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Abstract

In this note we give an explicit formula for the Moore-Penrose inverse
WT of a weighted composition operator W on L?(X) and then we obtain the
stability constant Ky of W on L? (%), where 1 < p < co. Moreover, we deter-
mine, under certain conditions, the essential norm of W acting on L®(X).

1 Introduction and Preliminaries

Let (X, %, u) be a complete o-finite measure space. For a sub-c-algebra A C %, the
conditional expectation mapping, associated with A is a mapping EA : f — EAf,
defined for each non-negative L-measurable function f or for each f € LP(X)
(1 < p), where EAf is the unique .A-measurable function satisfying

/Afdy:/AEAfdy, VA € A.

Let f be a real valued Y-measurable function on X, if u({x : EA(f*(x)) =
EA(f~(x)) = co}) = 0, then we define EA(f) := EA(f+) EA (f_) In the case
of complex-valued functlon £ if u({x : EA((Im f)*(x)) = EA((Im f)~(x)) =
wh) = 0and p({x ; EA((Ref)" (x)) = FA(Ref) (x)) = wo}) = 0, then
EA:= EA(Re f) + iEA(Im f). As an operator on L?(X), EA is an orthogonal pro-
jection and EA(L*(X)) = L?(A). For an introduction to as well as for a deep
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study of conditional expectation operator, we refer the reader to the Lambert
papers, for example [11] and the monograph [15].

Let ¢ : X — X be a measurable transformation such that y o ¢! is absolutely
continuous with respect to y, that is, ¢ is non-singular. It is assumed that the
Radon-Nikodym derivative & = du o ¢~ /du is finite-valued, which is, equiva-
lent to the fact that (X, ¢~ 1(X), u) is o-finite. In the setting of LP-spaces the so
called conditional expectation operator E 9 () with respect to ¢~ 1(Z) plays an
important role. If there is no possibility of confusion, we write Ef in place of

E? () f. Denote the complement of B by B¢. All comparisons between two func-
tions or two sets are to be interpreted as holding up to a y-null set. We denote the
linear space of all complex-valued E-measurable functions on X by L(Z). The
support of f € LY(X) is defined by o(f) = {x € X : f(x) # 0}. For a finite
valued function u € L(X), the weighted composition operator W on L (X) with
1 < p < o0, induced by u and the non-singular measurable function ¢ is given
by W = M,, o C, where M, is a multiplication operator and C, is a composition
operator on L7 (X) defined by M, f = uf and C,f = f o ¢, respectively. It is a
classical fact that W € B(L?(X)), the C*-algebra of all bounded linear operators
on L%(%), if and only if | := hE(|u|?) o ¢~ € L®(Z) and W € B(L®(Z)) if and
only if u € L®(X) (see [6]). Throughout this paper we assume that ¢ : X — X is
a non-singular transformation and u > 0.

Now, let H be a complex Hilbert space. We write N'(T) and R(T) for the null-
space and range of an operator T € B(H). Let T € B(H) have closed range. Then
the Moore-Penrose inverse of T, denoted by T, is the unique operator T* € B(H)
which satisfies TT'T = T, T'TT" = T*, (TT")* = TT" and (T'T)* = T'T. For
other important properties of T, see [4, 13].

The study of Hyers-Ulam stability of mappings has a quite long and rich his-
tory (see [7, 20]). The Hyers-Ulam stability of linear operators was considered
for the first time in the paper by Takagi, Miura and Takahasi in [17]. Let X be a
Banach space. We recall that T € B(X') has the Hyers-Ulam stability, if there
exists K > 0 such that, for any f € X, there exists fy € N (T) with ||f — fo| <
K||Tf||. We call K a Hyers-Ulam stability (HUS) constant for T, and denote the
infimum of all HUS constants for T by Kr. By [17, Theorem 2.1], T € B(X) has
the Hyers-Ulam stability if and only if T has closed range if and only if T~ is
bounded, where T is the one-to-one operator from the quotient Banach space
X /N(T) onto R(T) defined by T(f + N(T)) = Tf. Moreover, in this case
they proved that Kt = ||T~"||. After then, Hirasawa and Miura [5] gave some
necessary and sufficient conditions under which a closed operator in a Hilbert
space has the Hyers-Ulam stability. They showed that Kt = 7(T)~!, where
(T) is the reduced minimum modulus of T. Also Rakocevic in [14] shows that
Y(T)~! = ||TT||. Thus Kt = ||Tt||. In [8], Hyers-Ulam stability of weighted
composition operators acting on LP-spaces with 1 < p < oo have been studied
under certain conditions. Some good sources about the Hyers-Ulam stability of
weighted composition operators acting between various function spaces are [18]
and [19].
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2 W' and HUS Constants and Essential Norm of W

Let 0 < u € L%(Z). Then the multiplication operator M, has closed range on
L%(X) if and only if u is bounded away from zero on o (u) (see [2]). Since |[Wf|| =
VT £l (see [6]), so W has closed range on L?(X) if and only if ] is bounded away
from zero on o(J). Let W € B(L?(X)) have closed range. A result of Hoover,
Lambert and Quinn [6] shows that the adjoint W* of W € B(L?(Z )) 1s given by

W*f = hE(uf) o ¢~ 1. Put S = My,;, W*. Thus S € B(L*(%)), since 20 ¢ L®(X).
]

Then we have
WSWf = u(SWf) o ¢
= (X”]( hE(u*fo@)og ) op
= u(“SLRE()g ) o
= uXO'(]ogo)f °Q.
Since u > 0 and o(ho @) = X, hence ¢(J o ¢)) = o(ho gE(u?)) = o(E(u?)) D
o(u). Tt follows that

WSWF = (UXo(u)) Xo(E@u2))f © ¢
= (UXo(u )fo ¢ = WF,

SWSf = ])hE( UWSF) o

— @hE(uz(Sf) op)og!
— X"]U) (hE(u*) o ¢~ 1)Sf

= Xo(nSf = S,

(WS)* = (MyEM u_)*

E(u2)

=M « EM,

E(u?)

= MEM « =WS,
E(u?)

and SW = M, = (SW)*. These observations establish the following theorem.

Theorem 2.1. Let W € B(L*(X)) have closed range. Then W' = My, ,, W*. In
-
particular, if ¢ is a measure-preserving map, then C; =Cy=E(-)o @1



274 M. R. Jabbarzadeh — M. ]. Bakhshkandi

Lemma2.2. Let 1 < p < coand W € B(LP(X)). Then
If+ NP = [ Ifirdp.
a(J)

Proof. Since for each f € LP(Z), |[WF|| = [|¥/]f|l, where ] = hE(uP) o 97}, it
follows that

N(W) = N (M) = {f € L(D) : fig) = 0} = L(0())°).
Let g € N(W). Then we have
o \Pans ot [ 1+ gl = I+ NP

On the other hand, since for each f € LP(Z), Xy()cf € N(W), then we get that

If + NP <N = Xoye fIIP = 1 fxo(p 1P = /U(D |fIFdp. n

Theorem 2.3. Let 1 < p < coand W € B(LP (X)) have closed range. Then Ky = % =

||Xg([}) |0, where R = sup{r > 0: ;) > 1P}

Proof. First we show that Kjy = %. Since W has closed range, hence ] is bounded
away from zero on o(J). Let J;(jy > r? for some r > 0 and f=f+NW) €
X/N(W). Then by Lemma 2.2, we have

1
WHIIP = rd Bl rd
I+ NI = [ s 1V
1 1
< = [ IVTfPdu = S WP,

It follows that ||f]| < %HW]FH, and so |[W™!|| < 1. Now, by Takagi-Miura-
Takahasi equality Ky = ||W || (see [17]), if r is taken over all numbers satisfying
Jlo(p) 2 rP, we obtain Kyy < % If (W1 < %, then, by definition of R, there exists
A C o(J) with 0 < p(A) < oo such that ]|, < M Put fo = xa/u(A)YP.
Then |W fo|| < m, and so
1 o
1= lfoll = (/U(]) folPdp)r = llfo + NW)|| < [WH WSl < 1.

But this is a contradiction, and hence Kyy = % Finally

_ . _ o) 1
R=sup{r>0: ]y ="} =sup{r>0: ] gr—p}
. 1
- Xo
inf{r >0: ](” <rr}
_ 1
Rk
W (o)
So, Kiw = & = || %7 lles .
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Lemma 2.4. [9, Proposition 2.1(b)] For w € LO(Z), T = EMy, defines a bounded
linear operator on L*(X) if and only if E(w?) € L®(¢~1(Z)). In this case ||T| =
[[E(@0?)]|eo-

Corollary 2.5. Let W € B(L2(X)) have closed range. Then Ky = ||22&2]|.,. More-

NI

over, ifu € LO(¢~1(X)), then Ky = || ~AL 240 [ co-

0!
Proof. For each f € L?(X), we have
WP = [ WP = | =GP E s 0 97! Pan
— [ 1 X‘TTE(uf)oqv‘llzdﬂ
-/, |\/hO¢ME(uf)|2dﬂ
—/! 2B o of) 2y
Mt

where w = ux”f((fig’z) /h o ¢. Hence by Lemma 2.3 we get that

Xo(Jop)
IWH = \/IIE(@?)]|oo = | " |co-

Veg

Now, the desired conclusion follows from the equality Ky = ||W*||. Moreover, If
uis o 1(Z )—measurable then E(u) = u, hence (] o ¢) = o(E(u?)) = o(E(u)) =
o(u). So Ky = ||\/—||oo- =

Corollary 2.6. (i) Let C, € B(L?*(X)) have closed range. Then

KC(P = sup V(A)

O<u(A <oofA\/ho d.u

(ii) If ¢ is a measure-preserving map, then Kc, = ||Copl| = 1.

At this stage, we determine the stability constant Ky of W on L®(Z).

Lemma 2.7. Assume ¢(£) C X and u(¢(A)) = 0 for every null set A € ¥, and let
W € B(L®(X)). Then for each f € L* (%),

If + NW)I| = esssup{|f(x)] : x € p(o(u))}.
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Proof. Pick ¢ € N(W) and take & = esssup{|f(x)| :x € ¢(o(u))}. Since
NW) =A{f e L%E) : (fo9),, =0} ={f € LX) : = 0} =
L*(p(c(u))), hence g4 (s (uy) = 0 It follows that

¢lo(u))

a = esssup{|(f +8)(x)| : x € p(c (1))} <|If +&lleo,

and soa < inf{||f 4+ glle : g € N(W)} = ||f + N (W)||. For the opposite inequal-
ity, put § = — fX(o(u))c- Then g € N (W) and

1f + 8lleo = esssup{|f(1 = Xy (ru))c) (¥)] - x € @(0(u))} = a.
Thus, ||f + N(W)|| < a. m

Theorem 2.8. Let W € B(L®(X)). If 9(£) C X and u(¢@(A)) = 0 for every null set
A € X, then W has Hyers-Ulam stability if and only if there exists a positive constant
r such that (U(r)) = ¢(c(u)), where U(r) := {x € X : |u(x)| > r}. Moreover, in
this case Ky = &, where R = sup{r > 0: ¢(U(r)) = ¢(o(u))}.

Proof. Suppose that there exists an ¥ > 0 such that ¢(U(r)) = ¢(c(u)). Then by
Lemma 2.7 we have

If + N(W)|| = esssup{[f(x)| : x € 9(U(r))}
= eSSSUPﬂfOsU( x)|x e U(r)}

esssup{| = )||Wf( x):xeU(r)}
< = esssup{|Wf(x)|:x € U(r)}

WS leo-

Nk,

<

It follows that W~ from R(W) into L*(Z)/N (W) is bounded and ||[W~!|| < 3
Thus |W~!|| < %. Conversely, suppose that W has closed range. Then W~ g
is bounded [17, Theorem 2.1]. Assume |[W~!|| < 1 for some r > 0. We show
that ¢(c(u)) = ¢(U(r)). For this, we assume that ¢(c(u)) # ¢(U(r)). Take

A= @(o(u)) \ ¢(U(r)). Put fo = xa. Then [Wfo| < |u|xy (e < r. Thus, we get
that

1 =esssup{|fo(y)| : ¥ € p(c(u)))}
= fo+ NW)|| < W WSl < 1.

But this is a contradiction. Finally, by a similar argument we show that + <
IW~||. Suppose, to the contrary, |[W~!|| < B < % for some B > 0. Then

¢(U(5)) # ¢(o(u)). Now, take B = fp((f(u))\fp(}l(%)) and put fi = xp.
Then ||Wf1\| < gpandsol = |[fi + N(W)|| < [[W| WAl < 1. Thus,
Ky =W = % u
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Let K be the set of all compact operators on L*(X). For W € B(L®(X)) the
essential norm of W means the distance from W to K in the operator norm,
namely ||[W], = inf{||W —=S|| : S € K}. Many people have computed the
essential norm of (weighted) composition operators on various function spaces.
In [10], the essential norm of W on LP(X) with 1 < p < oo has been computed. At
this stage, we determine the essential norm of W on L*(XZ). Recall that an atom
of the measure y is an element A € X with y(A) > 0 such that for each F € %,
if F C A then either y(F) = 0 or u(F) = u(A). A measure space (X, %, i) with
no atoms is called non-atomic measure space. It is well-known fact that every
o-finite measure space (X, X, i) can be partitioned uniquely as X = Z U Y, where
Z = U{A,; : j € N} is a union of pairwise disjoint atoms and Y € %, being dis-
joint from each A;, is non-atomic (see [21]). Since X is o-finite, so p(A;) < oo for
all j € IN. Note that ¢(Y) is not necessarily subset of Y, but ¢(Z) is essentially
subset of Z. In other words, if A ¢ {A; : i € N}, then ¢~ 1(A) is not an atom (see
[3]). Also, every L®(X)-function is constant on any atom in Z.

Theorem 2.9. Assume ¢(X) C X and u(¢(A)) = 0 for every null set A € %, and let
W € B(L*®(X)). The essential norm of W is given by

|W|le = inf{r > 0: ¢(G,) consists of only finitely many atoms}, (2.1)
where G, = {x € X : |u(x)| > r}.

Proof. Denote the right side of (2.1) by a. We first show that ||[W|. > a.
If « = 0, there is nothing to prove, so we assume that & > 0. Take ¢ > 0 arbi-
trarily. The definition of a implies that ¢(G,_./») either contains a non-atomic
subset or has infinitely many atoms. So we can find mutually disjoint measur-
able subsets {F,}, C YN @(Gy_¢/2) or {Bu}tn € {AiN @(Gy_¢/2) : i € N}. For
{Cu}tn C {Fu, Bu}n, put f = xc,- Then ||fulle = 1 and f, — 0 weakly (see
[12, p. 54-55 ]). Now, take a compact operator T on L*(X) such that |[W — T|| <
|Wlle + 5. Then we have

IWlle > IW =Tl =5 > Wy — Tfallo — 5
> | (Wfn)XG, oplleo = ITfulles = 5
= 14Xy (G, plleo = I Tfilloo = 5
> (= 2) = I Tfullo — 5
tor all n € IN. Since a compact operator maps weakly convergent sequences into

norm convergent ones, it follows ||Tf;||cc — 0. Hence ||W||. > « — e. Since € was
arbitrary, we obtain |W|, > a.

For the opposite inequality, take ¢ arbitrarily. By definition of «, there is
m € N such that ¢(Gate) = U1 Aj- Putv = uy,; . Note thatif ¢(Ga ) = @,

then Gyip: C Gyye = @, and so v = 0. Take F, = qo_l(Ajl.) N Gyte and v; =
UX Gy penE Since Ggi2¢ € (P_l((P(Gpc+s)) = U, (P_I(A]'i), hence U | (Gyy2e N
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E) = Gyy2e N qo_l(Ulm 14i) N Guye = Gayoe. It follows that v = Y | v;. More-
over, since ¢(F;) C A;, then for each f € L*(X), f(¢(F;)) = f(A;) is constant.
This implies that vCy f = )/ f(A;)v;. Hence vCy, has finite rank and so is com-
pact. Then we have

IW = 0Cll = [IMuoColl < 11— tlleo = (1 XGypJille < e
It follows that |W||, < a. ]

Corollary 2.10. Assume ¢(X) C X and u(¢(A)) = 0 for every null set A € ¥, and let
W € B(L®(X)). Then W is compact if and only if for each e > 0, p({x € X : Ju(x)| >
e}) consists of only finitely many atoms.

Note that, for 1 < p < oo, Chan in [1] obtains a characterization of the
weighted composition operators on LP(X) that are compact. He proved that
W € B(LF(X)) is compact if and only if for any ¢ > 0 the set {x € X : h(x)
(E(JulP) 0 ¢~ 1)(x) > &} consists essentially of finitely many atoms. The same
characterization is contained in a paper by Takagi [16].

Example 2.11. (a) Let w := {m,}_; be a sequence of positive real numbers.
Consider the space /?(w) = L2(IN,2N, 1), where 2NN is the power set of natural
numbers and y is a measure on 2N defined by u({n}) = my,. Let u = {u(j) i
be a sequence of non-negative real numbers. Let ¢ : N — IN be a non-singular
measurable transformation. Direct computations show that (see [10])

h) = o X my
K jep=1(k)

_12 fim;

E(f) (k) = =7 Z()) -

my .
K jeg-1(k)

Thus either o(] ) ={keN: ¢k = Doru({p'(k)}) = {0}}. Hence
c()={neN:p t({n})no(u ) #+ @} = @(o(u)). It follows that W € B(£?(w))
has closed range if and only if

TR .
mf{m— Yo (u(j))*mj ke o(])} >0.
kico-1(k
jep (k)
So by Theorem 2.4, |[W*|| = where
1
o) jeg-T(p(h)

Note that o(J o ¢) = ¢(E(u?)) = {k € N : u({p~'(¢(k))}) # {0}}. In particular,
if for each k € N, ¢! (k) # @, equivalently i > 0, then ||C | = i\/_ where

(u(j))?mj; k € o(J o 9)}.

=

‘BZ Z m],kGN}

Mok) jep-1(p(k))
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(b) Let X = (0,1) equipped with the Lebesgue measure i on the Lebesgue
measurable subsets. Set u(x) = y/x and let ¢ : X — X be defined by

2x 0<x<i
(P(x):{_ 1 i

and for each f € L?(X),

W) =37+

Thus W has closed range with ||W|| = \é_ and |[WH|| = V2.

=3,

Here, there are a few examples to show that some of our results may be not
true without some assumptions.

Example 2.12. (a) Take X = [0,1], £ = {Q, X}, u(X) =1, ¢(x) = 5, and u = 1.
Here ¢() is not a subset of £, G; = {x : [u(x)| > 1} = X, and ¢(X) = [0, 3]
does not consist of finitely many atoms. But since L*(X) is finite dimensional, so

W is compact operator.

(b) Consider X = IN and & = 2N. Let E denote the set of even numbers and
define p(A) = card(A N E), where A is a subset of IN. Define ¢(n) = 2n for every
n € N. Itis clear that ¢(X) C X. Consider u = xre. Then G; = E€ and ¢(E°) is
an infinite subset of even numbers, but W = 0 is compact.
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