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Abstract

In this work we prove the existence of a classical positive solution for an
elliptic equation with a sublinear term. We use Galerkin approximations to
show existence of such solution on bounded domains in RN.

1 Introduction

In this paper, we study the existence of solution for the problem

—Av = AT+ f(v), in Q,
v >0 in Q, )
v=20 on 0(),

where QO € RN, N > 2, is a bounded domain with smooth boundary, A > 0Ois a
parameter, 0 < g < 1and f : R — R is a continuous function satisfying

0 < f(s)s < Cls|P*1, )

where1 < p <R if N >3orl1 < pif N =2.
Our main result in this paper is the following;:

Theorem 1.1. Suppose that f : R — R is a continuous function satisfying (2). Then,
there exists A* > 0 such that, for every A € (0,A*), the problem (1) has a positive
solution u € C>7(Q)), for some y € (0,1).
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Elliptic problems of the type

—Av=g(x,v) in Q,
{ v=20 on 0dQ), &)

where the nonlinearity ¢ : (3 x R — R is continuous, have been extensively
studied; see for example [2, 3] for a survey. Furthermore, we also refer [4], where
the authors considered problem (3) with nonlinearity combined effects of concave
and convex; namely, they considered g(x, 1) = Au? +uP with0 < g <1 < p.

We say that ¢ has sublinear growth at infinite if

lim 28

= 0 uniformly in x.
|s| =00 S

We say that ¢ has superlinear growth at infinite if

lim 81%%)

= 400 uniformly in x.
|s| =00 S

We would like to highlight that the only assumptions which we assume are that
0 < g < 1 and that f is continuous and satisfies the growth condition (2). This
way, the nonlinearity g(x,s) = As? + f(s) of problem (1) can have sublinear or
superlinear growth at infinite.

Most papers treat problem (3) by means of variational methods, then it is
usually assumed that ¢ has sublinear or superlinear growth and, sometimes,
sg(x,s) > c|s|P, where ¢ > 0 is a constant and p > 2; see for example [11]. An-
other common assumption on g is the so-called Ambrosetti-Rabinowitz condition
that means the following;:

JR > 0and 0 > 2 such that 0 < 6G(x,s) < sg(x,s) V|s| > Rand x € (),

where G(x,s) = fos ¢(x, T)dt. Even when the Ambrosetti-Rabinowitz condi-
tion can be dropped, it must be assumed some condition to give compactness
of Palais-Smale sequences or Cerami sequences. See for instance [6], where they
assume

¢ : O x R — Ris continuous and g(x,0) = 0;

dtg > 0and M > O such that 0 < G(x,s) < Mg(x,s) V|s| > tpand x € ;

0 <2G(x,s) <sg(x,s) V|s| > 0and x € Q).

See also [9].

We are able to solve (1) under weaker assumptions by using the Galerkin
method. For that matter we approximate f by Lipschitz functions in Section 2.
In Section 3 we solve approximate problems. In Section 4 we prove a regularity
result to approximate problems. Section 5 is devoted to prove Theorem 1.1; in
doing so we show that solutions v, of approximate problems are bounded away
from zero and converge to a positive solution of (1).

At last in this introduction, we would like to emphasize that a similar
approach was already used in [1], but different to that, we do not assume that
the nonlinearity f is Lipschitz continuous.



Existence of Solution for an Elliptic Problem with a Sublinear Term 177

2 Approximating functions
In order to prove Theorem 1.1, we make use of the following approximation result

by Lipschitz functions, proved by Strauss in [10].

Lemma 2.1. Let f : R — R be a continuous function such that sf(s) > 0 forall s € R.
Then, there exists a sequence f : R — R of continuous functions satisfying sfy(s) > 0
and

() Vk € N, 3cx > 0such that |f(E) — fx(n)| < ck|& — 1|, forall &, n € R,
(i) (fx) converges uniformly to f in bounded subsets of R.

The proof consists in considering the following family of approximation func-
tions fx : R — R defined by

.

—k[G(—k—1)—G(=k)], if s<-—k
—k[G(s — ) = G(s)], if —k<s<-—g
K2s[G(—2) — G(—1)], if —1<s<o,
RO=Y e el o<sch “)
k[G(s+ 1) — G(s)], if 1<s<k
| kIG(k+ ) — G(k)], if s>k

where G(s) = [ f(T)dt.

The sequence ( fx) of the previous lemma has some additional properties.

Lemma 2.2. Let f : R — R be a continuous function such that sf(s) > 0 forall s € R.
Let us suppose that there exist constants C > 0and 1 < p < % such that

sf(s) < C|s|P™, Vs € R. (5)
Then, the sequence ( fi)xeN from Lemma 2.1 satisfies
(D) 0 <sfi(s) < Cyls|PT! forall |s| > 1,
(i1) 0 < sfi(s) < Cols|? forall |s| < &,
where C1 and Cy do not depend on k.

Proof: Everywhere in this proof, the constant C is the one given by (2).
First step: Suppose —k < s < —%.
By the mean value theorem, there exists 17 € (s — %, s) such that

fils) = —KIG(s — 1) — G(s)] = —kG'(n)(s — 1 —s) = ()

and
sfi(s) =sf(n).
Ass— 1 <n<s<O0and f(y7) <0, wehavesf(y) < nf(y). Therefore,

sfils) < nflr) < ClylPt < Cls — 1P < C(Js| + )P < Corjsppet.
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Second step: Suppose % <s<k
By the mean value theorem, there exists 17 € (s, s + 1) such that

fils) = KIG(s + 1) = G(s)] = kG (n)(s + 1 — ) = f()

and

sfi(s) = sf(n)-
As0 <s<n<s+qand f(7) >0, wehavesf(y) < 5f(n). Therefore,
sfils) < nflr) < ClylP™t < Cls 4 [P = C(Js| + )P < Copvjsppet.
Third step: Suppose |s| > k.
Define

[ —K[G(—k—1)—G(—K)], if s< —k
ﬁ@”‘{kmw+¢)fcwm it s>k

If s < —k, by the mean value theorem, there exists 7 € (—k — %, —k) such that

fils) = KIG(~k = 2) = G(—K)] = ~kG'(g) (~k — & — (=K)) = £(1)

and

sfi(s) = sf(n)-

As—k—1 <y < —k < Oandk < |g| < k+ 1, wehave sf() = nf(n).

Therefore,
Is|

sfi(s) = —’7f( ) <

< C] ’p—s—l
7]

= Clsllgl? < Clsl(k+ )P < Cls|(ls| + )P < C2PlsfP+™.
If s > k, by the mean value theorem, there exists 7 € (k, k + %) such that

fils) = KIG(k + 1) -

and o

sfi(s) =sf(n) = —’7f( ) < |17|C!77!”“

=CMWW§CM(+%W§CbMﬂ+%W§C?M“P
Fourth step: Suppose — < s < 1.
Define
fi(s) = { BSIGER -G, if —f<s <0,
TRl -6, i 0<s<}
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If —% < s < 0, by the mean value theorem, there exists 17 € (—%, —%) such

fils) = B5[G(~2) = G(= )] = RsG/ () (— 2 — (~1)) = ~ksf ()
Therefore, , ,
sfi(s) = —ksf (i) = —k%nf () < kﬁnf (1)

2
< Ckls[*|n]P < C’<|S|2(E)p < C2P|s]?.
f0<s< %, by the mean value theorem, there exists 7 € (%, %) such that

) = ksf(1).

=N
==

fils) = $[G(3) — ()] = RsG ()

Therefore,
§2

sfe(s) = ks*f(n) = km—|17f(17) <

< CK|s|?|n|P < C’<|S|2(%)P < C2%Js|.

The proof of the lemma follows by taking C; = C27*! and C, = C2P, where C is
like in (5).

3 Approximate problem

In order to prove Theorem 1.1, we first study the auxiliary problem

—Av=AvT+ f(v)+1 in Q,
v>0 in Q, (6)
v=20 on 0dQ),
where 0 < g < 1, A > 0 is a parameter and f, : R — IR is a function of the
sequence given by Lemma 2.1 and Lemma 2.2.
We will use the Galerkin method together with the following fixed point the-
orem, see [10] and [8, Theorem 5.2.5]. A similar approach was already used in
[1].

In the following proposition, (.,.) denotes the Euclidean inner product of R,

Proposition 3.1. Let F : RY — RY be a continuous function such that (F(&),&) > 0
for every & € R with |&| = r for some r > 0. Then, there exists zq in the closed ball

B, (0) such that F(zy) = 0.
The main result in this section is the following theorem.

Theorem 3.2. There exists A* > 0 and n* € IN such that (6) has a weak positive
solution for all A € (0, A*) and n > n*.
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Proof: Fix B = {w1,wy, ..., Wy, ...} a orthonormal basis of H& (Q)) and define
Wm = [w1/w2/ e /wm]

to be the space generated by {w;,w»,..., wy}. Given ¢ = (§1,...,im) € R™,
letv = Y",¢w; € Wy and consider the function F : R" — ]Rm such that

F(¢) = (F1(¢), F2(S), - - -, Fu(¢)), where

/VUVw] /\/ (04 )Tw; — /fnv+ /w],]—12

. Therefore,
1
e N TR

Given v € W, we define
1
Qf ={xecQ:|ox)| > E}

and .
O, ={xeQ:|vx) < E}'

Thus, we rewrite (7) as

where

F@.0p= [ V0P -2 [ @i = [ foe. -1 [ o

and
@0 = [ VP =r [ @)= [ fuoes— [ o
%. Since 0 < g < 1, then
S @™ < [l = ol < Crllel g, ®)
By virtue of (i) Lemma 2.2, we get
[ faodos < C [ ourtax < Galpll ©

It follows from (8) and (9) that

E@.0)p > [ V0P ~2Ciolfy

+1 (10)
- Glelf, 7||v||H3<Q>,
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where Cy, C; and C3 depends on C and |Q)|.
Step 2. Since 0 < g < 1, then

[ @< [ pit <ol

By virtue of (i7) Lemma 2.2, we get

1
[ fulores <C [ o Par<clal ;.

It follows from (11) and (12) that

1 1 1
2 - - -
(F(@), &)y > /Q Vol = A0 = €l — 0]

It follows from (10) and (13) that
1 1
(F@,8) = ol — Aol g, —can*

Cs 1
= -, o) =AM — C|Q|ﬁ - |Q|ﬁ

181

(11)

(12)

(13)

Assume now that ||v|| Hi(@Q) =7 for some r > 0 which will be fixed later. We have

(F(Z),&) > r* — ACy T+t — CyrPt1 — C3

We want to choose r such that

2 1 r2
re— CorP™1 > 5

that is, )
r < —
(2C2)71
Then, choosing r = 1 —, we obtain
2(2G;) 1
72 C 1 1
> ACrIT = =2y = — Q.
(F@©),8) > 5 —Aar™ = Sy xj0] L~ clo) - ~ |0

1
— A0 — Cla); -

Now, defining p = é — )\Clr‘?H we choose A* > 0 such that p > 0 for A < A*.

Therefore, we choose A* = 4C . Now, we choose n* € IN such that

C 1 |
3r+AIOI +Cl0|— + 10| < &,
n2 n2

ni+1 2

for every n > n*. Let { € R™ such that |{| = r. Then, for A < A* and n > n*, we

obtain

(F@.8) 25 >0
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Since f;, is a Lipschitz continuous function for every n, by standard arguments
it is shown that F is continuous, that is, given (x;) in R” and x € R™ such that
Xy — X we obtain F(xx) — F(x). Therefore, by Proposition 3.1, for all m € N,
there exists y € R satisfying |y| < r and F(y) = 0, that is, there exists v, € W,
verifying ||vp|| Hi@Q) ST for every m € IN, and

1
/QvaVzuz/\/Q(var)qw—i—/an(var)w—l—E/Qw, Vw e W,,.

Since Wy, C H}(Q) for all m € IN and r does not depend on m, we have that
(vm) is a bounded sequence of Hj(Q). Then, for some subsequence, there exists
v = v, € H}(Q) such that

om — v weakly in H}(Q) (14)

and
Um — v in L2(Q) and a.e.in Q. (15)

Fixing k € IN such that m > k we obtain

1
/ vaVwkz/\/ (vm+)‘7wk—|—/ fn(vm+)wk+—/ wy, Ywg € Wr.  (16)
o) 0 0 nJo

Now, considering g : H}(Q)) — R defined by g(u) = [, VuVuwy, for every

u € H}(Q), we have that g is a continuous linear functional and it follows from
(14) that

/QvaVwk — /QVvak as m — oo. (17)

On the other hand, note that, from (15), we obtain

/an(vm+)wk — /()fn(v+)wk as m — oo. (18)

Indeed, by Lemma 2.1 (ii) it follows that |f,(vm+) — fu(v+)| < cul|Oms — v4|;
hence

/an(vm+)wk - /()fn(v+)wk

and then, (15) implies (18). By (14), (18) and Sobolev compact embedding, letting
m — 0o, we obtain

Mmoot [ flonwit o [we= [ @ [ fewe s [
(19)

< CnHwkHLZ(Q)va - UHLZ(Q) as m — oo,

By (16), (17), (19) and by the uniqueness of the limit, we obtain

1
/QVUVwk:/\/()(v+)qwk+/()fn(v+)wk+E/ka, Y wy € Wk.

For density of [Wixen in H} (Q) and by linearity, we conclude that

/wa:A/Q(v+)ﬂw+/0fn(v+)w+%/ﬂw, Vwe HY(Q).  (20)
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Furthermore, v > 0 a.e. in Q). In fact,as v_ € H%(Q), we obtain from (20) that

/QVUVU_ :A/()(U+)qv_+/(2fn(v+)v_+%/()z;_.

Hence, we have from Lemma 2.1 that

1
0> ~ oIy = [ VoV = | fior)o-+ o [0 >0,

that is, ||v_|| Hi(Q) = 0 and consequently, v_(x) = 0 a.e. in Q). Therefore,
v(x) = v4(x) > 0a.e. in Q and we conclude the proof of the theorem.

4 Regularity of Solution of the Approximate Problem

In this section, we show that all weak solutions of the problem (6) are regular. Let
v € H}(Q) be a weak solution of the problem (6) and define

§(x) = A0T(x) + ful0(2)) +

We have that
1
8l < AT+ [ fa(@)| + . (21)
Notice that
0|7 <14 0|, (22)
where 2 < t < 2*. Here, 2* is the critical Sobolev exponent, that is,
2N
2F = 21
N-2

Furthermore, since f, : R — R is a Lipschitz continuous function and f,,(0) = 0,
we have for each n € N that

[fu(0)] < Calvl,

and consequently,

fu(@)] < Ca(1+ [0, (23)
where 2 < t < 2*. This way, by combining (21), (22) and (23), we obtain
8] < C1+Cafo|, (24)
where
1
C1 = )\ + Cn + -
n
and

C = A+ Gy

Then, using (24) and well-known Bootstrap arguments, similar to those found in
[7], we conclude that v € C>7(Q)), for some ¢ € (0,1).
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5 Proof of the Theorem 1.1

In this section, we demonstrate Theorem 1.1. The following lemma of [10, Theo-
rem 1.1] is used to show that v,, converges to a solution v of (1).

Lemma 5.1. Let Q) be a bounded open set in RN, uy : QO — R be a sequence of functions
and g : R — R be a sequence of functions such that g (uy) are measurable in ()
for every k € IN. Assume that gi(ur) — v ae. in Qand [q |g(ur)ucldx < C for
a constant C independent of k. Suppose that for every bounded set B C R there is a
constant Cp depending only on B such that |gx(x)| < Cg, forall x € B and k € IN.
Then, v € LY(Q) and g (uy) — v in L1(Q).

Since v € C>7(Q)), v € (0,1), satisfies v > 0 and
—Av = AT + f,(v) + %,
it follows by assumptions on f, that
—Av > 0.
Then, by Maximum Principle, we have v > 0 in (), that is, v is a solution of the

problem (6). For each n € IN, let us denote by v, the solution of (6). It follows
from (14) that

o = o, weakly in H}(Q) as m — oo,

where, for each n € IN, (U,(f ))melN is a sequence in H}(Q)) satisfying

[0l <7, ¥m € N.

Then,
[og]| < liminf |0 <7, ¥neN.
m—o0

Since r does not depend on n, there exists v € H}(Q) such that
v, — v weakly in Hj(Q).
By compact embedding, up to a subsequence, we have
v, > vin L¥(Q), for 1 <s<2*if N>3orforl<s<+ocoif N=2,
and then, up to a subsequence,
) vy(x) — v(x)ae in

i) |vn(x)| < h(x),Vn € N a.e. in (), for some h € L*(Q)).
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Notice that the following inequality holds:

—Av, > Aol in Q
vy >0 in Q,
v, =0 on JQ).

1 .
This way, considering w, = A71-1v,, we obtain

q
A=Al
AT ATT

—Aw, > wZ

and consequently,

Let us denote by w the unique solution of the problem

w >0 in Q,

—Aw=uw, in Q,
w=0 on 0JQO.

The existence and uniqueness of such solution is proved in [5]. By Lemma 3.3 of
[4], it follows that w, > w, Vn € IN, that is,

(%) > ATT8(x), ae. in Q,¥n e N. (25)
Taking the limit as # — +o0 in (25), we obtain

1

v(x) > ATw(x), a.e.in Q)

and hence, v > 0 a.e. in Q).
Recall that, from (20),

/QanVw:A/(z(vn)qw+/(2fn(vn)w+%/()w, Yw € H(Q),

and using that v, is a classical solution, we have
1
—Avy = A(v)T + fulvn) + — in L2(Q)). (26)

Since
v, — v a.e. in Q),

we have
fn(vn(x)) = f(v(x)) a.e. in Q) 27)

by the uniform convergence of Lemma 2.1 (ii).
Multiplying the equation (26) by w = v, and since v, is bounded in H}(Q),
we obtain

| falonyondx < C, (28)
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for every n € IN, where C > 0 is a constant independent of n. By (27), (28) and
by the expression of f, defined in (4), the assumptions of Lemma 5.1 are satisfied

implying
fu(vn) — f(v) strongly in L1(Q).

Multiplying (26) by w € D(Q)), integrating on () and using the previous conver-
gences, we have
—Av=A0T+ f(v) in D'(Q). (29)

+1 +1
Since f(v) € LPT(Q) and A0 € LPT(Q), we conclude from (29) that v €

1
H(Q) N W (Q) and
—Av = A0vT + f(v)

in the strong sense. Notice that the assumption (2) implies that
f(s) < Cls|™,

where 2 < t < 2%, Thus, using well-known Bootstrap arguments, we conclude
that v € C?>7(Q)), for some ¢ € (0,1), and it is a classical positive solution of
problem (1).

References

[1] C. O. Alves and D. G. de Figueiredo, Nonvariational Elliptic Systems via
Galerkin Methods, D. Haroske, T. Runst and H. J. Schmeisser (eds.) Function
Spaces, Differential Operators and Nonlinear Analysis. The Hans Triebel
Anniversary Volume, 2003

[2] A. Ambrosetti, Critical Points and Nonlinear Variational Problems, Bull. Soc.
Math. France 120, Memoire No. 49 (1992).

[3] A. Ambrosetti and M. Badiale, The Dual Variational Principle and Elliptic Prob-
lems with Discontinuous Nonlinearities, ]. Math. Anal. Appl. 140 (1989), 363-
373.

[4] A. Ambrosetti, H. Brezis, G. Cerami, Combined Effects of Concave and Convex
Nonlinearities in Some Elliptic Problems, Journal of Functional Analysis , 122,
(1994), 519-543.

[5] H. Brezis and L. Oswald, Remarks on sublinear elliptic equations. Nonlinear
Analysis TMA. 10 55-64 (1986)

[6] N. Lam and G. Lu, Elliptic equations and systems with subcritical and critical
exponential growth without the Ambrosetti-Rabinowitz condition. J. Geom. Anal.
24 118-143 (2014)

[7] O.Kavian, Introduction a la théorie de Points Critiques, vol. 13, Springer-Verlag,
1993



Existence of Solution for an Elliptic Problem with a Sublinear Term 187

[8] S. Kesavan, Topics in functional analysis and applications, John Wiley &
Sons (1989).

[9] O. H. Miyagaki and M. A. S. Souto, Superlinear problems without Ambrosetti
and Rabinowitz growth condition, ]. Differential Equations 245 (2008) 3628-
3638.

[10] W. A. Strauss, On weak solutions of semilinear hyperbolic equations, An. Acad.
Brasil. Ciénc. 42 645-651 (1970)

[11] M. Willem and W. Zou, On a Schrédinger equation with periodic potential and
spectrum point zero, Indiana Univ. Math. J. 52 (1), (2003), 109-132.

Universidade Federal de Vicosa, Departamento de Matematica,
Avenida Peter Henry Rolfs,

Vigosa, MG, Brazil, CEP 36570-000
E-mail: anderson.araujo@ufv.br

Universidade Federal de Santa Catarina,
Departamento de Ciéncias Exatas e Educacéo,
Rua Pomerode, 710,

Blumenau, SC, Brazil, CEP 89065-300

E-mail: rafael.abreu@ufsc.br



