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Abstract

It is known that there is not a two dimensional linear space in RR every
non-zero element of which is an injective function. Here, we generalize this
result to arbitrarily large dimensions. We also study the convolution of non-
differentiable functions which gives, as a result, a differentiable function. In
this latter case, we are able to show the existence of linear spaces of the largest
possible dimension formed by functions enjoying the previous property. By
doing this we provide both positive and negative results to the recent field
of lineability. Some open questions are also provided.

1 Introduction and preliminaries

In [12] W. Goldbloom Bloch gives several examples of open mappings between
Euclidean spaces which are discontinuous. One of the first examples of functions
of this kind was proposed by Lebesgue, and is given as follows: let A be the
Cantor set and write R \ A as a disjoint union of open sets {I;}. For every k, let
fr : Ir = R be a bijection. Define then

X if x € A,
L(X) - {fk(x) if x € I,

As Goldbloom Bloch states, all the examples for an open discontinuous function
require discontinuity at an infinite number of points. To give an example of a
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discontinuous open mapping which is continuous except at only a finite number
of points, the author proposes

0 ifz=0,
fz) = {el/z if z # 0,

defined over C. This is an open mapping which is discontinuous only at 0. Using
the usual identification C <+ IR? we obtain an open mapping f : R? — RR? which
is discontinuous only at (0, 0).

In the following, we will study the extent to which the number of points of
discontinuity is important when trying to find algebraic structure in sets of dis-
continuous open mapping. Recall that in the beginning of the 21% century, the
definitions that formalize the idea of “consider large algebraic structures inside
of sets” were coined. To be more precise, we have the following:

Definition 1.1. [3,4,7,10,11] Let M be a subset of a topological vector space X and y
and v two cardinal numbers.

1. We say that M is y—lineable if there exists a vector space V. C M U {0} of dimen-
sion .

2. We say that M is y—spaceable if there exists a closed vector space V.C M U {0}
of dimension p. We say that M is (u,v)—algebrable if there exists an algebra
V C MU {0} of dimension y such that the cardinality of a minimal system of
generators is v.

In the second half of the 19th century, the first examples for what we shall
refer as (in mathematical folklore) pathological properties rose interest among math-
ematicians, and in 1875 Paul du Bois-Reymond published the proof for the
existence of a continuous nowhere differentiable function. To express the shock
that function provoked in most of mathematicians of that time, du Bois wrote:
“It appears to me that the metaphysics of Weierstrass’s function still hides many
riddles and I cannot help thinking that entering deeper into the matter will finally
lead us to the limits of our intellect.”

The study of lineability (and other properties of subsets of topological vector
spaces, together with the type of algebraic structure to be considered) tries to gen-
eralize the existence of those elements fulfilling pathological properties through
finding large algebraic structures of such examples. Up to now, a great number
of cases have been studied (giving even optimal results, talking about maximal
dimension or cardinality). The monographs [2, 6] provide the state of the art of
this topic.

In section 2, we will study two properties of functions: openness and, in
relation with it, injectivity. It is interesting to stress that, even though most of
the results that concerns lineability consist in finding explicitly structures of infi-
nite dimension, we were able to prove that in most of this section that we can not
go beyond finite dimension. One of the earliest results in this negative approach
was the following:
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Theorem 1.2. [1,9,16] The set of injective functions from R to R is not 2-lineable.

We will investigate the extent to which this theorem holds when seen in higher
dimensions. We will use a corollary to the proof of the theorem, according to
which, given f, g injective functions and x # y, it is possible to construct a linear
combination that attains the same value at x and y.

In the last section of this article, we will complete one problem that was pre-
sented in [13], where the authors studied smoothing properties of the Volterra
convolution. Even though the definition slightly differs from the usual defini-
tion of convolution, this operator still takes the "best properties” of the functions
involved. Thus, for example, the Volterra convolution of an L; —function with a
differentiable function having bounded derivative is still differentiable. Also, the
Volterra convolution of two Ly —functions gives a continuous function. Specifi-
cally, we have the following definition:

Definition 1.3. Let f1, fa be two L°(R)—functions. We define its Volterra convolution
as

fuw o) = [ A@ (- D).

Observe that in the previous definition it is enough to consider locally L; func-
tions, namely LI°(R).

The study of lineability or spaceability in relation to the smoothness of func-
tions has been deeply carried out, and for example, in 1999, V.P. Font, V.I. Gurariy
and M.I. Kadets proved the existence of a closed vector space of dimension ¢ all
of whose elements except zero are continuous nowhere differentiable functions
(I8

In [14], the authors were able to show that the set {W, : § < a < 1} isa
linearly independent set which spans a vector space of such functions, where

Wa(x) =) a* cos(9*x)
k>0

is the well-known Weierstrass’” Monster, and in [13], the authors proved that in
fact any non-trivial linear combination of elements of this set gives a function
whose convolution with itself is nowhere differentiable. With this result, the
authors of [13] showed that the set of continuous nowhere differentiable func-
tions whose convolution with themselves gives a nowhere differentiable function
is c—lineable.

One might think that the property of nowhere differentiability would indeed
imply the nowhere differentiability of the Volterra convolution. However, in [13]
an example is given of a continuous nowhere differentiable function whose con-
volution with itself is everywhere differentiable. In section 3 we complement this
last result by giving an independent set of cardinality ¢ of nowhere differentiable
tunctions such that, convolving two elements from the spanned vector space, we
obtain a differentiable function.



612 P. Jiménez - S. Maghsoudi — G.A. Mufioz — ].B. Seoane

2 Open, Continuous, and Injective mappings

As stated in the preliminaries, we will first separate the situation where the con-
sidered functions are discontinuous at an uncountable set of points or they are
continuous except a finite number of points. For the first case, just remark that
ES(R) := {f : R - R : f(I) = Rforeveryinterval I} is a subset of the
uncountably discontinuous open functions. We can then refer to [4], where it
is proved that ES(R) is 2°—lineable.

If we examine now the case where the open mappings are continuous except
from a finite set, we have the following;:

Theorem 2.1. The set of open mappings from R to R which are discontinuous at only a
finite set of points is not 2—lineable.

Before giving the proof of this first result, we state a lemma that will be crucial
for our purposes:

Lemma 2.2. A continuous open mapping f : R — R is injective.

Proof of theorem 2.1. Assume f and f, are two open mappings, so that f; is con-
tinuous on R\ {x1,...,x;} and f, is continuous on R \ {y1,...,y;}. Let us find
(a,b) C R so that f1 and f, are continuous on (a, b).

We can choose then a1, a; € R\ {0} so that a; f1 + a5 f» is a nonzero noninjec-
tive continuous function on (a,b). Use then Lemma 2.2 to show that the restric-
tion of a1 f1 + ay f» to (a,b) is not open (and hence a; f1 + a, f, can not be open as
a function on RR). ]

Remark 2.3. An analogous proof also works if we study the functions that are continuous
except on a discrete set, a subset of a closed set with finite Lebesque measure or a bounded
set.

The proof of Theorem 2.1 relies deeply in the fact that the set of injective func-
tions defined from R to IR is not 2-lineable (see Theorem 1.2 of Section 1). In the
following result we will generalize Theorem 1.2 to arbitrary dimensions:

Theorem 2.4. Let n and m be arbitrary. Then, the set {f : R" — R™ : f is injective}
is m—Ilineable, but not m + 1-lineable.

Proof. Let @ : R" — R be a bijection and consider the functions

Then, {f; : 1 <i < m} is a linearly independent set, any nontrivial linear combi-
nation of whose elements gives an injective function. Indeed, let

Fx) = Y. afi(x).

i=1
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and assume f(x) = f(y). Letip = max{1 <i < m : a; # 0}. Then, we can write

iO iO
f(x) = (Z a;e®™), Zaieq’("),...,aioeq’(x),o,...,0> ,
i=1 i=2

s0 f(x) = f(y) yields e®*) = ¢®) and the first part of the proof follows.
Let now g1,...,9m+1 : R" — R™ be functions and x # y € R". Set, for

1<i<m+1,gi(z) = (g(l)(z),...,g(m) (z)) and define, for 1 < k < m,

i i

k k k k
= (81700 = g ), g () — gy (1)) € R,

Then, dim (13- N...Nu;;) > 1,50 there exists b € R™ 1\ {0} such that (b, 1) = 0
forevery 1 <k < m.

If we consider the function F = b1g1 + . .. 4+ by +19m+1, we obtain that F cannot
be injective. Indeed,

FO (x) = bigl (x) + . bag ()
= bue) +bigP ) + . b (y) = FO (). "

Related to this last result, we observe that the functions constructed in the
proof are in general discontinuous (since we cannot have a continuous injective
function ® : R" — R for n > 2). We can wonder if we can have a similar
lineability result for continuous injective functions. Unfortunately, we have not
been able to prove lineability for all dimensions, but we can at least give the
following partial result for a subsequence of natural numbers:

Theorem 2.5. For every natural number n, the set {f : R* — R?" : f is linear and
bijective} is 2"—lineable. In particular, the set of continuous injective functions
R?" — R?" is 2"-lineable.

The proof of this result relies in the following proposition, which we believe
has its own interest:

Proposition 2.6. There exist 2" symmetries @gn) =1, CIDEH), ceny CIDEZ) of the cube such

that {@gn) (x), q)én) (x),..., CIDSZ) (x)} is an orthogonal basis of R*", for any x # 0.

Proof. We will proceed by induction on n. Assume first n = 1. We may just

choose
(1) 0 -1
o =[5 5]

(1)

where we have identified ®, ’ with the matrix defining a linear transformation.
Assume next n = 2. In this case we may consider, similarly, the transformations

0 0 01 0 1 0 O 0 01 O
@ |0 0 10 2 | -10 0 O @ | 0 00 -1
© = 0 -1 00 O3 = 0 0 0 1 Py = -1 00 O
-1 0 00 0 0 -1 0 0 10 O
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If x = (a,b,c,d), then

b ¢ d
—a d —c
—d —a b
d ¢ —b —a
and it is straightforward to see that the above is an orthogonal set.
Assume finally that for n > 2 the result holds true and let us prove the result
for n + 1.
Denote, for x = (xq,...,%m11), X' = (x1,...x), x”" = (xXpny1,... Xpu11) and

define the operators
_ < " (¥) ) if1<i<2ml,

(&)= (aboier
ot (3) - ( &l )
2n4i " - n 7
+ X _q)(i(n))(x/)
/
q>(”+1) X! B q)l(”)(x//)
214 x// _ ®l(7’l) (x/) 4

Let us show that {®; n+1)( ) e ,CID(nH)(x)} constitutes an orthogonal system.

on+1
For that, let us focus on the rows j and k, and let us denote

a SR

(n+1) _ (1g(n+D) 2
P; (x)_<q)i (x))lzl’
that is, ZCIDI(HH) is the I-th component of @E”H) for1 <[ < 22" If first we assume
1 <j,k <2" then we need to compare the vectors

(J‘q>§”>(x),.. Jop () ol (x),...,

104 ()] @ (y), .S @) G (), @) () and
(S RICIE AERL SN CI I
fofl) () f o ), F ) L) W) f el ),

which are orthogonal (by induction hypothesis).

If we assume next 2" +1 < j k < 2"+l then by the same argument we also
have orthogonality. Assume finally 1 <j <2"and2"+1 <k < 2"+l Then, we
need to compare the vectors

(/'cpg”) (x),. S @ ()] @0, (%)
105 (x)] " (y), .. W41 () @y, (), /25 () and
(" v),.. f@hr (), k@é,h“(y) ’

o) (y), oV (x),..., e (@ ey (), fell (),

on—1
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and one can directly compute the inner product and show that is zero. This makes
the induction step complete. n

Proof of theorem 2.5. Consider the functions ®; = ®?' (1 < i < 2") given by
Proposition 2.6. Let
2?‘1

80 = R A0

We will have the result if we succeed in proving that g is injective for any
nontrivial choice of A; € R. Since g is linear, we must show that ¢~1({0}) = {0}.
To this aim, let x € g71({0}). Then

2?‘1
Z /\iCIDi(x) =0.
i=1
If we write ®; = (@}, ®?,...d?"), then for each 1 < j < 2" we obtain

2" .
Y A @l(x) = 0.
i=1

We can write this equality as the homogeneous system

0
CIDi(x) @%(x) CID%n(x) M 0
di(x) P5(x) ... Dr(x) A _|o
P2 (x) PF(x) ... DL(x) Agn 0

By Proposition 2.6, the matrix of this system is non-degenerate if x is no zero. But
the system has the non-trivial solution (A1, ..., A ). Then x = 0 as required. =

Remark 2.7. The proof of Theorem 2.5 is greatly supported by Proposition 2.6, but in fact
we do not require the strong condition given there: it will be enough if, given a natural
number m = 2", we can guarantee the existence of linear operators A, ..., Ay : R™ —
R™ such that, for every x € R™\ {0}, {x, Axx, ..., Awux} is a linearly independent
set. The last is somehow also a necessary condition for an arbitrary m € IN. Indeed, it
is easy to see that the family of bijective linear functions R™ — IR™ is I-lineable if and
only if there are bijective linear functions f1,..., f; : R"™ — IR™ such that, for every
x € R™\ {0}, the set { f1(x), ..., fi(x)} is a linearly independent system.

Note that letting n = 2 in Theorem 2.5 we obtain that the family of bijective
linear functions R* — IR* is 4-lineable. On the contrary, the corresponding asser-

tion fails for R3:

Corollary 2.8. The set {f : R® — R3 : f is linear and bijective} is not 3-lineable.
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Proof. Let us proceed by way of contradiction. According to Remark 2.7, we can
assume, without loss of generality, that we can find non-singular linear operators
A and B on R? so that, for every v = (x,y,z) # 0, det[v, Av, Bv] # 0, that is
0 #x°det[e;, Aeq, Beq] + xzy(det[el, Aey, Bey| + detley, Aey, Bey] + detles, Aeq, Beq))
+ x*z(det[e;, Aeq, Bes] + deter, Aes, Bey] + det[es, Aey, Bey))
+ y3det|es, Aey, Bey]
+ y2x(det[ep, Aey, Be] + detlea, Aey, Beo| + detler, Aey, Bey))
+ y?z(det[es, Ae, Bes] + detles, Aes, Bea] + detles, Aey, Beo))
+ z3det[e3, Aes, Bs]
+ z%x(det[es, Aes, Bey] + det[es, Aey, Be] + deter, Aes, Bes))
+ 2%y (det[es, Aes, Bep] + detles, Aey, Bes] + det[ea, Aes, Bes))
+ xyz(det[e1, Aey, Bes| + detleq, Aes, Bep] + det[ep, Aey, Bes]
+ detley, Aes, Bey] + det(es, Aeq, Beo] + det[es, Aey, Bey)),
where e; = (1,0,0), e = (0,1,0) and e3 = (0,0,1).

We are dealing then with a homogeneous polynomial, P(v = (x,y,z)) =
det[v, Av, Bvu], of degree 3, since in particular we have

detleq, Aeq, Beq] - det[ep, Aey, Bey] - det[es, Aes, B3] # 0.

If we focus our attention on the points of the form (x,1,0), we have that P(x,1,0)
is a polynomial of one variable of degree 3, so in particular vanishes at one point
xo € R. Therefore, {(xo,1,0), A(x0,1,0),B(x,1,0)} cannot be a linearly inde-
pendent set. This is the desired contradiction. n

Remark 2.9. An analogous proof to the one in Corollary 2.8 would show that, for ev-
ery natural number k, the set {f : R*+1 — RZ**+1 . fis linear and bijective} is not
(2k+1)-lineable.

Yet, we can have the partial positive result (from Theorem 2.5):

Corollary 2.10. For n € IN, writen = 2%m, where 2 { m. Then, the set
{f:R" — R" such that f is linear and bijective }

is 2K-lineable. In particular, the set

{f :R" — R" such that f is continuous and injective }

is 2k —lineable.

Proof. Let f1,..., fo be a basis giving the 2f—lineability of the set
{f: R?" — R?" such that f is linear and bijective }.
Define ﬁ :R" = R”, for 1 < i < 2k, as follows:
filx1,..,x0) = (fi(xl,...,xzk),ﬁ(x2k+1,...,xz,zk),...,ﬂ(x(m_1)2k+1,...,xmzk)).

Then, the functions f, ..., f. give the desired result. n
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All these considerations motivate the following open problem:

Question 2.11. What can we say about Theorem 2.5 for any dimension? Specifically, we
are interested in the case when the dimension is even. Also, and taking into account what
we have shown in Corollary 2.8, is {f : R® — R3 such that f is injective and conti-

nuous } (not) 3-lineable?

Continuing with the consequences of Theorem 2.5, we have the following re-
sult that deals with infinite dimensions:

Theorem 2.12. Let X be a real Banach space over R with Schauder basis {xj}}io and

let L(X) denote, as usual, the vector space of all operators (that is, the vector space of all
continuous linear self-mappings). We have that {T € L(X) such that T is injective} is
lineable.

Proof. Assume that the Schauder basis of the Banach space X, {x]'}]?';o, is normal-

ized and let V;, be a vector space provided by the 2"-lineability (see Theorem 2.5)
of the set
{f : R?*" — R?" such that f is linear and injective }.

Let {fl.(n) 2" be a basis of V.
Arrange then the elements of U,cn V), in a matrix whose kth column consists

of the functions fl(k_l), cee, fz(,i:l) for the first 25~1 entries, and fz(ffll) for the other
entries. That is, we create the following matrix:

© 1) 2 B 8 6
1 1 1 1 1 1
0) 1) [2) LB @) )
1 2 2 2 2 2
0) ) A2 A A8 L)
1 2 3 3 3 3
0) A1) A2 3 )
0 Ay 2 A e )

Ho KR LT 5 5 fs
0) A1) A2 3 A )
1 2 4 6 6 6
0 A0 2 ) e )
1 2 4 7 7 7

Let K > 1 be the basis constant associated to the Schauder basis {xj};";o. Then,
if x = Y72y ajx; is the unique representation of x € X given by the Schauder basis
{xj}}?‘;o, we have that [a;| = [a;] [|x;|| < 2K]||x|| for all j > O (see e.g. [5, Chap. 2]).

Consider then the subset A = {F;};,en C [ 15— Vi whose elements are the rows
of the previous matrix. Notice that each F; has the form F; = ( f,(o), f. O f. @) )

1 il iz

Let jfi(j)(ao,al,...,azj_l) = (b]'lo,...,bjlzj_l) c R? and define Cp 1= f’g]fzj when-
ever 2l <n < 2/+1 (j=0,1,2,...). Next, define T(F;) : X — X by

T(F;)(x) = ilcnxn.
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Now, by the selection of the functions fi(j ) (1<i< 2] ) (see Theorem 2.5 and
Proposition 2.6) we infer that the absolute value of each of the 2/ coordinates bjk
of the vector fl.(])(ao,al, ..., 0y_q) isnot bigger than |ag| + |a1]| + - - - + |a,_4|, and
so not bigger than 2/ - 2K||x||. Hence

oo 20111 co 2t1_1

Zucnxnu—z Y el lxll =Y ¥ »f'” 2|

j=0 n=2i j=0 n=2j

s

which together with the completeness of X implies that } ;> ; ¢,x, converges in
X. In other words, T(F;) is well defined. Obviously, it is linear. Now, a simple
application of the closed graph theorem (see e.g. [15, Chap. 2]) implies its conti-
nuity. Consequently, each T(F;) € L(X).

7.2 2K||x” — 10K]|x|| < o0

To conclude the result we shall show that every nontrivial linear combination of
the set {T(F;) : i € IN} yields an injective function. Thanks to linearity, this is
equivalent to prove that the kernel of each such combination collapses to {0}.

Indeed, let f(x) = Y34 AiT(F;)(x) and assume f(¥2a;x;) = 0. Letk > 0
so that 2k > n. Then, if we focus on the coordinates between 2% and 2Kt1 — 1 we
would have

1 k k
ﬁ <)L1f1( )(ﬂo,al,. . .,azk_l) + /\zfz( )(ao,ﬂl,. . .,ﬂzk_l) + ...
k
+)\nf;§ )(ao,al,...,azk_l)) — 0

If {A;}I; does not describe a trivial linear combination, we must conclude a; = 0

for every 0 <i < 2k — 1, due to the injectivity of Ay fl(k) + ...+ Ay f,E"). Letk — oo
to obtain the result. ]

We remark that the previous result cannot be improved for a general infinite
dimensional topological space, in the following sense:

Theorem 2.13. The set {f : cop — coo such that f is injective} is not x—lineable, for
any cardinal number x > Ny.

Proof. Assume that we have a linearly independent set { fy }yer of cardinality
k > Ng. Denote f, = ( f,,gl), f,,gz), f,,E?’), ...) and fix x, an element of coy. Then, there

must exist a natural number 1y so that, if I';, := {a € T : f,,E”) (x) = 0 for every
n> Vlo}, then #Fno > No.

Let (y1,...,Yny) 7 (X1,...,Xn,). By the same reason as before, there must exist
a natural number mg such that, if " = {a € Ty, : f,)gm)(yl, s Yngr Xng41,---) =0
for every m > mg}, then #I"0 > N,.
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Take kg = max{ng,mo} and ay, ...,k 41 elements of Ty, (if kg = np) or T™0 (if
ko = mp) and define, for every 1 <i < kg +1,

x 1 2
fui(z1, .00, 21,) = (f,,gi)(zl,...,zko,xkoﬂ,...),f,,gi)(zl,...,zko,xkOH,...),...

k
ey DE,-O)(ZII"'/Zkorxk0+1/"')/O/O/---> .

Then, f,, : R" — RN and therefore there must exist nonzero real numbers
bl/ ceey bko+1 so that

ko+1 ko+1

Z bifﬂ([(xll"'lxko) = Z bifa,-(]/lz---/]/ko)-
i=1 i=1

Hence,
ko+1

Z bifﬂc,'(xlleI s /xkol xk0+1/ .- )
i=1

ko+1 ko+1

E @) (ko)
= <Z bifﬂci (xll"'/xko)/ Z bilej (xll---/xko)l Z bifﬂcio (xll"'/xko)/O/O/---/
i=1 i=1 i=1

)

ko+1 ) ko+1 2) ko+1 (ko)
= <Z biftxi (:Vllu-/yko)/ Z bifle- (yll---/yko)/ Z biflxio (yll---/yko)lozoz---/>
i=1 i=1 i=1

ko+1
= Z bifai(y1/y2l . .,yko, Xk0_|_1, . .),
i=1

so there exists a non trivial linear combination of the functions f,,,..., f“ko "
which is not injective. n

Question 2.14. We would like to remark that coo is not a Banach space. Therefore we
have the following open question for this problem: Can we improve Theorem 2.12 for
concrete spaces, like cy? Also, can we prove that the set there considered cannot be further
lineable in general? Concerning the vector space cqo, can we have an analogous theorem
to Theorem 2.12 for this specific case?

3 Some remarks on nowhere differentiability

In [13], the authors used the functions K, ;, defined by Knopp in some results in
their article. By Z we denote, as usual, the set of all integer numbers.

Definition 3.1. Let 0 < a < 1and b > 1so that 1/a > ab > 1. Denote f;;(x) =
dist(b*x, Z) and define the Knopp's function as

Kop(x) = Y a*foi(x).

k>0

This function is a continuous nowhere differentiable function, but convolving
it with a function of the same kind gives differentiability at every point.



620 P. Jiménez - S. Maghsoudi — G.A. Mufioz — ].B. Seoane

Theorem 3.2. Let K, = K9 for % <a< % Then Kg, *v Kg, is differentiable every-
where for all a1, a, € (9, 3)

In order to prove the above theorem, we first recall the following result, which
follows from the well-known Weierstrass M-test:

Proposition 3.3. Let (f,)5_, be a sequence of differentiable functions on an interval I
of R and let (a,)S_, be a sequence of numbers such that y ;"o |a,| < oo. Assume that
SUP,,~oSUP; | f/ (x)| < oo forall n > 0 and that Y77 a, fu(x) converges for at least
one x € 1. Then Y o ay fy converges uniformly on I to a differentiable function f such

that f' =Y ganfr.
Proof of Theorem 3.2. Denote fi = f9 ) (see Definition 3.1) and notice

Ka1 *xy Kaz (.X)

:/OxKal(T)Kuz(x—T)dT:/Ox<Za1fk )(Zazf] x—r) T

— i i/ dlst 9kT Z)a, ]dlst(9k ](x —1),Z)dt

k=0j=0
00 k k k
9a1a, + 1 2 k k—j o k . k—i
= kgo (#) (W) ;alaz /0 dlSt(9 T)dlSt(g ](x — T))dT
= j=0
9aqa, + 1
= ( > ) k(x),
k=0
with

) k k ‘ x .
- k—'/ dist(9%)dist(9F 7 (x — 7))dT,
5= (5o Yk [ ditst (9 x - )i

where we have been able to interchange sum with integral sign using the fact that
0 < a; < 1, and therefore both infinite sums are convergent.
Each of the functions gy is differentiable, with

/ 2 kk]/x- k- \ok—j st/ (Qk—j (v _
(x) = (9a1a2+1) 2“1“2 dist(9°7)9" /dist’ (9" 7/ (x — 1) )dT,

and hence,

18a1a k I'M 9Ma
/ < 142 < 2 .
8K (x)] = (9a1a2+1) ; (9a2) 2 = 2(1—9ay)

In conclusion, [g;.(x)| < 5 9M“2 =y for all x in [0, M] and all k. Applying Proposition
3.3 it follows that K, *y K,Z2 is differentiable. [ ]
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Corollary 3.4. The family {Ka : % <a< %} is a linearly independent set which spans

a vector space of functions which, when convolving among themselves, give a differen-
tiable function.

Proof. We only need to prove the linearly independence, just taking into account
the linearity of the convolution and the differentiability.
Indeed, let A4,...,A,; in R and % <ay,...,ay; < %, and consider

f(x) = émka,(x).

Then, assuming f = 0 and evaluating at %, 91—2, e, 91,1 would give

n n n n
Z)Li = 0, Z/\iai = 0, Z/\ia? =0, ...,Z/\iaf’ =0,
i=1 i=1 i=1 i=1

leading us to a Van der Monde determinant, which is nonzero because the a;’s
are pairwise different. This allows us to conclude that A; = 0 for every i, as
desired. -
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