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Abstract

We show that the subset of the disk algebra of the functions that are not in
some Dales-Davie algebra is algebrable. In other words, the set { feAD) :

LF)

Yoo T = —1—00} is shown to be algebrable.

1 Introduction

In the last ten years, several authors have searched large algebraic structures
(linear spaces or algebras) in spaces of functions enjoying a special property. If a
vector space V has a subset M such that M U {0} contains an infinite-dimensional
vector space, then M is called lineable. If M U {0} contains a closed infinite-
dimensional vector space, then M is called spaceable. The origin of the concept
of lineability is due to Gurariy [11], see also [12], that showed that there exists an
infinite dimensional linear space contained in the set of nowhere differentiable
functions on [0, 1]. Recently, Aron et al in [5] published a book dedicated to this
subject. Since Gurariy’s definition, it was natural to study subsets in spaces of
functions which contains an infinitely generated algebra. Such spaces are called
algebrable. It is clear that algebrability implies lineability. The concept of algebra-
bility has been also defined by Gurariy and first pointed out in [6], but then has
rapidly been investigated by other authors, for example [3, 4, 6, 7, 8]. In [8] Aron
and Seoane-Septlveda showed that there exists an infinitely generated algebra in
the set of everywhere surjective functions on C. In [7], Aron, Pérez-Garcia and
Seoane-Sepulveda showed that the set of continuous functions whose Fourier
series expansion diverges is algebrable.
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In 1973, Dales and Davie [10] introduced and studied some algebras of differ-
entiable functions on a given perfect compact subset X C C. These algebras were
called Dales-Davie algebras by Abtahi and Honary in [1], and they denoted them
by D(X, M). If D denotes the open unit disk and X = D, then D(D, M) is a sub-
algebra of the disk algebra A(D). In this article, we study how big the difference
A(D)\ D(D, M) is. Indeed, we show that the set A(D) \ D(D, M) contains a
closed infinitely generated algebra, that is, it is algebrable and naturally is space-
able.

We refer the interested reader to [5, 9] for a wider range of results in the topic
of lineability and algebrability, and to [1, 2, 10, 13] for further informations on the
Dales-Davie algebras.

2 Preliminaries

Let X C C be a perfect, compact plane set. A complex valued function
f : X — C s differentiable at a point z; € X if the following limit exists:

f'(z0) = lim{J%go(ZO) czeX,z— zo}.
A complex valued function f is differentiable on X if it is differentiable at every
point of X. Note that, if f is differentiable on X, it is analytic on (int)X. The
algebra of functions on X with continuous n-th derivative is denoted by D"(X),
and D®(X) denotes the algebra of functions on X with derivative of all orders.
For every f € D®(X) we denote the n-th derivative of f by f("), for all n € N.
Also, [|[f")||x = sup,.y |f"™(z)|, foralln € N.

Let (My),en be a sequence of positive numbers such that My = 1, and for

eachn > 1,
M, n
" > 0<k<n).
Man—k_(k) (O<k<n)

The sequence M = (My,),¢eN is called an algebra sequence if it satisfies the above
conditions.
The Dales-Davie algebras on X are defined by

D(X,M) = {f e D*(X) : io ”f;)n“x < +oo}.

(n)
The norm on D (X, M) is defined by || f|| = Yo HfMi”X These algebras were
n

introduced and studied by Dales and Davie in [10], and they have been investi-
gated by Abtahi and Honary in [1, 2, 13].

For each sequence M = (M, ),eN of positive numbers, D(X, M) is a normed
vector space. When M = (M,),eN is an algebra sequence, then D(X, M) is a
normed algebra.

Let B be an algebra over K = R or C. In this paper, the dimension of 5,
denoted by dim(B), will always refer to its dimension as a vector space. Let



Algebrability of some subsets of the disk algebra 507

S = {z; : i € I} be a subset of an algebra 5. The algebra generated by S is the
set

k )
A(S) :{2%4’ ai €K,z €85,i¢€ I,kEIN}.
]:

The set S is called a system of generators of A(S). A system of generators S is
minimal if for every iy € I, z;, ¢ A(S\ {z;,}). As usual, we denote by C|[z1, 25|
the ring of all polynomials in two complex variables. We say that two elements a
and b of an algebra B are algebraically independent if P € C[z1, 2] is such that
P(a,b) = 0then P = 0.

Definition 2.1. Let A be a subset of an algebra. We say that A is
(a) lineable if AU {0} contains an infinite dimensional vector space.
(b) spaceable if AU {0} contains a closed infinite dimensional vector space.

(c) algebrable if there is an algebra B C AU {0}, such that B has an infinite minimal
system of generators.

(d) («, B)-algebrable if there is an algebra B C A U {0}, with dim(B) = « and
card(S) = B, where a and B are two cardinal numbers, and S is a minimal system
of generators of B.

Other concepts such as maximal lineability, dense-lineability, spaceabilily, etc can
be found in [9].

Let D denote the open unit disk of the complex plane, thatis, D = {z € C :
z| < 1}. The Banach algebra of continuous functions on D and analytic on D
with the sup norm is denoted by A(D). As usual we call A(D) the disk algebra.
When X = D it follows that D(D, M) is a subalgebra of A(D). However, the
difference A(D) \ D(D, M) is not a vector space, hence not an algebra.

In this article, we want to investigate the algebrability of the set
A(D) \ D(D,M). We will prove that A(D) \ D(D, M) contains an infinitely
generated algebra, for several algebra sequences M = (M, ) ,eN-

For a fixed algebra sequence (M;),cN, we denote

(”)Hx
n

H(M) = {feA(D) : io ”fM - +oo}.

When M,, = n!, for all n € N, we will write H instead of H(M).
We show in the next Lemma that the set H is nonempty.

Lemma 2.2. Let w = 2¢®, where 0 < 0 < 271. Let f(z) =
feH.

Proof. Ttis clear that f € A(D) and that ||f|| = |f(e'?)| = 1. It is also easy to see
that

,forall z € D. Then
zZ—w

F(z) = % = (=1)"n!(f(z))"!, vz € D.
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Therefore || f()|| = n!||f||"*! = n!. Then
i 1F
n=0 n!

In Section 3, we will show that H is algebrable. Actually, we show that
H U {0} contains a closed infinitely generated algebra, and as a consequence it is
spaceable. However, it is possible to prove that H is spaceable with a
different technique. Also, we get that H is (X, 1)-algebrable. These results will
be presented in the sequel.

= +-o0. [ ]

Proposition 2.3. The set H is spaceable.

Proof: Let f(z) = % Then f € H by Lemma 2.2. Let S = {f" : n € N,

n > 1}. Firstly, we will show that S is a linearly independent subset of £ U {0}.
So let B1, B2, -+, Bx € C and suppose that g = Z;‘:l ﬁjfj = 0. For any k distinct
real numbers xq,xp,- - ,x¢ € D we have that f(x1), f(x2),- -, f(xx) are also k
distinct non-zero real numbers. Then we have the following system:

k .
Zﬁjf](xi) =0, fori=1,---,k
=1

Using a matrix notation, we have

fx) flx)* - fla) B1 0
fl2) f(x2)* -+ flx)*| [Ba 0

f) f@)? - far) \B)  \o

This matrix is a variation of the Vandermonde matrix, and its determinant

equals to
flae)f(xa) - flxe) - TT (f(x) = f(xi).
1<i<j<k
In our setting, this determinant is never zero, and then f; = B, = --- = B = 0

showing that S is a linearly independent set.

Next, we will show that the vector space generated by S, which will be
denoted by [S], is contained in H U {0}. So let g € [S]\ {0}. Then there are
B1,B2, -+, Br € C, not all zero, such that g = Z;‘:l ,ijj. We want to show that

Hg il

g € H, which means };> , “>—— = +o0. Note that

(ﬂ)"=04wr0+1»~0+n—nﬂﬁ-

Since f(1) = —1, it follows that

Zﬁ] (1) (= 1)(= ””—Zﬁ, 7]:;?;)!1).
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Then -
g"(1) n+1 (n+1)(n+2)
n! __'610”’512 T 2! M
kg () +2)- - (n+ k1)
+- 4+ (1) B k—1)! .
(n) (n)
If the series ), g™ () converges, then lim; 8 n'(1)| = 0. But it hap-
pens if, and only if, B; = B2 = --- = By = 0, which is not true. Then it follows

that

© (gM] _ & g™

So we have proved that # U {0} is lineable. Now, since H with the topology
induced by A(D) is closed, it follows that # is spaceable. u

Corollary 2.4. The set H is (X, 1)-algebrable.

Proof: Using the same notation of Proposition 2.3, we have that the algebra gen-
erated by S equals the vector space generated by S.

3 Algebrability of (M)

We observe here that in the previous section, when we showed that # is space-
able, indeed we proved that H U {0} contains a closed algebra generated by a
single element. Now, using a different technique, we will show that there is a
closed infinitely generated algebra contained in H U {0}, and in particular X is
algebrable.

We will present some auxiliary results in the sequel.

Lemma 3.1. Let B be a positive real number. Let n € IN and for each r € IN such that
1 < r < n, consider

SR (’)(—1)f—s+ns-(s+1)---(s+n—1).

|
rl = \s
Then:

(a) If Kisafixed natural number, 1 < r < Kand n is even, then lim,, ,Br% = +o00;

(b) limyysco limy sy B 2 = 0,
n!

. , a
Proof. Developing the expression for n—:, we have that:

(Y apet D)

nlr!

- r—s+n (S—l—]’l—l - rsnn+1)(n+2)"'(n+s_1)
Sg(_l) : (r—s)!sl(s —1)!n! Z : (r—s)!s!(s —1)! '

s=1
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(a) Note that each term of the summation above is a polynomial function

defined in IN, with degree s — 1. Then % is a polynomial function defined in
IN, with degree at most r — 1. If 1 is even, the coefficient of the highest degree is
positive.

Now, for a fixed natural number K, 1 < r < K and n even, it follows that

. ay
llmn_)oo ‘Br E = +OO.

(b) ( n
; ; r(_1\r—s+n s+n—1) _
Jim lim 7(~1) (r—s)isl(s — 1)tn!
e ary JrEn=1t iy (2n —1)!
= Jim A(=1) A(r —1)in! = A (=1 ntnl(n — 1)!
And by D’Alembert’s criterion we have that
_ ne q\n 2n-1)!
nlgl(}oﬁ( 1 nin!(n —1)! =0 .

In this work we will have to deal with n-th order derivative of composed func-
tions. A formula to this derivative is known as Faa di Bruno formula, but there
are several variations of this formula. Here we will use the Hoppe’s Formula for
the n-th order derivative of composed functions. For better comprehension of
the reader we spell out the formula here. For complete information about it we
suggest [14].

Theorem 3.2. [14, Hoppe's Formula] Let f and g be functions with a sufficient number
of derivatives, then

n o(r) r
g = 1LY () ey =) ).

|
r=1 r s=0 5

In order to show that H is algebrable, we have to exhibit an infinitely gener-
ated algebra contained in . Since C|z1, z;] contains infinitely generated algebras,
we will use C[z1, 23] as a model to construct infinitely generated algebras in .
If g1 and g are two algebraically independent functions, then the algebra gen-
erated by them is isomorphic to C|zy,z3]. Therefore A({g1,$2}) also contains
infinitely generated algebras.

Our next result will allow us to apply these remarks in the main result.

Theorem 3.3. Let ¢1(z) = ¢ and g>(z) = eP?, for all z € C, where B is an irrational

and consider

number. Let P € C|z1, 22| be a non-constant polynomial, let f(z) = . !
h=P(g1,$2). Thenho f € HU{0}.

Proof: By Lemma 2.2 we have that f € H and ||f|| = 1. If we consider
h = P(g1,82) then there are aj; € C such that

m ‘ m .
h(z) = ) wpgigh= Y, auel P
j k=0 k=0
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If we denote Bjx = j + Pk, then we have that

M) = ) ageefnf )

jk=0

(n)
We want to show that Y5 W

3.2), we have that

= +o0. By Hoppe’s formula (Theorem

(N (f(2)) s (7
(h of)(n)(z) - Z w Z ( )(_f(z))V—S(fS)(l’l)'
Since (£5)") = (=1)"s- (s +1)--- (s +n— 1) ", it follows that (J o £)) (z) =

(r) z r s+n
_ Zh (f(z)) ; ( )(—f(z))r_s(—l)”s-(s—l—l)---(S—l—n—l)(f(z)) .

r=1 r! s=1 5
Now
n h(r)(]‘) d r r—Ss—rtn
(hof)<>(_1)=r_21 . S;(S)(—n s (s+1)---(s+n—1).
Since
m
h(r)(l) = Z [X]‘keﬁf IBk’
j k=0
and

we have that

(o /) (-1)|

n!

£ 0o Nl & 1o D]

n! n!

We claim that ), = +oc0. In this case, we have that

n=0 n=0

and the result follows.
To show the claim, and for a better comprehension of the next arguments, we
will study the case for m = 2, which simplifies the notation. In this case, the
expression of H, is:
ho f)m(—1
RN ULY; [IEY

n!

a
=Y n—r, (“01€ﬁ°1561 + agpePo2 B, + - - + "‘22‘3/322.352> =
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a
= n—l' (“01€ﬁ01 ,801 + DC02€:B02‘302 4+ ..+ 0(226’822‘322) +

a ,B 2 —|— —|— Xoye ,B
112! ( Oleﬁol ﬁ201 + 0(0 26 02502 te 22 2 22) T
717!1 ( Oleﬁ()l‘Bn(l lxloe 101310 T 2 ” 2).

If we consider

2
L, = Z zx]-keﬁfk ,ng, forallr € N,
k=0
then

n

a
Hy=Y —L.
=1

Observe that m = 2 implies only the number of terms of L,.
We claim that there exists N € IN such that Ly # 0. Indeed, suppose that
L, =0, for all » € N. In particular, we have that Ly = L, = --- = Lg = 0. That is:

2
Z ‘Xjkeﬁfk ,B;k =0, foreach1 <r <8.
k=0

That means that the following system holds.

Py ePBy - eP2py 01 0
eBo1 ‘3.’61 ePo2 ‘3%2 ) ‘3%2 ) 0
3,301 1681 6180213(8)2 e eﬁﬂﬁgz [L%0) 0

The determinant of the matrix above is [ eF/* B ik (Bjx — Bpq), where the prod-
uct is taken over all j, k,p,q = 0,1,2, with (p,q) # (j, k). But this determinant
is zero if, and only if, ﬁjk = Bpy, thatis j+ Bk = p+ Bg. Since B is an irra-
tional number, it follows that j = p and k = ¢, and it is a contradiction. Then
xg1 = &2 = - - - = app = 0, which cannot happen, since P is non-constant.

For the general case m, observe that each L, is a summation of (m + 1) — 1
terms, since Bgg = 0. Then, following the same arguments, we will have a system
of dimension ((m + 1)?> — 1), and we will conclude that ajr = 0, for all possi-
ble jk except for agp. In this case P would be a constant polynomial, which is a
contradiction.

Finally, let N with Ly # 0. Then

a a a a
Hy=—Li+—=Ly+-+—Ly+-+—Ly, n>N.
n! n! n! n!
Applying Lemma 3.1, we have that lim,_, | H,| = +00. [

Using similar ideas from [8], we can prove the following theorem.
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Theorem 3.4. The set ‘H is algebrable.

Proof: Let g1(z) = €% and g2(z) = ef?, for all z € C, where $ is an irrational num-
ber. Since g1 and ¢, are algebraically independent, we have that A({g1,g2}) is
isomorphic to C[z1, 2], the algebra of all polynomials on two complex variables.
Now, if S = {91,8192,913,8185, - }, then S is an infinite minimal system of
generators of the algebra B = A(S), and B C A({g1,%2})-

Let us fix f(z) = ﬁ We consider W = {g10f,(g182) 0 f,(g143) © f,
(g143) o f,---}. The W is a minimal system of generators for F = {ho f :
h € B}. By Theorem 3.3, for each h € A({g1,42}), we have that ho f € H. So
F = A(W) C HU{0}, and therefore H is algebrable. ]

We observe that, since H is closed in A(D), it follows that % U {0} contains a
closed infinitely generated algebra.

In the next corollary, we show that not only # is algebrable, but actually there

is an infinite collection of algebra sequences (M) e such that H(M) is alge-
brable.

Corollary 3.5. Let (My,),enN be an algebra sequence such that M,, < n!, for all n € IN.
Then H (M) is algebrable.

Proof: If M, < n!, then H C H(M). m

Remark 3.6. If 0 < a < 1, let M, := a” n! for all n € IN. Then (M, ),ecN is an
algebra sequence such that M,, < n!, for alln € IN.

Acknowledgment: We would like to thank the referee for his/her valuable
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