € A(Q) : flaq is not Lipschitz at any zg € (9Q)) \ Z},
ND(3Q) :={f € A(Q) : there is a closed subset As C 9Q) such that
Hl(Af) = 0 and f|3q is not differentiable at any zo € 00\ A},

NL(9Q)) :={f € A(Q) : thereis a closed subset Af C 0Q) such that
H'(A) = 0and f|yq is not Lipschitz at any zg € 90 \ Af}.
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Of course, we have a number of trivial relations, such as NL(9Q)) C ND(dQ),
NL(0Q)) C ND(0Q)) and many others.

We are now ready to establish and prove our result.

Theorem 4.1. Let Q) C C be a Jordan domain with piecewise analytic boundary. Let
Z =Zng:=CqoU{z € (0Q)\Cq : F'(z) = 0}, where F : Q — DD is a fixed
biholomorphic mapping. We have:

(@) The set NLz(9Q)) is maximal dense-lineable in A(Q)). Hence NDz(9Q)) is also
maximal dense-lineable in A(Q)).

(b) The set NL(dQ) is strongly c-algebrable. Hence ND(9Q) is also strongly
c-algebrable.

(c) There is a dense subset D¢ in 0Q) such that the family

{f € A(Q) : flaq is not differentiable at any point of D¢, }

is spaceable in A(Q)).
Proof. Let S be any subset of dQ) such that
lim inf F(z) — F(=z) >0
z€9Q), z—zg zZ—2Zp

for all zy € (0Q)) \ S (of course, that property happens if there exists F/(zp) # 0).
Let us fix any function g € NLp(5)(T) and any point zg € (9Q2) \ S. It is evident
that f := goF € A(Q). By injectivity and bicontinuity, respectively, we have
F(z) # F(zo) ifz € T\ {zo} and F(z) — F(zp) if and only if z — zj. Therefore,

z2€00), z—2 Z—2 B
> limsup g (w) — g (F(z0)) . liminf M — Joo.
weT, w—F(z9) w — F(z) z€d0), z—z) Z— 2

Hence f is not Lipschitz at zy. With our terminology, we have proved that
NLs(0Q)) D{goF: g€ NLp5)(T)} D {goF: g€ NL(T)}, 4.1)
the second inclusion being trivial.

According to Theorem 3.1, there is a ¢-dimensional vector space V) C A(D)
such that Vp \ {0} C NL(T). Let us define V := {go F : g € Vj}, thatis a vector
subspace of A(Q). If {g;}icr (with card(I) = ¢) is an algebraic basis for Vj, then
the fact F(Q)) = ID shows that the functions f; := ¢; o F form an algebraic basis
of V. Since the set Z satisfies that there exists F'(zg) # 0 forallz € (9Q) \ Z, it
follows from (4.1) that

VA{0} = {goF:geW\{0}}
C {goF: g€ NL(T)} C NLz(0Q)).



256 L. Bernal-Gonzdlez — ]. Lépez-Salazar — ].B. Seoane-Septilveda

This shows that NLz(dQ)) is maximal lineable. Now, we invoke Mergelian’s
Theorem 2.1 to get the density of the set of polynomials in A(Q)). Then we pro-
ceed as in the proof of Theorem 3.2 with ID and NL(T) replaced, respectively, by
Q and NLz(9Q)). This proves (a).

In order to prove (b), take a freely c-generated algebra M, such that
My \ {0} C NL(T), which is furnished by Theorem 3.3. Let us define M :=
{goF : ¢ € My}, that is a subalgebra of A(Q)). Again, the fact F(Q)) = D
implies that if {g;};c; (with card(I) = ¢) is a free generator system for M, then
the functions f; := g; o F form a free generator system of M. It suffices to prove
that M \ {0} € NL(9Q). Fix f € M\ {0}. Then there is g € M\ {0} such
that f = g o F. Therefore, ¢ € NL(T), so there is a closed subset Ay C T with
m(Agp) = 0 (equivalently, with H'(Ag) = 0) such that ¢ is non-Lipschitz at any
point of T \ Ag. The set

A= (Flan) "' (A0) U Z
is a closed subset of dQ) because Z is closed (see Remark 4.2 below, where the
countability of Z is also shown) and F is continuous. In addition, there exists
F'(z) # 0forall z € (00) \ A. It follows from (4.1) and the fact ¢ € NL4,(T) C
NLp(4)(T) that f = go F € NLA(9Q)). That is, f|yq is not Lipschitz at any point
of (0Q2) \ A.

Since F is analytic on (0Q2) \ Z, with F/ never zero on this set, it possesses ana-
lytic local inverse F~! at every point. Then F~! is locally Lipschitz on
T\ F(Z) and, consequently, on Ag \ F(Z). It is known that the image under a lo-
cally Lipschitz mapping of a set with null H'-measure also has null H'-measure
(see, e.g., [22, Theorem 2.8]). Hence H'((F|3q) (Ao \ F(Z))) = 0. Moreover,
H'(Z) = 0 because Z is countable, so we obtain

H'(A) = H(Z U (Flan) ™" (A0 \ F(Z))) = 0.
Consequently, f € NL(9Q)), as required.

With the aim of proving (c), let us choose

E:={e™: x € Q}\ F(2),

which is a countable subset of T. It is also dense because {¢/™* : x € Q} is dense
in T and Z is discrete in 9Q), so F(Z) is discrete in T if () is bounded, while F(Z)
is discrete in T \ {F(o0)} if Q) is unbounded. In any case, the set

Dqg:={z€00: F(z) € E}
is dense in Q). By Theorem 2.4, the set
Fr = {g € A(D) : {S(g|T,n)},>, is densein CE}

is spaceable in A(ID), where {S(g|T, 1) },>1 denotes the sequence of Fourier par-
tial sums of a function g. Thus, there is a closed infinite-dimensional subspace
Yo C A(D) with Y \ {0} C FE. Define

Y:={goF: g€Yp}
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As in the first part of the proof, we have that Y is an infinite-dimensional vec-
tor subspace of A(Q)). That Y is closed follows at once because Y is closed and
F is an homeomorphism. Fix f € Y \ {0} and zyp € Dq. There exists § € Yj
with f = g o F. It remains to prove that f|;q is not differentiable at zg. Assume,
by way of contradiction, that it is differentiable at zy. Since zy ¢ Z, there exists
F'(z9) # 0. Then the inverse mapping theorem would entail that g|t is differen-
tiable at F(zp). Hence the Fourier series of ¢|T would converge at F(zg) € E (see,
e.g., [41, Theorem 1.4.1]). Consequently, {S(g|t, ) }»>1 could not be dense in CE,
which is absurd. This contradiction yields the conclusion. m

Remark 4.2. Observe that, as in the case of the unit disc, the sets
Eq:=(0Q)\ (ZU Af)

where differentiability fails are residual in d() because they are open and dense.
Indeed, Cq, is finite and, since Fq, is nonconstant, the set {z € (0Q)) \ Cq, : F/(z) =
0} lacks accumulation points in (9Q)) \ Cq (in particular, it is countable). Hence
Z = CaoU{z € (00)\ Cq : F'(z) = 0} is closed and has empty dQ-interior.
Moreover, Ay is closed with H LA £) =0, s0 it also has empty dQ-interior.

In addition, the sets Eq are full-measure in 9Q), that is, H'(Eq) = H'(9Q)).
Indeed, H'(Af) = 0 and both Cq and {z € (30Q) \ Cq : F'(z) = 0} are count-
able, so their H!-measure is zero. Hence the sets E are both topologically and
metrically large in 9C).

Example 4.3. Let I be an open halfplane. Then there is a motion ¢ : z — az +
B of C (with |a| = 1, B € C) taking IT onto the open right halfplane IT; =

{z € C: Rz > 0}. Now, the function Fy(z) = Z4! performs an isomorphism

II — DD which can be extended homeomorphically to the Co-boundaries iR U
{oo} and T. Then the same holds for the isomorphism F := Fy o ¢ between I1

and D. Since JI1 is a straight line (so analytic) and F'(z) = (qv(;)iz—il)z # 0 for

all z € dIl, Theorem 4.1 tells us that NL(dIT) and ND(JIT) are maximal dense-

lineable in A(IT) and that NL(dIT) and ND(9I1) are strongly c-algebrable.

Of course, problems similar to those posed at the end of Section 3 can be for-
mulated for domains different from the unit disc.

Appendix: Prevalence of ND(T)

As a complement to the results obtained in the previous sections, we will briefly
consider in this appendix the large size of ND(T) —and its Q-analogues— under
a measure-theoretical point of view. With this aim, we first recall the concept of
prevalence, that was coined by Hunt, Sauer and Yorke in 1992 (see [34]). We also
refer the reader to Bastin et al. [11] for a paper including both lineability and
prevalence results.

Let X be a metrizable topological vector space over R or C. A subset A C X
is called prevalent in X provided that there exist a Borel set S C X and a measure
u on the Borel subsets of X satisfying the following conditions:
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i) ADX\S,
(i) u(S+v)=0foreveryv € X,
(iii) 0 < u(K) < oo for some compact subset K C X.

A sufficient (but not necessary) condition for a set to be prevalent is the one given
in the next lemma. Its content is given in [34, p. 225, after Definition 6] for the real
case, but it is immediate that it also holds in the complex case, that is the setting
in which it is stated here.

Lemma. Let us assume that X is a metrizable topological vector space over C, N € N,
and that ¢1,..., N are linearly independent vectors in X. Let u represent the 2N-
dimensional Lebesgue measure supported on span{ ¢, ..., ¢}, that is, if B is a Borel
subset of X, then

N
“l/l(B) = mZN({(al,bl,...,aN,bN) € RN . Zl(ﬁl] -l—lb])q)] S B})
]:

Let us suppose that A C X and that there is a Borel subset S C X such that A D X\ S
and u(S +v) =0 for every v € X. Then the set A is prevalent in X.

For instance, a subset A C RY is prevalent if and only if RV \ A has N-
dimensional Lebesgue measure zero, while A C C¥ is prevalent if and only if
CN \ A has 2N-dimensional Lebesgue measure zero (see [34]). Hunt [33] proved
the prevalence in C[0, 1] of the family NDJ0, 1] of Weierstrass monsters. We will
take advantage of the methods developed by Hunt in order to obtain prevalence
for the family ND(T) of Weierstrass monsters in the disc algebra. Let us recall
that Zo = CqoU{z € (0Q) \ Cq : F,(z) = 0}, where Fy : QO — D is a biholo-
morphic mapping.

Theorem. Assume that (3 C C is a Jordan domain whose boundary is piecewise
analytic. Then the set NLz,(9Q) is prevalent in A(Q)). Consequently, the family
NDgy,(0Q) is prevalent in A(Q)).

Proof. 1t is enough to consider the special case (3 = ID. The general case can
be handled as in the proof of Theorem 4.1, by considering the homeomorphism
Fo : O — D and taking into account that NLz(9Q)) D {f o Fo : f € NL(T)}.

Let us deal with the case of the unit disc, so Zp = @ and NLz (T) = NL(T).
It is proved in [33, Proposition 2] that, for all f € C[0, 1], the function f + ag + ph
is nowhere Lipschitz for Lebesgue almost («, 8) € R?, where

L

A straightforward calculation reveals that the same holds if g and & are replaced
by go(x) := g(2x) and ho(x) := h(2x), respectively. In other words, the set

1 1
2 C _2

"7x) and h(x Z

N¢:={(a,p) € IR? : f 4 ago + Bhy is Lipschitz at some point of [0,1]}
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satisfies m»(N¢) = 0 for all f € C[0,1].

For M > 0, we say that a function f : T — C is M-Lipschitz at a point zg € T
provided that |f(z) — f(z0)| < M|z — zo| for all x € T. Denote

Sm:={f € A(D) : f|r is M-Lipschitz at some point of T}.
A compactness argument reveals that Sy is closed in A(ID). Hence the set

S:=A(D)\NL(T) = |J Sm
MeIN

is a Borel subset of A(ID). Consider the function

Again, Weierstrass M-test yields that ¢ € A(ID). Observe that go(x) = Re(e*™)
and hy(x) = S¢(e™) for all x € [0,1].

Take X := A(D), A := NL(T), N := 1, and define the measure
u(B) := my({(a,b) € R*: (a+ib)p € B})

for each Borel subset B of A(ID). According to the previous Lemma, it is enough
to prove that (S + ¢) = 0 for all ¢ € A(ID). To do that, we take any ¢ € A(D)
and define the functions 1 : [0,1] — Rand vy : [0,1] — R as

uo(x) = RP(e¥™),  vo(x) = IP(e?™).

Assume that (a,b) € R? satisfies (a +ib)¢ € S+ ¢. Then there exists xg € [0, 1]
such that ((a+ bi)@ — ¢)|r is Lipschitz at z := 2%, so there is M > 0 satisfying
|P(z) — D(z0)| < M|z — zp| for all z € T, where we have set O := (a + bi)p — ¢.
We now use the inequality |e’® — ¢/f| < |a — B| for every a, B € R to obtain that if
x € [0,1] then

|[—u0(x) 4 ago(x) — bho(x)] — [—uo(x0) 4 ago(xo) — bho(xo)]]
— |3% [q)(eZm'x) . q)(ezmxo)} | < |q)(62m'x) . q)(eZm'xo)|
< M|e?™x — 2730 < 27rM|x — xg).

That is, the function —uy + ago — bhy is Lipschitz at xyo. With our previous nota-
tion, we get (a,b) € o0(N_,,), where o denotes the axial symmetry
(2, B) — («, —B) on R2. Thus, we have proved that

{(a,b) €R?: (a+ib)p €S+ ¢} C(N_y,).
Consequently, since ¢ is an isometry, we obtain

0 < u(S+¢)=my({(a,b) eR*: (a+ib)p €S+ ¢})
< mp(0(N-yy)) = ma(N-yy) =0.

Therefore, (S + ¢) = 0 for every ¢ € A(ID), which concludes the proof. u
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